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Let X be a topological space (good enough, say, a quasi-projective variety) with an action of a finite group G. For a subgroup
Hof G, let X! = {x € X : Hx = x} be the fixed point set of H. The orbifold Euler characteristic x°?(X, G) of the G-space X is
defined, e.g., in [1,2]:

1
XX G = Y Xy = B X ¥ /Ce(@), (1)
| | (80.81)€GXG: [g]€Cx
8081=8180

where G, is the set of conjugacy classes of elements of G, C;(g) = {h € G : h~'gh = g} is the centralizer of g, and (g) and
(g0, &1) are the subgroups generated by the corresponding elements.

The higher order Euler characteristics of (X, G) (alongside with some other generalizations) were defined in [3,4].
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Definition. The Euler characteristic x® (X, G) of order k of the G-space X is

1
(X0 = = dooxx®) =" x*Vx®, Cele), (2)
geGkt1: [g]eCsx
2igj=8jg;

where g = (g0, &1, . . ., &), {g) is the subgroup generated by gy, g1, . . . , &, and x @ (X, G) is defined as x (X/G).

The usual orbifold Euler characteristic x°®(X, G) is the Euler characteristic of order 1, x V' (X, G).

The higher order generalized Euler characteristics take values in the Grothendieck ring of complex quasi-projective
varieties extended by the rational powers of the class of the affine line. Let Ky(Varc) be the Grothendieck ring of complex
quasi-projective varieties. This is the abelian group generated by the isomorphism classes [X] of quasi-projective varieties
modulo the relation:

—if Y is a Zariski closed subvariety of X, then [X] = [Y] 4+ [X \ Y].

The multiplication in Ky(Varc) is defined by the Cartesian product. The class [X] of a variety X is the universal additive
invariant of quasi-projective varieties and can be regarded as a generalized Euler characteristic of X. Let L. be the class [A}C]
of the affine line and let Ky(Varc)[L'/™] be the extension of the Grothendieck ring Ky (Vare) by all the rational powers of L.

The formula for the generating series of the generalized orbifold Euler characteristics of the pairs (X", G,) in [5] uses the
(natural) power structure over the Grothendieck ring Ky(Varc) (and over Ko (Varc)[LL'/™]) defined in [6]. (See also [7] and
[5] for some generalizations of this concept.) This means that for a power series A(T) € 1+ t - R[[t]] (R = Kp(Varc) or
Ko(Varg)[IL'/™]) and for an element m € R there is defined a series (A(T))™ € 1 + t - R[[t]] so that all the properties of
the exponential function hold. For a quasi-projective variety M, the series (1 — t)~™! is the Kapranov zeta-function of M:
c(®) == (1 —t)"™1 =1 4+ [M] - t + [Sym? M] - t? + [Sym> M] - t*> + - - -, where Sym* M = M/S, is the kth symmetric
power of the variety M. A geometric description of the power structure over the Grothendieck ring Ky (Varc) is given in [6]
or [5]. The (natural) power structures over Ky(Varc) and over Ky(Varg)[L'/™] possess the following properties:

(1) (AEN™ = AO)" loes;
(2) (AW))™ = (A©)"™

One can define a power structure over the ring Z[uy, ..., u,] of polynomials in r variables with integer coefficients
in the following way. Let P(uq,...,u;) = Zkezfopkﬂk € Zluy,...,u;], where k = (ki,..., k), u = (uq,...,u),
uk =ul" ... uk, p, € Z.Define

a-— t)—P(up...,ur) — 1_[ (1-— ulit)fpk,
keZ’ZO
where the power (with an integer exponent —p;) means the usual one. This gives a A-structure on the ring Z[uy, ..., u]

and therefore a power structure over it (see, e.g., [5, Proposition 1])

i.e., for polynomials A;(u),i > 1,and M (u), there is defined a series (1 +A W+ AW+ - -)M@ with the coefficients
from Z[uy, ..., u].

Letr = 2,uy = u,u; = v.lete : Ko(Varc) — Z[u, v] be the ring homomorphism which sends the class [X] of a
quasi-projective variety X to its Hodge-Deligne polynomial e(X; u, v) = Y hy (—u)'(—v).

Remark. Let R; and R; be rings with power structures over them. A ring homomorphism ¢ : Ry — R, induces the natural
homomorphism R;[[t]] — Ry[[t]] (also denoted ¢) by ¢ (Z a; tl) =Y ¢(a)t'. In [5, Proposition 2], it was shown that if a
ring homomorphism ¢ : Ry — Ry issuch that (1—£)™™ = ¢ ((1 — t)~™) forany m € R, then¢ ((A(t))™) = (¢ (A(1)))*™
forA(t) € 1+ tR[[t]], m € R.

There are two natural homomorphisms from the Grothendieck ring Ky(Varc) to the ring Z of integers and to the ring
Z[u, v] of polynomials in two variables: the Euler characteristic (with compact support) x : Ko(Varc) — Z and the
Hodge-Deligne polynomial. Both possess the following well known identities:

(1) the formula of I.G. Macdonald [8]:
x (1 + [X]t + [Sym? X]e2 + [Sym® X]¢ + -+ ) = (1 — £) *®),
(2) and the corresponding formula for the Hodge-Deligne polynomial (see [9, Proposition 1.2]):
1 eP4(X)
e(1+ Xt + [Sym* X]¢* +--) = (1 =)%Y = T (7) :

1 — uPvit
p.q v

These properties and the previous remark imply that the corresponding homomorphisms respect the power structures over
the corresponding rings: Ky(Varc) and Z[u, v] respectively, see [7].
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A generalization of the orbifold Euler characteristic to the orbifold (or stringly) Hodge numbers and the orbifold
Hodge-Deligne polynomial (for an action of a finite group G on a non-singular quasi-projective variety X ) was defined in [ 10].
Let X be a smooth quasi-projective variety of dimension d with an (algebraic) action of the group G. For g € G, the
centralizer C;(g) of g acts on the manifold X ¢ of fixed points of the element g. Suppose that its action on the set of connected

components of X has N, orbits, and 1etX<g>,X§g>, e X,f,‘? be the unions of the components of each of the orbits. At a point
X e Xoﬁ?, 1 < oz < Ng, the differential dg of the map g is an automorphism of finite order of the tangent space T,X. Its action
on T,X can be represented by a diagonal matrix diag(exp(27if;), ..., exp(2mwify)) with0 < 6, < 1forj=1,2,...,d (6
are rational numbers). The shift number ng associated with XO%) is Fgg = Z}; 6 € Q. (It was introduced in [11].)

Definition. The generalized orbifold Euler characteristic of the pair (X, G) (see [5]) is

Ng

X.Gl= Y D IXE/Calg)] - L e Ky(Varc)[LY/™]. (3)

[g]€Gy ag=1

Since the Euler characteristic and the Hodge-Deligne polynomial are additive invariants they factor through
Ko(Varg)[LV™] and the Euler characteristic morphisms send [X, G] to the orbifold Euler characteristic x°?(X, G). The
Hodge-Deligne polynomial morphism sends it to the orbifold Hodge-Deligne polynomial from [12,13].

Let G" = G x --- x G be the Cartesian power of the group G. The symmetric group S, acts on G" by permutation of the
factors: s(g1, ..., &) = (&-101), - - - » &-1(m))- The wreath product G, = GS, is the semidirect product of the groups G" and S,
defined by the described action. Namely the multiplication in the group G,, is given by the formula (g, s)(h, t) = (g-s(h), st),
where g, h € G", s, t € S,. The group G" is a normal subgroup of the group G, via the identification of g € G" with
(g, 1) € G,. For a variety X with a G-action, there is the corresponding action of the group G, on the Cartesian power X"
given by the formula

(815, 8)s R1, o, %) = (81X6=1(1)s -+ - » BnXs—1(m))

where x1,...,x, € X, g,...,8 € G, s € S,. One can see that the quotient X" /G, is naturally isomorphic to the
space Sym"(X/G) = (X/G)"/S,. In particular, in the Grothendieck ring of complex quasi-projective varieties one has
[X"/Gy] = [(X/G)" /Syl = [Sym"(X/G)].

A formula for the generating series of the kth order Euler characteristics of the pairs (X", G,) in terms of the kth order
Euler characteristics of the G-space X was given in [4] (see also [3]).

The generating series of the orbifold Hodge-Deligne polynomials e(X", G,; u, v) of the pairs (X", G,;) was computed
in[13].

Areformulation of the result of [ 13] in terms of the generalized orbifold Euler characteristic with values in Ko (Varg) [L'/™]
was given in [5]. Using properties of the power structure one has ([5, Theorem 4]):

. ~[X.G]
DX Gle" = (]‘[(1 —IL“WH)) : 4

n>0 r=1

Here we define higher order generalized Euler characteristics of a pair (X, G) (with X non-singular) and give a formula
for the generating series of the kth order generalized Euler characteristic of the pairs (X", G,).

Before giving the definition of the higher order generalized Euler characteristic of a pair (X, G) we discuss some versions
of the definition (3) and of Eq. (4).

For a G-variety X (not necessarily non-singular) its inertia stack (or rather class) I(X, G) is defined by

IX,6) =) [X¢/Ce(g)] (5)

[g1€Cyx

(see e.g. [14]). One can see that it is an analogue of the generalized orbifold Euler characteristic (3) without the shift factor
“g . This inspires the following version of the definition (3).

Definition. For a rational number ¢, let

Ng
X.Glyy = Y D X2 /Ca(@)] - L € Ko(Vare)[LV™]. (6)

[g]leCy ag=1

That is the Zaslow shift Fgg is multiplied by ¢4. For ¢; = 1 one gets the generalized Euler characteristic [X, G] from (3),
for ¢; = 0 one gets the inertia class I(X, G). The arguments from [5] easily give the following version of Eq. (4).
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Proposition 1.

00 —[X,G]
Z[Xn7 Gn]gm "= (H(] _ LWI(TUd/Ztr)) ) (7)
r=1

n>0

Thus multiplication of Zaslow’s shift by a number (at least by 1 or 0) makes sense. For the corresponding definition of
the higher order generalized Euler characteristic one can use factors ¢, depending on the order of the Euler characteristic.

Let X be a non-singular d-dimensional quasi-projective variety with a G action and let ¢ = (¢1, ¢, ...) be a fixed
sequence of rational numbers. We use the notations introduced before (3). B

Definition. The generalized orbifold Euler characteristic of order k of the pair (X, G) is

Ng
g
[X.Gly = Y D X&), Cel@)ly " - L4 € Ko(Vare)[LV™], 8)
[g]€Gy ag=1

where [X, = [X, is the (modified) generalized orbifold Euler characteristic given by (6).
here [X G]; [X, G],, is the (modified) lized orbifold Euler ch istic given by (6)

Remark. The definition (2)(as well as (1)) contains two equivalent versions. One can say that here we formulate an analogue

of the second one. A formula analogous to the first one (with the factor \%I in front) cannot work directly, at least without

tensoring the ring Ko(Varc)[L'/™] by the field Q of rational numbers. Moreover, it seems that there is no analogue of
Theorem 1 in terms of the power structure. This gives the hint that a definition of this sort makes small geometric sense (if
any).

Taking the Euler characteristic, one gets x (X, GI¥) = x ¥ (X, G).

To prove the formula for the generating series of [X", Gn]f;, we will use some technical statements.

Lemma 1.

X' x X", G x G”]"g =[x, G/]; x [X", G”];. (9)

The proof is obvious.

Let X; and X, be two G-manifolds and let X]" x XJ ™ be embedded into (X; | | X>)" in the natural way: a pair of elements
(X115 .-+, X1m) € X" and (2.1, ..., X2n—m) € X5 " is identified with (X1,1, ..., X1.m, X215 - ., X2.n—m) € X1 [[X2)". Let
Sn(X" x X3~™) be the orbit of X]" x X7 ™ under the S,-action on (X7 | [ X2)". The wreath product G, acts on S, (X" x X5~ ™).

Lemma 2.

[SnX" x X37™), Galy = [X{", Gl X X3 7™, Guoly- (10)

Proof. An element (g, s) € G, has fixed points on S,(X]" x X;~™) if and only if it is conjugate to an element (g, s') € G,
such thats’ = (s1, 52) € Sm X Sp—m C Sn and the element (g, s') = ((g1, 82), (51, 52)) has fixed points on X]" x X; ™ (and
only on it). The centralizer of the element (g, s') is C,, ((g1,51)) X Cc, (€2, 52)). The components of (X" x XJ—™)\(&s))
are the products (X;")f,fgl’s‘)) X (x;*m);(gz’”” of the components of (X{")(®1-s0) and (X)~™)(®2:%2)), The shift Fé%'s/) is equal
to F&SV L F ;gz’sz). Therefore

<g1.s1)+F'(3g2,sz)>

DI x X5 MES Co, ((81.51)) X Cop (82, 52))16 " LT
(g .s)] p B

[S: X" x X3, Gall,

- (81.51)
Yo Y IEMED, Co, (@1, s L

[(g1.sD)] o

(82:52)
XYY IEETME G, (82 52T L
[(&2.52)] B B

= X", Guly X X3 7", Guomly. O



S.M. Gusein-Zade et al. / Journal of Geometry and Physics 95 (2015) 137-143 141

Let X be a G-manifold and let ¢ be an element of G acting trivially on X. Let r be a fixed positive integer. Denote by G - (a)
the group generated by G and the additional element a commuting with all the elements of G and such that (a) N G = (c),
¢ = d'. Define the action of the group G - (a) on X (an extension of the G-action) so that a acts trivially.

Lemma 3 (Cf. [4, Lemma 4-1]). In the described situation one has

X, G- (@], = rIX, Gl

Proof. We shall use the induction on k. For k = 0 this is obvious (since [X, G]g = [X/G]). Each conjugacy class of elements

from G - {a) is of the form [g]a’, where [g] € G,,0 < s < r.The fixed point set of ga’ coincides with X#, the Zaslow shift Fgas
at each component of X# coincides with FZ (since a acts trivially). The centralizer Cg.(q) (ga°) is C;(g) - (a). Therefore

Ng
_ g
[X. G- (a)ly =[g§] Y X Co - (@15 - =X Gl O
€Gx a=1

Theorem 1. Let X be a smooth quasi-projective variety of dimension d with a G-action. Then

_ k
k Dy (r)d/2 ror2.rk1 ol
Z[Xn, Gn]ﬂ' t" = l_[ (1 —L k()d/2 | trer“'rk) 37k , (]])
"

n>0
where

Or(r1, .o T) = @1(r — D+ @ari(ry = 1) + - - - + @il - - T (g — 1),

Proof. To a big extend we shall follow the lines of the proof of Theorem A in [4]. We shall use the induction on the order k.
For k = 1 the equation coincides with the one from Proposition 1. Assume that the statement is proved for the generalized
Euler characteristic of order k — 1. One has

> Gl ~t"=Zf”( 2 Z[(x"ﬁé%;;”,ccn«g,s))]fa‘~LF5§*55),

n>0 n>0 [(g,5)]1€CGps comp

where the sums are over all the conjugacy classes [(g, s)] of elements of G, and over all the components of (X"){®&%! (or
rather unions of components from an orbit of the Cg, ((g, s))-action on the components of it).

The conjugacy classes [(g, s)] of elements of G, are characterized by their types. Leta = (g,s) € G, & = (g1, ..., &n)-
Letz = (i, ..., ir) be one of the cycles in the permutation s. The cycle-product of the element a corresponding to the cycle
zisthe product g g; , ...8&;, € G.The conjugacy class of the cycle-product is well-defined by the element g and the cycle z
of the permutation s. For [c] € G, and r > 0, let m,(c) be the number of r-cycles in the permutation s whose cycle-products
lie in [c]. One has

Z rm.(c) = n.
[c]€Gy,r>1

The collection {m,(c)}, . is called the type of the element a = (g, s) € G,. Two elements of the group G, are conjugate to
each other if and only if they are of the same type.
In [4] (see also [13]) it is shown that, for an element (g, 5) € G, of type {m,(c)}, the subspace (X")!®%) can be identified

with
l_[ H(X<C>)mr(f)_ (12)

[c]eGsx r=1

By [4, Theorem 3.5] the centralizer of the element (g, s) € G, is isomorphic to

TT TTHCe© - (are) 2 Smcor}

[c]leGs r=>1

(acting on the product (12) component-wise) where Cg(c) - (ar ) is the group generated by C;(c) and an element a; .
commuting with all the elements of C¢(c) and such thata] . = ¢, (ar.c) N Cg(c) = (c), and a; ¢ acts on (X‘)™ © trivially.

The components of (X©)™(© (with respect to the Cg(c) - {arc)-action) are Sp, () (]_[Z‘;l(x‘ic))m”(“)), where

Zgil m; (o) = m,(c). Here and below the sum over comp means the summation over all the components indicated in
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the summands. Therefore

> IX" Gl ~t":Zt"< > Z[(X”)éf,%;;”,ccn«g,s))]g‘;l-LFc‘frﬁ%>

n>0 n>0 [(g,5)]1€Gn« comp

k-1
Yo Y Z[1‘[{(x<f>)mf“>}mp,1"[{<cc<c)~<ar,c>>zsmr<c>}} L
14

n>0 {mr(c)} comp | [c],r [c]r

k—1

Ny
= Z th- Z 1_[ |:Smr(c) (H(Xéf))m“(“)) s (CG(C) : (ar,c>) 2Smr(c):|

n=0 {mr.c(@)} | [clr a=1 p

N 1)d
(Y Y mr @ EG+I5P)
X L [c],r =1

[terating Lemma 2 one gets

Nu
= > =me@]] :H[(X;C>)mf~f<“>, (C6(©) + (7)) 2 Smyo ]y !

{mr c(e)} [c],r {a=1

Ne 1)d
¢k< > Y mpcle)(Fg+ TS >)
x L

[c],ra=1

Ne
-] (ﬂ ( D MO (Ca(€) - (are)) 2 Smyco ]y

[cl,r \a=1 \{mr c(@)}

No
¢/<<Z > mr.c(a)<F§+@)>
x L

[c],r =1

By induction one gets

(c)
o\ —Xa".Ce(0)-(ar,c)]
Ny p2..pk=2 « ’
= HH( [T (1-roe0f iS5 mnna)*™ )
1

[c],r =1 TR >1

k—1
14

IEPEE o) e TOR ) A
= l_[ (1 — L‘I’k—l(r)%]]ﬂk(ﬁmrkq (rfzw)trr“rkfrr) 2737 k=1 [cle

I Tk—121

(here we use the properties of the power structure)

rgr2.rk -
l_[ 1_]L(q)k—l(T)+(PI<T1"'TI<—1("Ic_l))%trl'“rk—l‘rk) 3Tkt [l

5 o\ T Y X o1 LS
(fl )

—[X.Gly
( 1_[ (1_]Ld’k(r)d/Ztr1fz~-~rk)r2r32“'r}:_l) 7.

T1yeees re>1
In the last two equations r is substituted by r,. O
Remark. For ¢ = 0,i.e.if ¢; = 0foralli, the definition of the higher order generalized Euler characteristics does not demand

X to be smooth. This way one gets the definition of a sort of higher order inertia classes and the statement of Theorem 1
holds for an arbitrary G-variety X.

Since x ([X", Gn]’;) = x® (X, G), x (L) = 1, taking the Euler characteristic of the both sides of Eq. (11) one gets Theorem
Aof [4]: a

| 1o
Z x® X" Gy - th = ( 1_[ (1 - trlrzmrk)r?rg'”rk]) .

n>0 Tyl >1
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Let ego X, G u,v) =e(X, G](’;; u, v) be the higher order Hodge-Deligne polynomial of (X, G) (of order k). Applying the
Hodge-Deligne polynomial homomorphism, one gets a generalization of the main result in [13]:

. —el (X, Gyu,v)
) ke {2
k d Tpry -
YW Gy "= [ (1= )0 g T
n>0 LT ey |
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