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0. Introduction

The concept of filiform Lie algebras (also called threadlike Lie algebras, see [1] and the AMS review of the paper [2])
was first introduced by Vergne [3] in her study of the reducibility of the varieties of nilpotent Lie algebras by using the
cohomology theory of Lie algebras. She proved that the subset of filiform Lie algebras is open in the varieties of nilpotent Lie
algebras which plays an important role in showing that the varieties are reducible in high dimensions. The study of filiform
Lie algebras has been the subject of a number of papers, [4-7] to name a few. In particular, Lie groups of lots of filiform Lie
algebras do not admit a left-invariant affine structure which are counterexamples for Milnor’s conjecture [8].

As a byproduct, in [3] Vergne showed the existence of only two naturally graded filiform Lie algebras, L, and Q,, the
second existing only in even dimension. Among them, the first algebra (is called the model filiform Lie algebra) has been a
central research object for the last forty years. In particular, since its cohomology has been calculated in [9], which allowed
to describe its infinitesimal deformations in a precise way, thus by studying its deformations, lots of families of character-
istically nilpotent Lie algebras (that is, Lie algebras with only nilpotent derivations) have been constructed [10]. For more
information on characteristically nilpotent Lie algebras, see the survey paper [11].

The filiform Lie superalgebras, a particular class of nilpotent Lie superalgebras, were introduced by Gilg in [12], which
are super-analogue to the filiform Lie algebras. Analogous to what happens in the Lie case, where every filiform Lie algebra
can be obtained by an infinitesimal deformation of the model filiform Lie algebra L,, one can prove that all filiform Lie
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superalgebras can be obtained by infinitesimal deformations of the model Lie superalgebra L, ,, [13]. The deformation
of filiform Lie superalgebras were further studied recently, see [14-16]. In particular, Khakimdjanov and Navarro gave a
complete classification of all the infinitesimal deformations of the model Lie superalgebra Ly, , in [17] which play a crucial
role in the theory of filiform Lie superalgebras.

However, less of work is done for the representations of filiform Lie (super)algebras. For a finite-dimensional Lie
(super)algebra g, we define the minimal dimension of faithful g-modules as

u(g) = min{dim V | V is a faithful g-module}.

In [18,19], Burde considered the faithful representations of filiform Lie algebras, in which he obtained that for any (n 4+ 1)-
dimensional filiform Lie algebra g, u(g) > n+ 1 = u(L,) and also gave an upper bound for 1(g). When one considers a
similar problem in the super case, due to the lack of Lie’s Theorem, the situation is much more complicated. Even though
for the abelian Lie superalgebras with nontrivial odd part, this problem is still open. The third-named author determined
the minimal dimensions of faithful modules for Heisenberg Lie superalgebras and for purely odd Lie superalgebras in [20]
and [21]. To our knowledge, the minimal dimension of the faithful module for Lie superalgebra L, , is still unknown. In the
current paper, we determine the minimal dimensions of faithful modules for the filiform Lie superalgebras L, »:

Theorem 1. For the filiform Lie superalgebra Ly, ,, we have
(1) umo) =m+1;

(2) ulpp) =m+2if m=n=>0;

(3) ullon) =n+1forn>1; u(ly ) =n+1forn>2;
(4) ulmp) =n+2ifn>m>2.

The Clifford (or Weyl) algebras have natural representations on the exterior (or symmetric) algebras of polynomials
over half of generators. Those representations are important in quantum and statistical mechanics where the generators
are interpreted as operators which create or annihilate particles and satisfy Fermi (or Bose) statistics. Moreover, they have
deep connections with many other important algebras, such as extended affine Lie algebras, Kac-Moody algebras and the
Virasoro algebra, see [22-26]. In the last part of the paper, we use Clifford algebras, Weyl algebras and the mixed algebras
to construct some infinite-dimensional representations. In addition, we also construct a finite-dimensional representation
of Ly, on the Grassmann algebra.

Throughout this paper, we write Z, N, Z, and C for the sets of integers, positive integers, nonnegative integers and
complex numbers, respectively. Write Z, for the two element field. Write e;; for the standard matrix unit (1 at the spot (i, j)
and 0 elsewhere). All vector spaces, algebras and Lie (super)algebras are over C. Let |v| be the Z,-degree of v, where v is a
homogeneous element of a Z,-graded vector space V.

1. Preliminary remarks

For a Lie superalgebra L, we first recall the lower central series of L
=L  [*'=[LI]
In order to describe the super-nilindex of a Lie superalgebra L, we inductively define two sequences:
0 i+1 i
=1 L' =L L]
and
0 " .
=1L, L' =L L]
Then we have the fact that L is nilpotent if and only if there exists (m, n) € N? such that Lg’ = 0 and L’{ = 0, for the details
see [13, Theorem 2.1].
By the above results, the super-nilindex can be defined as follows: Let L be a nilpotent Lie superalgebra, the super-nilindex
of L is the pair (m, n) of integers such that: Lg =0, qu—1 # 0 and L’% =0, L’%_l # 0. It is invariant up to isomorphisms. The
filiform Lie superalgebra (see [13]) is defined as follows:

Definition 1.1. Let L be a nilpotent Lie superalgebra. L is called filiform if its super-nilindex is (dim Ly — 1, dim L7).

Denote ¥, , the set of all filiform Lie superalgebras with super-nilindex (m, n). As for the filiform Lie algebra [9], there
is an adapted basis for a filiform Lie superalgebra:
Forany L = L ® Lj € ., there exists a basis {Xo, X1, ..., Xm, Y1, Y2, ..., Yy} of Lwith X; € Ly and Y; € L; such that:
[Xo, Xi] = Xit1, 1<i<m-—1, [Xo, Xm] = 0;
[X1, X2] € spanc{X; [ 4 <i < m};
[Xo,Yil =Yy, 1<i<n-—1, [Xo, Yu] = 0.
The above result was given by Gilg in [13].
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Let L, , be a filiform Lie superalgebra with a homogeneous basis
{Xo, X1, .- s Xm | Y1, ..., Yu}
and the Lie super-brackets given by
[Xo, Xi] =Xip1, 1<i<m-—1, [Xo, Yl =Yj1q, 1=<j=<n-—1,
where the other brackets vanish. We call L, , the model filiform Lie superalgebra and call {Xo, X1, ..., X, Y1, - - -, S_(,,} the

standard basis of L, ,. The even part Lf_’n,n is the model filiform Lie algebra (always denoted by L,,) and the odd part L,lﬂ_,1 isa
module of LY, .

2. Minimal faithful representations

In this section, we will prove Theorem 1. We also show that Ly, , is not the simplest filiform Lie superalgebra of #, , in
the sense of minimal faithful representations by providing an example.

We will show the theorem case by case. The first case in Theorem 1 follows from the following result (see [29] or [19,
Corollaries 2.6 and 2.8]).

Proposition 2.1. For the model filiform Lie algebra L,,, we have (L) = m+ 1. Moreover, the embedding p : L, —> gl(m+1)
given by

m—1
Xo —> E €iit1s Xi —> emy1—ims1
i=1

for 1 <i < m,isa Lie algebra homomorphism.

Now we have the fact:

Lemma 2.2. If p : L, — gl(r, ) is an injective homomorphism of Lie algebras, thent > m+1ors > m+1,i.e, max(r,s) >
m+ 1= pu(Lp).

Proof. Since gl(r, s)5 = gl(r) @ gl(s), we can write p = (p1, p3) such that
p(x) = diag(p1(x), p2(x))

with p1(x) € gl(r) and p,(x) € gl(s) for any x € L. Itis clear that p; : L, —> gl(r) and p; : L, —> gl(s) are Lie algebra
homomorphisms. By Proposition 2.1, it is enough to show that at least one of p; and p; is injective. Conversely suppose
there exist nonzero elements x, y € L, such that p;(x) = 0 and p,(y) = 0. Putx = Z}“:O a;X;, where {Xp, X1, ..., Xn}isa
basis of L,, with nonzero brackets:

[Xo, Xi] = Xitq1, 1<i<m-—1.

If ag # 0, then p1(Xm) = a; '[p1(x), p1(Xm—1)] = 0. Otherwise, take
k=min{i| a; #0,1<i<mj.

Then we have
p1Xm) = a ' p1((@d Xo)" () = 0.

Similarly, we have 0, (X;;) = 0. This contradicts the injectivity of p. O

Now we can get the second case in Theorem 1:

Corollary 2.3. u(Lyp,) =m—+2ifm=>n> 0.

Proof. Suppose that L, , can be embedded into some gl(r, s), and denote the map by p. Then p |L1 : Lfn_’n — gl(r,s)jisan

injective map of vector spaces and p |Lf) : L‘?n . — gl(r, s)g is an injective homomorphism of Lie algebras. Since rs # 0 and
m,n ’

Lemma 2.2 implies that max(r, s) > m + 1, whence r 4+ s > m -+ 2. We finish the proof by constructing a Lie superalgebra
homomorphism from L, , to gl(m + 1, 1) which is injective. Consider the linear map ¢ : Ly, , —> gl(m + 1, 1) given by

m—1
Xo —> Zei,H—l» Xi —> emy1—im+1, Y; —> eny1-jmi2
i=1
where1 <i <m,1 <j <nand {Xo,X1,...,Xm, Y1, ..., Yn}is the standard basis of L, ,. It is easy to check that ¢ is an

injective homomorphism of Lie superalgebras. O
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Proposition2.4. If m =0or 1and m < n, then u(Lyp ) =n+ 1.
Proof. First, consider the case (m, n) = (0, 1).Itis clear that u(Ly ;) > 2, and the linear map ¢ : Ly.; —> gl(1, 1) given by
Xo — Iy, Yi—> e
is an injective Lie superalgebra homomorphism. Whence 1t (Lp 1) = 2.
Forn > 2, the linearmap ¢ : L; , —> gl(n, 1) given by

n—1
Xo —> E €iit1s X1 > Iy, Yi— eni_inr1 for1<i<n
p

is an injective homomorphism of Lie superalgebras, thus p(Ly ;) < u(L1,) < n+ 1. The first “<” follows from the fact: If
L’ is a subalgebra of Lie (super)algebra L, then (L) < u(L). Now consider p(Lo ) and suppose p : Lo, —> gl(r, s) is an
injective homomorphism of Lie superalgebras with

J 0 0 A
X0|—>(0 K) and Y1»—><B 0).

For a matrix T, denote T; the operator which multiplies T on the left and T, the operator which multiplies T on the right.
Then by induction we have

_ i-1 0 Ui =K' (A)
Yi = (ad Xp)'" 'Yy ((1(, D)) 0 )

Without loss of generality, assume (J; — K,)""1(A) # 0 and (J; — K;)"(A) = 0.If Z?;O] a;(Ji — K;)'(A) = 0 for a; € C with
some q; # 0, then (J; — K;)"~1(A) = 0. Whence the linear map ¢ : Ly, —> gl(r, s) given by

‘/’(XO)ZP(XO)Z({) 2) «m:(g ’3) and (¥ = (ad p(X)"~ ((¥1)

is still an injective homomorphism of Lie superalgebras. Note that since [Y;, Y;] = 0for 1 <i,j < n, we canview Lo , asaLie
algebra if we forget its Z,-grading, which is isomorphic to L,. Thus ¢ can induce a monomorphism ¢ : Ly ,(= L,) — gl(r+5)
of Lie algebras such that 9(Xp) = ¢ (Xo) and ¢(Y;) = ¢(Y;),for 1 <i < n. Proposition 2.1implies thatr+s > u(L,) = n+1.
Thus p(Ly,n) > w(Lo,n) = n+ 1, which implies that (Lo n) = u(ly1n) =n+1. O

Now we consider the last case.
Proposition 2.5. u(L,,) =n+2ifn>m> 2.

Proof. First consider the linear map ¢ : L, , —> gl(n + 1, 1) given by

n—1
Xo —> E €iit1, Xi —> emt1-in+1, Y; —> ent1-jnt2-
i=1

It is easy to check that ¢ is an injective homomorphism of Lie superalgebras. Whence w(Ly; ;) < n + 2. On the other hand,
we have ft(Lyn) > pu(loq) = n+ 1.
Suppose p : Lp., —> gl(r, s) is an injective Lie superalgebra homomorphism withr +s=n+ 1and

J 0 0 A
Xor—><0 K) and Y1»—><B 0).

We can assume B = 0. Now assume the matrices J and K have the Jordan canonical forms, i.e.,] = diag(Jy, ..., Jx) and
K = diag(Ky, ..., K;) with
A1 -~ 0 0 i 1 --- 0 0
A -+ 0 O 0 7 -~ 0 O
Ji= : : E B Ky = : : oo :
0 0 - A 1 0 0 -~ p 1
0 0 -+ 0 X 0 0 --- 0 up

Rewrite A = (A;j)kx in block form. Then for 1 < t < n, we have

(i —K)'(A) = ((Ui)l - (Kj)r)[Aij)kxl
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Suppose that ((J;); — (Kj)r)"_lA,»j # 0and ((Jo1 — (K),)"A; = Oforsome 1 < i < k, 1 < j < L Since we can subtract a
scalar matrix A;lr4s from ¢(Xp), we take A; = 0. Note that

Ji - (G = 090" "a5) = (G = @)™ "45) - K

"“1a; = 0.Since

implies n; = 0 or ((J) — (K);)
-l ——1f(n— 1Y\ , n—1—t n—1
Z(—l)n t ( ¢ )],AUKJ = ((.Il)l - (K])r) Aij #0,
t=0

we have rank( J;) +rank(K;) > n— 1.Asr +s =n+ 1, we have

o1 --- 0 O o1 --- 0 O
o0 --- 0 O o0 --- 0 O
Ik : Co k=
0 0 0 1 0 0 0 1
0 0 0 0/ . 00 --- 0 0/ .
and
o i-1 0 (JI—K)7'A) . (0 A
Y; = (ad Xp) Y1»—>(O 0 =lo o

where A = (aj),x; and A = it (—=1)"1* (") JPAK™=1~¢.In particlular, we obtain

_ n—1\ . _ n—1 n—1
0# (_1)n rAn = (T _ 1)]r A = (r _ ]) eirhers = (T _ 1) ar1€1s,

i.e; ar1 # 0. Since [Xo, Xin] = 0 and [Xp, Xin—1] = X, we have
r—1
b0
t=1
s—1
0 > ek
t=1
Suppose b; = ¢; = 0for 1 <i < o — 1. Then we have
r—1 s—1
D b A —Ana YK
t=a t=p

n—a—1r—1

Z Z(_l)n—a—l—u <Tl —o— 1>btjt+uAKn—a—l—u
u

u=0 t=«

Xn —>

n—o—1 s—1

_ Z Z(_l)n—a—l—v (n _(z - 1>CJUAI<n—a—1—v+t

v=0 t=«a
_frTt+s—a—2 o (r+s—a-=2
= (_1)5 ! baarlel,s - (_1)S ot Colr1€1,s + Z )\ijeij-
r—oa—1 r—1 ) ~
i#1 or j#s
For the last “=", considering the last second term, then the terms including e, are

n—a—1r—1 n—a—1
Z Z(—l)n_a_l_u< )bte1,t+u+1Aesf(n7uf17u),s
u=0 t=«a u
n—a—1s—1
o fn—a—1
- Z Z(—l)" ot L( )Ctel,1+vAesf(nfa717v+t),s~
v
v=0 (=«
Sincet+u+1<randn—a—1—u<s—1=n-—r,wehaveu+a+1>r >t-+u-+ 1.0n the other hand, t > «.
Hence,t = ¢ andu = r — o — 1. For the second one, wehave 1+ v <randn—a —1—v+t <s—1=n—r.Thus
1+v<r<14v+a—t Ontheotherhand,t > «.Hence,t = « and v = r — 1. So the coefficient of e, is

(_l)nfaflf(rfafh <n — - 1>baar1 _ (_l)nfa—l—(rfu (Tl — - 1>Caar1-

r—oa—1
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Whence, [X;, Yr_o] = 0 implies

r+s—a—2 r+s—a—2
( tsoa )ba + (—1)“”( tsoa )co, —o. 2.1)
r—a—1 r—1
Similarly, [X, Yn_o—1] = 0 implies that
r+s—a—3 r+s—a—3
IR VIR Al il PRSP (2.2)
r—a—1 r—1

Solve Egs. (2.1) and (2.2), then we can get b, = ¢, = 0. Now by induction and noticing that n > m, we have p(X;;) = 0,
which is a contradiction. O

Proposition 2.6. The model filiform Lie superalgebra Ly, , can be embedded in gi(r,s) withr +5s = u(Lyp ) andr > s > 11if
andonlyif r > m+ 1.

Proof. The “only if” part follows from Lemma 2.2.
For the “if” part, we only need to construct the embedding case by case.

(1) Form > n > 0, the embedding is given in Proposition 2.1 and in the proof of Corollary 2.3.
(2) Form = 0,n = 1, the embedding is given in Proposition 2.4.
(3) For Ly , with n > 2, we have that the linear map p : L; , — gl(r, s) given by:

j=1 ;
. i—e—1fJ— 1
Xo +—> diag(rxr» Jsxs), X1 +—> Iy, Y —> Z(_])] ! l< ¢ )erft,rﬂft
t=0

is an injective Lie superalgebra homomorphism (we always assume e; = 0ifi < 0 orj < 0 hereafter). Notice that Ly ,
is a subalgebra of L; ;;, whence we have the embedding o], , for Lo .
(4) Forn > m > 2, we can define the linear map p : Ly, , —> gl(r, s) withr +s =n 4 2 by

i1 -
. ime—1(J—1
Xo > diag(rxr, Jsxs), Xi —> emy1-ir, Y —> Z(_l)J ‘ ]< t )erftfl,rﬂft
t=0
which is an embedding. 0O

Remark 2.7. (1) Since we have the Lie superalgebra isomorphism gl(r, s) = gl(s, r), Proposition 2.6 gives a description of
the possible super-dimensions of the minimal faithful representations of Ly, p.
(2) For any m, n, denote r = max(m + 1, n+ 1). Then we have the injective Lie superalgebra homomorphism o : Ly, —
gl(r, 1) given by
r—2
Xo —> Zet,t—Ha Xi — emti1-ir, Yj — ent1-jr+1
t=1

fori<i<mandl1<j<n

In Lie algebra case, from [ 19, Proposition 2.5] we know that for nilpotent Lie algebran of class m, u(n) > m+1 = u(Ly).
In particular, L, is the simplest filiform Lie algebra among all the filiform Lie algebras with dimension m + 1 in the sense of
minimal faithful representations. But in super case, we have the following example:

Example 1. In gl(3, 1), we take
Xo = —epp — €3, X1 =en, X2 = e3, Y1 = ez, Y, = —eq, Y3 = ey,
then [Y;, Yj] =0forall1 <i,j < 3and

[Xo0, X1]1 = Xy, [Xo, X2] =0, [Xo, Y1l = Y5, [Xo, Y21 = Y3, [Xo, Y31 =0,

[X1,X2] = [X1, V1] = [X1, V3] = [X3, Y2] = [X5, Y3] = 0, —[X1, V2] = Y3 = [X3, Yq].
Then L = spang{Xo, X1, X2, Y1, Y2, Y3} is a subalgebra of g((3, 1). On the other hand, L is a filiform Lie superalgebra with
super-nilindex (2, 3) which is listed in [12] ((4) in %3.3). Now we get (L, 3) = 5 > 4 > p(L). Indeed, u(L) = 4 since

ul) = p(lzo) +1=4
Whence, in the sense of minimal faithful representations, Ly, , is not always the simplest filiform Lie superalgebra in %, p.
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Form, n € N, let Ly, ) be the Lie algebra with a basis
{Xo, X1, ..., Xm, Y1, ..., Y}
and the Lie brackets given by
[Xo, Xi] =Xip1, 1=<i<m-—1, [Xo, Yl =Yj1q, 1=<j<n-—1,

where the other brackets vanish. If we forget the Z,-grading of Ly, », then Ly,  is a Lie algebra which is isomorphic to Ln, ).
But the representations of L, , and L, ) are different, such as we have that u(Lgn.1)) = m+ 1 # m+ 2 = pu(Ly,,) for
m > 2.

3. Representations of L,, ,

3.1. Lie’s Theorem for L »
In general, the Lie’s Theorem does not hold for Lie superalgebras. But for L,, , we have the following result:

Proposition 3.1. Every finite-dimensional irreducible representation of Ly, , has dimension one.
Proof. Suppose V is a finite-dimensional irreducible representation of L, ,. We prove the result in the following three steps:

(1) If m > 2. Since X, is a linear transformation on the finite-dimensional vector space V, there is A € C such that V;, =
{v € V | Xpv = Av}is nonzero. As Xy, is in the center of L,; ,, we have that V, = V. This implies that under certain
basis of V, X;, becomes the scalar matrix Aly. On the other hand, [Xp, X;,_1] = X, implies that the trace of X,, is zero,
i.e, A = 0and X, acts on V trivially. Then V is also irreducible over Ly,_1 n = Ly n/CXp. Inductively, we have that V is
an irreducible representation over Ly .

(2) In Ly 5, X is a trivial central element. This implies that if V is an irreducible representation over L , then it is also irre-
ducible over the subalgebra L .

(3) Assume that V is a finite-dimensional irreducible representation over Ly , for n > 2. Since Y, is a linear transformation
on V, hence thereis u € CsuchthatV, = {v € V | Y,v = uv} is nonzero. If i # 0, then consider the subspace
V;; =V, ®V_,.Itis easy to check that V/; is a nonzero Ly ,-submodule of V. Whence V = V/’L. Suppose {vq, v, ..., Uy}

is a basis of V,, and v; = u; + w; for u; € Vg and w; € V3. Since

nu; + pw; = pv; = You = You; + Yywi,

we have Y,u; = pw; and Y,w; = pu;. Moreover, Y, (u; — w;) = —u(u; — w;) and {uq, ..., u,, wq, ..., w,} are linearly
independent. This implies that dim V,, < dim V_,,. Similarly, we havedimV,, > dimV_,,i.e,wegetdimV, = dimV_,.
Furthermore, we know that {uy, ..., u,, wq, ..., w;} is a homogeneous basis of V. Under this basis
(0 ul
e ()
Assume

A 0 0 C
Xo = <0 B) and Yn_] = (D O) .

Then [Xg, Y,] = 0 implies that A = B. Now

0w\ o, _ _ 0 AC —CA
(er 0 > —Yn - [Xo,yn,]] - (AD_DA 0 >

By the fact tr(AC — CA) = 0, we get © = 0, which is a contradiction. Whence u = 0, Vo = V and Y,V = 0. Moreover,
we have V is also irreducible over Ly ,—1 = Lo »/CY,. By induction again, we have V is irreducible over the abelian Lie
superalgebra Ly 1, thus V has dimensionone. O

Remark 3.2. Proposition 3.1 also follows from [27, Proposition 5.2.4] given by Kac where he used a ‘big’ Theorem to imply
the proposition. Here, we give a fundamental proof of Lie’s Theorem on L, , by using the theory of linear algebra as what
we did in Section 2.

3.2. Some representations
Ifp : Linn — gl(r, s) is a Lie superalgebra homomorphism, then every representation over gl(r, s) becomes a represen-

tation over L, , through p. Whence we can get lots of representations for L, , by considering representations over g((r, s)
such as the representations constructed in [24,28]. In this section, we would not consider all of them. We just give some
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interesting examples instead.

In this subsection, we fix m, n € Z, and denote r = max(m + 1, n 4 1). Let us construct the representations for Ly, ;.
Since all of Ly o, Lo, 1, L1,0 and Ly 1 are abelian Lie (super)algebras, hence we always assume r > 3.

Let R be an associative algebra. Let p = £1. We define a p-bracket on R as follows:

{a, b}, =ab+ pba, a,be R.
It is easy to see that
{a,b}, = p{b,a}, and [ab,c]=a{b,c}, — pla,c},b

for a, b, c € R where [a, b] = {a, b}_1 is the Lie bracket. Sometimes, we write {a, b} = {a, b} and {a, b}; = {a, b};1.
Indeed, we have the more useful identity:

[ab, cd] = a{b, c},d — pac{b, d}, + {a, c},db — pc{a, d},b.

3.2.1. Finite-dimensional representations
Let A(r) be the Grassmann algebra with r variables {x1, x, . .., x,}. We may view A(r) as a Zz -graded algebra by letting
|xi| = 1for 1 <i < r.We identify x; with the left multiplication given by x; itself and write 5 for the partial differential

operator with respect to x;. Then, in gl(A(r)), we have

0 0 0
i}y =y—,—¢ =0 and |x;, — =Jj.
3x,» 8Xj + 8Xj +

Now define the following linear operators on A(r):

a

E Xt & =Xmy1—iz—>  Jfj = Xny1j
3Xt+1 0x; ! !
and
—2
/ /o d /o 0
O t+17 e,‘ = Xr 3 ) f; - 9 .
— Xm+1—i Xn+1—j

Theorem 2. A(r) becomes an L, ,-module under the actions given by
Xi —> ej, Yi—f;
or
Xir—e,  Yi—ff
for0<i<mand1<j<n
Proof. Let us check the commutative relations case by case. First, we have

r—2 9

3
leo, ei] = Z[Xt Fo. xm+1_ia7r]

t=1

N

r—

0 d
= Strtme1—iXe 7 — OS¢ Xmp1—iT——
o X, 0Xpy1

— {xm+1 (1+1)a =e4 ifl<i<m-—1
0 ifi=m
0
lei, ] = [xm+1 in Xm+1 ]a ] =0
leo, f1 = Y[ o—— 1 Xae
! ; t3Xt+1 i

2 ) )
_ TX:(S X = 1 Xnt1=Gen) =fiy1 f1<j<n-1
- t+1n+1-j4t = 1 ifj —n

=1

d
lei. fil = [Xm+1—i37r,xn+1—j] =0.
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At last, we have

i, fil+ = xng1—i, Xnp1-j}+ = 0.

Similarly, we can prove the relations for e; and )S/. O

Remark 3.3. (1) From Section 2, we know (Ly.,) < r + 1. On the other hand, we have that gl(A(r)) = g((2"~!,2"~1) and
2=1 > r + 1. Hence we can define more actions of L, , on A(r) and make it as an L, ,-module, such as the following

actions:
r—2
Xo H—> X , Xi —> X1Xmy1-i, Y —> X1
= Xt
or
=9 a9 9
Xo —> Xt , i — — , Yi —>
= Xy 0X1 0Xppp1—i 0Xnt1—j

fort<i<mandl1<j<n
(2) From Proposition 3.1, we know that in either case in Theorem 2 the L, ,-module is reducible and has a filtration. For
example, if r = 3 we have the following filtration in the first case

AB3)=43)"243)' 2437 2---2403)° =0
where

A(3)" = spanc{xy, X2, X3, X1X2, X1X3, XaX3, X1X2X3)

A(3)% = spanc{xq, X2, X1X2, X1X3, X2X3, X1X2X3}

A(3)® = spanc{xy, Xz, X1X2, X1X3, X1X2X3}

A3)* = spanc{x1, X, X1X2, X1X2X3}

A(3)® = spanc{xq, X2, X1X2} = Linn A(3)

A(3)° = spanc{xy, X1x,}

A(3)” = spang{xixa}

and A(3)'/A(3)"* s a trivial L, ,-module fori = 0, 1, . .., 7. Similarly, we have filtrations in the other cases.

3.2.2. Infinite-dimensional examples

Define a(r, p) to be the unital associative Clifford (resp. Weyl) algebra for p = 1 (resp. p = —1) with 2r generators
a;, ai, 1 <i < r,subject to relations

{ai, g}, = {af, a’}, =0 and {a;, a/}, = pdy.
Let a, (1, p) be the algebra obtained by adjoining to a(r, o) the generator e with relations {e, e}_, = 0 and
{ai,e}; =0={al,e};, forr==1.

Then it is an extension of the algebra a(r, p).
Let af (r, p) be the left ideal generated by af for 1 < i < r. Now we can construct our operators on the infinite-
dimensional vector space

Ve(r, p) = a(r, p)/af (1, p).
Forany1 <i<mand1 <j <n,set
r—2 .
Go=) aaq,, &=ania, [i=aw1je
t=1
and

r—2
S/ * S0 * Flo__ %
€ = E ar de+1, & =ty ff = e
t=1
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Theorem 3. V. (r, p) becomes a module of the Lie superalgebra L, , under the action given by
Xi — &, Y —> f

or
Xi —> €, Yj — fj’

for 0 <i <mand1 <j < n Moreover, the module is reducible in both cases.

Proof. We check the relations case by case:

r—2
[eo, ] = Z[ata;:_l’ Um1-iay ]
=1

=
N

|
™

* 2 *
(3t+1,m+1—iatar —p 5t,ram+1—ia[+1)

,,
Il
_-

mri—i+ndy =81 f1<i<m-—1
ifi=m

! e,
o9

(&, &] = [am+1-iG}, Any1—ja;] =0
r—2
[80. 1 =) a0}, ans1sel
t=1
r=2 f if1<i< 1
Unii—iene = fi i j<n-—
— h) _.ae = n+1-(+1) j+1 ==
; t+1,n+1—j4%t 0 1f]=n
[éi, fi]1 = [am41-ia}, Any1—je] = 0.
Finally
{fi. fit+ = {any1-ie, Gny1jely = Any1i€ani1-je + any1—jedni 1€
= _Tan+l—ian+l—j{ea e}—p =0.

Similarly, we can prove the relations for €; and fj’. The irreducibility follows from that the module generated by e are proper
in both cases. O

Now let us consider the associative algebra «(r, p) generated by infinite many generators

{up)lp € 2},
where u € {a;, a | 1 <i < r} with the relations
{u®. v(@}, = {u, vV}pdpsq.0-
By the generating relations, we have

[ai(p)a;(q), ax(s)] = 0,
[ai(P)a; (@), a; ()] = —Sikdp-+s,0a(@) + PSjkdq+s,0ai(P),
[ai(p)a; (q), ar(s)] = djxdq+s,0ai(P),
[ai(p)a; (q), ai (5)] = —udp+s,06; (q),
[af (P)a; (@), ax($)] = 8jkBq+5,00; (P) — PSiSp-+s,06; (q),
[a] (p)a; (@), a;(s)] =0
forp,q,seZand1<i,j,k<r.

Let ot (r, p) be the subalgebra generated by a;(p), af(q), a; (0), for p,q > 0,and 1 < i,j, k < r.Leta™ (r, p) be the
subalgebra generated by a;(p), a’(q), ax(0), for p,q < 0,and 1 < i,j, k < r. Those generators in o™ (r, p) are called anni-

hilation operators while those in @~ (r, p) are called creation operators. Let V(r, p) be asimple a(r, p)-module containing
an element vy, called a“vacuum vector”, and satisfying ot (r, p)vy = 0. So all annihilation operators kill vy and V (r, p) =
a~(r, p)vo.
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Now we are in the position to construct a class of fermions on \7(r, 1).Foranyp = (p1,p2,p3) € Z>,1 < i < mand
1<j<nset

r—2

@) =YY a(pr —9)ai,(s).
t=1 se€Z

ei(p) = Zal(l’z +ip1 — 5)am+l—i(s)a
SEZ

fi(P) = anp1-i(p3 +jp1).

Thgorem 4. Foranyp = (p1, p2, p3) € Z°, V(r, 1) becomes amodule of the Lie superalgebra Ly, , under the action p : Ly n —>
gl(V(r, 1)) given by
Xi—ei(p),  Y;— fi(p)
for0<i<mand1<j<n
Proof.

r—2

[eo(P). & (P)] =[ > apr = 50a, 50, Y a2 + ip1 = 52)ams1-i(52)]

t=1 s1€Z Sp€EZ

.‘
N

Sm—i+1,c4+101 132 + @+ Dpr — S)Clt(s)

t=1 seZ

ar(p2 + (i+ Dp1 — 8)am—i(s) = ei1(p) f1<i<m—1
= SEZ
ifi=m

By a similar argument, we have
lei(p), j(P)] = [ei(p). fi(®] = {fi(®). fi(®)}+ =0
leo(P). (P)] = {ff“(") e

Whence V(r, 1) becomes an L, ,-module under the action ¢p. O

Remark 3.4. (1) We can define the similar action on V(r, 1) as what we do in Theorems 2 and 3:

r—2
Xo — DY a(pr — 9)af (),

t=1 s€Z

Xi — Zam+1—i(p2 + ipy — 5)a; (s),

SEZ
Y; —> any1-j(p3 +jp1)-

(2) Let us consider an extension of the algebra «(r, p). The generators

{e(p)Ip € Z} (3.1)
span an infinite-dimensional Clifford algebra or Weyl algebra with relations
{e), e(@)}-, = ep)e(q) — pe(@)e(p) = pPép+q,0- (32)

Let . (r, p) denote the algebra obtained by adjoining to «(r, p) the generators (3.1) with relations (3.2) and

{ai(p), e(@)}: =0 ={a](p), e(q)};, forr =%£1.

Let o (r, p) be the left ideal generated by e(s), a;(p), a’(q), a;(0), for p,q,s > 0,and 1 < i,j, k < r. We have lots of
ways to define operators on the infinite-dimensional vector space

Ve(r, p) = . (r, p) /ot (r, p)

and make it as an Ly, ,-module. The detail of constructions is left as an exercise for the reader.
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