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1. Introduction and main results

In recent years, many authors used methods of minimizing the Lagrangian action on a symmetric space to study the
periodic solutions for Newtonian N-body problem [ 1-36]. Especially, A. Chenciner-R. Montgomery [ 13] proved the existence
of the remarkable figure eight type periodic solution for Newtonian three-body problem with equal masses, C. Marchal [24]
studied the fixed-ends (Bolza) problem for Newtonian N-body problem and proved that the minimizer for the Lagrangian
action has no interior collision; A. Chenciner [9], D. Ferario and S. Terracini [19] simplified and developed C. Marchal’s
important works; S.Q. Zhang [32], S.Q. Zhang, Q. Zhou [33-36] decomposed the Lagrangian action for N-body problem into
some sum for two-body problem and compared the lower bound for the lagrangian action on test orbits with the upper
bound on collision set to avoid collisions under some cases. Motivated by the works of A. Chenciner and R. Montgomery,
C.Simd, C. Marchal, S.Q. Zhang and Q. Zhou, K.C. Chen [5-8] studied some planar N-body problems and got some new planar
non-collision periodic and quasi-periodic solutions.

The equations for the motion of the Newtonian N-body problem are:

mi = 0@ N, (1.1)
aq;

where g; € R¥ denotes the position of m;, and the potential function is:

v=Y" 7|m"m" .

(e 19— q;l
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It is well known that critical points of the action functional f:

T 4 N .
1@ =/O ( Lmil + v, q<E. (12)
are T periodic solutions of the N-body problem (1.1), where
N
E={g=(q1 G2 - qn) | a(t) € WH(R/TZ,RY), Y migi(t) = 0, qi(t) # qi(t), Vi # j, ¥t € R}, (1.3)
i=1
WIHR/TZ, R*) = {x(t) | x(t) € [A(R, R¥), X(t) € *(R, R¥), x(t + T) = x(t)}. (1.4)

Definition 1.1. Let I" : x(t), t € [a, b] be a given oriented continuous closed curve, and p a point of the plane, not on the
curve. Then the mapping ¢ : I' — S! given by

x(t)—p
xXt)=———,
P(x(t)) X0 p|
is defined to be the position mapping of the curve I” relative to p. When the point on I" goes around the given oriented curve
once, its image point ¢(x) will go around S in the same direction with I” a number of times. When moving counter-clockwise
or clockwise, we set the sign 4+-or —, and we denote it by deg(I", p).If p is the origin, we denote it by deg(I").

t €a,b],

C.H. Deng and S.Q. Zhang [17], X. Su and S.Q. Zhang [29] study periodic solutions for some planar N + 2-body problems,
they defined the following orbit spaces:

T 2 .
A0={QGEOWi(f‘i‘?):O(T)Qi(f)a i=1,...,N+2;

T. . T
ql’+1(t)=qi(t+ﬁ)v 1= 1""!N_ 17 ql(t)=qN(t+ 7)’

N
T
qi(t+ﬁ)=qf(t), i=N+1,N+2,Vt> 0} (1.5)
and
A={q e Aolqi(t) # qj(t), Vi#j,Vt € R;
deg(qi(t) — qi(t)) = 1, 1 <i#j < N, deg(qn+1(t) — gn+2(t)) = k1}, (1.6)
where
N+2
Eo={q=(q1. Q2. - ... Gn+2) | Gi(t) € W (R/TZ, R?), ) " mygi(t) = 0}, (1.7)

i=1
0(6) = c9s€ —sinf .
sinf cosé

Motivated by their work, we consider N + 3-body problems (N > 3, N and 3 are coprime), the equations of the motion are:

U
m;gi(t) = (q), i=1...,N+3. (1.8)
q;
We define the following orbit spaces:
T 2md .
A :{qulqu(tJr;):O(T)qi(t), i=1,...,N+3;
T, . T
Gi+1(t) = qi(t + N)’ i=1...,N, qi(t)=gn(t + N);
T, . T
qn+j(t) = qnj—1(t + 5), J=2,3, qns1(t) = gna(t + 5);
T .
qi(t+§)=q,-(t), i=1...,N;
T
qj(t+N)=q;(t),j=N+1,N+2,N+3}, (1.9)

and
Ay =1{q € Aq1lqi(t) # qj(t), Vi #j,Vt € R;
deg(qi(t) — qi(t)) =k, 1 <i<j<N;
deg(qy(t) — qp(t)) =k, N+ 1<i <j <N+3},
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where
N+3
={q=(q1. @2 - ... Avs3)lqi(0) € W'A(R/TZ, R?), Y migy(t) = 0}. (1.10)
i=1
Notice that r, kq, ko, d satisfy the following compatible conditions:

ki =d(modr), ky = d(modr), ki = 3s1, ko, = Ns,, 51,53 € Z. (1.11)

Since N and 3 are coprime, we have (N, 3) = 1. In this paper, we also require r and 3 coprime, so (r, 3) = 1.
We get the following theorem:

Theorem 1.1. (1) Consider the seven-body problems (1.8) of equal masses, for r = 7, ky = 3, ko, = —4, d = 3, then the global
minimizer of f on A, is a non-collision periodic solution of (1.8).

(2) Consider the eight-body problems (1.8) of equal masses, for r = 8, k1 = 3, k, = —5, d = 3, then the global minimizer of
f on A, is a non-collision periodic solution of (1.8).

(3) Consider the ten-body problems (1.8) of equal masses, for r = 10, k; = 3, k; = —7, d = 3, then the global minimizer of
f on Ay is a non-collision periodic solution of (1.8).

2. Some lemmas

Lemma 2.1 (Eberlein-Shmulyan [37]). A Banach space X is reflexive if and only if any bounded sequence in X has a weakly
convergent subsequence.

Lemma 2.2 ([37]). Let X be a real reflexive Banach space, M C X is a weakly closed subset, f : M — R is weakly semi-continuous.
If f is coercive, that is, f(x) — 400 as ||x|| — +oo, then f(x) attains its infimum on M.

Lemma 2.3 ([38]). Let G be a group acting orthogonally on a Hilbert space H. Define the fixed point space Fc = {x € H|g - x =
x,Vg € G}, if f € C1(H, R) and satisfies f(g - x) = f(x) forany g € G and x € H, then the critical point of f restricted on Fg is
also a critical point of f on H.

Lemma 2.4 ([39]). Let ¢ € W'"3(R/TZ, R") and fo t)dt = 0, then we have
(i). Poincare-Wirtinger’s inequality:

T
/ lg(e)1* de > Zi 2/ lq(t)[* dt. (2.1)
0

(ii). Sobolev’s mequallty

T (7.
max [q(t)] = ||q||oos/;( fo a(o)de) ", (22)

Lemma 2.5 (Gordon [21]). (1) Let x(t) € W2([ty, 2], R*) and x(t;) = x(t,) = O, Then for any a > 0, we have
5}
/ (%2 + — | ez 7(2n)%a%(t2 —t)3. (2.3)
3]

[23] (2) Let x(t) € W"2(R/TZ, RF), fOT xdt = 0, then for any a > 0, we have

"1 dt > S2n)iadT 24
/0<5|()|+||) > 2omiait (2.4)

3. The proof of Theorem 1.1

we consider the system (1.8) of equal masses. Without loss of generality, we suppose that the massesm; =m; = --- =
my43 = 1, and the period T = 1.
Define G = Z, x Z3 x Zy and the group action g = (g1) x (g») X (g3) on the space E1:

d d
@0, - ass0) = O+ 1), 0= Ty (e + 1) (3.1)
£(qi(t), ..., qn3(t))
1 1 1 1 1
=(qi(t+ =), ....qu(t + ) qn+3(t + ) qn+1(t + = ) an2(t+ =) (3.2)

3 3
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g3(qi(t), ..., gnys(t))
1 1 1 1 1 1
= (qn(t + N)’ qi(t + N) s gnoa(t + ﬁ)’ qn+1(t + ﬁ)’ qn2(t + N)’ qn+3(t + N))' (3.3)

This implies that A, is the fixed point space of g on E;. Furthermore, for any g; and q € E;, we have f(g; - q) = f(q) for
i = 1, 2, 3. Then the Palais symmetry principle [38] implies that the critical point of f restricted on A is also a critical point
of f on E;.

Lemma 3.1. The limit curve q(t) = (qi(t), qa2(t), - . ., qn+3(t)) € d A, of a sequence g'(t) = (q\(t), gy(t), - - ., €
may either have collisions between some two point masses or has the same winding number (i.e. deg(q;(t) — ( )) =ky,1<i
J=N;deg(gi(t)—qy(t) =k, N+ 1 =i #j <N+ 3).

The proof is similar to that of Lemma 3.2 in [ 18], we omit it.
Then by Lemma 3.1, we have

Lemma 3.2. The critical point of minimizing the Lagrangian functional f restricted on A, is also a critical point of f on Ey, then
it is also the solution of (1.8).

By gi(t) = O(—Z)gi(t + 1)i=1,...,N + 3), we have

1
f gi(t)dt = 0.
0

Then by Poincare-Wirtinger’s inequality [39], we have

1 1
/|mm%nﬂhﬁf|mmwa
0 0

Hence f(q) is coercive on A,. It is easy to see that /_Xz_is a weakly closed subset. Fatou’s lemma implies that f(q) is a weakly
lower semi-continuous, then f(q) attains inf{f(q)|q € A,}.

In the following, we prove that the minimizer of f is a non-collision solution of the system (1.8).

Since Z?’:qu,- = 0, by the Lagrangian identity, we have

1 N+3
f=—r ¥ f g+ )dt. (3.4)
N+3 1<i<j<N+3 19 — gl

Notice that each term on the right hand side of (3.4) is a Lagrangian action for a suitable two body problem, which is a
key step for the lower bound estimate on the collision set.

We estimate the infimum of the action functional on the collision set. Since the symmetry for a two-body problem implies
that the Lagrangian action on a collision solution is greater than that on the non-collision solution, and the more collisions
there are, the greater the Lagrangian is. We only assume that the two bodies collide at some moment t;, without loss of
generality, let ty = 0, we will sufficiently use the symmetries of collision orbits.

since g € A,, we have

qi(t+%)=0(27rr—d)qf(t), i=1...,N+3; (3.5)
Gl =+ )i = 1 N =1, G0 = ult+ ) (36)
qn+2(t) = qnya(t + %), qn+3(t) = qnq2(t + 5)’ qn+1(t) = qnas(t + %); (3.7)
qf(t+%)=qi(t), i=1,....N; (3.8)
‘Ij(t‘i‘%):%(f)a]'=N+1,N+2,N+3- (3.9)

Case 1: q1, g collide att = 0. )
By (3.5), we can deduce q1, g, collide att = ﬁ i=0,...,r—1.
Furthermore, by (3.8), we can deduce g1, g, collide at

i i 1 i 2
t=-, —+—, -+ = (mod1). (3.10)
r r 3 r 3
From (3.6) and (3.10), we have
i N-—1 i 1 N—-1 i 2 N-—
,qzcollideat—- + ——, -+ -+ —, — 4+ — mod 1 0.....r—1,
- & VT ( )
i N-=-2 i 1 N-2 i 2 N-—
,qqcollideat-+ —, -+ -4+ ——, -4+ -+ ——(mod1), i=0,...,7r—1,
B 44 ! rjL N r 3 N r 3 ( )
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(mod1),i=0,...,r—1,

)

Z |0

1
r

+

. i 2 2
qn—1, qn collide at — + —, z
r N

i
N r

+

+ W =

N [

2
3
+ —(mod1),i=0,...,r—1.

)

=z[- +

+
2
3

W — -|-
= | -

i1
qn, g collide at ! + —, !
r N r

Lemma33. V0 <i j<r—1,0<k<2, (i—j?+k*+#0 wehave

R
%¢%+§mmn (3.11)

Proof. If there exist 0 < ip,jo <1 — 1,0 < ko < 2, (io —jo)* + k(Z) # 0 such that

i k
b ]—0 + ﬂ(modl)
r

Then we have
Jo ko io

(= +— — —).

|(r+3 r)

Since
i k i r—1 1
o X o, — 14> 1,
r 3 r r

and
Jo k£_10<r—1 2

r 3 rr 3
we can deduce
Jo ko o Jo ko o
—+—=——=——=0 or —+———=1.
r + 3 r + 3 r
Ifj7° + ’%0 — 170 = 0, then 3(ip —jo) = kor. When ko = 0, we get iy = jo, which is a contradiction with our assumptions on
the io, jo, ko; when ko # 0, notice 0 < ko < 2, we can deduce 3|r, which is a contradiction since (r, 3) = 1.
lf’7° + 3 - '70 = 1, then 3(jo — ig) = (3 — ko)r. When k; = 0, we get r = jo — ip, which is a contradiction since
—r+1<jo—ip <r—1;,whenky # 0, notice 1 < 3 — kg < 3, we can deduce 3|r, which is also a contradiction since
(r,3)=1. O

By (3.10) and Lemma 3.3, we know that g1, g; collide at

=g i=0,... 3 —1 (3.12)
Then by (2.3) and (3.12), we have
N+3
/ G~ &OF + oo
Y[ 5 N+3
= ‘ _—— d
Zof () = )P +
> ; X (271) (N+3)33r( ! )§ (3.13)

From (3.6) and (3.12), we have

i N-—-1
q2, q3 collide at — + ——(mod 1), i=0,...,3r — 1,
3r N

i N-—-2
q3, q4 collide ati + ——(mod1), i=0,...,3r —1,
3r N

i 2
qn-_1, qn collide at 3 + N(mod 1), i=0,...,3r—1, (3.14)

i 1
qn, q; collide at — + —(mod 1), i=0,...,3r — 1. (3.15)
3r N



186 P. Yuan, S. Zhang / Journal of Geometry and Physics 126 (2018) 181-192

Lemma34. VO <i i <3r—1,1<jj<N-1,(i—1)?+(G—j) #0, we have
l’/
§+ #—+

The proof is similar to Lemma 3.3.

7 (mod 1). (3.16)

Remark 3.1. From Lemma34,Y0 <i,i' <r—1, 1<j,j <N—-1, 0<k kK <2,(i—1P?+({—j)P +(k—-K) #0,we
have

i i ok P j K

-4+ =4+ =-#—-+4+=+4+ —(mod1).

r+N+3#r+N+3( )

By (2.3), Lemma 3.4 and (3.15), we have

1 N+3
(1@ (t) = G2 (O + —————————)dt

o 2 e 1q7+1(6) = qi2(0)|
3 2 2 1.1 .

> 2 X (271)3(N+3)33r(§)3, G=1,...,N—=2), (3.17)
11 N+3
(=lan(t) = (O + —————)dt

fo 2" ! lan(6) — @1(0)]
3 2 2 1.1

> = x (27)3(N 4 3)33r(—)3. (3.18)
2 3r

Let

N-2 1
1 N+3
My =" (51841(0) = Gira(O)* + ——————)dr+
1 ].:0/0 PR 1541() = gr2(0)]

1, . N+3
Jin(t) — _ Ty
/0<2|qN(t> BOF + 5 e

Notice thatV1 <i <N, N+1<j<N+3, fo qi(t)dt = 0, fo gj(t)dt = 0, then by (3.13), (3.17), (3.18), (2.3), (2.4)
we have

1 N+3

f(q) N + 3 l<z<]§\l+3f |q )| |qi(t) - Qj(t)| ) ‘

N+3
= M ; AL d _M
+ [1<§<N/ 3100 = 40P + e =
N+3
i ——d
1<,<;J<3 / (= 1a0) — Gug (D1 + ROl

"1 3
[ G - g+ 2 e
0

Ne1oiTeN+3 [qi(t) — q;(t)]
3 4% 1.1 1.1 1.1
> = 3[N x 3r(==)3 +3 x (5)3(Cg —N)+ 3N +3N(-)3
_ZX(N+3)[ X 3r(30)3 +3 % (3)3(Gy = N) + 3N +3N(L)3 ]
ZA (3.19)

In the following cases, we firstly study the cases under N is even.
Case 2: q1, Qr2(k =1, ..., 2 — 2)collide att = 0.
By (3.5), we can deduce q1, qua(k =1,..., ¥ —2) collide at t = ﬁ i=0,....,r—1.
Then by (3.8), 41, Q2 collide at
et L2 edt), =0, 1. (3.20)
rr 3 r 3

From Lemma 3.3, we get g4, g4 collide at

t=—,i=0,...,3r—1. (3.21)
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Then by (3.8), we have

. i N-—-1 .
q2, Qr+3 collide att = 3 + T(modl), i=0,...,3r—1,
) i N-—-2 .
q3, Qr+a collide att = — + ——(mod 1), i =0, ..., 3r — 1,
3r N

. i k+2 .
qn—k—1, qn collide att = — + ——(mod 1), i=0,...,3r — 1,
3r N
i k+1

qN_k,q1,collideatt:3—+ (mod1),i=0,...,3r—1,
r

i k
_k+1, Qcollide att = — + —(mod 1), i=0,...,3r —1,
AN—k+1, 92 3r+N( )

i 1
qn, Qksqcollideatt = — + —(mod 1), i=0,...,3r — 1.
3r N

Then by (2.3), (2.4), Lemma 3.3, Lemma 3.4, (3.21)-

3 472 4 1
= )3[N x 3r(—
2 'N+3 3r
A

—

3.22), we have

) +3x

1, 5 1.1
)3(Cy —N)+3N+3N(ﬁ)3]

W =

Case 3: q1, qn ,, collide at ¢ = 0.
By (3.5), (3.6%, (3.8), q1, q%ﬂ collide at

t—i i+1 i+2
== oty oty
. N N . N
iy i1 5 02y i
4+ 2 -4 -+ 2 4T 4 2(mod1),i=0,...,7r—1.
T+Nr+3+Nr+3+N( )

Simplify (3.24), we get q1, an 44 collide at

o
t=-4+L izo0. . . r—1j=0,....5
r 6

Lemma3.5. V0 <i,i <r—1,0<j,j <5,(i—1i)?+(—j) # 0, we have

iy
-4+ = # -+ =(mod1
r 67ér 6( )

Proof. If there exist 0 < iy, iy <r —1, 0 <jo,j1 <5, (ip — i1)* + (jo — j1)* # 0 such that

o Jo 11 Q1
—+ = = — 4+ —=(mod1
r 6 r 6( )
Since

i 1 -1 5
b h_do o r=1 5
r 6 r 6 r 6
it Jj1 o jo T— 5
—_ 4 = = — 27
rTe r 6 tE <

then we deduce
i i i i
b dv_d oy b d o oo i d o do
r 6 r 6 6 r 6 6 r 6

T

187

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

when iy # iy and jo = j;, we can deduce r = iy — iy, which is a contradiction since —r + 1 < iy —i; <r — 1; when iy # i,

and jo # j1, we can deduce 6|r, which is a contradiction since (r, 3) = 1.

imi iy 1l _Jo iy 1 _fo_Jo
We can use similar arguments to prove  + 3 e #0and - + 4 e = L

T r
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From (3.5) and (3.26), we can deduce q1, qn 44 collide at

t=— r=0,.. . 6r—1. (3.28)
6r

Then by (2.3) and (3.28), we have

1
1. . N+3
(1a1(t) = qu (O + ———————)dt
fo 2 2t |31(6) — 1 (0)]
6r—1 tiv1 1 N+3
= (5141() — g, (O + ——————)dt
ZO/ 2 241 11(6) = 4, (0]
3 2 2 1.1
> — x (2m)3(N + 3)361r(—)3. (3.29)
2 6r
By (3.6), (3.28), we have
i Y-
. _ - 2 _ _
qz,q%H, collide att = or + N i=0,...,6r—1,
collideatt:i—i-zi i=0 6r—1
q3, Q%+37 6r N ] PR s
. i 1
gn,qycollideatt = — 4+ —,i=0,...,6r —1. (3.30)
2 6r N

Lemma36. V0 <i i <6r—1,1<jj <5 -1, (—17?+(—j)#0 wehave
i ] T
— 4+ = FE— 4. 3.31
6r + N > 6r + N ( )
The proof is similar to Lemma 3.5.
By (2.3), Lemma 3.6 and (3.30)-(3.31), we have

1 N+3
(51G1(0) — G, (O + )dt
fo 27" 2+ 19j41(6) =y 1 (0)]
3 1 N
> 2 x 273N +3)36r(—)3 (j=1,...,~—1) (3.32)
2 6r 2
Let
N g
3 N+3

1
1
M, = (5 1851(6) = G iy (OF + dt.
2 ;.:/O 5 it N+t |qj+1(t)—q%+j+1(t)|

Then from (2.3), (2.4), Lemma 3.6, (3.29) and (3.32), we obtain

|
S =5 . [ G-k + o
= (M [1;5”]01(; 0= O + e~ M+
oz / 10— e + o) o e
T / Ll - a0 + o)
S (N‘%)%[g X 6r(2)} 43 x (G — )+ 3N+ N
2B

(3.33)
Finally, we study the cases under N is odd.
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Case2': qq, Qraa(k = 1,..., X —2) collide at t = 0.
By (3.5),(3.8), q1, G2k = 1, ..., T — 2) collide at

i 1 i 2 .
t=-, -+ -, —+=(mod1),i=0,...,r—1, (3.34)
rr 3 r 3
from Lemma 3.3, we get q1, qrs2(k = 1, ..., 51 — 2) collide at
i
t=—,i=0,...,3r—1, (3.35)
3r

then by (3.6), we have

i N-—-1
q2, Qk+3 collideatt = — + ——(mod 1), i =0, ..., 3r — 1,
3r N

i
q3, Qrrq collideatt = — + ——(mod 1), i =0, ...,3r — 1,
3r N

i k+2
N—k— 1,chollldeatt——+%(modl) =0,...,3r—1,

. i k+1
dn—k» q1, collide att = 3 +

(mod1),i=0,...,3r—1,

i k
QN—k+1, Gz2collide att = — + —(mod 1), i=0,...,3r — 1,
3r N

i 1
qn, qr+1collide att = 3 + N(mod 1),i=0,...,3r—1. (3.36)

Then by (2.3), (2.4), Lemma 3.4, (3.35) and (3.36), we have

3 472 1.1 1.1 1
> 3[N x 3r(—)3 + 3 x (=)3(C2 — 3N + 3N(—
flq) = X(N+3)[ X r(3r) + ><(3)(N N)+ 3N+ (N) ]
—A (3.37)
Case 4: qn+1, g1 collide att = 0.
By (3.5), we have
qn+1, 1 collide at
t=% i=0,....r—1 (3.38)
Then by (2.3) and (3.37), we have
. N+3
(51G1(6) = qna(0)* + ——————)dt
/ R |q1(6) — qa(0)]
— tit1 1 N+3
= 1810 = A (O + - =t
;/ R 1a1(0) = an41(0)]
3 2 2 101
> 3 x (47°)(N + 3)3r (r)3. (3.39)

From (3.38), (3.5)—(3.9),'we can obtain 4
dn+2. q1, collide at t = : (mod 1), gn+3, g1 collide att = % + %(mod 1), i=0,...,r—1,

Gn+1, G2 collide at 1 + X1 (mod 1), Q2. g2 collideat £+ Y21+ 2(mod 1), gnys, g2 collide at Ty Nely 3(mod1), i =
0,...,r—1,

An+1, g1 collide at L+ Z(mod 1), g2, gn—1 collideat I +2 +2(mod 1), qny3, qv—1 collideat L+ 2 + 1(mod 1), i =
0,...,r—1,

an+1, gy collide at £ + L(mod 1), gny2,qy collideat L + & + 2(mod 1), gy, gy collide at & + 1 + I(mod 1), i =
0,...,r—1.
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Then by (2.3), Lemma 3.3 and Remark 3.1, wehaveVO <i<r—1,1<j <3,

"1 . 5 N+3
~1Git) — ) P Y |
fo (GO = O + e
> ; x (4712)(N+3)%r(%)%.
By (2.3),(2.4) and (3.40), we have
1 T o N+3
-y ¥ [ G —aof + 5
1 T, ) , N+3
= m( 1;\]/; (§|qi(t)_qN+j(t)| +m)df+
1<j<3
11, . N+3
—1Gi(t) — G A R |
1XJ:N/0 (5100 = 400 + o

1
1. s N+3
> = 1Gi(t) — g —)d
/o G OO g g™

N-+1<i<j<N+3
472 ;4 1
r

%

3

Zx(

2 N+3
C.

1 1 1.1, 1.1
)3[3N x1r(=)3 +3 x (E)BCN +3N(ﬁ)3 ]
2
Case 5: qn+1, N2 collide at t = 0.
Then by (3.5), (3.9), we deduce
dn+1, qn+2 collide at
; .
t=4Lmod1), i=0,... . r—1,j=0,... N—1.
r N

From Remark 3.1, and (3.42), we can deduce qy1, n+2 collide at
i

i = —, l':O,...,NT—‘l‘
Nr
Then we have
1
| Gl - et + 2
Nr—1 tiv 1 ) ) X N+3
-3 [ G0~ ot + s
> 2 (42N + 3)3Nr(— )3
-2 Nr
By (3.7), we deduce qn+2, qn+3, collide at
t:i—i-%, i=0,...,Nr—1,
Nr 3
qN+35 qN+1 collide at
t:i—i-l, i=0,...,Nr—1.
Nr 3
Then by (2.3), Remark 3.1, (3.45), and (3.46), we have
1
fo (31l) st + |qN+z(g = ;N+3(r)| -
> 2 (4r?)N + 3)INr( )}
-2 Nr
(310 = O + |qN+3(g = ;N+1(t)| -

1

x (472N +3)%Nr($)§.

IV S~

N w

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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So, by (2.3), (2.4), we get

1 1, . N+3
- —1ai(t) — g2 + ————dt
@ N+315i£+3/(; PR TR
1 1, . N+3
= —16i() = GO + ————)dt+
X | Glao-ag o)
1
1. . N+3
—1Gi(0) — g ()P ——————— e+
I;V/(; (2|q( )~ (0] |Qi(f)—QN+j(t)|)
1<j<3
1
1 . . 2 N+3
—1Gi() — GO + ————)dt
x [ Gl -t + o
2
> 2 X (P x N +3 % (3G 43N]
tp, (3.49)

When N is odd, let A~: inf{A, C, D}, then on the collision set, the action functional f > A. B
When N is even, let B = inf{A, B, C, D}, then on the collision set, the action functional f > B.
(1)TakeN =4,d=3,r=7,k; =3, k, = —4.

We choose the following function as the test function:

Leta > 0, b > 0,and

q; = a(cos(6mt + W), sin(6wrt + W)), i=1,...,4,
27(j —5) 27(j —5)

qj = b(cos(—8xmt + f)’ sin(—8xt + #)), j=5,6,7.
We choose a = 0.2300, b = 0.0880,then

A~ 144.6215, B ~ 138.9586, C ~ 170.7479, D ~ 139.2196, B = 138.9586,
f(q) ~ 135.5123 < B.

This proves that the minimizer of f(q) on the closure A, is a non-collision solution of the seven-body problem.
(2)TakeN = S,d =3,r=8, k] =3, kz = —5.
We choose the following function as the test function:
Leta> 0, b > 0, and

2x(i—1 2x(i—1
g; = a(cos(bmt + %), sin(6rrt + L)), i=1,...,5,

5
27(j — 6) 2m(j —6)
3

q; = b(cos(— 10t + ), sin(— 107t + ”T)), j=6,7.8.

We choose a = 0.2450, b = 0.0760, then

A~ 193.5057, C ~ 181.0305, D ~ 228.7437, A = 181.0305,
f(q) ~ 175.2312 < A.

This proves that the minimizer of f(g) on the closure A, is a non-collision solution of the eight-body problem.
(3)TakeN =7,d =3,r =10,k =3, k; = —7.

We choose the following function as the test function:

Leta > 0, b > 0, and

2r(i—1 2r(i—1
gi = a(cos(bmrt + y), sin(6rt + y)), i=1,...,7,

27— 8 27— 8
g = b(cos(—14mt + %), sin(— 147t + %)), ji=8,9,10.

We choose a = 0.2500, b = 0.0640, then

A~ 305.0645, C ~ 274.1354, D ~ 360.6557, A = 274.1354,
f(q) ~ 266.6297 < A.

This proves that the minimizer of f(q) on the closure A, is a non-collision solution of the ten-body problem.
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