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1. Introduction

The representation theory of an algebra is very important to this algebraic structure. Given a representation, one can
obtain the corresponding cohomology, which could provide invariants. The cohomology plays important roles in the study
of deformations and extension problems.

The notion of a Hom-Lie algebra was introduced by Hartwig, Larsson, and Silvestrov in [10] as part of a study of
deformations of the Witt and the Virasoro algebras. In a Hom-Lie algebra, the Jacobi identity is twisted by a linear
map, called the Hom-Jacobi identity. Some g-deformations of the Witt and the Virasoro algebras have the structure of a
Hom-Lie algebra [10,11]. Because of close relation to discrete and deformed vector fields and differential calculus [10,
12,13], more people pay special attention to this algebraic structure. In particular, representations and cohomologies of
Hom-Lie algebras are studied in [1,16,17]. On the other hand, the notion of an n-Hom-Lie algebra was introduced in [4],
which is a generalization of an n-Lie algebra introduced in [9]. See the review article [5] for more information about n-Lie
algebras. Then several aspects about n-Hom-Lie algebras are studied. For example, the cohomologies adapted to central
extensions and deformations are studied in [2]; 2-cocycles that used to studied abelian extensions are studied in [6];
Construction of 3-Hom-Lie algebras from Hom-Lie algebras are studied in [3], and extensions of 3-Hom-Lie algebras are
studied in [14]. However, the systematic study of the cohomology of an n-Hom-Lie algebra is still lost.
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The first purpose of this paper is to give a systematic study of cohomology of n-Hom-Lie algebras. We introduce
the coboundary operator associated to a general representation of an n-Hom-Lie algebra and obtain the corresponding
cohomology. As a byproduct, we introduce the notion of a derivation of an n-Hom-Lie algebra, which is different from
existing ones. We show that a derivation is exactly a 1-cocycle with the coefficient in the adjoint representation, which
generalizes the fact about derivations of a Lie algebra. We also studied (n — 1)-order deformations of n-Hom-Lie algebras,
which is inspired by the work in [15]. It turns out that for n-ary algebras, one should study (n — 1)-order deformations,
instead of 1-order deformations, to obtain invariants. The second purpose is to give the correct definition of a dual
representation of a representation of an n-Hom-Lie algebra. In [14], the authors claimed that the usual definition of ad* is
still a representation without a proof. To solve this problem, in [6] the authors add a strong condition on a representation
p of an n-Hom-Lie algebra to make p* to be a representation, which generalizes the idea from [18]. Here we give a new
formula to define the dual representation, which is quite natural. The last purpose is to give an approach to construct new
n-Hom-Lie algebras. To do this, we introduce the notion of a generalized derivation of an n-Hom-Lie algebra, by which
we can construct a new n-Hom-Lie algebra, which is called generalized derivation extension.

The paper is organized as follows. In Section 2, we recall some basic notions of Hom-Leibniz algebras and represen-
tations of n-Hom-Lie algebras. In Section 3, we study cohomologies, derivations and dual representations of n-Hom-Lie
algebras. In Section 4, we studied (n — 1)-order deformations of n-Hom-Lie algebras and introduce the notion of Hom-
Nijenhuis operators which could generate trivial deformations. In Section 5, we introduce the notion of a generalized
derivation of an n-Hom-Lie algebra, and construct a new n-Hom-Lie algebra, which is called generalized derivation
extension.

In this paper, we work over an algebraically closed field K of characteristic 0 and all the vector spaces are over K.

2. Preliminaries

In this section, we recall Hom-Leibniz algebras and representations of n-Hom-Lie algebras.

Definition 2.1. A (multiplicative) Hom-Leibniz algebra is a vector space g together with a bracket operation [-, -]y :
g ® g —> g and an algebraic automorphism « : g — g, such that for all x, y, z € g, we have

[Ol(x)7 [y; z]g]g = [[Xs y]g; O[(Z)]g + [a(y)7 [X, Z]g]g' (1)

In particular, if the bracket operation [-, -], is skew-symmetric, we obtain the definition of a Hom-Lie algebra.
Let V be a vector space, and 8 € GL(V). Define a skew-symmetric bilinear bracket operation [, -1 : A2gl(V) — gl(V)
by

[A,Blg =BoAoB 'oBop ' —BoBoB loAop™!, VA BeglV). (2)
Denote by Adg : gl(V) — gl(V) the adjoint action on gl(V), i.e.
Adg(A)=BoAop . (3)

Proposition 2.2 ([19, Proposition 4.1]). With the above notations, (gl(V), [-, -1, Adg) is a regular Hom-Lie algebra.
This Hom-Lie algebra plays an important role in the representation theory of Hom-Lie algebras. See [19] for more
details.

Definition 2.3. An n-Hom-Lie algebra is a vector space g equipped with a bracket operation [-, ..., ]; : A"g — g and
an algebraic automorphism « : ¢ —> g such that for all xq,...,%,_1, ¥1,...,Yn € g, the following Hom-Fundamental
identity holds:

HFxl,...,xn,Ly],...A,yn £ [Ol(X1 )7 ceey a(xnfl)v I-_Vl» cee vyn]g]g
n
= L), @) Kas o Xao Yilgs @ign). - e(va)lg
i=1

=0. (4)
Any linear map « : g — g induces a linear map @ : A" 'g — A" g via
A(xy Ao A1) = a(X1) Ao A a(Xnot)- (5)

Similar as the case of n-Lie algebras, elements in A" g are called fundamental elements. On A" 'g, one can define a new
bracket operation [-, -]Jr by
n—1
X, Y=Y ) A Aai) AlXe - X1, Yilg Aaig) A+ Aa(na), (6)
i=1

forall X =X A---AXp—yand Y =y; A --- Ay,_q. It is proved in [2] that (A" g, [-, -]f, &) is a Hom-Leibniz algebra.
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Definition 2.4. A morphism of n-Hom-Lie algebras f : (g, [-,..., ]goa) — (b, [-,...,-]p,¥)isalinearmapf :g — b
such that
flx, oozl = f(x1), o f(Xn)ly, VX1, %0 € g, (7
foa=yof. (8)
Definition 2.5. A representation of an n-Hom-Lie algebra (g, [+, ..., -];, @) on a vector space V with respect to a linear
automorphism 8 € GL(V) is a linear map p : A" 'g — gl(V) such that forall X, Y € A" 'gand x1, ..., Xp—2, Y1, ..., Yn €
g, we have

(i) p(a(X))o B = B o p(X);
(ii) p(a(X))o p(Y) — p(a(Y)) o p(X) = p([X, Y1) o B;
(iii)
,O(a(X1), tee a(Xn72)v [yh s ’yn]g) o ﬁ
=) (D" plan)s .. GO, - ) 0 p(x, - X2, Vi).
i=1

We denote a representation by (V; p, 8).

Remark 2.6. Conditions (i) and (ii) in the above definition mean that p : A" 'g — gl(g) is a morphism of Hom-Leibniz
algebras from (A" g, [, -Jr, @) to (gl(V), [-, 15, Adp).

Define ad : A" g — gl(g) by
adxy = [X1, .., Xn-1, Y]y, YX =X1 A - AXq1 € A" g, yeg. (9)

Then (g; ad, o) is a representation of the n-Hom-Lie algebra (g, [-, ..., -]5, @) on g with respect to «, which is called the
adjoint representation.
The following result is straightforward.

Proposition 2.7. Let (V; p, B) be a representation of an n-Hom-Lie algebra (g, [-, ..., ‘15, «). Define a bracket operation
[\ dp A g@®V) — g@®V by

n
[X1 +up, ..., xp + Ul = [X1,---,Xn]g-i-Z(—l)"’ip(xh...,)?i,...,xn)ui, Vxi e g,u; € V.
i=1

Definea+B:g®V — g®dV by
(o + B)x +u) = a(x) + B(u).

Then (g ® V,[-, ..., 1,, a + B) is an n-Hom-Lie algebra, which we call the semi-direct product of the n-Hom-Lie algebra
(g, [ ..., 1y, @) by the representation (V; p, B). We denote this semidirect n-Hom-Lie algebra simply by g x V.

3. Cohomologies, derivations and dual representations of n-Hom-Lie algebras
3.1. Cohomologies of n-Hom-Lie algebras

Let (V; p, B) be a representation of an n-Hom-Lie algebra (g, [, ..., -15, ). A p-cochain on g with the coefficients in a
representation (V; p, 8) is a multilinear map

fiA" g - @ AT Igag — V.

p—1
Denote the space of p-cochains by CP(g; V). Define the coboundary operator 8 : CP(g; V) — CP*1(g; V) by
(6 )X, ..., Xp, 2)
= 3 B0 K E ), @200, E 2,

1<i<k<p

T K1), o @ 1(X,), a—‘(z))

p
+ Y CIBA@ ) K T ), (@), @ (2)],)

i=1
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p

+Z D (X @), Xy, @), 07N (2)

] 1,2 oi -1 ~—1 ~—1 —1/,i
+Z P 0 xR 2@ (X)L (K)o e (KD))

forall X; = (x!,x%,....x" ") e A" 'gand z € g.

Theorem 3.1. With the above notations, 8> = 0. Thus, we have a well-defined cohomological complex (C'(g; V) =
®p=1C(g; V), §).
Proof. It follows by straightforward computations. We omit details. B

A p-cochain f € CP(g; V) is called a p-cocycle if §(f) = 0. A p-cochain f € CP(g; V) is called a p-coboundary if f = 5(g)
for some g € CP~I(g; V). Denote by 2P(g; V) and BP(g; V) the sets of p-cocycles and p-coboundaries respectively. We
define the pth cohomology group #P(g; V) to be 2P(g; V)/BP(g; V).

3.2. Derivations of n-Hom-Lie algebras

Generalizing the notion of a derivation of a Hom-Lie algebra given in [20], we give the notion of a derivation of an
n-Hom-Lie algebra as follows.

Definition 3.2. A derivation of an n-Hom-Lie algebra (g, [-,..., ]y, @) is a linear map D € gl(g), such that for all
X1,...,Xn € g, the following equality holds:
Dlxi, ... Xnly = Z[a X1)s - @(Xio1), (Ady-1D)(X:), @(Xit1), - -, (). (10)

Denote the set of derlvatlons by Der(g).
Lemma 3.3. For all D € Der(g), we have Ad,D € Der(g).

Proof. For all x4, ...,x, € g, we have

AdeDIx1, ..., xnly = aDla™'(x1), ..., & ' (¥n)];

(Z[qu ,Xi—1, (Adg-1D)(e ™ !(x ))vxi+1s-~-sxn]g)

Z[a X1), - xi1), (Ady-1Ady D)%), a(Xig1), - - -, @(Xn)lg,
which implies that Ad,D is also a derivation. H

Lemma 3.4. Forall D,D’ € Der(g), we have [D, D'],, € Der(g).

Proof. For all xq,...,x, € g, by (2) and (10) we have

[D7 D’]Dt([x‘h ) Xn]g)

-1

= (aoDo(x_1oD'oot —aoD oa'oDoa VX1, ..., Xl

(@oDoa” Z[X], ey Xiot, (Adg1D o Xiy Xigt, -+ Xnlg
—(@¢oD oa”! Z[xl,.. , Xi—1, (Ad _1D)a Xiy Xig1s - -+ Xnlg
= (¢ oD) Z[(x_lxl, v X, DX, X, e @ X

-1 -1 -2 -1 -1
—(aoD/)Z[(x X1y oo 0 Xim1, DX, 7 K1, L, @ Ry
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—1py -1
:O(E [Xl,...,X,',],O( DXi,Xi+1,...,Xj71,(Ada—1D)a Xj,XjJr],...,Xn]g

i<j
n
+a Z[Xl’ cees Xio1, (Ady 1 D) 2D'X;, Xi 1, - - -y Xnlg
i=1
-1 -1
“+ o Z[X], X, (Ada—lD)(X Xj, Xjt 1y -+ -, Xio1, O D/Xi, Xit1s - .- ,Xn]H
i>j

-1 /Y —1
—er [X1, ..., Xic1, @ " DXj, Xig1, .o, Xjo1, (Adg—1D)a™ ' Xj, Xjg1, ..., Xalg

i<j
n
-2
— o Z[X], ey Xic1, (Ada_1D/)a Dx;, Xit1y+ .-, Xn][j
i=1

7y, —1 -1
—ocE X1, ..., Xj—1, (Ade—1D )t ™ "Xj, Xjp1s - oo Xim1, @ DXi, Xigq, .., Xalg

i>j
n
=) la(x1), ..., (X 1), (Adg1 (D, D'l )%0), @(Xit1), -, ()l
i=1
Therefore, we have [D, D'], € Der(g). H

Proposition 3.5. With the above notations, (Der(g), [+, -1+, Ad,) is a Hom-Lie algebra, which is a subalgebra of the Hom-Lie
algebra (gl(g), [-, -1o, Ady) given in Proposition 2.2.

Proof. By Lemmas 3.3 and 3.4, (Der(g), [, -]o, Ady) is a Hom-Lie subalgebra of the Hom-Lie algebra (gl(g), [, -], Ady). B

Proposition 3.6. Let (g, [, ..., ]y &) be an n-Hom-Lie algebra. f € C'(g; g) is a 1-cocycle with the coefficient in the adjoint
representation if and only if f is a derivation on g.

Proof. By straightforward computation, for x4, ..., x,; € g, we have
S(F)x1 A -+ A Xn—1, Xn)

= —af(le2(x1), ..., @ 2 (Xn-1), @ 2 (Xn)lg) + [X1, ., X1, fla ™ Xn)]g
+ ni(—l)“—f[x], e Xict Riy Xt - X fe T (x)];
Thus, 8(f) :o1 if and only if
Fla™(x1), - a2 @), @2 (xa)l)
= Xn:[a”(m, e i), e (Fle T ) e (i), s (X))
Thus, isl?derivation. The proof is finished.

Remark 3.7. Recall that a derivation of a Lie algebra is exactly a 1-cocycle with the coefficient in the adjoint
representation. Thus, the above proposition justifies our definition of a derivation of an n-Hom-Lie algebra.

For all Y € A" g, ady is a derivation of the n-Hom-Lie algebra (g, [, ..., -lg, &), which we call an inner derivation.
This follows from

ady[x1, ..., X%l = W1, -+ Y1, (X1, - - Xalglg

= [ooy1), .oy (@ Yno), [X1, - ooy Xalglg

n
=Y lelx). .. alion) ey e Y il i), o)
i=1

= D lax), .., (i), (@ o ady 0 a)(x), alXis), - -, a(Xa)lg.
i=1

Denote by Inn(g) the set of inner derivations of the n-Hom-Lie algebra (g, [-, ..., -1, @), ie.

). (11)

n—1

Inn(g) ={ady | Y € A
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Lemma 3.8. Let(g,[-..., -1 @) be an n-Hom-Lie algebra. For all X = x1 A --- A X,_1 € A" g and D € Der(g), we have

a(xq)AADX;)A--aXp—1)"

Adyady = adgx), [D,adxle = adZ?:f

Therefore, Inn(g) is an ideal of the Hom-Lie algebra (Der(g), [+, 1o, Adg).

Proof. For all y € g, we have

(Adyadx)(y) = (¢ oadx o™ )(y) = alxi, .. ., Xno1, 0 W] = [a(x1), - .o, a(Xn—1), V]g
= adgu)(y).
By (10), we have

[D, adx]a(¥)
=(¢oDoa loadyoa ™ )y)—(¢oadyoa 'oDoa ! )y)
= a(D[a71(X1), R ) ail(xnfl)s 0572()’)]5) - a[X‘l, <oy Xn—1, ailD(O‘i](}’))]g

n—1

= a(Ix1. o X1, (A D) 20Dy + D I1, - (Ady DY@ (), Xar @ ()
i=1
—la(xq), ..., a(Xn1), D(@ ™' (¥))],
= adZ}L‘f a(x1)AAD(K)A--a(n— 1) *

The proof is finished. ®
3.3. Dual representations of n-Hom-Lie algebras

In this subsection, we study dual representation of an n-Hom-Lie algebra. See [8] for more details about dual
representations of Hom-Lie algebras.

Let (V; p, B) be a representation of an n-Hom-Lie algebra (g, [-, ..., -1, @), where B is invertible, i.e. 8 € GL(V). Define

p* : A" lg — gl(V*) as usual by

(P*(XNE), u) = —(&, p(X)(u)), VX €A g, ueV, eV (12)
Then we define p* : A" g — gl(V*) by

PHX)E) = p*@X))N(B2)(£)). (13)
Theorem 3.9. Let (V; p, B) be a representation of an n-Hom-Lie algebra (g, [, ..., -lg, &), where B is invertible. Then
(V*; p*, (B~1)*) is also a representation of (g, [-, ..., -1g, ), which we call the dual representation of the representation
(V; p, B).

Proof. By p(a(X))o B = B o p(X), we have

(P (@B (&) u) = (p*(NZ(X))((ﬂ SVHE) u) = —((B)E), p(@(X))(w)
—((B72)(€). B p(@*(X))w)) = —((B72)*(E), p(@(X)) B~ (u)))
= (p*(@X))(B2)" (&), B~ (w)) = (p*(X)E), B~ (u))
= (B P (X)E). u),

which implies that
P @X)) o (B~ =(B7") 0 p*(X).
By straightforward computation, we have

(0" @X)) (P (Y X)), u) = (p*(@ (X))((ﬂfz VP H@YN(B2)(E)), u)
-2 ) 2

Therefore, we have

((p*@X)) 0 p*(Y) = p*(@(Y)) 0 p*(X))(), u)
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(B2(&), p(@(Y))(p(X)B2(w))) — p(@(X))(p(Y) 2(“))))
(B72)(E), —(p(@(X)) 0 p(Y) — p(&(Y)) 0 p(X))(B~*(u)))

=Y plan), .. a(yio1), adx (i), a(yipr), - elyn-)XBT (W)
= - Z((ﬂ”)*(fl Bo(ayr), ..., ayi1), adx(yi), a(yig), -+ aVa1))B~ (1))

= - Z Y1)+ P Wio1), a(adx(¥1), @2 i), - - @ Ya-))W)

n—1

D (P @) - @), aadx (i), i), -+, @ )XBTE), )

i=1

= @ pH @), - ayimr). adx(¥). Vi), -, aWu-1))(BT)(E)), u),
which impies that
P (E(X)) 0 p*(Y) = p*(@(Y)) 0 p*(X) = gp*([x, Y1) o (871"
Finally, by straightforward computations, \;; can obtain
P, o @), W ale) o B
= Z VM @) e Py oo @) 0 (X1 -y Xnma, Vi)

Therefore, (V*; p*, (8~1)*) is a representation of (g, [-, ..., Jgpa). W

Remark 3.10. By straightforward computation, one can deduce that the usual p* defined by (12) is not a representation
anymore. In particular, for the adjoint representation ad, the dual map ad* is not a representation in general. On the other
hand, to solve this problem, the authors in [6] add some strong conditions to make p* still being a representation. Here,
we see that there is a natural definition of p* such that it is a representation. This makes our definition of p* nontrivial.
Furthermore, the definition of p* is a generalization of the one given in [8] for Hom-Lie algebras.

4. (n — 1)-order deformations, Hom-Nijenhuis operators and Hom-O-operators of an n-Hom-Lie algebra
4.1. (n — 1)-order deformations of an n-Hom-Lie algebra
Let (g, [, ..., 15, @

)
wi: ANg — g, 1<
operations:

be an n-Hom-Lie algebra. For convenience, we denote by wo(X1,...,X;) = [X1,...,X],. Let
i < n — 1 be skew-symmetric multilinear maps. Consider a A-parametrized family of linear

X],..., Z)»wIX],..., ) (]4)

Here A € K, where K is the base field. If all (g, w;, o) are n-Hom-Lie algebras, we say that w, ..., w,_1 generate an
(n — 1)-order deformation of the n-Hom-Lie algebra (g, wg, a). We also denote by [X1, ..., X;]x = wx(X1, ..., Xn).

Proposition 4.1. With the above notations, wy, ..., w,_1 generate an (n — 1)-order deformation of the n-Hom-Lie algebra
(g, wo, ) ifand only if foralli,j=1,2,...,n—1and k= 1,2, ..., 2n — 2 the following conditions are satisfied:
wioa®" = oo wj, (15)

Z Wi 0 Wj = 0. (16)

i+j=k
Here wjo wj : A" 1g® A" g A g —> g is defined by

(wiow))(X,Y,2z) = wi(wj(X, ) * Y, a(z)) — wi(@(X), w(Y, 2)) + wi(@(Y), wj(X, 2)),
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where wi(X, ) * Y € A" g is given by

n—1

WX, )xY =Y ) A Aain) A Y) Aeyig) A Aa(n). (17)
=1

Proof. (g, w;, a) are n-Hom-Lie algebra structures if and only if

w;, 00®" = o w,, (18)
w(a(X), 01(Y, 2)) = oa(0:(X, ) x Y, a(2)) + 0 (a(Y), or(X, 2)). (19)
By (18), we have
wi 0 a®" =« o w.

Expanding the equations in (19) and collecting coefficients of A¥, we see that (19) is equivalent to the system of equations

D w@X), (Y, 2) = Y oiloiX, ) =Y, @)+ Y oi@Y), (X, 2)).

i+j=k i+j=k i+j=k
Thus, we have

Z wi(wi(X, ) * Y, a(2)) — w(@(X), wi(Y, 2)) + wi(@(Y), wi(X, 2)),
i-hj=k

which finishes the proof. =

Corollary 4.2. If wy, ..., w,_1 generate an (n—1)-order deformation of the n-Hom-Lie algebra (g, wg, ), then w; is a 2-cocycle
of the n-Hom-Lie algebra (g, wg, a) with the coefficients in the adjoint representation.

Proof. By (16), let k=1, we deduce that
wo © w1 +Cl)1 [oN©s) =0»

which is equivalent to that w; is a 2-cocycle. We omit details. H

Corollary 4.3. If wy, ..., w,_1 generate an (n — 1)-order deformation of the n-Hom-Lie algebra (g, wg, &), then (g, w,_1, @)
is an n-Hom-Lie algebra.

Proof. By (15), leti = n — 1, we deduce that
wp_10a® =aowy_q,
and by (16), let k = 2n — 2, we deduce that

wp_10wp_1 =0,

which is equivalent to that (g, w;_1, @) is an n-Hom-Lie algebra. &

4.2. Hom-Nijenhuis operators and Hom-©O-operators of an n-Hom-Lie algebra

In this subsection, we study trivial (n — 1)-order deformations of an n-Hom-Lie algebra and introduce the notion of a
Hom-Nijenhuis operator of an n-Hom-Lie algebra, which could generate a trivial deformation. Then we give the relation
between Hom-O-operators and Hom-Nijenhuis operators.

Definition 4.4. An (n — 1)-order deformation is said to be trivial if there exists a linear map N : ¢ — g such that for
all A, T, = «a + AN satisfies

Tyoax =aoTy, (20)
Tx1, ..., %alh = [Dx1, ..., Tixalg,  VX1,..., %, € g. (21)

Eq. (20) equals
Noa=wooN. (22)
The left hand side of Eq. (21) equals
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alx1, ... Xnlg + A@wr(X1, ..., x0) + N[X1, ... Xnlg)
n—1
+ Z)Ll((){a),'()(], coosXn) + Noi_1(X1, ..., X)) + A"Nop_1(x1, ..., Xn).
i=2
The right hand side of Eq. (21) equals
n
(1), .. @)l + 2 Y [a(x1), .., Nxi, ..., o)l
i=1
A2 la(x1), o Nk N, e(xa)]g s ATINK - N

li<ly

Therefore, by Eq. (21), we have

n
awi(X1, ..., X)) + N[X1, ..., %]y = Z[O{(X]), ooy Nxiy oo o(xn)]gs (23)
i=1
Nwn_1(X1, ..., Xn) = [Nxq, ..., Nx;]q, (24)
and
awi(Xq, ..., Xy) + Noi_1(X1, ..., Xn)
= Y fei). .. Nxy. o N N ()]s (25)
Lhi<ly--<l;

forall2 <i<n-—1.

Let (g, [, ..., ]y, &) be an n-Hom-Lie algebra, and N : ¢ — g a linear map. Define an n-ary bracket [, ..., ~],1\, :
A'g —> g by
n
X1 xaly = Y s N (), g = NI (), o () (26)
i=1

Then we define n-ary brackets [-, ..., -];\, :A"g —> g, (2 <i<n-—1)via induction by

X1, ..., X%l = Z X1, ..o, Na '), ... N (%), .o, Na (%), . Xl

Iy <l <l

— Nl ' (%1), .o ()TN (27)

Definition 4.5. Let (g, [, ..., ];, @) be an n-Hom-Lie algebra. A linear map N : g — g is called a Hom-Nijenhuis
operator if

Noa =aoN, (28)
[Nx1, ..., Nxoly = N([X1, ..., %I "), VX1,...,% € g. (29)
Remark 4.6. When n = 2, (29) reduces to
[Nx, Nyl; = N[x, yly = N([x, Na ' (y)]; + [N '(x), y]; — N[~ (x), &' (0)]),

which is the same as the condition given in [7, Proposition 6.2]. Thus, the notion of a Hom-Nijenhuis operator of an
n-Hom-Lie algebra is a natural generalization of the Hom-Nijenhuis operator of a Hom-Lie algebra given in [7].

Theorem 4.7. Let N be a Hom-Nijenhuis operator of an n-Hom-Lie algebra (g, [-, . .., -1y, «). Then an (n—1)-order deformation
can be obtained by putting

WilX1, X2, o Xn) = [X1, %00 oy Xnly, 1<i<n—1. (30)

Moreover, this (n — 1)-order deformation is trivial.

Lemma 4.8. Let(g,[:,..., Iy, o) be an n-Hom-Lie algebra and b a vector space with a linear automorphism y € GL(h). If
there exists an linear isomorphism f : ) —> g, such that « o f = f o y. We define an n-ary bracket [-, ..., -] on b by

[ur, uz, ... ual = F [f(ur), f(ua), ... fun)ly, VY u €0,
then (b, [-, ..., -1, y) is an n-Hom-Lie algebra.
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Proof. It follows from straightforward computations. ®
The proof of Theorem 4.7. It is obvious that for a Hom-Nijenhuis operator N, the maps wy, ..., w,—1 given by Eq. (30)
satisfy Egs. (23)-(25). Therefore, for any A, T, satisfies
T)L o =woo T)H

Tilx1, X2, ..., Xy = [ThX1, TaXa, ..., Taxnlg,  VX1,...,%; € g.
For A sufficiently small, we see that T, is an isomorphism between vector spaces. Thus, we have

(X1, %, .., Xl = T ' [Toxa, Taxa, -, Taxalge

By Lemma 4.8, we deduce that (g, [-, ..., -];, @) is an n-Hom-Lie algebra, for A sufficiently small. Thus, w1, ..., w,_1 given
by Eq. (30) satisfy the conditions (15)-(16) in Proposition 4.1. Therefore, (g, [-, .. ., -5, @) is an n-Hom-Lie algebra for all A,
which means that wy, ..., w,_1 given by Eq. (30) generate an (n— 1)-order deformation. It is obvious that this (n— 1)-order
deformation is trivial. W

Corollary 4.9. Let N be a Hom-Nijenhuis operator of an n-Hom-Lie algebra (g, [, ..., ‘15, @). Then (g, [-, ..., - ;’V_l, a)is an
n-Hom-Lie algebra, and N is a homomorphism from (g, [-, ..., - ;’V‘l, a)to(g, [ ..., g o)

In the sequel, we introduce the notion of a Hom-O-operator associated to a representation of an n-Hom-Lie algebra
and give the relation between Hom-O-operators and Hom-Nijenhuis operators.

Definition 4.10. Let (g, [-, ..., ];, @) be an n-Hom-Lie algebra and (V; p, B) a representation. A linear map T : V — g
is called a Hom-0O-operator if for all v¢,...,v, €V,
Tof =aoT, (31)
n
Tor, oo Tonly = T(3 (=1 (T ), o TE (i) TA (o)) (w0)- (32)
i=1
Proposition 4.11. Let (g, [-, ..., ‘15, o) be an n-Hom-Lie algebra and (V; p, B) a representation. A linear map T : V. — g is

a Hom-O-operator if and only if
= 0T
T_(O 0).g®V—>g@V
is a Hom-Nijenhuis operator acting on the semidirect product n-Hom-Lie algebra g x V.

Proof. First it is obvious that To(e+8) = («+p)oT ifand only if To8 = awoT. Then forall X1, ..., X, € g, v1, ..., vy € V,
we have
[T(x1 +v1), T(x2 + v2), ..., T(Xn + va)l, = [Tv1, Tva, . ..., Tvgl,.
On the other hand, since T2 = 0, we have
T[X1 4+ v, % + g, o X + v,,];’1
=T( > T )+ 87 ) Tl ', ) + A7 () - 1)
I <ly-<ly_y

=Ty (A (i) ..., TB (i), Xi 4 v, T (wiga), ..., TB™ ()],
i=1

= Y (1 p(TE i TA (i), TA (0. TA ™ (wig)s .. TB™ (o)),

i=1

which implies that T is a Hom-Nijenhuis operator if and only if T is a Hom-O-operator. &
5. Generalized derivation extensions of n-Hom-Lie algebras

In this section, we give a new approach to construct n-Hom-Lie algebras, which is called generalized derivation
extensions of n-Hom-Lie algebras. First we give the notion of a generalized derivation of an n-Hom-Lie algebra.

Definition 5.1. Let (g, [, ..., ];, @) be an n-Hom-Lie algebra. A linear map D : A" 1lg — g is called a generalized
derivation, if for all x1,...,%;,_1,¥1,...,¥n_1 € g, the following conditions are satisfied:
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(if)
[oe(x1), ..., a(xn—1), DY, - - -, Yne1)]g — [a(¥1), - - ., @(Yn—1), D(Xq, . . ., Xn—1)]g
n—1
= D(a(y1), ..., a(¥i—1), [X1, - - . Xn1, Yilg, @(Vig1)s - - - s @Vn—1));
i=1
(iii)
D(at(x1), ..., a(Xn—2), V1, - - 7.Vn]g)
n
=Y [a1), ., ai1), DX, - Xn2, Y1), @it ), - - Yl
i=1
(iv)
D(a(x1), ..., a(%a—2), Dy1, . . ., ¥n-1))
n—1
= > " D(a1). ... (i), D1, ... X ). eYis1). - - -, a(¥n1)).
i=1
Remark 5.2. Let D : A" lg — g be a generalized derivation on (g, [-, ..., ]g, @). By Conditions (i) and (iv) in

Definition 5.1, D defines an (n — 1)-Hom-Lie algebra structure on the vector space g.
For all x € g, satisfying (x) = x, define ad, : A" 'g — g by
(Y1, -5 Y1) = X, Y1, -+, Y1y
Then we have

Lemma 5.3. For all x € g, satisfying a(x) = X, ady is a generalized derivation on the n-Hom-Lie algebra (g, [-, ..., 1, @),
which is called an inner generalized derivation.
Proof. By «(x) = x we have

(0 ad)Y1, - - s Y1) = [a(X), a(y1), ..., a(}’n—l)]g
= [Xa 01(}’1 )a e a(.anl)]g
= (a0 0 &) Y1, -+, Yn-1)-

Thus, Condition (i) in Definition 5.1 holds.
By a(x) = x and the Hom Fundamental identity, we have

[Ol(xl)7 RN a(xﬂ—1)7 an(y‘l, s 7.yrl—l)]g - [Ol(}’lL RN Ol(_Vn—l)’ aDX(X17 R Xﬂ—l)]g
= [Ol(X]), RN a(xn—1)7 [Xa Vi, .- syn—l]g]g - [Ol(}’lL RN W(Yn—l)’ [X, X1y e0ns Xn—l]g]g

n—1
=Y (o), ayr), .., aion), X, - X1, Yilgs @Wisn); -, @(Yn)]
i=1

n—1
= Z adx(@(y1), - - o(yic1), X1, -, Xao1, Yilgs @Wi1)s - - 5 0(Yn—1))-
i—1

Thus, Condition (ii) in Definition 5.1 holds.
Similarly, we have

Cle((X(X] )a cee Ol(xn—z)s [.ylv e 7yr|]g)
= [O[(X), (){(X] )s LR Of(xn—z), [.yh R yn]g]g

= Z[a(y1)7 RN 05(}’1‘—1), [Xv X1, .. ~7Xn—2’Yi]ga a(Yi+])a ce »Q(Yn)]g
i=1

n
=Y [a1). .. al¥io1) X1, X2 Y0 @i - ()]
i=1

and

adx(oe(x1), ..., a(Xn—2), 0x(¥1, .. -, Yn-1))
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= [Ol(X), a(X1), RN a(xn—2)7 [X, Vi, ... 7_yn—l]g]g
n—1

= Z[Xv 01()’1)7 cee a(}’iq), [X9 X1, ... ,Xn727}’i]g’ Ol(}’i+1)a e O[(yn)]g

i=1
= Z aDX(“(.Vl)? ey a(}/i—l)7 aDX(X17 ) Xn—z,}’i)7 a(yi+1)a cee a(.Vﬂ))?

which implies that Conditions (iii) and (iv) in Definition 5.1 hold. The proof is finished. ~®
For any linear map D : A" 'g — g, denote by KD the 1-dimensional vector space generated by D. On the direct sum
g @ KD, define a totally skew-symmetric linear map [-, ..., ]p : A"(g ® KD) — g @ KD by
[x1 + kiD, ..., %, + k.Dlp = [x1, ... xn]g—i-z Y kiD(X1, « ooy Riy oo ey Xn)

Define a linear map ap : g @ KD — g @ KD by aD(x + kD) = a(x) + kD, i.e.

[ a O
“=\o0 1 )
Theorem 5.4. Let (g, [-, ..., -1;, @) be an n-Hom-Lie algebra and D : A'lg — galinear map. Then (g®KD, [-, ..., -Ip, ap) is

an n-Hom-Lie algebra if and only if D is generalized derivation on g. We call (g ®KD, [, ..., -1p, ap) the generalized derivation
extension of g by the generalized derivation D.

Proof. For all xq,...,x, € g, k1, ..., k; € K, we have

aplx1 + kD, ..., Xy +k.Dlp = ap([x1, ..., X;]g + Z Y iD(X1,s - .. Ris e e vy Xn)

= a([X1, .., Xalg) + Z(—l)’”k,-a(o(xl, e Riy ),

i=1
and

[ap(x1 + kD), ..., ep(Xn + knD)lp
= [a(x1) + kD, ..., a(x,) + k,Dlp
= [a(x1), ..., @)y + Y (=1 'kD(a(x1), ..., &%), ..., alxa)).

Since « is an algebra morphism, «p is an algebra morphism if and only if
aoD=Doa.

By the definition of the bracket [-, ..., -]p, we deduce that (g ® KD, [, ..., -Ip, ap) satisfy the Hom Fundamental identity
if and only if

HFx1,4.4,xn,2,xn,1,D,yl,...,yn,l = Oa (33)
HFD,n,...,xn,z.yl,...yH 1yn — 0, (34)
HFpx;....x0_2.D.31... =0. (35)

By straightforward computation, we have

[op(X1), ..., ap(Xp—1), [D, Y1, ..., Yn—1lplp = [a(X1), ..., a(X4—1), D(Y1, ..., ¥n-1)ID
= [a(x1), ..., a(Xu—1), DV1, - .., Yn-1)]g,
and
n—1

Z[O‘D(D)» ap(y1), - -, ap(yi—1), [X1, - - ., Xn—1, Yilp, @pVig1), - - -, @p(Yn—1)Ip
i1
+[[X1, ..., Xn—1, Dlp, ap(y1), - - ., «p(¥n—1)Ip

= Z[D,Ol()ﬁ), o ,Ol(J’i—l)a [X]v e 7Xn—1ayi]gvo[(yi+1)7 “e- ,a(.Vn—l)]D
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+(=1)""'D(x1, ..., Xn1), @Y1), - @Yn1)Ip
n—1
= D). - (i) X1, Xnor Vil @i - (Yn1)
i=1

+ o), ..., a(¥n-1), D(X1, . .., Xn—1)]g-
Thus, (33) is equivalent to Condition (ii) in Definition 5.1.
Similarly, we have
[ap(D), ap(x1), - .., ap(Xn—2)s V1, -+, Yulplp = [D, a(x1), ..., a(Xn—2), V1, .-, Ynlglp
= D(a(x1), ..., (Xn—2), V1, - - -, Ynlg)s

and
n

Z[au(%), <y op(¥iz1), [D, X1, ..., Xn—2, Yilp, @p(Vit1), - - ., ap(Yn)Ip
i—1

=Y [a), - @yia), DX, -, X2, Vi) @), - ¢yl
i=1

=Y [a), - @ia), DX, - X, Yids @iy, -, @)l
i=1

Thus, (34) is equivalent to Condition (iii) in Definition 5.1.
Finally, we have
[ap(D), ap(x1), ..., ap(Xs—2), [D, ¥1, ..., Yn—1lplD
=[D, a(x1), ..., a(xp—2), D¥1, ..., ¥n—1)p
= D(a(X1), ey a(xn—2)7 D(.Vl, cee 5yn—1))9

and
n—1
Z[aD(D), ap(¥1), - .- ap(¥iz1), [Dy X1, .., Xn—2, Yilps @p(Viz1), - - - «p(Yn—1)Ip
i=1
n—1
= Z[D, a(y1)s - ayiza), DX, ..o Xne2, Yids @(Vi1)s - - a(Yn-1)Ip
i=1
n—1
=Y D), .., a(¥i1), DX, o, X2, Y1), @Wiga), -, @(¥n1))-
i=1
Thus, (35) is equivalent to Condition (iv) in Definition 5.1. Therefore, (g ® KD, [, ..., -Ip, ap) is an n-Hom-Lie algebra if

and only if D is a generalized derivation on g. The proof is finished. m

Proposition 5.5. Let D? and D' be two generalized derivations on an n-Hom-Lie algebra (g, [-, . . ., -1, @). If there exists x € g
such that a(x) = x and D' = D? + ady, then the corresponding generalized derivation extensions (g @ KD?, [-, ..., -Ip2, ap2)
and (g ® KD', [-, ..., -1p1, ap1) are isomorphic.
Proof. Define X : KD' — g by
X(kD') = kx, Vk e K.
Id, X
Then 0 1

We leave details to readers. [ |

is an isomorphism from the n-Hom-Lie algebra (g@®KD', [-, ..., -1p1, ap1) to (g®KD?, [, ..., -Ipz, ap2).
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