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1. Introduction

Generalized complex geometry initiated by N. Hitchin and his school is a simultaneous generalization of symplectic
geometry and complex geometry. Since Marsden-Weinstein reduction is a basic construction in symplectic geometry, it
is natural to explore a generalized version of symplectic reduction in generalized geometry. This topic was treated in great
generality in the formalism of Courant reduction in [1]. When furthermore there is a generalized metric on the Courant
algebroid to be reduced, it also descends to the reduced Courant algebroid under proper conditions. In [2], this 'metric
reduction’ was investigated; in particular, this procedure was checked from the angle of geometry of tangent bundles. The
present paper arises from our work [3] on trying to understand metric reduction from a topological field theoretic viewpoint.

Considerations in generalized geometry are conceptually direct and useful, but the underlying structures often hide in
depth and need careful analysis. For example, generalized Kdhler reduction is easily understood from the general procedure
of reduction of Dirac structures, but it contains some sophisticated details from the viewpoint of classical complex geometry.
Some of these were included in [2]. In this paper, we will carry on this investigation.

We pay much attention on the special case of isotropic trivially extended G-actions in the sense of [1], where G is a
compact connected Lie group. With an invariant generalized metric in place, the manifold M under consideration carries
two horizontal distributions 7., which are central in our paper. Basically, they are used to express the Bismut connections
in the reduced manifold M,eq := M/G in terms of Bismut connections in M. This is different from the case of reducing the
Levi-Civita connection on M-In the latter case, a connection of the principal bundle M — M,y naturally arises from the
G-invariant metric g, i.e. the horizontal distribution is just the orthogonal complement # of the vertical distribution. The
Levi-Civita connection on M,.4 can then be expressed using the Levi-Civita connection on M and the orthogonal projection
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from TM to #. As for reducing Bismut connections, it is not as directly solved as in the ordinary case and should be motivated
by conceptual considerations in generalized geometry. This investigation of reducing Bismut connections is motivated by
gauging a zero-dimensional supersymmetric o -model in [3].

When the invariant generalized metric is from a generalized Kihler manifold M, the situation becomes more interesting.
To get areduced generalized Kdhler manifold, an invariant submanifold M C M should be carefully chosen and the reduced
generalized Kahler structure will then sit on M.,4 = M/G. Hence M only serves as an intermediate object in this procedure.
But in this paper M as a metric generalized principal bundle (see Section 5) proves to have its own interest: The curvatures
of 71 are of type (1, 1) w.r.t. the reduced complex structures J+ on My respectively. Thus any associated complex vector
bundle acquires simultaneously a ]+ -holomorphic structure and a ] -holomorphic structure.! This motivates our approach
to constructing generalized holomorphic vector bundles from generalized Kéhler reduction.

The paper is organized as follows. In Section 2, we review the basic content of generalized geometry. The goal of Section
3 is to lay the concrete background for later development by investigating the notion of isotropic trivially extended G-action
in the presence of an invariant generalized metric. Compared with the work in [2], we hardly contain much essentially new
content, but our viewpoint is slightly different. In particular, we include some details of the reduced structures which were
missing in [2], and emphasize the basic role of the distributions k4 (Eq. (3.2) is essential for reducing the Bismut connections)
which was not explicitly mentioned in [2]. In Section 4, we mainly tackle the problem of expressing the reduced Bismut
connections in terms of Bismut connections in the original manifold (Theorem 4.1). The curvature of the reduced Bismut
connection is also computed in terms of the reduction data (Theorem 4.3). These computations play a basic role in [3].
The last three sections devote to using generalized Kahler reduction to produce generalized holomorphic vector bundles.
Section 5 discusses the notion of metric generalized principal G-bundle and its associated relative curvature. Section 6 revisits
generalized Kahler reduction in the spirit of previous sections, and emphasis is put on structures on the intermediate metric
generalized principal G-bundle, which carries a biholomorphic structure. These two sections pave the way for us to produce
generalized holomorphic vector bundles via generalized Kahler reduction in Section 7. We give a sufficient condition for
the biholomorphic structure to be generalized holomorphic in the Hamiltonian case. As examples, we have constructed
generalized holomorphic line bundles on CP? equipped with non-trivial generalized Kihler structures.

2. Basics of generalized geometry

In this section, we collect the most relevant aspects of generalized geometry. For a detailed account for it, we refer the
reader to [4,5].

In generalized geometry, one considers geometric structures defined on the generalized tangent bundle TM = TM ®T*M
of a smooth manifold M, or more generally on an exact Courant algebroid over M.

A Courant algebroid E is a real vector bundle E over M, together with an anchor map = to TM, a non-degenerate inner
product and a so-called Courant bracket [-, -] on I"(E). These structures should satisfy some compatibility axioms. E is called
exact, if the short sequence

0— T"M = E 2 TM —> 0

is exact. In this paper, by 'Courant algebroid’, we always mean an exact one. Given E, one can always find an isotropic right
splitting s : TM — E, which has a curvature form H € QSI(M) defined by

HX,Y,Z)=([s(X),s(Y)lc,s(Z2)), X.,Y,Z e I'(TM).

By the bundle isomorphism s+ 7* : TM & T*M — E, the Courant algebroid structure can be transported onto TM. Then the
inner product (-, -) is the natural pairing, i.e. (X +&,Y + n) = £(Y) + n(X), and the Courant bracket is

[X+& Y +nlp =X, Y]+ Lxn — tyd€ + tyixH, (2.1)

called the H-twisted Courant bracket. Different splittings are related by B-field transforms, i.e. e¥(X + &) = X + & + B,
where B is a 2-form.

A maximal isotropic subbundle L C E is called an almost Dirac structure. If L is involutive w.r.t. the Courant bracket, it is
called a Dirac structure. These notions can be extended directly to the complexified setting which interests us most.

Definition 2.1. A generalized complex structure on E is a complex structure J on E orthogonal w.r.t. the inner product and
whose «/—1-eigenbundle L C E ® C is a complex Dirac structure.

Since J and its «/—1-eigenbundle L are equivalent notions, we shall use them interchangeably to denote a generalized
complex structure. At a point x € M, the codimension of 7 (Ly) in M ® C is called the type of J at x. Type can vary along
some subset of M, which makes the local geometry of generalized complex structures rather non-trivial.

A generalized complex structure L is an example of complex Lie algebroids. Via the inner product, A'L* can be identified
with AL, and we have an elliptic differential complex (I"(A'L), d;), which induces the Lie algebroid cohomology associated
with the Lie algebroid L. The differential complex can be twisted by an L-module.

T Similar phenomenon, of course, occurs in ordinary Kahler reduction but is seldom emphasized in the literature.
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Definition 2.2. Given a generalized complex structure L over M, an L-connection D in a complex vector bundle W is a
differential operator D : I'(W) — I'(L ® W) satisfying

D(fs) =d,f ® s+ fDs, se (W), f e C®(M).

If D is flat, i.e. D> = 0, D is called a generalized holomorphic structure and W an L-module or a generalized holomorphic
vector bundle.

A standard non-trivial example of generalized holomorphic bundles is the canonical line bundle in the pure spinor
description of a generalized complex structure. Further analysis and examples of generalized holomorphic structures can be
found in [6,7].

Definition 2.3. A generalized (Riemannian) metric on E is an orthogonal, self-adjoint operator G such that (Ge, e) > 0 for
nonzero e € E. It is necessary that G2 = id. The +-eigenbundles V.. are positive and negative subbudles of maximal rank
respectively.

A generalized metric induces a canonical isotropic splitting: E = G(T*M) @ T*M. It is called the metric splitting. Given

a generalized metric, we shall always choose the metric splitting to identify E with TM. Then G is of the form g 0
where g is an ordinary Riemannian metric, and vectors in V.. are of the form X 4 g(X) respectively for X € TM.

If H is the curvature of the metric splitting, sometimes we call the triple (M, g, H) a generalized Riemannian manifold,
without explicitly mentioning the underlying Courant algebroid and generalized metric. For a generalized Riemannian
manifold (M, g, H), one can define the Bismut connections V¥ = V + %g‘1H, where V is the Levi-Civita connection. It

was observed in [8,9] that these connections can be expressed using H-twisted Courant bracket:
[X Fg(X). Y £g(V)ly = ViY £g(VxY), (2.2)

where (X + £)* denote the V.-part of X + & € I'(TM) w.r.t. the decomposition E = V. @ V_.
A generalized metric is an ingredient of a generalized Kahler structure, which is the analogue of Kihler structure in
complex geometry.

Definition 2.4. A generalized Kdhler structure on E is a pair of commuting generalized complex structures J; and J, such
that G = —JJ is a generalized metric.

A generalized Kdhler structure can also be characterized in terms of more ordinary notions: There are two complex
structures J. on M compatible with the Riemannian metric g induced from the generalized metric. Let w+ = gJ. and H
be the curvature of the metric splitting. Then

diw, =—-d"w_=—H, (2.3)

where dS, are the d°-differentials associated to ]+ respectively. [+ is necessarily flat w.r.t. V* respectively and H should be
of type (1, 2)+(2, 1) w.r.t. bothJ, andJ_. Let T(f]M be the anti-holomorphic tangent bundles w.r.t. J.. respectively. Then we
can form two vector bundles over M:

Le = (X £ V-1w(X)IX € Ty ;M}.

In the metric splitting, L1 := L, @ L_and L, :=L, & L_ are precisely »/—1-eigenbundles of J; and J, respectively.

We are particularly interested in generalized holomorphic structures over a generalized Kihler manifold. In this setting,
we choose L; to be the underlying generalized complex structure of a generalized holomorphic structure D. Due to the
decomposition Ly = L, & L_, D can be decomposed as D = §, + §_ accordingly. Actually, 6. are ordinary J.-holomorphic
structures respectively. Additionally, it is necessary that

8486_ 486, =0. (2.4)

Conversely, given J.-holomorphic structures 8., if Eq. (2.4) is also satisfied, then D := 8, + 5_ is a generalized holomorphic
structure [10].

3. Isotropic trivially extended action and metric reduction

Though there is a much more general framework in [ 1] to adapt an ordinary Lie algebra action to the setting of a Courant
algebroid, we content ourselves here with the following more restrictive notion of isotropic trivially extended action of a Lie
algebra g. Throughout the paper, we always assume that g is the Lie algebra of a compact connected Lie group G acting freely
on M from the left. In the following, a Courant algebroid E over M is fixed.
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Definition 3.1 ([1]). Let ¢ : ¢ — I'(TM) be the infinitesimal action of G over M. An isotropic trivial extension of this action
to E is a bracket-preserving morphism ¢ : g — I'(E) such that the following diagram

id
g — ¢

‘Pl Wol
I(E) —— I'(TM)

is commutative and the image of ¢ is isotropic pointwise in E. If furthermore this extended action integrates to a G-action
on E, we call it an isotropic trivially extended G-action.

Let es, a = 1,2,...,dimg be a basis of g and let V,; be the corresponding fundamental vector fields on M. When an
isotropic splitting of E is chosen, ¢(e,) = V, + &, where &) : g — I'(T*M) is equivariant and ¢,&, + (&, = 0, where
(o denotes contraction with V,. If additionally the splitting is invariant, then its curvature H is invariant and (;H = d&,. A
remarkable fact in [1] is that H + &, is actually a closed equivariant 3-form in the Cartan model of equivariant de Rham
cohomology.

Let K C E be the subbundle generated by ¢(g), and K+ its orthogonal complement in E w.r.t. the inner product. Then due
to the reduction theory developed in [1], Ejeq := % /G has the structure of a Courant algebroid induced from E. Now if G is
a G-invariant generalized metric over E, then E.4 also acquires a generalized metric Gyeq.

There is a useful way to describe G,.4. Let K¥ be the G-orthogonal complement of K in K+, i.e.

K9 = g(KY)NK*.

By projection, K9 is isomorphism to K+ /K, and Gy is actually the restriction of G on the subbundle K¢ c K. Accordingly,
we have the decomposition

K9 =V eV,

where Vfd = V. NKY. Furthermore, by the abovementioned isomorphism, we can regard K9 /G as a Courant algebroid over
Mieq. The advantage of using K9 instead of K+ /K is that, when a liftA € T(K+)of A € I'(Erq) is needed, we can choose Ato
be the unique one in I"(K9).

Though the Courant algebroid structure of K9 /G is clear from the generalized reduction procedure, for later convenience,
in the following we spell out some details of this structure. We do this mainly at the level of equivariant bundles.

The metric splitting of G is, of course, invariant and in this splitting the Riemannian metric g and the curvature H are both
invariant. Let ¢(e;) = V, + &, in this splitting. Associated with the isotropic trivially extended g-action are two horizontal
distributions on M [2]:

o= (Y € TM|g(Y, V) £&(Y)=0, a=1,2,...,dimg}. (3.1)

They are just distributions derived by projecting Vf’ to TM and define two connections in the principal G-bundle M —
Meq = M/G. They are basic for our later considerations. It is convenient to use Vai = V, £ g7 '&,. Denote the bundles
generated by {Vai} by k. C TM respectively. Then Eq. (3.1) can be rephrased as the orthogonal decomposition

™ = ki DTy (32)
Let g : M — M4 be the natural quotient map. Let us first interpret the short exact sequence properly:
0 —> G (T"Mrea) ™5 K9 5 q*(TMpeg) — 0, (3.3)

where g* means the pull-back of vector bundles by the quotient map q, and [z] denotes the composition g, o 7.

Lemma 3.2.

K9 ={Y +n e TM|g(Y, Vo) + &(n, &) = 0, &(Y) + n(Va) = 0},
and

ker([z]) = {Y + 5 € K9|Y € n(K)}.
Proof. This is obvious by definition of K9. O

For E,eq to be exact, ¢*(T*M,eq) should be identified with ker([r ]) via the inner product on K¢. This is realized as follows:

Lemma 3.3. Let Ty, := g(V,", V,7) = g(V,, V") and denote its inverse by T%. Then for & € q*(T*Myeq),
[71°(§) = § — T*g(§, &)(Vb + &),

and the image of [7]* is precisely ker([x]).
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Proof. First note that

g(va+7 Vlj) = g(va_7 Vl;) = g(vav Vb) +g(§a7 Sb)

due to the fact (&, + 1,&; = 0. This implies that the restriction of g on either 7. or 7_ gives rise to the same Riemannian
metric on TM,.q, just as required.
For £ € q*(T*Meq), [T ]*(£) € K9 is characterized by

([Z1°(€), Y +m) = E(n)(Y +n)) = §(q.(Y)), VY +neKP.

We can assume [ ]*(&) = £ + f?(V, + &) for some constants f? to be determined. We thus have

g(& 4 fP&, &)+ 8(f*Vb, Vo) =0, a,b=1,2,...,dimg,

[g(vav Vb) +g($a7 Sb)]fb = abfb = _g(é:’ sa)v a, b = 1s 27 cet dlmg

This leads to our expression of [7]*(£).
It is obvious that Ran([x]*) C ker([rr]). Thus Ran([rz]*) = ker([x]) by dimensional reason. O

We have already used the metric splitting of G to identify E with TM. G, when restricted on K9, also gives rise to an
isotropic splitting G(ker[r]) of the sequence (3.3). Then G(ker[])/G is a splitting of K9 /G. Let Qup = g(V,, V) and Q be its
inverse.

Proposition 3.4. If E,.q is identified with K9 /G and T*M,q with ker[r]/G, then G(ker[r])/G is the metric splitting of E;eq.

Proof. The following proof can only be viewed as a detailed analysis of the obvious conclusion. We only need to prove that
in this splitting, Vfd /G is the graph of the reduced metric g on TM,4, since other splittings will involve extra B-transforms.
Note that

gker[z]) = {Y +n € K9g " 'n € n(K)}.

The projection of G(ker[x]) to TM is a third horizontal distribution 7 on M as a principal G-bundle. For Y + n € Gg(ker[x]),
is uniquely determined by Y. We thus write »y instead of 7.
As observed in [2], a typical element in V. N K¢ is of the form

A=Y+g oy +gY)+ny, Yer.

Note that Y 45y € G(ker[r])and g~ 'ny +g(Y) € ker[n]. This means, in the splitting determined by G(ker[])/G, A descends
to

[Y] + g(Y) - QabnY(Vb)Ea € TMred @ T*Mred»
since g~ 'y = Q%ny(V,)V, and
g "y = —Qny(Vo)sa + QP ny(Vi)(Va + &)
Note that
8(Y. Vo) = QPny (Vo)Ea(Ve) = (Y. Vi) + Qv (Vi )c(Va)
= g(Y, Vo) +&(g "ny)
= g(Y, Vo) +g(ny, &)
= 0.
Sog(Y) — Q%ny(Vy)&, does live in T*M,.q. Now we only need to check that on t we have
qE(Y]) =g(Y)— Q®ny(Vo)éa, VY 7.
Let Z € 7. Then on one side by definition of & we have
TEIYNZ) = &(UYL (Z) =g(Y +g 'nv.Z+g "'nz)
= g(Y,Z) + nv(Z) + nz(Y) + g(nv, nz)
= g(Y,Z) + glny, nz).
On the other side,
2(Y.Z) = Q%ny(Vo)ea(Z) = &(Y. Z) + Q™ ny (Vo )nz(Va)
g(Y.Z)+ nz(8 "ny)
g(Y,Z) + g(ny, nz)-

Hence the claim follows. O
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Remark. 7 is the average of 7. in the following sense: If Y is the lift of [Y] in 7, then Y & g~ 5y are the lifts of [Y] in 7.
respectively.

Let us compute the curvature H of the metric splitting G(ker[x])/G. Note that  is a map from 7 to T*M. Since G(ker[r]) is
isotropic, we have nx(Y) + ny(X) = 0. Additionally, it can be easily obtained that nx(V,) = —&4(X). We can look for a 2-form
y : TM — T*M such that its restriction on 7 is precisely 7. Let 8¢ be the connection form determined by t. A choice of y is
then

1 1
y = —EQab[Eb — E(Ve)O D A [8(Va) — Quab'] — & A 6° + ESb(Va)909b~

Proposition 3.5. If TM,., is modelled on t, then the curvature of the metric splitting of E,eq is H= (H+dy)l..

Proof. Let [X] here denote a vector field on M,y represented by the invariant lift X € I"(t). Then

H(XL Y1 (Z20) = (X + nx, Y + 0y ln. Z + 1z)

= ([X, Y]+ Lxny — tydnx + tyixH, Z + nz)
nz([X, Y1) + ny([Z, X1) + nx([Y, Z1) + Xny(Z)
+ Ynz(X)+Znx(Y)+ H(X, Y, Z)
=y(Z, X, YD+ y(Y, [Z,X])+ y(X,[Y,Z])
+ Xp(Y,Z)+ Yp(Z,X)+Zy(X,Y)+ H(X, Y, Z)
= (H+dy)X,Y,2),

asrequired. O

Remark. The appearance of H depends on which connection among t, 7+ is used to model TM,4. In [2], 7, is used to do this.
In the next section, we will carry out the same computation in a way different from that of [2] .

To conclude this section, we clarify some notation for our later use. If M is a bigger manifold carrying an isotropic trivially
extended G-action and M is an invariant submanifold of M, the Courant algebroid £ on M can be directly pulled back to M
and the isotropic trivially extended G-action also descends. In fact, if ¢(e;) = V,; + & on M in some splitting, then a natural
splitting arises in the pull-back of £ and ¢(e,) = V,|m+i*(&,), where i is the inclusion map. By abuse of notation, we will only
write ¢(eq) = V, + &, either on M or on M. The ambiguity will be clarified by the context.

4. Bismut connections in metric reduction

The basic context of this section is the same as that of the former one, and we continue to use the notation there. We try
to figure out how the Bismut connections V* in M,.q are reduced from those in M. The curvature of V™ is a basic ingredient
in [3] to interpret metric reduction in the formalism of balanced topological field theories.

Our starting point is Eq. (2.2) where Bismut connections are expressed using Courant bracket. Since by the reduction
procedure established in [ 1], the Courant algebroid E,.y on M,y can naturally be described in terms of the Courant algebroid
E on M, one can expect that the Bismut connections on M,.4 could be described in terms of the Courant bracket on M. The
two connections t+ play a fundamental role in this investigation.

Note that g is in fact defined by restricting g on 7, (or z_). This is different from the ordinary case. Let V™ be the —-Bismut
connection on Mpq and let [X] denote a vector field on M, represented by an invariant lift X on M. X *+ are used to denote
the unique lifts of [X] in 7. respectively. Let o_([X], [Y]) denote the unique lift of V[}][Y] int_.

Theorem 4.1. ¢_([X], [Y]) is the projection of V,, Y™ to _ along k_, namely

0-(XLIYD = Vi, Y™+ Tg(Y ™. Vi, Vy )V, 4.1)
where T is the inverse of Ty, = gV, vy
Proof. According to Eq. (2.2), in the metric splitting of Eq,

Vi Y1 = 8(Vi[Y]) = [[X] + &([X]). [Y] — &([Y])

Due to the discussion in Section 3 the R.H.S. of the above equation can be computed using the corresponding invariant
sections of K9, i.e.

X* +gXh), Y™ —g(Y ).

I
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It should be noted that I"°(K9) is not involutive under the Courant bracket. Involutivity can only hold up to addition of
invariant section of K. Therefore,
[X* +8(X*). Y™ —g(Y )y =As +A_ +N,

where Ay € F(Vfd Jand N = 2¢%(V, + &;) for some functions c® to be determined. Of course we want to separate A_ from
the above expression because o_([X], [Y]) = 7_(A_) where r_ is the projection from V_ to TM.
We already have

X* +g(XT), Y —g(Y )l =A-+N_,
where N_ = ¢V, — g(Vq) + & — & '&,). Hence,
AL 4+N_ =V, Y —g(Ve, Y.
Therefore,
o-(IXL YD) +c(Va — 87 '6a) = 0-(IX]. [YD) + ¢V, =V, Y.

Due to the orthogonal decomposition TM = 7_ & k_, the above equation means that ¢_([X], [Y]) is actually the 7_-part of
Vy+ Y™ w.r.t. this decomposition. We then find

=TV Y, V)= —T% (Y™, V.. V).
We finally obtain the formula as required. O

Remark. The result is very similar to the ordinary case except that a different orthogonal decomposition is used. In particular,
if [Z] is another vector field on M4, then g(v[;qm, [Z]) = g(V;+Y‘, Z7).

Now we can turn to the problem of expressing the curvature of V= in terms of that of V. Let 04 be the connection forms
associated to 74 respectively and let £2{ be the associated curvatures. For later use, we want to express §2{ in terms of Vg,
€. Let Ko = gap — &a(V) and KD its inverse, i.e. KKy, = §6.

Lemma 4.2. Let 2§ be the curvatures of t+. Then
Qe = K"dgS |, 20 =KPdg; |
where &5 = g(Vi5).

Proof. We only compute £2¢. The computation for £2¢ is similar. Note that
0r = Oiea = tbag(vl;r)em
where t% is to be determined. We have
tPg(Vy, Ve) = 1Ky = 82
Then t" is precisely K" and 6¢ = K*g(V;"). Then
UXT YT =dos(XT, YT ) =XTel(Y ) — Yres(xT) — oL (IXt, YT
—05(IX*, Y*]) = —K"(VF, [XF, YF)
= K"(dg, X", v"). O

Let R~ and R~ be the curvatures of V™ and V™ respectively. We have

Theorem 4.3. The curvature R~ of V™ is
ER(IX1, [YDIZ], W) = g(R-(X*, YT)Z~, W")
— KX, Y g )2, W)
+ T[g(Z7, Vi Ve 8(W™, Vi V) — (X < YL,
where (X <> Y) denotes a term similar to the term in front of it, only with X and Y exchanged.

Proof. Since V~ and V™ are metric connections, we have

(Vi VinlZ1. W) = [X13(Viy,[Z]. [W]) = &(Viy,[Z]. Vig [W])
= X*g(Vy 27, W)
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— g(Vy 2 +TPg(Z Vo Vy W, Vi W+ T(W, Y, Vi V)
=gV, Vg 27 W )—T“”g(z v, v W™, Vi Vy)

— 2T"g(Z, V. Vy )8V Vi WD)

= gV VyiZ W)+ TP8(Z7, V,, V )g(W, Vi Vy ),

where Eq. (4.1) is used.
Additionally,

EVipawnlZ] WD) = 8(Vigs yipep xrynZ W)
= 8V yriZ W) +8(Vg xi yyZ WD),
where we have used the identity?
XT,YF] = [IXL Y]] = —24(XF, Y¥) = —29(XH, YV,

and ¢ is the curvature of 7.
By Lemma 4.2, we have

8V, e ynZ W) = K"(dg )X, Y )g(vy, 27, W),
Note that

g(Vy 2" W) = g(Vy,Z " W) = ~H(Ve, 2, W™)

N = N =

=8V, 2", W7) — 5(d&)(Z™, W™),

g8(W, 2= W™) = g(Vz-Vo, W) = Z7(g(Vo)(W™)) — g(Va, Vz-WT)
=Z (Vo )W) — g(Va, Viw-Z7) — g(VaXIZ™, W™])
=Z (V)W) — W (g(Vu)Z7)) + 8(Vw-Ve, Z7)
— g(VaXlZ™, W™
=dg(Vo)Z™ . W)+ 8(Viw-Vo, Z7),

and

gV, 27, W)+ g(Vw-V,, Z7)=0.
Then we have

g(Vy,Zz- W)= %dga‘(Z‘, W) (4.2)
Combining all the above ingredients together, we come to the conclusion. O

Similar formulae for V* hold, but we just write down the counterpart of Eq. (4.1) for V' for later use. The detail is left to
the interested reader. Let o ([X], [Y]) be the 7, -lift ofV ][Y] Then

0+(IX1, [Y]) = VLYt + T%g(Y*, V_V," )V, (4.3)

As an application of our formula (4.3), we use it to compute the curvature H of the reduced metric splitting again.
Proposition 4.4. The curvature H of the reduced metric splitting is (H + 24 NEl,-

Proof. Since H is the torsion of V+, we have

H(IX1, [Y1,[2]) = &(V [XJ[Y] [Z1) — &( [yJ[X] [Z1) — &(lIx1, Iy, (21
g(v+ Y+ Z+) g(v+ X+ Z+)
— g(XT, YT+ 24(XT, YT )V, Z7).
Since X~ is uniquely determined by X%, define ¢(X™) = Xt — X~. By definition, g(X* — ¢(X*),V;) = 0, i.e.
gV, Vo )sP(X ) = g(X™, V) = —2&,(X7).

2 [7] denotes the horizontal lift of [X] in 7.
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Since g(Vp, V") = Kap, we find ¢(XT) = —2K®&,(X*)V,, and
g(Vix Y. 27) = —2KPe(XNg(Vy Y+, Z)

—K®E(X)dEF (YT, ZT)

= —22(v*, ZM)Ex ),

where we have used a counterpart of Eq. (4.2) for V' and Lemma 4.2. Thus we obtain
H(XI [Y], [Z]) = HX®, Y ", Z) = g(Vi Y. Z0)
+ 8(V]yr XT 20 + 24X Y )E(ZT)
= HX", YT, ZT) + 2P (vt Zh)E(xT)
= QUXT ZN&((Y ) + QUXT, Y DEEZ")
= (H+ Q) A&)XT Y, Zh),

which recovers the resultin [2]. O

As a conclusion, we briefly discuss the metric reduction from a bigger manifold M to a submanifold M. The Courant
algebroid € over M and the generalized metric G can be directly pulled back to M. This situation can be treated in the same
spirit as before but is much simplified. If M is locally defined by 6% = 0, = 1, 2, ..., dimM — dimM, one only needs to
use {do®} to generate the bundle K on M. Then K+ and K9 can be similarly defined. The metric splitting of G directly gives
rise to the metric splitting on the reduced Courant algebroid. The reduced metric g is just the restriction of g on TM and the
curvature H on M is just the pull-back of H on M by the inclusion map.

We still use V™ to denote the reduced —-Bismut connection. Let G*f = g(do®, do?)|y and Gqp be its inverse.

Proposition 4.5. Let X, Y be vector fields on M, and X, Y be their arbitrary extensions to M. Then
Ve = Vi Ylu+Gap(Y, Vi doP)u(g ™ do*)Iu. (4.4)

Proof. We have an orthogonal decomposition TM|y= TM @ Q, where Q is the normal bundle of M in M and is locally
generated by {g~do®|y}. It is easy to check that vy is just the projection of V, Y|y to TM along Q. This is enough to lead
to the conclusion. O

As for the curvature of V™, we have

Proposition 4.6. The curvature of V-~ is

ER (X, V)Z,W) = g(R"(X,Y)Z, W)l
+ Gupl(Z, Vy do? YW, Vi do®) — (X < Y)]lu,

where (X <> Y) still denotes a term similar to the term in front of it, only with X and Y exchanged.

Proof. We leave the proof to the interested reader. A detailed argument can also be found in [3]. O

5. Metric generalized principal G-bundles and relative curvatures

In this section, motivated by former observations and also for later use, we investigate generalized principal G-bundles
in the presence of an invariant generalized metric.

The notion of generalized principal bundles was introduced in [7] to define generalized holomorphic structures in the
setting of principal bundles.

Definition 5.1. A generalized principal G-bundle over M is a triple (P, E, ¢) such that
(i)p : P — M is an ordinary principal G-bundle,
(ii) E is a Courant algebroid over P and ¢ is an isotropic trivially extended G-action on E.

In contrast with Definition 3.1, the notion of generalized principal bundles hardly contains any essentially new points,
but emphasizes a different aspect of the same object. So E descends to M in the same way as before. In the following, we
additionally assume that there is a G-invariant generalized metric G on E and call P a metric generalized principal bundle. Then
the two connections 7. again arise. Let V* denote the Bismut connections in the base manifold M.
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Definition 5.2. Let X, Y be vector fields on M, and X, Y~ be their lifts in 74 respectively. The relative curvature of the pair
(4, 72)is
RX,Y) = (Vi Y)™ = (VX)) = IXF, v7],
where (V, Y)~ is the 7_—lift of VY and (V; X)™ is the . -lift of V; X.

It is not hard to check that R is tensorial and takes values in the vertical distribution. There is a vector-bundle version of
the notion of relative curvature.

Definition 5.3. On a generalized Riemannian manifold (M, g, H), if a vector bundle W is equipped with two connections
V¥, then the relative curvature of the pair (V*, V™) is defined as

RX,Y)s=V{V,s—V, Vis— Ve 5+ Vi s, VseI'(W),

Vx VX
where V* are the Bismut connections in the base manifold M.

Remark. It can be recognized that the relative curvature for a vector bundle is actually part of the curvature of a generalized
connection defined in [9]: In the formula for the latter, simply by letting the two arguments take values in V; and V_
respectively (recall that V.. are the eigenbundles of the generalized metric G), one recovers a relative curvature.

If p : G — End(W,) is a representation of G in a vector space Wp, then .. in the metric generalized principal G-bundle P
give rise to two connections V= in the associated vector bundle W x o P.Itshould be pointed out that since by our convention
G acts on P from the left, G should act on Wy from the right; in particular, p.([v, w]) = —[p«(v), ps(w)] for v, w € g.

Proposition 5.4. [fR%V, is the relative curvature of the pair (t., T_) in the metric generalized principal G-bundle P, then R® p.(e,)
is the relative curvature of the pair (V*, V™) in the associated vector bundle Wy x , P.

Proof. Since the computation is essentially local, we can safely assume P is of the form G x M. Let 6. be the connection form
of 7. respectively. Then

Xt=X—-0{X)Vq, Y =Y —=0%Y)V,.

Note that
&— S+ S c 1 17 1 4z
Vi Y — ViX = VxY — VyX — 58 HX,Y)— 58 H(Y, X)
= VyY — VyX
= [X,Y],

where V is the Levi-Civita connection on M and H the curvature of the reduced metric splitting. Thus the relative curvature
of the pair (74, 7_)is

RIX,Y) = [—0°(Vx Y) + 6%V X)Va + [X, 6 (Y)Vs]
+ [05(X)Vp, Y] — [05(X)Va, 0°(Y)Vp]
= [X6%(Y) — YOL(X) — 69 (V ¥) + 6 (Vy X)IVq
— 05(X)0" (V) Va.
Let s be the frame of Wy x, P corresponding to the trivialization of P. We have
Vi Vy's = Vi (spu(0-(Y))) = S(0u(XO_(Y))) + 50.(64 (X)), (6-(Y)),
and
Vy Vs = Vi (50(04(X))) = s(0u(YO1(X))) + 504(0-(Y )ps(64(X)).
Therefore, the relative curvature of the pair (V*, V7)is
XO-(Y)) = pulYOL(X)) — pu(6—(Vy

RX,Y) = p. Y)) + pu(04+(Vy X))

(
+ (0 (X))Px(0-(Y)) — pu(6-(Y))p:(6+-(X)) )
= P(XO_(Y)) = pu(YOL(X)) = pu(0—(Vx V) + pu(64(Vy X))
— P([04(X), 6-(Y)]).

The claim then follows. O
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Now let us go back to the context of Section 4 and view M as a metric generalized principal G-bundle over M,.q. We
want to derive a formula for the relative curvature of the pair (7, t_) in terms of the data of the isotropic trivially extended
G-action.

By Eq. (4.1) and Eq. (4.3),

o-(IX1, [Y]) = V. Y™ + T%(Y™, V., V)V, ,
and
o+([Y] [X]) = Vi Xt + T%g(Xt, V., v, )V,
Therefore, the relative curvature is
R(IXIL [Y]) = T®[g(Y ™, Vi, V, WV, —g(Xt, Vv, )V
=T®[g(Y ™", ViV, ) — gXt, ViV, IV,
— T®[g(Y™, ViV, )+ g(X T, ViV, )lg ..
A simple calculation shows g(Y~, V., V;") + g(X*, V/_V,") = 0. We finally have
RY(IX], [Y]) = —2T%g(V,, Y.V, ). (5.1)

If additionally M together with its structure of a metric generalized principal G-bundle comes as an invariant submanifold
of a bigger manifold M, which carries an isotropic trivially extended G-action and a G-invariant generalized metric, we can
express the above result in terms of extensions X, Y of X*, Y~ on M. Let § be the metric on M and V* be Bismut connections
on M.If M C M islocally defined by u* =0fora = 1,2, ..., dimM — dimM, then by Eq. (4.4), we have

RU(IX1, [Y]) = —2T&(VL Y. V) )l +2T% Gapd (Ve V) mdie? (V) )l (5.2)

where G, is the inverse of G*# = g(du®, du?)|y. This formula will be crucial in Section 7.

6. Generalized Kihler reduction

In the framework of [1] or [2], the reduction of a G-invariant generalized Kdhler manifold M involves two stages: (i) a
G-invariant submanifold M C M is singled out, possibly by the zero-level set of an equivariant map u : M — b*, where b*
is the dual of a g-module §. At the same time, the bundle K over M, locally generated by {V, + &,} and {du“}, is constructed.
Then K+ is again defined as the orthogonal complement of K in TM |y and one gets the important bundle K¢ = K NG(K+)
over M. (i) If J; preserves K9, i.e.,

K9 = K9, (6.1)

then K9/G naturally acquires two complex structures. Since K9 /G can be identified with E,.q, these are actually almost
generalized complex structures on M4 := M/G. Integrability of these structures stems from the general reduction theory
of Dirac structures.

We prefer to put things in another way: One can first realize the metric reduction from M to M. With this in place, we
are in the situation of Section 3 and can then realize the metric reduction from M to M,.s. Now as before, there are two
connections 7+ in M as a metric generalized principal G-bundle. Then Eq. (6.1) simply means J. 7. = 7., i.e. J+ preserve the
two distributions on M respectively, where ] are the underlying complex structures on M.

Although integrability of the reduced generalized Kdhler structure in M,e4 is almost obvious from the more general
viewpoint, we would like to provide another proof of this fact, which fits in well with our viewpoint towards metric reduction.
This approach is a bit more complicated and indirect, but may shed some new light on generalized Kdhler reduction. Note
that in the following, a Courant algebroid £ on M carrying an isotropic trivially extended G-action is understood as the basic
background.

Theorem 6.1 ([1,2]). Let M be a G-invariant generalized Kéhler manifold and M a G-invariant submanifold such that J.t.+ = t..
Then the generalized Kdhler structure descends to the reduced manifold M,eq.

Proof. As the reduced generalized Kdhler structure is well understood in the literature, we only pay attention to the
integrability condition. _

Since TMq is modelled on both 7, and t_ on M, thus J+ 74+ = 74 implies that M;4 has two almost complex structures J...
The compatibility of /+ with the reduced metric g is also obvious. In this situation, according to [4], to obtain the conclusion,
we need to prove (i) V#]. = 0and (ii)H is of type (2, 1)+ (1, 2) w.r.t. both J... Note that here V* are the Bismut connections
on M4 and H is the curvature of the reduced metric splitting.
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_ Wuse X to denote an extension of X* € I'(ty)or X~ € I'(r-) to M and the Bismut connections in M are denoted by
V*. By Eq. (4.3) and an analogue of Eq. (4.4) for V*, we have
(Vi YL [2]) = (V] Y5, 28) = (VLY. Dl
U+ ViV, D= —(V Y, ], 2)lm
= (VY hZh) = ~(Vig Y] J412])
U+ Vi Y1, [2D),

where the fact ~?JUJF = 0 is used. We thus have proved that @*]} =0. @‘j_ = 0 can be proved similarly.
To see that H is of type (2, 1) 4+ (1, 2) w.r.t. ], since by Proposition 4.4

H(IX1, [Y1, [2]) = (HIu+2% A &)X, YH,z1),

and the curvature H of the metric splitting of £ is of type (2, 1) + (1, 2) w.r.t. /., we only need to prove £ is of type (1, 1),
namely

Q4X*T, Y =0
ifXT,Y* € (14 ® C)N T, g M|y. Note that 2¢ = K"d&,", we should prove d&;"(X™, Y*) = 0.1In fact,
deS (X, YF) = [dg(Va) + d&I(X T, YT) = X Tg(Va, YT) — YT g(V, XT)
— g(Va, XT, YD) + Hlu(Va, X, Y)
= V-1X o u(V], YT) = V=1V 0, u(Vy, X7)
— V=T (VA IXT, Y1) + Hlu(VAXT, Y,

where V/ is the T,"; M-part of V, and we have used the following two facts: (i) & and J; are compatible and o, = gJ.; (ii) H

is of type (2, 1) 4+ (1, 2) w.r.t. ... Consequently we have

def (X, YY) = —v/=Td(o )X, Y VA + Hin(VA XT, YT)
—V=(do )X, Y,V + X, Y, V)
—(deo U X, YT V) + Him(X YT, V)
(d oy + H)lu(X T, YT, VA
=0,

where we have used the identity d, o, + H = 0on M. Similarly, the curvature £2¢ of 7_ is of type (1, 1) w.r.t. ]_ and H is
of type (2, 1)+ (1,2)wrt.J_. O

Remark. The proof has some byproducts. It implies that M as a principal G-bundle over generalized Kdhler manifold M;eq
carries two connections 7+ whose curvatures are of type (1, 1) w.r.t. J+ respectively. Thus any associated complex vector
bundle W naturally has a biholomorphic structure, i.e. W is holomorphic simultaneously w.r.t. both of J.. Such vector bundles
play a basic role in the work [ 10] to find an analogue of Hermite-Einstein equations in the context of biHermitian manifolds.
Thus generalized Kahler reduction actually provides examples of biholomorphic structures.

7. Generalized holomorphic structures from generalized Ka hler reduction

Generalized holomorphic vector bundles are analogues of holomorphic vector bundles in complex geometry. Due to
the observation in the end of Section 6, it is natural to ask whether generalized holomorphic vector bundles could arise as
byproducts of generalized Kdhler reduction. The goal of this section is mainly to provide some examples to give an affirmative
answer to this question. We will continue to use notation in Section 6. Note that M C M is actually a metric generalized
principal G-bundle, carrying the pair (7., 7_) of connections. Let 12’1 denote the —+/—1-eigensubbundles of 7. @ Cw.r.t. ]+
respectively.

Lemma 7.1. Any associated complex vector bundle W of M as a principal G-bundle is naturally generalized holomorphic if the
relative curvature R of the pair (t,, T_) satisfies

R(IX1,[Y]) =0, VIX] € Tg Mra, [Y]€ Ty Mrea. (7.1)
Proof. Let VV* be the connections in W determined by .. in M. They can be combined to give a generalized connection D

in W in the sense of [9]. In fact, Since A € I'(Eq) can be uniquely written as

A= [XT+g(XD)+[Y]—&(Y])
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for some [X], [Y] € I'(TMeq) due to the decomposition E.g = Vfd/G ® V™ /G, we can define
Das = Viy,'s+ Viy;s. se (W)

D can be additionally decomposed according to the decomposition Erq ® C = e Lr"’d where L is the /—1-eigenbundle
of the reduced generalized complex structure J¥* of J;. Let 9 be the Lred part of D. d can be further decomposed as
9 = 8, +68_ whereactually 8 are just the natural J+-holomorphic structures in W induced from VW=. Thus 3 is a generalized
holomorphic structure iff Eq. (2.4) is satisfied. It is not hard to find this is exactly Eq. (7.1). O

To provide concrete examples, we specify to the case of Hamiltonian generalized Kahler manifolds introduced by Lin and
Tolman in [11]. Let M be a G-invariant generalized Kidhler manifold. The extended G-action is called Hamiltonian if there is
an equivariant map i : M — g* (g* carries the coadjoint action) such that

Jo(Va+ &) =duy, a=1,2,...,dimg (7.2)
where 1, = u(eg). According to Lemma 4.2 in [12], in terms of the biHermitian data, Eq. (7.2) is equivalent to
JVE =]V, = —g ldua. (7.3)

If G acts freely on M = 1 ~1(0), then Eq. (6.1) naturally follows and M,eq = £~ 1(0)/G carries a reduced generalized Kihler
structure [11]. .
Recall that we use X € I'(T M ® C) to denote an extension of vector field X* € I'(ty  C)or X~ € I'(t_ ® C) on M.

Theorem 7.2. Assume the extended G-action on generalized Kdhler manifold M is Hamiltonian. Then Eq. (7.1) is satisfied if
du(Vy¥)lu=0, (7:4)

forany X+ e r(z>"yand Y~ e r'(z>").
Remark. Eq. (7.4) means 6}{17 should be tangent to M.

Proof. As the result is obviously independent of which extensions we choose, we can safely assume thatX € I' (T(}‘L 1M)and
Y € I'(Ty 4 M).
Due to Eq. (7.3), forany Z € I'(T, ;M) we have

§(Z.V;) = V—1dpa(2).
Since @‘]_ = 0, we have ?){f/ € I'(Ty ;M) and thus
E(VLY, V) = V=1dpa(V V).
Substituting this result in Eq. (5.2), we find R*([X], [Y]) is of the form
RU(IXT, [Y]) = —2v/=1T(85 + V/=155)dpc(Vy V)lu,
for some real-valued functions S; on M. The conclusion immediately follows. O

We are now in a position to construct some generalized holomorphic bundles by generalized Kdhler reduction. Here
we content ourselves with a family of generalized holomorphic line bundles on CP? equipped with certain non-trivial
generalized Kihler structures. We follow the ideas of [4,11] to deform the standard Kahler structure on C3 (as a generalized
Kihler manifold) to new S!-invariant generalized Kihler structures while keeping the standard symplectic structure fixed.
Applying the Marsden-Weinstein reduction to the symplectic structure then gives non-trivial generalized Kdhler structures
on CP?. By choosing the deformations properly, we would obtain metric generalized principal S'-bundles over CP? whose
associated line bundles are generalized holomorphic. _

Let us recall the deformation theory of [4] in some detail. Given a generalized Kahler structure on M and € € I'(A%Ly),
define L] = {X + 1x€|X € L1}. For € small enough, L{ is an almost generalized complex structure. The integrability condition
of this deformation is the Maurer-Cartan equation

1
dL16+5[6,€]s =0, (7.5)

where [, -]s is the Schouten bracket induced from the Lie algebroid L;. Note thatsince Ll; =L, @L_andL, =L; & [, to
keep L, fixed we should takee € I'(L; ® L_).

The standard Kihler structure on C3. Let M = C2 with its canonical complex structure | and Kihler structure
w = «/721 04zi A dz;. Let E; = 0, + dz;, F; = 9, — dz;,i = 0, 1, 2. We have two complex vector bundles L, = span{E;}
and L_ = span{F;} over M. Viewed as a generalized I(ahler manifold, M hasL; = L, ®@L_and L, = L, &L_ as the associated
two generalized complex structures. A pure spinor of L is ¢1 = dzodz,dz, and a pure spinor of L, is ¢, = e —v=1_Note that



Y. Wang / Journal of Geometry and Physics 134 (2018) 84-100 97

in the present setting d;, is just the classical Dolbeault operator associated to J and from the biHermitian viewpoint, we have
chosen], =J_ =].
ST acts on M by scaling:

e’ - (z0,21,22) = (€20, €721, €"25).

The infinitesimal action of S! is generated by the vector field

2
39 = «/TIZ(Z@I. — 2,‘82[.).

i=0

Then p = Z?:o |zi|? — 1is a moment map. By Kahler reduction, «~'(0)/S" is a Kihler manifold. This is the canonical Kahler
structure on the projective plane CP?.
Deformations of the Kihler structure. We choose

1 2 2
€= FE)A Y gh).
i=0 j=0

where f;, g; are homogeneous polynomials of zg, z; and z; to be determined. Since f;, g; are holomorphic, the integrability
condition (7.5) accounts to the following equations:

Zizofp(gkangq — 8¢92,8) = 0,
3 o &olfediyfy — fadzfi) = 0.

There are many solutions to these equations. We list two as follows: (i)go = g1 =fi = f, = 0,2 = land fy = zg; (ii)
g=1,i=0,1,2and

(7.6)

fo=(@z1—20)z2 —20), fi=(0—21)22 —21), fo=(20—22)z1 — 22). (7.7)

Note that deformations associated to the two solutions are both S!-invariant. Since we are only concerned with the behaviour
of e over M = 1~ '(0) = S, we can simply multiply € by a nonzero complex number A such that |A| is small enough and
then L{ and L, together define a generalized Kahler structure on a bounded neighbourhood of M in c3.

In the following, for simplicity, we will set go = g1 = g, = 1. In this case, the first equation of (7.6) holds trivially and
the second equation can be written in a more compact form:

2 F,
9, (2)=o0.
; ()

Thus we can choose f; to be functions of z; — zy and z, — zg, e.g. our solution (ii) is such a choice. To make € be S'-invariant,
we additionally require f; to be of degree 2. Now we have

2 2
L = span{E; + f; ZFP}, L€ = span{F; + prEp},

p=0 p=0
andL{ =L @ L, [, =1 @ L€ . Let J& be the underlying complex structures. Accordingly,

2

2
Ty M = span{d;, + f; Z 35}, Ty, M = span{d; + prazp}.
p=0 p=0

It should be pointed out that generally with the above form of L and L,, we are not in the metric splitting, but this will
not bother us much. Though Eq. (2.2) is written in the metric splitting, other splittings are equally fine, because B-transforms
will not affect the tangent part of the equation, which is essential to obtain Bismut connections.

The reduced generalized Kahler structure. We content ourselves with a glance at the reduced generalized Kdhler
structure, for we are more interested in the generalized holomorphic line bundles produced by the reduction procedure.
The reduced generalized Kdhler structure can be described conveniently in terms of pure spinors. We refer the interested
reader to [13] for a detailed account of pure spinors in the setting of generalized reduction.

A pure spinor of L is ¢ = e~ - ¢;. To find a pure spinor for its reduction J{ on CP?, roughly speaking, one simply pulls
back ¢ to M = S° and then pushes it forward to the quotient M/S' (i.e. contraction with 3, on M). The two stages can be
exchanged. Thus one first contracts ¢{ with 9y on M and then pulls back the result to S. By ‘roughly’, we mean actually
before pulled back, ¢y, ¢; should be scaled to be S Linvariant. The scaling cannot be realized globally, and when it breaks
down, type-jumping of :]Iﬁ occurs. A generic point on CP? is of type 0 for J¢, and for a point on the type-jumping locus, the
type jumps to 2. A similar and more detailed analysis of some reduced generalized Kihler structures on CP? can be found
in [1]. Our argument above is along the same line of [1].
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To determine the type-jumping locus of J¢, we take the 0-form component of L3, - This produces a section p of the dual
bundle of the pure spinor line bundle of J{. The zero-locus of p is precisely the type-jumping locus, which is singled out by
the following homogeneous equation of degree 3:

20(fi — f2) + z1(f2 — fo) + z2(fo — f1) = 0.

This can also be found using the type formula in [11]. For example, if we choose the solution (7.7) the type-jumping locus
consists of three lines in CP?: zg = z1,z0 = 7, and z; = z, with a joint-point [1 : 1 : 1]. The type-jumping locus can be
viewed as a degenerate elliptic curve.

Generalized holomorphic structures from reduction. We now check that M = S° as a metric generalized principal
S'-bundle really gives its associated line bundles a generalized holomorphic structure, i.e., Eq. (7.4) does hold for the present
setting.

Let us find riJ first. Due to the proof of Theorem 7.2, we only need to find Z in ToiflM such that du(Z) = 0. Denote

Z=29+2z1 +2zand F = Fy + F; + F,. The image of g on Tﬂ’l is spanned by
A1 = —(z1 + f12)(Eo + foF) + (20 + foz)(E1 + fiF)

and

—(22 + foZ)(Eo + foF) + (20 + foZ(E2 + foF)

on $°. Denote h = fyZy + fiz1 + foZ» and C = foEy + fiE1 + f>E>. The image of —g on 21 s spanned by
By == —(z1 + h)(Fo + C) + (2o + h)(F; + C)

Az:

and
By := —(z, + h)(Fo + C) + (20 + h)(F; + C)

on S°. By abuse of notation, we also use A;, B; to denote their extensions on M with the same expressions.

What left is to check that the tangent part of [A;, B;]~ is tangent to M for i, j = 1,2 according to Theorem 7.2 and Eq. (2.2).
We will only compute [A1, B;]™ and [A,, B1]™ and the details are included in the appendix. The computation of [A{, B,]~ and
[As, Bo]™ is similar and left to the interested reader.

The tangent part of [A{, B1]™ is>

2
(21 +fiZ)z1 — 20) ) _ Bz, fodz, + 2o(z1 + [12)(3z, — 0z,)
q=0
2
+ (20 +foZ )20 — 21) Y D5, f105, + 2120 + foZ )0z, — D).
q=0

Its contraction with dyu is, up a common factor z; — zg,

2
(z4 +f12)22q3zqfo — 2fo(z1 + f12)
=0
q2
— (20 +62) ) _ 2401 + 2fi(20 + foZ)

q=0

2 2
= (21 +FZX)_ 20z fo — 20) — (20 + foZ N 2gzf1 — 2f1)

q=0 q=0
=0,
where the last equality is due to the fact that fy and f; are homogeneous functions of degree 2.
Similarly, the tangent part of [A;, B1]™ is
2

(z2 + f2Z)(z1 — 20) Z 02,f00z, + 2fo(z2 + f22)(3zy — 07,)
q=0

2

— (20 + foz)(z1 — 20) Z 02,207, + 2f2(z0 + foZ)(0z, — 9z))-
q=0

3 Note that to obtain the expression, the equation Z;:o 0z,fi = Ois used.
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Its contraction with du is, up to a common factor z; — zo,

2
(22 +2) ) 240cefo — 2oz + fo2)
=0
! 2
— (20 +£62) ) _ 24020 + 2620 + fo2)

q=0

2 2
= (22 + 2D _ 2gdefo — 2f0) — (20 + o2 XD _ 2De,fo — 2f2)
q=0 q=0
= 07

where the last equality is due to the fact that fy and f, are homogeneous functions of degree 2.
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A similar computation shows the tangent parts of [A;, B,]~ and [A;, B,]~ are each tangent to M. Therefore, we have

checked that any associated line bundle of M as a principal S'-bundle is generalized holomorphic.

The associated line bundle of the canonical representation of S! is actually the tautological line bundle of CP?, and thus

its first Chern class is —[I], where [I] denotes the homology class represented by a line in CP2. But the first Chern class of

the canonical line bundle of :]Iﬁ is —3[I]. Therefore our construction really gives rise to new generalized holomorphic line

bundles.

Itis expected that the approach illustrated here could also be applied to construct generalized holomorphic vector bundles

of higher rank. We will turn to this elsewhere in the future.
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Appendix

This appendix contains the detailed computation of [A{, B;]~ and [A,, B1]™.
First a direct computation gives the following formula to be used later:

2 2
[Ei + fiF, F+ C1= ) 0, filFq + C) = Y 0, fi(Eg + fyF).
=0

q=0
Note that the result is independent of j.

[A1, B1]™ = [(z1 + f1Z)(Eo + foF), (z1 + h)(Fo + C)]~
— [(z1 + fiz)(Eo + foF), (20 + h)( N~
— [(z0 + foZ E1 + fiF), (z1 + h)(Fo + C)]~
+ [(20 + foz (1 +f1F) 20+ h)(F1 + C)]~
= (21 + f12)(z1 + h) Z}_g0z,fo(Fq + C)
+ 2folz1 + fiz)(Fo + C) — 2fo(z1 + f1Z)(F1 + C)
— (21 + fiZ2)(20 + h) Ty 0z, fo(Fg + C)
— (20 + foz )21 + h)Z}_0;,f1(Fg + C)
— 2fi(z0 + foZ)(Fo + C) + 2fi(20 + foZ)(F + C)
+ (20 + fo2)(20 + h) ZZ_g0z,f1(Fg + C)
= (z1 + fiz)(z1 — Zo)Eq:oazqfqu
+ 2fo(z1 + fiz)(Fo — Fy)
+ (20 + foz)20 — 21) Z2_o 9, f1F,g
+ 2fi(z0 + foZ)(F1 — Fo).

—
= = =
— o~ o~ —~
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Similarly,
[A2, Bi1™ = [(22 + Fp2)(Eo + foF), (21 + W)(Fo + O
— [(z2 + f22)(Eo + foF), (zo + h)(F1 + C)]™
— (20 + foZE2 + foF), (z1 + h)(Fo + €)1~
+ [(z0 + foz)XEz + f2F), (zo + h)(F1 + C)]”
- 2 =
= (22 + fiz)z1 + h)zqzoazqfO(Fq +0)
+ 2fo(z2 + £2)(Fo + C) — 2fo(z2 + f22)(F1 + C)
- 2 -
— (z2 + frz)(z0 + h)Eq:OBquO(Fq +C)
_ P =
— (20 + o221 + W) 23z, fo(Fy + C)
— 2f(20 + foz)(Fo + C) + 2f2(20 + foz)(F1 + C)
— 2 -
+ (20 + foz)(zo + h)zqzoazqu(Fq +C)
- 2 =
= (22 + £Z) 21 — 20) X ;_ 0z, foFq
+ 2fo(z2 + f22)(Fo — F1)
- 2 -
+ (20 + foZ)(20 — 21) X4_o0z,f2Fq
+ 2f2(20 + foz)(F1 — Fo).
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