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a b s t r a c t

A natural explicit condition is given ensuring that an action of themultiplicativemonoid of
non-negative reals on a manifold F comes from homotheties of a vector bundle structure
on F , or, equivalently, from an Euler vector field. This is used in showing that double (or
higher) vector bundles present in the literature can be equivalently defined as manifolds
with a family of commuting Euler vector fields. Higher vector bundles can be therefore
defined as manifolds admitting certain Nn-grading in the structure sheaf. Consequently,
multi-graded (super)manifolds are canonically associated with higher vector bundles
that is an equivalence of categories. Of particular interest are symplectic multi-graded
manifolds which are proven to be associated with cotangent bundles. Duality for higher
vector bundles is then explained by means of the cotangent bundles as they contain the
collection of all possible duals. This gives, moreover, higher generalizations of the known
‘‘universal Legendre transformation’’ T∗E ' T∗E∗, identifying the cotangent bundles of
all higher vector bundles in duality. The symplectic multi-graded manifolds, equipped
with certain homological Hamiltonian vector fields, lead to an alternative to Roytenberg’s
picture generalization of Lie bialgebroids, Courant brackets, Drinfeld doubles and can be
viewed as geometrical base for higher BRST and Batalin–Vilkovisky formalisms. This is also
a natural framework for studying n-fold Lie algebroids and related structures.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

The language of super-geometry is nowadays commonly used not only in some models of mathematical physics (e.g. in
Batalin–Vilkovisky formalism and topological Quantum Field Theory [1,2]) or homological algebra but also for some
problems viewed earlier as purely geometrical, especially in Poisson geometry and the theory of Lie algebroids. In this
context it became evident that many canonical super-manifolds are provided with an additional grading in the structure
sheaf. In particular, the problem of finding a proper analog of Drinfeld double Lie algebra for Lie bialgebroids [3] and finding
a nice description of Courant algebroids [4] (with BRST complex and the Weil algebra as particular examples) have been
solved in the language of such graded (super)manifolds by Voronov and Roytenberg [5–7].
On the other hand, in the traditional language of differential geometry, double (or higher) structures have been

introduced in the categorical sense. For example, double vector bundles have been understood as ‘‘vector bundles in the
category of vector bundles’’ (see [8–13]) and recognized as the structures of great importance in the Lagrangian and
Hamiltonian formalismof analyticalmechanics [14,15]. Double structures appeared also in symplectic and Poisson geometry
with Weinstein’s and his collaborators work on symplectic and Poisson groupoids [16–18] followed by numerous works of
his students and systematic studies of Mackenzie [19–26], Kosmann-Schwarzbach [27,28] and others.
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We had, however, the feeling that, on one hand, the standard definitions of a double (or higher) vector bundle (cf.
[12,19,13]), although categorically nice, are operatively too complicated, and, on the other hand, that standard concepts
of super-manifold, or even the concept of N-manifold as defined and used in [29,7,6], are still too general for many purposes.
We therefore develop a theory of higher vector bundles in the spirit of algebraically described compatibility condition for a
number of vector bundle structures and associate with them canonically derived multi-graded super-manifolds.
Our starting point is the observation that a vector bundle can be characterized only with the use of its homogeneous

structure that leads to amuch simpler definition of an n-vector bundle (in classical terms).We prove namely that an n-vector
bundle can be equivalently characterized as a manifold with n commuting Euler vector fields, i.e. as a manifold with certain
N-gradation in the algebra of smooth functions. This implies that an n-vector bundle, as canonicallymulti-graded, admits its
natural superized counterpart — a multi-graded (super)manifold. Both concepts lead to a unified and elegant description of
various phenomena of differential geometry. Of particular interest are symplectic multi-gradedmanifolds which are proven
to be associated with cotangent bundles. Duality for higher vector bundles can be explained by means of these bundles as
they contain the collection of all possible duals. In fact, we have higher ‘‘Legendre transformations’’ identifying the cotangent
bundles of all these duals. The symplectic multi-graded manifolds, equipped with certain homological Hamiltonian vector
fields, lead to an alternative to Roytenberg’s picture generalization of Lie bialgebroids, Courant brackets, Drinfeld doubles
and can be viewed as geometrical base for higher BRST and Batalin–Vilkovisky formalisms. This is also a natural framework
for studying n-fold Lie algebroids and related structures. The paper is organized as follows.
We start with finding a simple characterization of those actions of the multiplicative monoid R+ of non-negative reals

on a manifold F that come from homotheties of a vector bundle structure on F . This allows us to identify a vector bundle
structure with its homogeneous structure (or, equivalently, its Euler vector field) that clearly simplifies the whole theory,
as direct comparison of the additive structures is much more complicated. In particular, a compatibility of two vector
bundle structures can be described easily as the commutation of the corresponding Euler vector fields. We show that this
compatibility condition is equivalent to the concept of double vector bundle described in categorical terms. In this language,
a vector bundle morphism is shown to be just a smooth map intertwining the homotheties and a vector subbundle — as a
submanifold which is homothety-invariant.
The n-vector bundles F , whose structure is described in Section 4, admit canonical lifts of their Euler vector fields to

the tangent and to the cotangent bundles TF and T∗F , as we show in Section 5. In particular, the iterated tangent and
cotangent bundles are canonical examples of higher vector bundles. The cotangent bundle T∗F is of particular interest, since
it is canonically fibered not only over F but also over all duals F∗(k) of F with respect to all its vector bundle structures F → F[k].
The side bundles F[k] are canonically (n−1)-vector bundles themselves.We prove the existence of a canonical identifications
T∗F ' T∗F∗(k) ' T∗F∗(l) which are additionally symplectomorphisms. This can be viewed as a generalization of the celebrated
‘‘universal Legendre transformation’’ T∗TM ' T∗T∗M . Moreover, the set of higher vector bundles {F , F∗(1), . . . , F

∗

(n)} is closed
(under natural identifications) with respect to duality. This is a phenomenon observed first for double and triple vector
bundles by Konieczna, Urbański and Mackenzie [12,24,26].
In Section 6 we prove that symplectic n-vector bundles, i.e. n-vector bundles equipped with a symplectic form which is

linear (1-homogeneous) with respect to all vector bundle structures, always take the form T∗F for certain (n − 1)-vector
bundle F . This, in turn, generalizes the known result saying that any vector bundle equipped with a linear symplectic form
is, in fact, T∗M .
The next two paragraphes are devoted to a natural superization of the previous notions. In this way we get the concept,

already implicitly present in the literature, of a multi-graded manifold — a super-manifoldM with an Nn-gradation in the
structure sheaf, and the concept of a multi-graded symplectic manifold. The crucial here is the equivalence of categories:
we have a precise prescription of passing from a (symplectic) n-vector bundle to the corresponding n-graded (symplectic)
manifold and back.
On multi-graded symplectic manifolds one can consider Master Equations, i.e. equations of the form {H,H} = 0 for

Hamiltonians of parity different from the parity of the symplectic Poisson bracket {·, ·}. This leads to higher multi-graded
analogs of Courant algebroid [4,6] in the spirit of Roytenberg’s explanation of what a Courant algebroid is. This gives also
a possibility of developing higher BRST and Batalin–Vilkovisky formalisms. The language of multi-graded manifolds is also
useful in describing the structures of n-fold Lie algebroids, as has been already observed byVoronov [30]. Section 9 is devoted
to these questions togetherwith the concept ofDrinfeld n-tuple—which generalizes the notion of Drinfeld double Lie algebra
and double Lie algebroid. We end up with some results on Drinfeld n-tuples, their relations to n-fold Lie algebroids, and
examples.
To limit the size of these notes, questions concerning the higher Dirac structures, higher generalized geometries, etc., we

postpone to a separate paper. The authors wish to thank Przytycki for helpful discussions on dynamical systems.

2. Vector bundles and homogeneous structures

It is a standard student exercise to show that the additive structure in a real topological vector space determines the
homogeneous structure — the multiplication by reals. The converse is also true. Euler’s Homogeneous Function Theorem
implies that any differentiable 1-homogeneous function on Rn is automatically linear. This suggests that the homogeneity,
being much simpler notion, can be used instead linearity in differential geometry. Let us remark that all geometric objects
in this paper, like manifolds, fibrations, etc., are assumed to be finite-dimensional, paracompact and smooth.
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In this section, we will use this idea to develop a concept of a vector bundle in terms of its homogeneous structure. To
explain howwewill understood the latter, let us consider a vector bundleπ : E → M . The homotheties in E define a smooth
action of the commutative monoid (R+, ·) of non-negative reals, R+ = {a ∈ R : a ≥ 0}, with multiplication:

h : R+ × E → E, ht(e) := h(t, e) = t · e.

It should be made clear that by smoothness on R+ wemean that the map can be extended to a smooth map on a neighbor-
hood of R+ in R, thus the whole R. In fact, the above R+-action can be extended to a smooth action h̃ : R × E → E of the
multiplicative monoid R by homotheties with possible negative factors.
Of course, with any smooth action h : R+×F → F , ht ◦hs = hts, of themultiplicativemonoid (R, ·) on a smoothmanifold

F , one can associate a smooth projection h0 : F → F (as h20 = h0) onto a closed subset N = h0(F) of F . In this generality
we can define also the vertical lift Vh : F → TF|N , where Vh(x) ∈ Th0(x)F is the tangent vector at t = 0 represented by the
smooth curve R+ 3 t 7→ xh(t) := h(t, x) ∈ F . In other words,

Vh : F → TF , Vh(x) = ẋh(0) = Txh(0, ∂t). (1)

One can easily seen that Vh(x) = 0x for x ∈ N . For the action by homotheties on a vector bundle we have also the converse:
Vh(em) = 0⇒ em = 0m.
For the terminology, note only that by a vector subbundlewe alwaysmean a subbundle over a submanifold. An important

example is the vertical subbundle VF|0M in the tangent bundle TF of a vector bundle F overM over the zero-section 0M of F
which is canonically isomorphic to F . We have the following

Proposition 2.1. For a vector bundle F , the vertical lift gives a canonical isomorphism of vector bundles Vh : F → VF|0M ⊂ TF .

Proof. In local coordinates (xa, yi) in F , where (xa) are local coordinates in M and (yi) are linear coordinates in the typ-
ical fiber, we have h(t, x, y) = (x, ty). In the adapted coordinates (xa, yi, ẋb, ẏj) in TF , the vertical lift reads Vh(x, y) =
(x, 0, 0, y). �

Note that VF|N can be defined for any manifold F equipped with a smooth projection onto a subset N as the subset of
TF|N consisting of vectors which are vertical with respect to the projection. Of course, in such generality VF|N need not be a
vector subbundle in TF .

Definition 2.1. A homogeneous structure on a smooth manifold F will be understood as a smooth action h : R+ × F → F of
the multiplicative monoid (R+, ·) on F which is non-singular in the sense that the vertical liftVh(x) vanishes only for points
x ∈ N = h0(F), i.e. the curves xh(t) are non-singular for x 6∈ N .

The following theorem shows that the above property of anR+-action on F determines that this action comes from actual
homotheties.

Theorem 2.1. If h : R+ × F → F is a homogeneous structure on the manifold F , then there is a unique vector bundle structure
on F whose homotheties coincide with h.

Proof. Working separately in components, we can assume that F , thus N = h0(F), is connected. The non-singularity of
V = Vh (having fixed h we will skip the subscript) means that N is exactly the inverse-image by V of the zero-section:
N = V−1(0F ). The fundamental property of the vertical lift is that it intertwines the R+-action on F with the actual homo-
theties in TF :

V(hs(x)) = s · V(x). (2)

Indeed, we get (2) from the action identity ht(hs(x)) = hts(x) after differentiating both sides with respect to t at t = 0.
The monoid action h induces a monoid representation in the tangent spaces TxF with x ∈ N . To see this, for x ∈ N , put

Ht(x) : TxF → TxF to be the derivative Ht(x) = Dxht . It is easy to see thatR+ 3 t 7→ Ht(x) is a representation of the monoid
(R+, ·) in TxF . Indeed, differentiating the identity ht ◦ hs = hst we get Dxht ◦ Dxhs = Dxhst , i.e.

Ht(x) ◦ Hs(x) = Hts(x). (3)

Now, put P(x) = d
dt |t=0Ht(x). Differentiating (3) with respect to t at t = 0, we get that the linear map P(x) : TxF → TxF

commutes with Hs(x) and

P(x) ◦ Hs(x) = Hs(x) ◦ P(x) = s · P(x). (4)

Moreover, after differentiating the latter with respect to s at s = 0, we get P(x)2 = P(x). This means that P(x) is a projection
and that Hs(x) respects the decomposition TxF = Kx⊕Ex of TxF into the direct sum of the kernel Kx and the image Ex of P(x).
Let us observe that one can interpret P(x) also as the vertical part of the derivative DxV : TxF → TV(x)TF with respect to

the decomposition of the space tangent to the tangent bundle TF at the pointV(x) = 0x of the zero-section into the vertical
subspace tangent to the fiber and the horizontal subspace tangent to the zero-section:

DxV : TxF → TV(x)TF = TvxF ⊕ ThxF . (5)
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Indeed, if we trivialize locally the tangent bundle TF in a neighborhood U of x0 ∈ N in F , say TU = U × V , V = Tx0F , with
coordinates (xa, ẋb), then Ht(x0) : V → V reads Ht(x0) = ∂ht

∂x (x0) and

P(x0) =
∂2h
∂t∂x

(0, x0). (6)

On the other hand, V(x) = (h(0, x), ∂h
∂t (0, x)), so that the projection Ṽ : U → V of V on V has the derivative

Dx0 Ṽ = D
v
x0V =

∂2h
∂x∂t

(0, x0) = P(x0). (7)

The family of vector space projections Px = P(h0(x)) : V → V , x ∈ U , in finite-dimensional vector space V is locally
of constant rank. Indeed, the rank of Px is the trace of Px which takes integer values and continuously depends on x, thus
it is locally constant. In our situation it means that the rank of the projections Px is constant, say k, on N . By V 1x denote the
image Px(V ). With our local identification, V 1x = Eh0(x). The intertwining property (2) implies that Ṽ(x) lies in V

1
x . Indeed,

differentiating (2) with respect to s at s = 0, we get Dvh0(x)(V(x)) = P(x)(V(x)) = V(x), i.e.

V(x) ∈ Eh0(x). (8)

Since U 3 x 7→ Px ∈ gl(V ) is smooth, it is clear that P0 := Px0 maps V
1
x isomorphically onto V

1
0 := V

1
x0 for x sufficiently close

to x0, say from U . This gives a smooth trivialization of the vector bundle V 1U =
⋃
x∈U V

1
x ,

ΦU : V 1U → U × V 10 , Φ(x, vx) = (x, P0(vx)),

and a smooth map

ΨU : U → V 10 , ΨU = P0 ◦ Ṽ.

It is easy to see that N ∩U = Ψ−1U {0} and thatΨU is of maximal rank at points of N as the derivative DxΨU = P0 ◦ Px is ‘onto’.
Hence, due to the Implicit Function Theorem, N ∩ U is a submanifold in U , thus the whole N is a submanifold in F . This

implies in turn that E =
⋃
x∈N Ex, locally isomorphicwith (N∩U)×V

1
0 , is a smooth vector subbundle in TF overN . Moreover,

V : F → E is of maximal rank, thus a local diffeomorphism along N . For, observe that any vector v ∈ TxF with x ∈ N , which
is annihilated by the derivative DxV must be annihilated by DxṼ , thus be tangent to N . But V embeds N as the zero-section
0N , so DxV is an injection on TxN ⊂ TxF . Since V|N is an embedding, we can even say that V is a global diffeomorphism on
a neighborhood UN of N in F onto a neighborhood W0 of the zero-section in E. Hence, x 7→ s−1 · V(hs(x)) is a diffeomor-
phism of h−1s (UN) onto s

−1W0. But, according to (2), the latter map coincides with V which is therefore a diffeomorphism
of F =

⋃
s≥1 hs(VN) onto E =

⋃
s≥1 sV0, intertwining hs with the homothety by s. The vector bundle structure on F can be

now taken as the pull-back of the vector bundle structure in E by this diffeomorphism.
Uniqueness follows from the fact that homogeneous structure (homotheties) on a vector space completely determines

the linear structure, as 1-homogeneous smooth functions, i.e. functions satisfying f (s · x) = s · f (x), are exactly linear
functions. �

Remark 2.1. The monoid (R+, ·) contains an open-dense subset of invertible elements (R∗+, ·) — the multiplicative group
of positive reals. It is clear that any action h of (R+, ·) restricts to a group action of (R∗

+
, ·) which has an infinitesimal

generator – the Euler (Liouville) vector field ∆h, where ∆h(x) is the vector tangent to the curve xh(t) at t = 1. In the case
of a homogeneous structure this is exactly the Euler (Liouville) vector field∆E of the vector bundle E. Of course, this vector
field is complete and its global flow Exp(t∆E) determines the homogeneous structure: Exp(t∆E)(x) = et · x. The above
theorem can be reformulated in terms of this vector field as follows. Note only that the linear part of a vector field∆ on F at
its singular point (zero) x0 is a well-defined linermap Tx0F → Tx0F which in local coordinates is represented by the Jacobian
matrix of partial derivatives of coordinates of∆ near x0.

Theorem 2.2. A vector field∆ on a smooth manifold F is the Euler vector field of a vector bundle structure on F if and only if

(a) ∆ is complete and the corresponding flow R 7→ ϕt = Exp(t∆) of diffeomorphisms has the limit h0(x) = limt→−∞ ϕt which
is a projection of F onto the set N of singular points of ∆;

(b) For every x0 ∈ N, the linear part of ∆ at x0 is a projection.

Proof. One can follow the idea of the above proof for R+-action but we will sketch an alternative proof in terms of normal
hyperbolicity of flows and linearization of vector fields. Since the linear part of the vector field at singular points has only
eigenvalues 0, 1, according to Shoshitaishvili Theorem, at singular points x0 of ∆ we have a local decomposition of the
manifold into the center manifoldW 0(x0) and the unstable manifoldW+(x0). The manifoldW 0(x0) is invariant, so in our
case it is unique, as it has to coincide locally with N . This proves that N is a submanifold and we have, at least locally, a
fibration of F into unstable submanifolds over N . But on eachW+(x0) the linear part of ∆ at x0 is identity, so there are no
resonances and ∆ is smoothly equivalent to its linear part, i.e. to the Euler vector field on Tx0W

0(x0). These linearizations
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on fibers of the fibrations can be glued together to a linearization of ∆ near N , so to a local R+-action near N . We can pass
to the global action thanks to the assumption (a). �

Remark 2.2. Of course, there are singular (R+, ·)-actions which therefore do not correspond to vector bundle structures.
Take for example F = R with the action h : R+ × R→ R, (t, x) 7→ t2 · x. It is clear that Vh is trivial: V(x) = (0, 0) ∈ TR
for all x ∈ R.

Theorem 2.1 easily implies the following.

Theorem 2.3. Every submanifold of a vector bundle, which is invariant with respect to homotheties, is a vector subbundle (over
a submanifold of the base).

Proof. Let E be a submanifold of a vector bundle F overM which is homothety-invariant. It is easy to see that theR+-action h
by homotheteties, reduced to E, is a homogeneous structure on E. This is because, clearly,Vh|E = (Vh)|E , since the vector tan-
gent to a curve in a submanifold can be naturally viewed as the vector tangent to this curve in the totalmanifold. This implies
that h|E is an action by homotheties with respect to a unique vector bundle structure on E over the closed submanifold N =
h0(E) ⊂ M . This vector bundle structure is a vector subbundle of VE|0E ⊂ VF|0F ' F , thus canonically a subbundle of F . �

Remark 2.3. A slightly weaker result has been communicated to us by Urbański who assumed that the intersection of E
with every fiber of F is a vector subspace.

It should be not surprising that the concept of a morphism in the category of vector bundles can be completely described
in terms of the corresponding homogeneous structures.

Theorem 2.4. A smooth map ϕ : F 1 → F 2 between the total spaces of two vector bundle structures hi0 : F
i
→ M i, i = 1, 2, is a

morphism of the vector bundles if and only if it commutes with homotheties

ϕ ◦ h1t = h
2
t ◦ ϕ. (9)

Proof. Note first, that (9) easily implies that ϕ mapsM1 = h10(F
1) intoM2 = h20(F

2) and fibers into fibers. We therefore can
assume then that F i, i = 1, 2, are just vector spaces.
Differentiating (9) with respect to t at t = 0, we get

D0ϕ ◦ V1 = V2 ◦ ϕ.

Since V i : F i → T0F i are linear isomorphisms,

ϕ = (V2)−1 ◦ D0ϕ ◦ V1 : F 1 → F 2

is linear. The converse, i.e. that a vector bundle morphism commutes with homotheties is obvious. �

Corollary 2.1. A smooth map ϕ : F 1 → F 2 between the total spaces of two vector bundle structures is a morphism of the vector
bundles if and only if it relates the Euler vector fields:

Dxϕ(∆F1(x)) = ∆F2(ϕ(x)). (10)

Proof. Differentiating (9) with respect to t at t = 1, we get (10). Conversely, (10) implies that ϕ intertwines the flows
induced by∆F1 and∆F2 , i.e. ϕ ◦ h

1
t = h

2
t ◦ ϕ for t > 0, thus for all t ∈ R+ by continuity. �

3. Commuting Euler vector fields and double vector bundles

Consider now two commuting homogeneous structures h1, h2 : R+ × F → F , h1t ◦ h
2
s = h

2
s ◦ h

1
t for all s, t ∈ R+ (or,

equivalently two commuting Euler vector fields, [∆1,∆2] = 0). Let us denote the corresponding bases with E i = hi0(F),
i = 1, 2. We have, in particular,

h1t (h
2
0(x)) = h

2
0(h

1
t (x)) (11)

which implies that E2 = h20(F) is invariant with respect to h
1. According to Theorem 2.3, this means that E2 is a vector

subbundle of h10 : F → E1 over the submanifold

M = h10(E
2) = h10 ◦ h

2
0(F) = h

2
0 ◦ h

1
0(F) = h

2
0(E

1) = E1 ∩ E2. (12)
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Analogously, E1 is a vector subbundle of h20 : F → E2 over M . We will call them side bundles. Thus we get the following
diagram of vector bundle projections

F
h20 //

h10

��

E2

h10

��
E1

h20 // M

(13)

where we write simply h10 also for its restriction to E
2, etc. Note also that E1, E2,M are canonically closed submanifolds in

F as the zero-sections of the corresponding vector bundle structures. Moreover, according to Theorem 2.4, the vertical and
the horizontal arrows describe morphisms of vector bundles.
Let F ix be the x-fiber in F of the projection h

i
0. For x ∈ M , let Cx be the kernel of the linear map h

2
0 : F

1
x → E2x . This means

that Cx is also the kernel of h10 : F
2
x → E1x and Cx = F

1
x ∩ F

2
x . The submanifold Cx of F carries therefore two structures of a

vector space hereditary from F 1x and F
2
x which, however, coincide according to the following proposition.

Proposition 3.1. Two real vector space structures on a manifold V with commuting homotheties coincide.

Proof. Commutation of the homotheties implies that the vector space structures share the same zero 0. Differentiating the
commutation relation h1t (h

2
s (x)) = h

2
s (h

1
t (x)), with respect to t and s at t = 0 and s = 0, we get

D0V1(V2(x)) = D0V2(V1(x)),

where V i = Vhi . But, for a vector space structure, D0V is identity on T0V , so V1 = V2. This in turn implies h1 = h2 as the
vector space structure comes from T0V by the identification V : V → T0V . �

Let us go back to the commutative diagram of vector bundle morphisms (13). We can reduce the whole picture by fixing
x0 ∈ M and considering the pull-backs of {x0}with respect to all the projections. This means that we consider the situation
whenM is just one point which can be then identified as 0 — the only point of the intersection of the vector spaces E1 and
E2 as submanifolds of F . We know already that C = F 10 ∩ F

2
0 is a common vector subspace of F

1
0 and F

2
0 . We will call C the

core of (h1, h2). Since h10(E
2) = {0}, the vector space E2 is a subset, thus vector subspace, of F 10 . Analogously, E

1 is a subspace
of F 20 . Since h

2
0 maps the fiber F

1
0 linearly onto E

2, its kernel C is a subspace complementary to E2 ⊂ F 10 , as h
2
0 is identical on

E2. Thus F 10 = E
2
⊕ C and, analogously, F 20 = E

1
⊕ C . Using trivializations of the vector bundles in question (which always

exist when the bases are contractible), we get (13), withM = {0}, in the form

E1 × E2 × C
h20 //

h10
��

E2

h10
��

E1
h20 // {0}

(14)

with obvious projections which are linear maps. Note however that the identification F = E1 × E2 × C is not canonical and
depends on the choice of the trivializations. Indeed, if (ξi, φa, θr) are linear coordinates in E1 × E2 × C , then a change of the
bases in E1, E2 results in a change of coordinates,

(ξ ′i , φ
′

a) =

(∑
j

τ
j
i ξj,

∑
b

ρbaφb

)
. (15)

Further, a change of the trivialization of h10 over E
1 which respects the projection on E2 results in a change of coordinates,

(ξ ′i , φ
′

a, θ
′

r) =

(∑
j

τ
j
i ξj,

∑
b

ρbaφb,
∑
b

αbr (ξ)φb +
∑
s

βsr (ξ)θs

)
. (16)

For the other projection we have

(ξ ′i , φ
′

a, θ
′

r) =

(∑
j

τ
j
i ξj,

∑
b

ρbaφb,
∑
j

γ jr (φ)ξj +
∑
s

δsr(φ)θs

)
. (17)
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The changes of coordinates (15) and (16) coincide if and only if they have the common form

(
ξ ′i , φ

′

a, θ
′

r

)
=

(∑
j

τ
j
i ξj,

∑
b

ρbaφb,
∑
b,j

Abjr φbξj +
∑
s

Bsrθs

)
(18)

with τ ji , ρ
b
a , A

bj
r , and Bsr constant. But this change of coordinates, reduced to C , is not linear but affine which shows that the

bundle ζ = (h10, h
2
0) : F → E1 × E2 is affine, modelled on the trivial bundle E1 × E2 × C .

Let us go back to the whole generality. The collection of all Cx with x ∈ M defines a vector bundle C over M — the core
of (h1, h2). If we take x0 ∈ M and a local chart U ⊂ M near x0, then, using local trivializations of all vector bundles over the
pull-backs of U (which are contractible bases), we get from (14) the following local form of (13)

U × E1x0 × E
2
x0 × Cx0

//

��

U × E1x0

��
U × E1x0 × E

2
x0

// U

(19)

with obvious projections. One important remark is that, again, the decomposition

(h20 ◦ h
1
0)
−1(U) = (h10 ◦ h

2
0)
−1(U) = U × E1x0 × E

2
x0 × Cx0

depends on the choice of the trivializations. A change in trivializations results in a change of local linear coordinates like in
(18) but with coefficients depending on x ∈ U:

(
x′u, ξ

′

i , φ
′

a, θ
′

r

)
=

(
xu,
∑
j

τ
j
i (x)ξj,

∑
b

ρba (x)φb,
∑
b,j

Abjr (x)φbξj +
∑
s

Bsr(x)θs

)
. (20)

In the coordinates (xu, ξi, φa, θr) ∈ U × E1x0 × E
2
x0 × Cx0 the Euler vector fields corresponding to the vector bundle structures

h1 and h2 read

∆1 =
∑
a

φa∂φa +
∑
r

θr∂θr , ∆2 =
∑
k

ξk∂ξk +
∑
r

θr∂θr . (21)

They clearly commute. The spaces E1x0 , E
2
x0 , Cx0 can be described in terms of the Euler vector fields as submanifolds defined

by equations ∆1 = 0, ∆2 = 0, ∆1 = ∆2, respectively. Note also that the coordinate functions (xu, ξi, φa, θr) are (∆1,∆2)-
homogeneous of bi-degrees (0, 0), (1, 0), (0, 1), (1, 1), respectively. Conversely, any change of coordinates that respects
this bi-degree must be of the form (20) and it preserves∆1 and∆2. What we get locally is therefore a local form of a double
vector bundle – the notion introduced by Pradines [8–10] and studied in [11,12,30]. This easily implies that also globally
double vector bundles and commuting homogeneous structures are the same objects. Summarizing our considerations, we
get the following.

Theorem 3.1. A double vector bundle can be equivalently defined as a smooth manifold equipped with two vector bundle struc-
tures whose Euler vector fields∆1,∆2 commute.

Theorem 3.2. Any double vector bundle admits an atlas with charts which are invariant with respect to both homogeneous
structures and local coordinates which are (∆1,∆2)-homogeneous of bi-degrees (0, 0), (1, 0), (0, 1), (1, 1). Conversely, every
manifold F equipped with an atlas whose charts identify some domains in F with

∏
i1,i2=0,1

V (i1, i2), where V (0, 0) is a domain
in Rm, and V (1, 0), V (0, 1), V (1, 1) are R-vector spaces, and the changes of coordinates respect the bi-degrees (i1, i2), carries a
canonical structure of a double vector bundle with the Euler vector fields which are locally of the form ∆1 = ∆V (0,1) + ∆V (1,1)
and∆2 = ∆V (1,0) +∆V (1,1).

4. Higher vector bundles

A generalization of the concept of vector bundle and double vector bundle suggested by previous considerations is now
straightforward:

Definition 4.1. A smooth n-tuple vector bundle (shortly - n-vector bundle) is a smoothmanifold F equippedwith n structures
of vector bundles whose corresponding Euler vector fields ∆i, i = 1, . . . , n, pairwise commute. A morphism between
n-vector bundles (F ,∆1, . . . ,∆n) and (F ′, (∆′)1, . . . , (∆′)n) is a smooth map ϕ : F → F ′ which relates ∆k with (∆′)k,
i.e. Dxϕ(∆k(x)) = (∆′)k(ϕ(x)), k = 1, . . . , n, x ∈ F .
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Remark 4.1. With respect to the above definition, a non-trivial permutation of the Euler vector fields leads to non-
isomorphic n-vector bundles. Sometimes, however, it is convenient to consider weak isomorphisms, i.e. isomorphisms up
to such a permutation.

An inductive reasoning, completely parallel with that proving Theorem 3.2, gives the following.
Theorem 4.1. Any n-vector bundle admits an atlaswith chartswhich are invariantwith respect to all the homogeneous structures
and local coordinates which are (∆1, . . . ,∆n)-homogeneous of n-degrees i = (i1, . . . , in), ik = 0, 1.
Conversely, every manifold F equipped with an atlas whose charts identify some domains in F withW =

∏
i∈{0,1}n V (i), where

V (0), 0 = (0, . . . , 0), is a domain in Rm, and V (i), i 6= 0, are R-vector spaces, and the changes of coordinates respect the n-
degrees i = (i1, . . . , in), carries a canonical structure of an n-vector bundle with the Euler vector fields which are locally of the
form

∆k =
∑
i′k 6=0

∆V (i),

where i′k = (i1, . . . , ik−1, 0, ik+1, . . . , in).

It is also a straightforward inductive observation that any smooth change of coordinates inW respecting the n-degrees
(i1, . . . , in) of homogeneity must be of the form

(v′)
j
i =

∑
∑
ia=i

∑
(j1,...,jr )

T j
(i1,...,ir ;j1,...,jr )

∏
a

v
ja
ia , (22)

where vji , j = 1, . . . , dim(V (i)), are linear coordinates in V (i) and T
∗
∗
are smooth functions on V (0). This shows that our

n-bundles coincide with the n-tuple vector bundles described by Voronov [30] and the triple vector bundles (for n = 3)
studied by Mackenzie [26].
To describe closer the structure of n-vector bundles, let us introduce some conventions. For i, j ∈ {0, 1}n, we write

|i| =
∑
k ik and i ≤ j, if ik ≤ jk for all k = 1, . . . , n. Denote also δ

1
= (1, 0, . . . , 0), δ2 = (0, 1, 0, . . . , 0), etc., and

p(i) = {i− δk ∈ {0, 1}n : ik = 1}. Let us write also 1n = (1, . . . , 1) and, for k = 1, . . . , n, [k] = 1n − δk.
For any i ∈ {0, 1}n the submanifold Fi =

⋂
ik=0
{∆k = 0} is itself an |i|-vector bundle with respect to the Euler vector

fields {∆k : ik = 1} and bases Fi′ with i′ ∈ p(i). Thus we get a generalization of the diagram (13), the characteristic diagram
of the n-vector bundle F , which is a commutative diagramwith 2n vertices Fi and vector bundle morphisms hk0 from Fi, with
ik = 1, to Fi′k . In particular, F is the total space of the n vector bundle structures h

k
0 : F → F[k]. The intersection of their fibers

over the zero-sections gives rise to a vector bundle C over the final base M =
⋂
k F[k] — the core of the n-vector bundle.

The final base M is locally represented by V (0) and fibers of C are locally represented by V (1n). The local coordinates of
n-degrees≤ i form local coordinates on Fi. Note that we can view formally any n-vector bundle as an (n+ 1)-vector bundle
by adding a trivial (zero) Euler vector field. In this way, we can regard Fi as an n-vector bundle with trivial Euler vector fields
∆k with ik = 0, i.e. with the Euler vector fields ∆1, . . . ,∆n from F but restricted to Fi. Then hk0, viewed as a map from Fi,
with ik = 1, onto Fi′k , is a morphism of n-vector bundles. If we remove from the characteristic diagram the total space F
(together with the maps from F ), then we get a smaller diagram of n-vector bundle morphisms — the base of our n-vector
bundle which we denote by B = B(F). It is easy to see that the base does not determine F . There is however a final object
– the base product – denoted by×B such thatB(×B) = B and, for any n-vector bundle F with base B, there is a submersive
n-vector bundle morphism ψF : F → ×B which is identical on B. This morphisms can be viewed as ‘‘removing the core’’
operation. For example, the base product for a double vector bundle (13) is the product (or direct sum) of the vector bundles
E1×M E2 ' E1⊕M E2. In general,×B(F) can be identified with the image of the map (h10, . . . , h

n
0) : F → F[1] × · · · × F[n],

i.e., locally, ψF : F →×B(F) is just the projection modulo the core:
×B(F) =

∏
i∈{0,1}n,i6=1n

V (i).

The coordinate changes in ×B(F) are projections of the corresponding coordinate changes (22) for F . For instance, the
characteristic diagram for the triple vector bundle (cf. [26]) looks like

F011

��

}}zzzzzzzz
F111oo

��

}}zzzzzzzz

F001

��

F101oo

��

F010

}}zzzzzzzz
F110oo

}}zzzzzzzz

F000 F100oo

(23)



J. Grabowski, M. Rotkiewicz / Journal of Geometry and Physics 59 (2009) 1285–1305 1293

whereas its base is:

F011

��

}}zzzzzzzz

F001

��

F101oo

��

F010

}}zzzzzzzz
F110oo

}}zzzzzzzz

F000 F100oo

(24)

More generally, for any i ∈ {0, 1}n, one can also define n-manifolds F<i = ×B(Fi), which locally looks like

F<i =
∏

j∈{0,1}n,j<i

V (j).

Denote by Ai(F) the space of functions on F with n-degree i. It is an A0(F) = C∞(M)-module which is clearly locally free
and finite-dimensional, so it can be viewed as themodule of sections of some vector bundle V i(F) overM . For instance, for a
double vector bundle F , themoduleA(1,1)(F) is locally generated by products of two coordinates of degrees (1, 0) and (0, 1),
and coordinates of degree (1, 1), so that the symmetric tensor product V (1,0)(F)∨M V (0,1)(F) is a subbundle in V (1,1)(F) and
we have a short exact sequence

0→ V (1,0)(F)∨M V (0,1)(F)→ V (1,1)(F)→ C → 0.

We can consider also the graded associative and commutative algebra A(F) =
⊕
i∈Zn Ai(F) of homogeneous functions

(with the conventionAi(F) = {0} if i 6∈ Nn). Every its partA(i)(F) =
⊕
j≤iA

j(F) is a prototype of a higher module: we have
canonical operationsAj(F)×Ak(F)→ Aj+k(F) (or V j(F)⊗M V k(F)→ V j+k(F)) for j+ k ≤ iwith obvious properties. We
can do the same with respect to the total degree and to define, form ∈ N, the spacesAm(F) =

⊕
|i|=mAi(F) of functions of

total degreem, and the corresponding higher modulesA(m)(F) =
⊕
|i|≤mAi(F). They correspond to certain vector bundles

Vm(F) and V (m)(F) overM .

5. The tangent lift, the phase lift, and duality

In this section we show how to lift Euler vector fields to the tangent and the cotangent bundle. For the tangent and
cotangent lifts of vector fields we refer to [31–33]. Note only that both lifts respect the Lie bracket.
Applying the tangent functor to homotheties associated with a homogeneous structure h : R+ × E → E we get a new

homogeneous structure dTh, (dTh)t = T(ht). Indeed, dTh : R+ × TE → TE is clearly a smooth action of (R+, ·) and the
non-singularity assumption is preserved. In the adapted local coordinates in TE we have

dTh(t, x, y, ẋ, ẏ) = (x, ty, ẋ, tẏ). (25)

Thus the projection (dTh)0 maps TE onto TM and the corresponding Euler vector field is the (complete) tangent lift of the
Euler vector field of h,

dT∆E =
∑
k

yk∂yk +
∑
k

ẏk∂ẏk . (26)

Note that the tangent lift dT∆E is linear, i.e. commutes with the Euler vector field of the tangent bundle ∆TE , and on E it
reduces to∆E . Moreover, the tangent lifts of commuting vector fields commute, so we get the following.

Theorem 5.1. The tangent bundle of an n-vector bundle (F ,∆1, . . . ,∆n) is canonically an (n + 1)-vector bundle with respect
to the Euler vector fields dT∆1, . . . , dT∆n,∆TF . The corresponding side bundles are F and TF[k], k = 1, . . . , n, respectively. In
particular, the iterated tangent bundle T(n)M = TT · · · TM is canonically an n-vector bundle with (T(n)M)i ' (T(|i|)M).

If
∏
i∈{0,1}n V (i) are local charts in F as in Theorem 4.1, then we have VTF ((i, 0)) = VTF ((i, 1)) = V (i), i > 0, for factors of

local charts in TF . In particular, (TF)(i,0) = Fi and (TF)(i,1) = TFi.
The ‘‘phase functor’’ has not as good properties as the tangent one, since, in general, it associates only relations with

smooth maps. Therefore the cotangent lift d∗T∆E of ∆E , which by definition is the hamiltonian vector field of the linear
function ι∆E on T

∗E represented by∆E , is not an Euler vector field. We get, however, an Euler vector field, denoted by T∗∆E
and called the phase lift of∆E , if we add the Euler vector field∆T∗E of the cotangent bundle,

T∗∆E = d∗T∆E +∆T∗E . (27)
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In the adapted local coordinates,

d∗T∆E(x, y, p, π) =
∑
k

yk∂yk −
∑
j

πj∂πj

and

T∗∆E(x, y, p, π) =

(∑
k

yk∂yk −
∑
j

πj∂πj

)
+

(∑
j

πj∂πj +
∑
a

pa∂pa

)
=

∑
k

yk∂yk +
∑
a

pa∂pa . (28)

The Euler lift T∗∆E is linear, i.e. commutes with∆T∗E , and on E it reduces to∆E . The base of the corresponding homogeneous
structure T∗h is canonically identified with the dual bundle E∗ which is canonically embedded in T∗E. The homogeneous
structure T∗h will be called the phase lift of h. It commutes with the standard homogeneous structure hT

∗E on T∗E. Thus
the cotangent bundle T∗E is canonically a double vector bundle with respect to the pair of commuting Euler vector fields
(T∗∆E,∆T∗E). It is well known that there is a canonical isomorphism of double vector bundles (cf. [34,12,35]) being
simultaneously a symplectomorphism of the canonical symplectic structures:

T∗E
TE //

hT
∗E
0

  AAAAAAAA

(T∗h)0

��














T∗E∗

(T∗hE
∗
)0

!!CCCCCCCC
hE
∗

0

�����������������

E
−id //

h0

����������������
E

h0

��















E∗
id //

hE
∗

0

!!CCCCCCCC E∗
hE
∗

0

""DDDDDDDD

M
id // M

(29)

which in local coordinates reads

TE(x, y, p, π) = (x, π, p,−y) (30)

and identifies (∆T∗E, T∗∆E) with (T∗∆E∗ ,∆T∗E∗). This isomorphism, called sometimes a Legendre transform, has been first
discovered by Tulczyjew [36] for E = TM in the context of Legendre transformation in analytical mechanics. Since TE is
a symplectomorphism, we get additionally that the canonical symplectic form ωE on T∗E is 1-homogeneous not only with
respect to∆T∗E but also with respect to the phase lift T∗∆E . These properties completely determine the vector field T∗∆E if
its restriction to E is given. Namely, we have the following.

Proposition 5.1. Any vector field X on T∗M which commutes with the Euler vector field ∆T∗M and satisfies LXωM = a · ωM ,
where a ∈ R and ωM is the canonical symplectic form on T∗M, is tangent to M and completely determined by a and its restriction
to M. In particular, the cotangent lift d∗TY is the unique linear and hamiltonian extension to T

∗M of a vector field Y on M.

Proof. Write X =
∑
j

(
fj(x, p)∂xj + gj(x, p)∂pj

)
in local Darboux coordinates (xj, pk). The property [X,∆T∗M ] = 0 implies

easily that fj are of 0-homogeneous and gj are 1-homogeneous with respect to ∆T∗M , i.e. fj(x, p) = fj(x) and gj(x, p) =∑
k g
k
j (x)pk. Now,

a ·
∑
j

dpj ∧ dxj = LXωM =
∑
j,k

(
gkj (x)+

∂ fk
∂xj
(x)
)
dpk ∧ dxj,

i.e.

gkj (x) = a · δ
k
j −

∂ fk
∂xj
(x).

Thus, for a given a, the vector field X is completely determined by its restriction
∑
j fj(x)∂xj toM . �

Since the phase lift of an Euler vector field is Euler, the cotangent bundle of an n-vector bundle (F ,∆1, . . . ,∆n) is
canonically an (n + 1)-vector bundle with respect to the Euler vector fields T∗∆1, . . . , T∗∆n,∆T∗F due to the following
proposition.

Proposition 5.2. The phase lifts T∗X and T∗Y of vector fields X, Y on M commute if and only if X and Y commute.
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Proof. The linear functions ιX , ιY on T∗M , corresponding to commuting vector fields X and Y , commute with respect to the
symplectic Poisson bracket, so that they hamiltonian vector fields d∗TX and d

∗
TY commute. The cotangent lifts d

∗
TX and d

∗
TY

are linear vector fields on T∗M , so they commute with the Euler vector field∆T∗M . Hence

[T∗X, T∗Y ] = [d∗TX +∆T∗M , T
∗Y +∆T∗M ] = 0.

Conversely, if T∗X and T∗Y commute, then [X, Y ] = [T∗X, T∗Y ]|M = 0. �

In homogeneous local coordinates (xj) on F , put gk(xj) to be the degree of xj with respect to∆k,∆k(xj) = gk(xj)xj. Then,
in the adapted local coordinates (xj, ps) in T∗F ,

T∗∆k =
∑
k

gk(xj)xj∂xj +
∑
k

(1− gk(xj))pj∂pj . (31)

If
∏
i∈{0,1}n V (i) are local charts in F as in Theorem 4.1, then we have VT∗F (1

n, 1) = T∗V (0) and

VT∗F ((i, 0)) = V (i), VT∗F ((i, 1)) = V (1n − i)∗, i > 0,

for factors of local charts in T∗F . In particular, (T∗F)(i,0) = Fi. The side bundles of the (n + 1)-vector bundle T∗F are F and
F∗(k), k = 1, . . . , n, where F

∗

(k) = (F ,∆
1, . . . ,∆n)∗

∆k
is the vector bundle dual to the vector bundle structure hk0 : F → F[k]

determined by the Euler vector field∆k, respectively. But, according to (29), T∗F ' T∗F∗(k), T
∗∆k ' ∆T∗F∗

(k)
, so up to all these

identifications we can write

(T∗F , T∗∆1, . . . , T∗∆n,∆T∗F , ) ' (T
∗F∗(k),∆T∗F∗

(1)
, . . . ,∆T∗F∗

(n+1)
), (32)

where we use the convention F = F∗(n+1) and∆T∗F∗
(n+1)
= ∆T∗F . The dual bundle F∗(k) is canonically an n-vector bundle (with

respect to the restrictions of the corresponding Euler vector fields):

(F∗(k),∆T∗F∗
(1)
, . . . ,∆T∗F∗

(k−1)
,∆T∗F∗

(k+1)
, . . . ,∆T∗F∗

(n+1)
).

One can also easily derive the fact that the set of n-vector bundles

(F ,∆1, . . . ,∆n)∗ = {F , F∗(1), . . . , F
∗

(n)},

the set of duals of the n-vector bundle (F ,∆1, . . . ,∆n), is closed with respect to passing to the dual bundle with respect to
any of the vector bundle structure on them (cf. [12,26]). The corresponding isomorphisms respect the n-bundle structures,
if we accept the weak isomorphisms related to reordering of the Euler vector fields (or, better to say, by fixing the original
order∆T∗F∗

(1)
, . . . ,∆T∗F∗

(n+1)
). In fact, for k, l = 1, . . . , n, l 6= k,

(F∗(k),∆T∗F∗
(1)
, . . . ,∆T∗F∗

(k−1)
,∆T∗F∗

(k+1)
, . . . ,∆T∗F∗

(n+1)
)∗∆T∗F∗

(l)
=

(∏
ik=0

V (i)×
∏
ik=1

V (i)∗
)∗
∆T∗F∗

(l)

=

( ∏
ik,il=0

V (i)×
∏

ik=1,(1n−i)l=0

V (i)∗
)
×

( ∏
ik=0,il=1

V (i)∗ ×
∏

ik=1,(1n−i)l=1

V (i)

)

=

∏
il=0

V (i)×
∏
il=1

V (i)∗ = (F∗(l),∆T∗F∗
(1)
, . . . ,∆T∗F∗

(l−1)
,∆T∗F∗

(l+1)
, . . . ,∆T∗F∗

(n+1)
). (33)

This implies that the set of duals of an n-vector bundle contains, in general, (n + 1)-elements up to isomorphisms, if we
accept weak isomorphisms, or (n+ 1)! elements, if we count permutations of the n-vector bundle structures. For example,
if we start with a double vector bundle (13) with the core C , then we get the following triple vector bundle:

F∗(2)

��

����������
T ∗Foo

��

~~}}}}}}}}

C∗

��

F∗(1)oo

��

E2

~~||||||||
Foo

}}{{{{{{{{{

M E1oo

Our observation can be summarized as follows.



1296 J. Grabowski, M. Rotkiewicz / Journal of Geometry and Physics 59 (2009) 1285–1305

Theorem 5.2. The cotangent bundle T∗F of an n-vector bundle (F ,∆1, . . . ,∆n) is canonically an (n + 1)-vector bundle with
respect to the Euler vector fields T∗∆1, . . . , T∗∆n,∆T∗F and the side bundles F and F∗(1), . . . , F

∗

(n)-the dual bundles of F with
respect to all the vector bundle structures on F . There are canonical isomorphisms of the (n + 1)-vector bundles T∗F ' T∗F∗(k).
Moreover, the duals of the n-vector bundle F∗(k) are canonically isomorphic to F , F

∗

(1), . . . , F
∗

(k−1), F
∗

(k+1), . . . , F
∗

(n). In particular,
the iterated cotangent bundles (T∗)(n)M = T∗T∗ · · · T∗M are canonically n-vector bundles.

6. Symplectic and Poisson n-vector bundles

Definition 6.1. A symplectic n-vector bundle is an n-vector bundle (F ,∆1, . . . ,∆n) equipped with a symplectic form Ω

which is 1-homogeneous with respect to all vector bundle structures:

L∆kΩ = Ω, k = 1, . . . , n, (34)

whereL denotes the Lie derivative.

An example of a symplectic vector bundle is the cotangent bundle T∗M with the canonical symplectic form ωM .
Consequently, the cotangent bundle of any (n− 1)-vector bundle (E,∆1, . . . ,∆n−1) is a canonical example of a symplectic
n-vector bundle. Indeed, we know already that the canonical symplectic structure ωM is 1-homogeneous with respect to
∆T∗F and with respect to any phase lift.

Theorem 6.1. Any symplectic n-vector bundle (F ,∆1, . . . ,∆n,Ω), n ≥ 1, is canonically isomorphic to the cotangent bundle
over each of its side bundles F[k], equipped with the canonical symplectic form:

(F ,∆1, . . . ,∆n,Ω) ' (T∗F[k], T∗(∆1|F[k]), . . . , T
∗(∆k−1

|F[k]
),∆T∗F[k] , T

∗(∆k+1
|F[k]
), . . . , T∗(∆n

|F[k]), ωF[k]),

k = 1, . . . , n. In particular, all symplectic n-vector bundles

(T∗F[k], T∗(∆1|F[k]), . . . , T
∗(∆k−1

|F[k]
),∆T∗F[k] , T

∗(∆k+1
|F[k]
), . . . , T∗(∆n

|F[k]), ωF[k])

k = 1, . . . , n, are canonically isomorphic.

Proof. SinceΩ is a 1-homogeneous symplectic form on the vector bundle hk0 : F → F[k], we have a canonical isomorphism
ϕk : (F ,Ω) → (T∗F[k], ωF[k]) of symplectic vector bundles which identifies ∆

k with ∆T∗F[k] . But F[k] is an (n − 1)-vector
bundle with respect to the restrictions of ∆1, . . . ,∆k−1,∆k+1, . . . ,∆n, so T∗F[k], thus F , is a symplectic n-vector bundle
with respect to the Euler vector fields

T∗(∆1
|F[k]), . . . , T

∗(∆k−1
|F[k]
),∆T∗F[k] , T

∗(∆k+1
|F[k]
), . . . , T∗(∆n

|F[k]).

Sinceϕk is identity on F[k], the vector field T∗(∆
j
|F[k]
) coincideswith (ϕk)∗(∆j) on F[k]. But the linear vector field X = (ϕk)∗(∆j)

on the cotangent bundle T∗F[k], which additionally satisfies LXωF[k] = ωF[k] is completely determined by its values on F[k],
so

T∗(∆j
|F[k]
) = (ϕk)∗(∆

j). �

Definition 6.2. A Poisson n-vector bundle is an n-vector bundle (F ,∆1, . . . ,∆n) equipped with a Poisson tensorΛwhich is
linear, i.e. homogeneous of degree−1, with respect to all vector bundle structures:

L∆kΛ = −Λ, k = 1, . . . , n. (35)

Of course, any symplectic n-vector bundle is automatically a Poisson n-vector bundle. Since any linear Poisson structure
on a vector bundle E corresponds to certain de Rham derivative in the Grassmann algebra A(E∗) associated with the dual
bundle, we can associate with any Poisson n-vector bundle F the de Rham derivatives dk in A(F∗(k)). For Poisson structures,
homogeneity of degree −1 we call linearity, since the corresponding Poisson bracket is closed on linear (1-homogeneous)
functions. This is exactly the Lie algebroid bracket on section of the dual bundle. Thus we can state the following.

Proposition 6.1. Any Poisson n-vector bundle F induces Lie algebroid structures on all dual vector bundles F∗(k) → F[k].

The Lie algebroid structures on all duals of an n-vector bundle F wewill call concordant, if they are obtained in the above
way — from a Poisson n-vector bundle structure on F .

7. Multi-graded manifolds

A graded manifold is a super-manifold equipped with an additional grading in the structure sheaf. The coordinate
transformations are required to preserve this grading. The calculus on graded manifolds has been developed e.g. in [7,6,37].
Our aim is to describe super-manifolds graded by n-tuples of non-negative integers (i.e. by Nn).
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Definition 7.1. Let G be an abelian semigroup, G 3 g 7→ pg ∈ N, g ∈ G, be any function such that pg 6= 0 only for
finitely many g ∈ G, and let g 7→ g̃ be a semigroup homomorphism G → Z2. A G-graded manifoldM of dimension (p) is
a super-manifold whose local coordinates (xi) can be chosen homogeneous with respect to a G-gradation in the structure
sheaf which agrees with the Z2-gradation, i.e. such that the G-degrees coincide with the parity:

xixj = (−1)̃g(x
i )̃g(xj)xjxi,

and the changes of coordinates respect the gradation.

Note also that, if G is an abelianmonoid (with additive notation) then the local coordinates of degree 0 ∈ G give rise natu-
rally to a graded submanifoldM ofMwhich is a standard (non-graded) smoothmanifold togetherwith a projectionM→ M .
For other concepts of graded differential geometrywe refer to [6,7] or to [37]. Especially, the concept of degree-shifting func-
tor [h]we borrow from the latter. Let h ∈ G. The degree-shifting functor [h] acts on the category of G-graded vector spaces
and assigns to a G-graded space V = ⊕g∈G Vg the spaceW = ⊕g∈GWg+h, whereWg+h consists of the same elements as Vg
but has degree g + h. Any functor on G-graded vector spaces gives rise to an operation on G-graded vector bundles. Note
that the shift operator [h] has the effect of decreasing the degree of fiber coordinates of a G-graded vector bundle E → M
by h ∈ G. In all our cases Gwill be the group Zn (or its sub-semigroup) and g = (g1, . . . , gk) 7→ g̃ = (g1 + · · · + gk) mod 2.
For a G-graded manifoldM we denote byA(M) =

⊕
g∈GAg(M) the G-graded algebra of polynomial functions onM.

Definition 7.2. An n-graded manifold is an Nn-graded manifoldM which admits an atlas with local coordinates of degrees
≤ 1n = (1, . . . , 1) ∈ Nn.

Similarly as in the case of n-vector bundles, we have the algebra A(M) =
⊕
i∈Nn Ai(M) of polynomial functions. The

difference is that this graded associative algebra is graded commutative instead of being just commutative. The A0(M) =
C∞(M)-modulesAi(M) and the higher modulesA(i)(M), as well as the corresponding vector bundles V i(M) and V (i)(M)
are defined completely analogously. We can also pass to to the corresponding objects with respect to the total degree.

Remark 7.1. Passing from Nn- or Zn-degree i to the total degree |i| =
∑
k ik allows us to associate with every n-graded

manifold an N-manifold of degree n, in the terminology introduced by Ševera [29] and exploited by Roytenberg [5,6].

A convenient way to describe the Nn-gradation in an n-graded manifold M is to consider the Euler vector fields ∆kM ,
k = 1, . . . , n, whose eigenvalues represent the degrees of homogeneous functions g(f ) = (g1(f ), . . . , gn(f )). In local coor-
dinates (xj),

∆kM =
∑
j

gk(xj)xj∂xj , (36)

so f is of degree i ∈ Nn if ∆kM(f ) = ikf , k = 1, . . . , n. We have a fundamental correspondence between n-vector bundles
and n-graded manifolds.

Theorem 7.1. With every n-vector bundle F = (F ,∆1, . . . ,∆n) one can canonically associate an n-graded manifold MF =

gr(F ,∆1, . . . ,∆n) such that local coordinates in F of n-degree i ≤ 1n correspond to graded local coordinates inMF of degree i.
This correspondence gives an equivalence of the corresponding categories.

Proof. Assume that an n-vector bundle F is given by an atlas in which local coordinates vji ’s transform as in (22). Passing
from F to a super-manifold structure requires a slight caution because in general the transformation formula (22) does not
work in a super-manifold context.
Let us introduce coordinates θ ji , of degree i ∈ {0, 1}

n on a domainV(0) ⊂ Rm, corresponding to the coordinates vji . Let us fix
an order≺ on the set {0, 1}n such that δ1 ≺ · · · ≺ δn. Let J(i) = (j1, . . . , j|i|) be the growing sequence of those k = 1, . . . , n,
for which ik = 1. Let [i1, . . . , ir ] ∈ {±1} be the sign of the permutation (J1, . . . , J r) of the set J(i) = J1 ∪ · · · ∪ J r , where
Ja = J(ia) and i = i1 + · · · + ir . We claim that the following change of coordinates

(θ ′)
j
i =

∑
0<i1≺···≺ir∑
a
ia=i

∑
(j1,...,jr )

[i1, . . . , ir ] T j
(i1,...,ir ;j1,...,jr )

θ
j1
i1
. . . θ

jr
ir , (37)

satisfies the cocycle condition. This is so because of the following easy properties of the introduced sign

[iσ1 , . . . , iσr ]θ
jσ1
iσ1 . . . θ

jσr
iσr = [i

1, . . . , ir ]θ j1
i1
. . . θ

jr
ir (38)

for any permutation σ and

[i1,1 + · · · + i1,s, i2, . . . , ir ][i1,1, . . . , i1,s] = [i1,1, . . . , i1,s, i2, . . . , ir ]. (39)
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One can obtain the corresponding n-gradedmanifoldMF also bymeans of applying the degree-shifting functors ([37], Propo-
sition 2.2.27).
Conversely, given a n-graded manifold one easily recovers the non-graded transformation functions T ∗

∗
, which produce

the n-vector bundle F . Also the morphisms in the considered categories are in one-to-one correspondence if we apply
the rules analogous to the rules just described for the coordinate changes. In particular, the rule (37) describes graded
diffeomorphisms. �

Similarly like in the n-vector bundle case, any n-graded manifold gives rise to a commutative diagram of graded vector
bundle projections τ(i,i′) :Mi →Mi′ , where i ∈ Nn, i′ ∈ p(i), andMi is the graded submanifold ofM with local coordinates
reduced to thosewhose degrees are≤ i. Of course,Mi is canonically an |i|-gradedmanifold. In this waywe get graded vector
bundles τ k :M→M[k] and the dual bundles σ k :M∗(k) →M[k].
Given an n-graded manifold M let us denote by dgr(M) the de-gradation of M, i.e. an n-vector bundle F such that

gr(F) = MF . If A is a subset of {1, . . . , n}, #A = k, we can consider F as (n − k)-vector bundle with respect to the Euler
vector fields ∆s with s 6∈ A. We denote it by AF and define AM := dgr(M,∆A) as (n − k)-graded manifold associated with
AF , i.e. gr(AF ,∆A) = AM. Note that the final base of AF (and so the support of AM) has #A-vector bundle structures. If A, B
are disjoint subsets of {1, . . . , n} then A∪BM = A(BM), since both sides are (n−#A−#B)-gradedmanifolds associated with
the (n− #A− #B)-vector bundle A∪BF .

Example 7.1. With a vector bundle E over M we associate the N-graded manifoldME . Local coordinates (xa) on M and a
basis of local sections of the dual bundle E∗ give rise to local homogeneous coordinates (xa, yi) on E. The local coordinates
onME are (xa, ξ i) of degrees, respectively, 0 and 1, and the same change of coordinates as described by the definition of the
vector bundle E∗. Thus, with every i-section ν from the Grassmann algebra A(E∗) we associate a function ιν of degree i on
ME in an obvious way, so that A(ME) ' A(E∗). A Lie algebroid structure on E is the same as a linear Poisson structure on
E∗, or the same as a homological vector field Q , [Q ,Q ] = 0 and Q is of weight 1, onME .

The graded tangent bundle TM of an n-graded manifoldM is by definition the (n+ 1)-graded manifold associated with
the tangent bundle T(dgr(M)) of the n-vector bundle dgr(M) being a degradation ofM, i.e.M =Mdgr(M). The degree of ∂xj
as a function on T∗M is−g(xj) ∈ −Nn. Similarly, to obtain an (n+ 1)-vector bundle associated with T∗dgr(M) – the graded
cotangent bundle T∗M – we have to define the degree of ∂xj as (1

n
− g(xj), 1) ∈ Nn+1. One can also say that the grading in

T∗M is induced by the Euler vector fields∆T∗M and the phase lifts T∗(∆kM)which, in the standard adapted local coordinates
(xj, pj) have the form∆T∗M =

∑
j pj∂pj and

T∗(∆kM) =
∑
j

(
gk(xj)xj∂xj +

(
1− gk(xj)

)
pj∂pj

)
.

The bases of the corresponding projections areM andM∗(k), k = 1, . . . , n, and this set of n-graded manifolds is closed with
respect to the corresponding dualities.
We say that an r-form (resp., an r-vector field) α is of weight i ∈ Zn,w(α) = i, ifL∆kM

(α) = ikα, k = 1, . . . , n. Note that
with this convention the weight of dxj isw(xj) = g(xj) ∈ Nn, but the degree of dxj as a function in TM is (g(xj), 1) ∈ Nn+1.
Similarly, the weight of ∂xj is−w(x

j) = −g(xj) ∈ Zn, but the degree of ∂xj as a function in T∗M is (1n − g(xj), 1) ∈ Nn+1.

8. Multi-graded symplectic and Poisson manifolds

Definition 8.1. A n-graded symplectic (resp. Poisson) manifold is an n-graded manifold equipped with a symplectic form of
weight 1n (resp., a Poisson tensor of weight−1n).

Recall that a differential 2-form ω can be locally written in local coordinates (xi) as

ω =
1
2

∑
i,j

dxi ωi,j dxj. (40)

A 2-fromω onM is called symplectic, if dω = 0 andω is non-degenerate. The lattermeans that the induced homomorphism
ofA(M)-modules

ω̃ : Γ (TM)→ Γ (T∗M), X 7→ iXω,

is invertible. For any (n − 1)-graded manifoldM, the n-graded manifold T∗M posses a canonical symplectic form ωM of
weight 1n. Indeed, fixing local coordinates (xj) inM, one can easily see that the 2-formωM which in the adapted coordinates
(xj, ps) in T∗M reads

ωM =

∑
j

dpjdxj
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is well defined, symplectic and, sincew(dpj) = 1n−w(dxj), of weight 1n. Note that for any vector field X onMwe can define
its phase lift T∗X = d∗TX + ∆T∗M exactly like in the standard case. Here, d∗TX is the cotangent lift of X — the hamiltonian
vector field of the linear function on T∗M associated with X . The phase lifts are linear, i.e. commute with∆T∗M and satisfy
LT∗XωM = ωM . We have also full analogs of Propositions 5.1 and 5.2.
It is well known that any symplectic vector bundle (E,∆E,Ω), i.e. a vector bundle (E,∆E) equipped with a symplectic

formwhich is 1-homogeneouswith respect to the Euler vector field,L∆EΩ = Ω , is canonically isomorphic to the cotangent
bundle over the base of E with the canonical symplectic form: (E,∆E,Ω) ' (T∗M,∆T∗M , ωM). A similar fact holds for
symplectic N-manifolds of degree 1 in the terminology of D. Roytenberg or 1-graded symplectic manifolds in our terminology:
every 1-gradedmanifoldM equippedwith a symplectic formΩ ofweight 1 (L∆MΩ = Ω) is diffeomorphic toT∗M equipped
with the canonical symplectic form (cf. [6, Proposition 3.1]). We can generalize this fact, i.e. we have the following graded
version of Theorem 6.1.

Theorem 8.1. Any n-graded symplectic manifold is canonically isomorphic to the graded cotangent bundle T∗M of an (n− 1)-
graded manifoldM, equipped with the canonical symplectic form ωM . Moreover, we have canonical symplectomorphisms

(T∗M, ωM) ' (T∗M∗(k), ωM∗
(k)
). (41)

Proof. The proof is completely parallel with that of Theorem 6.1 and we omit it. �

Recall (cf. [38,39]) that a graded Poisson bracket of degree i on a Zn-graded associative commutative algebra A =
⊕k∈Zn Ak is a graded bilinear map {·, ·} : A×A→ A of degree i ∈ Zn such that

1. {a, b} = −(−1)(|a|+|i|)(|b|+|i|){b, a} (graded anticommutativity),
2. {a, bc} = {a, b}c + (−1)(|a|+|i|)|b|b{a, c} (graded Leibniz rule),
3. {{a, b}, c} = {a, {b, c}}− (−1)(|a|+|i|)(|b|+|i|){b, {a, c}} (graded Jacobi identity), where |a| denotes the total degree of a, etc.

A homogeneous element q of degree kwith the parity opposite to the parity of iwe call homological if {q, q} = 0. It induces
a cohomology operator dq = {q, ·} of odd total degree |k+ i| onA.
The bracket {·, ·} = {·, ·}M on A(T∗M) associated with the canonical symplectic form ωM and represented locally by

the Poisson tensorΛM =
∑
j ∂pj∂xj is a graded Poisson bracket of degree−1

n. Since the algebraA(T∗M) is non-negatively
graded, negative degrees mean simply 0. Recall also (cf. [5,6]) that with any linear Poisson structure Λ on a vector bundle
E, thus with any de Rham differential DΛ on the Grassmann algebra A(E∗) of multi-sections of the dual bundle, one can
associate a function HΛ = ιDΛ on T∗ME , so that {HΛ, ·} is the cotangent lift d∗TDΛ. Here, we clearly identifyA(ME) = A(E∗)
with basic functions on T∗ME . In local homogeneous coordinates (x, y) on E and (x, θ, p, ξ) on T∗ME , everyΛ of weight−1
is of the form

Λ =
∑
a,r

ρra(x)∂yr ∧ ∂xa +
1
2

∑
r,s

Cur,s(x)y
u∂yr ∧ ∂ys ,

so

HΛ =
∑
a,r

ρra(x)ξ
rpa −

1
2

∑
r,s

Cur,s(x)θuξ
rξ s.

In other words the function HΛ is a homological Hamiltonian whose hamiltonian vector field QΛ = {HΛ, ·} is the cotangent
lift of the de Rham derivative DΛ. As T∗ME ' T∗ME∗ , this Hamiltonian can be also viewed as the function ιΛ on T∗ME
associated with the Poisson tensor Λ ∈ A(E). The Hamiltonian HΛ has not only total degree 3 but it is homogenous of
bi-degree (1, 2). In some terminology one says also thatΛ determines a Lie algebroid structure on E and that (M,QΛ) is a Q -
manifold or Lie antialgebroid in the language of [1,40,7,30]. To find a generalization for Poisson n-bundles (F ,Λ) let us recall
that in this case the Poisson tensorΛ determines (concordant) Lie algebroid structures on all all vector bundles F∗(k) → F[k],
i.e. (by definition concordant) homological vector fields q[k] of degree δn onMF∗

(k)
. We will say that a vector field on an n-

graded manifold is unital if its homogeneous parts have weights δ1 = (1, 0, . . . , 0), δ2 = (0, 1, 0, . . . , 0), etc. Observe that
any unital vector fields q[k] on the side bundleN[k] of an (n+ 1)-graded symplectic manifoldN defines the induced vector
field (q[k])[s] on N[s], s = 1, . . . , n + 1, defined as the restriction of the cotangent lift d∗Tq[k] to T∗N[k] ' N . If we consider
the (n+ 1)-graded symplectic manifoldN = T∗MF , thenMF∗

(k)
= N[k]. We have the following.

Proposition 8.1. Homological vector fields q[k] of degree δn onMF∗
(k)
= N[k], k = 1, . . . , n, are concordant if and only if their

cotangent lifts coincide (up to the identification T∗MF∗
(k)
' T∗MF∗

(s)
), i.e., if and only if (q[k])[s] = q[s] for all k, s = 1, . . . , n.

Proof. The cotangent lifts, uniquely determined by their restrictions toMF∗
(k)
= N[k], can be easily seen as represented by

the Hamiltonian vector field with the Hamiltonian HΛ associated withΛ. �
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9. Higher Courant structures, higher Lie algebroids, and Drinfeld n-tuples

A Lie bialgebroid, as introduced in [3], is a pair of Lie algebroid structures Λ,Λ∗ on a vector bundle E and its dual E∗
that satisfies certain compatibility condition. This compatibility condition has been recognized in [5] as the commutation of
the corresponding homological Hamiltonians {HΛ,HΛ′} = 0 on T∗ME ' T∗ME∗ . This means exactly that the Hamiltonian
H = HΛ + HΛ′ of total degree 3 is homological and concentrated in bi-degrees (1, 2)+ (2, 1), i.e. the corresponding hamil-
tonian vector field Q is concentrated in weights (1, 0) + (0, 1). The total weight of Q is 1. Note that there are homological
vector fields of total weight 1 and bi-degrees (−1, 2) or (2,−1). They lead to the concept of quasi Lie bialgebroids. The derived
bracket (in the terminology of Kosmann-Schwarzbach)

{X, Y }Q = {{X,H}, Y } = −(−1)|x|+n{Q (X), Y },

is closed on functions representing sections of E×M E∗ and gives a standard model of Courant bracket [41,42] in its non-
symmetric version, or a Courant algebroid [41,4,5]. Note however that the concept of Courant algebroid is more general and
based on graded symplectic manifolds of degree 2 which are not bi-graded in general. The whole structure, i.e. T∗ME with
the canonical symplectic Poisson bracket and the homological hamiltonian and unital vector field Q – the Drinfeld double of
the original Lie bialgebroid – is a natural generalization of the Drinfeld double Lie algebra [43].
A natural generalization of the above concepts is as follows.

Definition 9.1. An n-Courant structure is an n-graded symplectic manifold (N ,Ω) equipped with a homological Hamilto-
nian of total degree (n+1). ADrinfeld n-tuple is an n-Courant structurewhose homological hamiltonian vector field is unital.

We know already that (N ,Ω) = (T∗M, ωM) for an (n − 1)-graded manifoldM. Let {·, ·} be the symplectic Poisson
bracket on (N ,Ω) = (T∗M, ωM). This Poisson bracket is a graded Poisson bracket on A(N ) of degree −1n, i.e. of total
degree−n. It is a general algebraic fact that the derived bracket {X, Y }H = {{X,H}, Y } of any homological Hamiltonian H ∈
An+1(N ) of the total degree (n+1) (or of any homological hamiltonian and vector field Q of total weight 1) is then a Leibniz
bracket of total degree (1− n). In classical terms, this bracket can be interpreted as a n-Courant algebroid, i.e. as a bracket on
A(n−1)(N ) — the module of sections of the vector bundle C = V (n−1)(N ) overM . Note that the symplectic Poisson bracket
also gives rise to certain operations on subbundles of C = V (n−1)(N ), namely 〈·, ·〉j,k : V j(N )⊗M V k(N )→ V j+k−n(N ), or,
globally, to a graded operation

〈·, ·〉 : C(N )⊗M C(N )→ C(N )

of degree−1n on the graded vector bundle

C(N ) =
⊕
|i|<nM

V i(N ).

If we do not insist on working with multi-graded symplectic manifolds, which means – cotangent bundles – and we admit
symplectic graded N-manifolds of degree n in the terminology of Roytenberg [6], then, analogously, we get a notion of a
Courant algebroid of degree n. In this context, however, the concept of Drinfeld n-tuple makes no sense.
Recently, the double Lie algebroids, as introduced byMackenzie [19–23], have been recognized by Voronov [30] as double

Q -manifolds and generalized to n-fold Q -manifolds, i.e. n-graded manifoldsMF (associated with an n-vector bundle F ) and
endowed with a homological unital vector field Q . This means that Q = Q1 + · · · + Qn, where Q1, . . . ,Qn are commuting
homological vector fields of n-degrees, respectively, δ1, . . . , δn.
More precisely, an n-fold Lie algebroid is an n-vector bundle F equipped with Lie algebroids structures on the vector

bundles hk0 : F → F[k], k = 1, . . . , n, and satisfying certain compatibility conditions. In particular, all morphism in the
characteristic diagram should be Lie algebroid morphisms. An elegant way to describe these conditions is to pass to the cor-
responding n-graded manifoldM =MF . Then, we can interpret these Lie algebroid structures as homological vector fields
Qk of weight 1 on the corresponding 1-graded manifolds and finally, due to the commutativity of Lie algebroid morphisms,
as a homological and unital vector field on the n-graded total spaceM. The compatibility conditions reduce now to the fact
that the vector fields Qk commute. Equivalently, the total vector field Q = Q1 + · · · + Qn is unital and homological, so we
end up with the following (see [30]).

Definition 9.2. An n-fold Lie algebroid is an n-graded manifold with a homological and unital vector field.

Observe that n-fold Lie algebroid is a particular case of a Drinfeld (n+ 1)-tuple.

Proposition 9.1. There is a one-to-one correspondence between n-fold Lie algebroids (M,Q ) and (n + 1)-Drinfeld tuples
(T∗M, Q̃ ) such that Q̃ has trivial summand of weight δn+1.

Proof. Let us put Q̃ = d∗TQ . Then, as easily seen, Q̃ is aHamiltonian andhomological vector field onT
∗M ofweight (0, w(Q )).

Conversely, if Q̃ is a Hamiltonian and unital vector field on T∗M with the trivial summand of weight δn+1, then Q̃ = d∗TQ
for some unital vector field Q onM. Moreover, since d∗T[Q ,Q ] = [Q̃ , Q̃ ] = 0, then Q is homological. �
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Let F ,MF , Q be as above and let i, j ∈ {0, 1}n, i < j. We claim that the vector field Q induces a (|j|− |i|)-fold Lie algebroid
structure on the (|j| − |i|)-vector bundle whose total space is Fj and the final base is Fi. Because Q is tangent to Mj it is
enough to verify the claim forM = MF , i.e. for j = 1n. Moreover, an inductive reasoning shows that we may also assume
that |i| = 1, since an (n − |i|)-vector bundle can be reached in |i| steps in which we simply forget about one Euler vector
field. Note that the (n − 1)-graded manifold {k}M associated with the (n − 1)-vector bundle {k}F defined by Euler vector
fields {∆s}, s 6= k, can be obtained fromMF by applying the parity changing functor to the super vector bundleM→M[k],
i.e. {k}M = ΠM[k]M. The vector field Q̃ := Q − Qk is a linear vector field with respect to the vector bundleM→ M[k]. The
following general fact implies that we can pass from Q̃ to a vector field Q̄ on {k}M.

Lemma 9.1. Let E →M be a super vector bundle and Vect0(E) denotes the Lie algebra of linear vector fields on E . There exist a
canonicalA(M)-linear isomorphism of Lie algebras

φ : Vect0(E)→ Vect0(ΠME). (42)

Proof. Let {ηi} and {µi} be the corresponding local linear coordinates on E and ΠME , respectively, and let ĩ := η̃i, so
µ̃i = ĩ+ 1. The Lie algebra Vect0(E) is locally spanned by the vector fields ηi∂ηj . The following formula

φ(ηi∂ηj) = (−1)
ĩ+j̃µi∂µj

does not depend on the choice of local coordinates. In fact, if η′i =
∑
j ηjTji(x), Tji(x) ∈ A(M), describes transformations of

fiber coordinates of E , then also µ′i =
∑
j µjTji(x) and

η′i∂η′j
=

∑
k

η′i
∂ηk

∂η′
∂ηk =

∑
l,k

ηlTli(x)T jk(x)∂ηk

=

∑
l,k

(−1)l̃(ĩ+l̃+k̃+j̃)Til(x)T jkηl∂ηk ,

because the parity of Tij(x) is ĩ+ j̃. Hence

φ(η′i∂η′j
) =

∑
l,k

(−1)ĩ+j̃µlTil(x)T jk(x)∂µk = (−1)
ĩ+j̃µ′i∂µ′j

.

It is also easy to calculate that φ preserves the Lie bracket of vector fields. �

It follows from above lemma that Q̄ is a homological vector field on {k}M and so induces a (n − 1)-fold Lie algebroid
structure on {k}F . Thus we get the following.

Proposition 9.2. An n-fold Lie algebroid structure on an n-vector bundle F induces canonically, for i, j ∈ {0, 1}n, i < j, an
(|j| − |i|)-fold Lie algebroid structure on the (|j| − |i|)-vector bundle whose total space is Fj and the final base is Fi.

A natural way of constructing n-fold Lie algebroids can be based on the following trivial observation.

Theorem 9.1. If (M,Q ) is an n-fold Lie algebroid, then (TM, dTQ + d), where d is the de Rham differential on TM, is an
(n+ 1)-fold Lie algebroid.

Proof. Since the tangent lift of vector fields respects the Schouten brackets [32], dTQ is a homological vector field with
components of weights δ1, . . . , δn. Moreover, any tangent lift, which locally reads∑

a

(
f a(x)∂xa +

∑
b

∂ f a

∂xb
ẋb∂ẋa

)
,

commutes with the de Rham vector field d =
∑
a ẋ
a∂xa of weight δn+1, so Q + dT is homological and unital. �

The question now is: what is the higher analogue of a Lie bialgebroid? Our answer is obvious: it corresponds to a Drinfeld
n-tuple. Recall that a Drinfeld n-tuple is an n-graded symplectic manifold with a homological Hamiltonian and unital vector
field. Let us take an n-graded symplectic manifold (N ,Ω). We know already that (N ,Ω) = (T∗M, ωM) for an (n − 1)-
graded manifoldM. If Q = Q1 + · · · + Qn is the decomposition of the homological vector field of a Drinfeld n-tuple on
(N ,Ω) = (T∗M, ωM) into homogeneous parts of weights δ1, . . . , δn. It is easy to see that [Q ,Q ] = 0 implies [Qr ,Qs] = 0
for all r, s = 1, . . . , n, i.e. all vector fields Qk are homological and pair-wise commuting. Moreover, for any s 6= r , the vector
field Qr is tangent toN[s] and projectable to the vector field qr[s] with respect to the canonical projectionN → N[s].
Therefore, N[s] possess canonically n commuting homological vector fields qr[s], r, k = 1, . . . , n — the restrictions of

Q1, . . . ,Qn. Here, for technical convenience, we list n vector fields for each base, but clearly qr[r] = 0, i.e. N[s] is canonically
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an (n − 1)-fold Lie algebroid. But the collection of all N[s] is a collection of (n − 1)-graded manifoldsM,M∗(1), . . .M
∗

(n−1),
closed with respect to duality. As a matter of fact, according to the graded analog of Proposition 5.1, the vector field Qr
is the cotangent lift of qr

[s] for s 6= r . The compatibility condition for all the (n − 1)-fold Lie algebroid structures on
M,M∗(1), . . .M

∗

(n−1) is expressed by saying that they come from projections of certain homological hamiltonian and unital
vector fields on T∗M, i.e. from Drinfeld n-tuples. We can say that an n-tuple Lie algebroid corresponds to a Drinfeld n-tuple,
exactly like a Lie bialgebra (or a Lie bialgebroid) corresponds to a Drinfeld double Lie algebra (or Lie algebroid). In particular,
these structures are compatible with the base structure BN , i.e. the projections of qr

[k] and q
r
[s] on N[k,s] coincide, where

[k, s] ∈ {0, 1}n has zeros exactly at positions k, s = 1, . . . , n. The pair of homological vector fields: qk
[s] on N[s], and qs[k] on

N[k], where E = N[s] and E∗ = N[k] are regarded as dual vector bundles over N[k,s] — the degraded manifold N[k,s], forms a
Lie bialgebroid. Indeed, Qk and Qs are the cotangent lifts of qk[s] and q

s
[k] toN ' T∗N[s] ' T∗N[k], so in T∗E ' T∗E∗ they are

represented by commuting and homological Hamiltonians Hk and Hs of degrees (2, 1) and (1, 2). According to the result of
Roytenberg [5], this means exactly that we deal with a Lie bialgebroid. It is not true, however, that in general all these Lie
bialgebroid structures produce a Drinfeld n-tuple even under a natural condition saying that the vector fields qr

[k] and q
r
[l]

induced from algebroid structures on N[k] → N[r,k] and N[l] → N[r,l] coincide onN[k,l], as shown in the following example.

Example 9.1. Consider a trivial double vector bundle M = R × R2 × R × {∗} over a point {∗} with 1-dimensional core
and trivial side bundles of rank 1 and 2. ThenN := T∗M carries a 3-vector bundle structure. Let us denote by v011, v101 and
v
(1)
001, v

(2)
001 the fiber coordinates on the core and the side vector bundles N[1,3] and N[1,2], respectively. Let {e

(1)
001, e

(2)
001, e011} be

the corresponding dual basis of sections of the bundle N[1] → N[1,3]. We endow this bundle with a structure of Lie algebroid
by setting the anchor to zero andA(N[1,3])-linear Lie bracket as follows:

[e(1)001, e
(2)
001] := v010 · e011,

[e(k)001, e011] := 0 for k = 1, 2. Obviously, this is a nilpotent Lie bracket. The induced homological vector field q
3
[1] on N[1] in

the corresponding graded local coordinates {θ ai }, i ∈ {0, 1}
3, has the form

q3
[1] = θ010θ

(1)
001θ

(2)
001∂θ011 .

Let us assume that the other 5 vector bundles N[k] → N[k,l] carries the zero Lie algebroid structure. Then of course the 3
pairs of Lie algebroids (N[k],N[l]) over N[k,l] constitute a Lie bialgebroid. Note that the restriction of q3[1] to N[1,2] is zero, so
the vector fields qr

[k] coincide on intersections, i.e. q
r
[k]|N[k,l] = q

r
[l]|N[k,l] = 0 for distinct r, k, l. However they do not come

from Drinfeld 3-tuple onN because the cotangent lifts d∗Tq
3
[1] 6= 0 and d

∗
Tq
3
[2] = 0 (as q

3
[2] = 0) cannot be equal to Q3 at the

same time.

The following theorem gives sufficient conditions.

Theorem 9.2. Let M be an (n − 1)-graded manifold. A Drinfeld n-tuple on N = T∗M is equivalent to a collection of Lie bial-
gebroid structures on all the pairs of dual vector bundles N[k] and N[s] over the common base N[k,s], k 6= s, related to homological
unital vector fields qs

[k] and q
k
[s], respectively, which satisfy the compatibility condition

(qr
[k])[s] = q

r
[s] for r 6= k (43)

with the convention qs
[s] = 0.

Proof. The vector field qr
[k] is of degree 1 with respect to the Euler vector field∆

r , so of degree 0 with respect to∆s, s 6= r . A
similar statement is true for the vector field Q r

[k] — the (unique) linear Hamiltonian extension of q
r
[k] toN , i.e. Q r

[k] = d
∗
T(q

r
[k]).

According to the graded version of Proposition 5.1, the vector field Q r
[k] coincides with Q

r
[s] for k, s 6= r , so that Qr defined

as Q r
[s] for some (thus all) s 6= r is of degree δ

r . Since Q r
[s] and Q

s
[r], r 6= s, commute because they correspond to the given

bialgebroid structure on (N[s],N[r]), the vector fields Qr pairwise commute and Q = Q1 + · · · + Qn gives rise to a Drinfeld
n-tuple onN = T∗M which induces prescribed bialgebroid structures. �

Since, for a fixed r , the vector fields qr
[k], k 6= r , are concordant, we can also characterize a Drinfeld n-tuple in terms of

Poisson structures.

Theorem 9.3. A Drinfeld n-tuple is a collection of Poisson (n − 1)-vector bundles in duality: (F ,Λ) and (F∗(k),Λk), k = 1, . . . ,
n − 1, which are compatible in the sense that the corresponding Hamiltonians HΛ and HΛk , k = 1, . . . , n − 1, interpreted as
functions on T∗MF ' T∗MF∗

(k)
, commute with respect to the symplectic Poisson bracket.

Let us end upwith somewords about reduction. Sincewe deal, in fact, with a homological Hamiltonian system (N ,Ω,H)
on a symplectic super-manifold (N ,Ω), the reduction should be understood as the Hamiltonian reduction with respect to
a coisotropic and n-graded submanifoldN0. If we assume that the Hamiltonian H is constant on leaves of the characteristic
foliation F of N0 and the quotient N ′ = N0/F is a well-defined multi-graded manifold, then the restriction of Ω to N0
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projects to a symplectic formΩ ′ onN ′, the homological HamiltonianH projects to a homological HamiltonianH ′ onN ′ and
we end up with a new homological Hamiltonian system (N ′,Ω ′,H ′) — new n-Courant or new Drinfeld n-tuple structure.
Of course, this picture covers the reduction associated with the moment map of a Hamiltonian group action: this is only the
choice of the coisotropic submanifold which is determined by the moment mapµ— the inverse-imageµ−1({0}). Note only
that this group action should respect the graded structure, i.e. it should commute with the Euler vector fields.

Example 9.2. Consider the canonical symplectic triple vector bundle

T∗TTM ' T∗T∗TM ' T∗TT∗M ' T∗T∗T∗M

with the characteristic diagram

T∗TM

��

{{wwwwwwwww
T∗TTMoo

��

zzuuuuuuuuu

T∗M

��

TT∗Moo

��

TM

{{wwwwwwwww
TTMoo

zzttttttttt

M TMoo

The tangent bundle τM : TM → M is canonically a Lie algebroid. The corresponding homological vector fields on TM is
the de Rham vector field DM which in local coordinates (x, ẋ) (we do not distinguish coordinates in TM and TM , etc., for
simplicity) has the form DM =

∑
a ẋ
a∂xa , so the corresponding hamiltonian of degree (2, 1) on T∗TM is H(2,1) =

∑
a ẋ
apa.

It is well known that Lie algebroid structures on T∗M such that, together with DM , give a Lie bialgebroid come from Poisson
structuresΛ = 1

2

∑
aΛab(x)∂xa∧∂xb onM . The correspondingHamiltonian onT∗T∗M ' T∗TM of degree (1, 2) is associated

with the tangent lift dTΛ ofΛ by H(1,2) = ιdTΛ, i.e.

H(1,2) =
∑
a,b

Λab(x)paṗb +
1
2

∑
a,b,c

∂Λab

∂xc
(x)ẋc ṗbṗa.

Take now a Lie group action G × M → M which is free and proper, so that the space of orbits M/G is a manifold, and
which preserves Λ, so that Λ projects onto a Poisson structure Λ′ on M/G. Let (ys) be a basis in the Lie algebra G of G and
let Y s =

∑
a f
s
a (x)∂xa be the corresponding fundamental vector fields of this action. Preserving Λ by the action means that

the Schouten brackets [Y s,Λ] vanish. By means of the tangent functor, the action of G can be extended to an action of the
group TG on TM . The Lie algebra of TG is TG and the fundamental vector fields of this action are the tangent and vertical
lifts, dTY s and vTY s, of the fundamental vector fields of the action of G (cf. [32]). Since dT respects the Schouten bracket and
[vTY , dTΛ] = vT[Y ,Λ] (see [32]), the extended action preserves dTΛ. Moreover, it is easy to see that TM/TG ' T(M/G) and
that the canonical projection TM → TM/TG ' T(M/G) is a Poisson map of dTΛ onto dT(Λ′).
Consider now the phase prolongation of the TG action, TG× T∗TM → T∗TM . It is a Hamiltonian action with a canonical

equivariant moment map µ : T∗TM → (TG)∗. The Hamiltonians associated with dTY s and vTY s are, respectively, ιdTY s and
ιvTY s so that the submanifold N0 consisting of common zeros of all functions ιdTY s and ιvTY s , is a coisotropic submanifold
of T∗TM . Since these functions are linear, it is a vector subbundle of T∗TM → TM . But T∗TM is canonically a symplectic
double vector bundle with the other projection onto T∗M and N0 is a vector subbundle also with respect to the other bundle
structure. This is because the tangent lifts of vector fields are linear and the vertical lifts are homogeneous of degree−1, so
d∗T∆TM(ιdTY s) = 0 and d

∗
T∆TM(ιvTY s) = −ιvTY s , thus the corresponding homotheties do not leave N0. The manifold N0 has

therefore its graded counterpartN0 being a bigraded coisotropic submanifold ofT∗TM . The characteristic distribution onN0
is spanned by the (super) vector fields d∗TdTY

s and d∗TvTY
s. They preserve the HamiltonianH = H(2,1)+H(1,2) associatedwith

the Lie bialgebroid structure (DM ,DΛ) and the Hamiltonian reduction leads to the bi-graded symplecticmanifoldT∗T(M/G)
with the reduced homological hamiltonian H ′ associated with the Lie bialgebroid structure (DM/G,DΛ′).
We can go further to the iterated tangent bundle TTM which is a double vector bundlewith respect to projections τTM and

TτM onto TM . It is also canonically a double Lie algebroid corresponding to the homological vector field q = DTM + dT(DM)
on TTM which in local coordinates (x, ẋ, x̄, ẍ) takes the form

q =
∑
a

(
x̄a∂xa + ẍa∂ẋa

)
+

∑
a

(
ẋa∂xa + ẍa∂x̄a

)
.

It corresponds to the linear function ιq on T∗TTM which in the adapted local coordinates (x, ẋ, x̄, ẍ, p, ṗ, p̄, p̈) of degrees,
respectively,

(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, 0), (1, 1, 1), (0, 1, 1), (1, 0, 1), (0, 0, 1),
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reads

ιq = H(1,2,1) + H(2,1,1) =
∑
a

(
x̄apa + ẍaṗa

)
+

∑
a

(
ẋapa + ẍap̄a

)
.

A homological Hamiltonian H(1,1,2) of degree (1, 1, 2) can be obtained from the iterated tangent lift dTdTΛ which is linear
with respect to both vector bundle structures:

H(2,1,1) =
∑
a,b

Λab(x) (p̈bpa + ṗbp̄a)+
∑
a,b,c

(
∂Λab

∂xc
(x)ẋc ṗap̈b +

∂Λab

∂xc
(x)x̄c p̄ap̈b

)

+

∑
a,b,c

1
2

(
∂Λab

∂xc
(x)ẍc +

∑
d

∂2Λab

∂xc∂xd
(x)x̄dẋc

)
p̈bp̈a.

It clearly commutes with ιq, so H = H(2,1,1) + H(1,2,1) + H(1,1,2) represents a Drinfeld triple. The corresponding double Lie
algebroid structures on the side bundles are: (TTM,DTM + dTDM), (TT∗M, dTDΛ + DT∗M), and (T∗TM, d∗TDM + DdTDΛ).
Extending the tangent lift actionG×TM → TM to the iterated tangent lift action TTG×TTM → TTM and taking its phase

prolongation TTG×T∗TTM → T∗TTM (which is canonically Hamiltonian), we get amomentummapµ1 : T∗TTM → (TTG)∗

and the corresponding coisotropic submanifold N1 = µ−11 ({0}). This submanifold is 3-homogeneous with respect to the
triple vector bundle structure on T∗TTM ' T∗T∗TM ' T∗TT∗M , so it has its graded counterpart N1 in the 3-graded
symplectic manifold T∗TTM ' T∗T∗TM ' T∗TT∗M . Like above, the homological Hamiltonian H is constant on the
characteristic distribution of the coisotropic manifold N1 and we get a reduction to the 3-graded symplectic manifold
T∗TT(M/G) with the reduced homological hamiltonian H ′ associated with the three homological vector fields dTdTDΛ′ ,
DT(M/G), and dTDM/G on TT(M/G).
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