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Abstract

We review the construction of the multiparametric quantum group ISO, (N as a projection from
504+ (N + 2) and show that it is a bicovariant bimodule over SO, , (N). The universal enveloping
algebra U, ,(iso(N)), characterized as the Hopf algebra of regular functionals on IS0, ,(N), is
found as a Hopf subalgebra of U, ,(so(N + 2})) and is shown to be a bicovariant bimodule over
Uy r(so(N)).

An R-matrix formulation of U, . (iso(N)) is given and we prove the pairing U, ,(iso(N)) <
IS0, ,(N). We analyze the subspaces of U, ,(iso(N)) that define bicovariant differential calculi
on ISO, ,(N).
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1. Introduction

A noncommutative space—-time, with a deformed Poincaré symmetry group, is an inter-
esting geometric background for the study of Minkowski space—time physics and, in partic-
ular, of Einstein—Cartan gravity theories [9,7]. In this perspective it is natural to investigate
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inhomogeneous orthogonal quantum groups, their quantum Lie algebras and more generally
their differential structure.

In this paper we review the multiparametric R-matrix formulation of ISO, ,(N) as a
projection from SO, , (N + 2) [4] emphasizing the analogy with the classical construction.
We also show that /SO, ,(N) is a bicovariant bimodule over SO, ,(N), freely generated
by the translation elements x¢ plus the dilatation element associated to ISO, ,(N). We
then construct and analyze the universal enveloping algebra U, , (so(N + 2)), defined as
the algebra of regular functionals [11] on the multiparametric homogeneous orthogonal ¢-
groups. The projection procedure SO, . (N +2) — ISO, (N ), initiated in [6] and developed
in [7,2,4], is here exploited to obtain U, ,(iso(N)) as a particular Hopf subalgebra of
Uy r(so(N +2)), and prove thar it is paired to ISO, - (N). A detailed study of U, , (iso(N))
and an R-matrix formulatiot. is given. In complete analogy with the ISO, ,(N) case we
also prove that U, »(iso(N)) is a bicovariant bimodule over U, ,(so(N)) and give a basis
of right invariant elements that freely generate U, ,(iso(N)). The universal enveloping
algebras of the inhomogeneous quantum groups I GL, ,(N), first studied with a different
approach in [16], can be derived in a similar way.

The quantum Lie algebras of ISO, ,(N) are subspaces (adjoint submodules) of
U, r(iso(N)), and in the last section we examine two of them, obtained as “projections”
from the quantum Lie algebras of SO, (N + 2). The two associated bicovariant differen-
tial calculi are also briefly presented. The first has N + 2 generators, and is an interesting
candidate for a differential calculus on the quantum orthogonal plane in dimension N. The
second is obtained with the parametric restriction r = 1; in the classical limitr =g = 1 it
reduces to the differential calculus on the undeformed ISO(N). This section does not rely
on the technical parts of Sections 4 and 5; these may be skipped by the reader interested
mainly in the differential calculi on ISO, , (N).

In this article, all the properties of the quantum inhomogeneous ISO,, ,(N) group, its
universal enveloping algebra and its differential calculus are derived from the known prop-
erties of the homogeneous “parent” structure. The main logical steps of this derivation are
independent from the g-group considered, and the projection procedure may be applied to
investigate more general quotients of the A, B, C, D g-groups, as for example deformed
parabolic groups.

2. 50, ,(N) multiparametric quantum group

The SO, (N) multiparametric quantum group is freely generated by the noncommuting
matrix elements T“b (fundamental representation a, b = 1, ..., N) and the unit element /,
modulo the relation dety T = I and the quadratic RT T and CT T (orthogonality) relations
discussed below. The noncommutativity is controlled by the R-matrix

R 1010, =17, TRV . 2.1

which satisfies the quantum Yang—Baxter equation
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aiby axc bz _ pbic ajca azby
R azb:R a3CzR bicy =R bzt?zR ﬂ2f3R azby’

(2.2)

a sufficient condition for the consistency of the “RT T relations (2.1). The R-matrix com-
ponents R“b(, 4 depend continuously on a (in general complex) set of parameters g, r. For
gqap = r we recover the uniparametric orthogonal group SO, (N) of [11]. Then q,p —
I,r — 1 is the classical limit for which R , — 8?83 : the matrix entries 79 commute
and become the usual entries of the fundamental representation. The multiparametric R-
matrices for the A, B, C, D series can be found in [15] (other reference on multiparametric
g-groups are given in [14,18]). For the orthogonal case they read (we use the same notations
of [4]):
R, =8%8] [qi + =D&+ - 1)5“”’} (1 — 892y + 82 b sm2802

ab a2 e
+(r = r H[ePshss — gucrramresTls Ly, (2.3)

where 69° = 1 fora > b and 6%* = 0 for a < b; we define n» = (N + 1)/2 and primed
indices as @’ = N + 1 — a. The terms with the index nj are present only in the B, case:
N = 2n + 1. The p, vector is given by

(ﬁ_l.ﬁ_z,....l,o,—l ..... —5+1>
2 2 2 2 2
for B,[SO(2n + 1)],
(o1,...,pN) = N N N 24
(7—1,?—2,....1,0,0,—1,...,—7+1)

for D,[SO(2n)].

Moreover, the following relations reduce the number of independent g, parameters [15]:

#2

qaa =V, Gba = —» 2.5
Yab

r2 r2

Gab = = =44y (2.6)
Gab’ qa'b

where (2.6) also implies g,,» = r. Therefore the g, witha < b < N/2 give all the g’s.
It is useful to list the nonzero complex components of the R-matrix (no sum on repeated
indices):

aa
R, ., =r. a#na,

I3

R = P a % ny,

namy

R nany T l’

L b, a #b 2.7
ab_q_;v a;ﬁ,a;é, ()

a
R"bba =r—r7', a>b, d#b,
R, =(r— Y = PPy, a > dl,

! —
R = —(r — FOYPaTP g > b, d #b.
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Remark 2.1. The matrix R is upper triangular (i.e. R“"cd =0if[a =cand b < d] or
a < c) and has the following properties:

RiL=Ryi,m1. (Rg)™ca=Rer) . (Rg)™ca = (Rp)™par (28)

where g, r denote the set of parameters g, r, and pgp = qp,.

The inverse R~ is defined by (R")“h(‘dR“def = 52’8}’. = R“b(,d(R’l)“def. The first

equation in (2.8) implies that for |g| = |r] =1, R = R™1.

Remark 2.2. The characteristic equation and the projector decomposition of Ii’w, where
R4 4 = R4, are the same as in the uniparametric case [14,4]; in particular the projectors
read:

1

g [R+r~' 1=+ 717Ny,

Ps =

Ps= [—R+rI —(r —r'"Nypy), 2.9)

r+r1
Po= (CapC?)"'K, where Ky = CC,y.

Orthogonality conditions are imposed on the elements 7, , consistently with the RTT
relations (2.1):

Crere, 14 = €1, CueT4 T, = Cral, (2.10)
where the (antidiagonal) metric is
Cap =1 "8ap .11

and its inverse C“? satisfies C“?Cp,. = 88 = CepC ba We see that the matrix elements of
the metric and the inverse metric coincide, C*? = Cy;; notice also the symmetry C,p =
Cra-

The consistency of (2.10) with the RT T relations is due to the identities

CanR*y = (R7HYY _Che, (2.12)
R?bcdgcea — be(léfl)cafd. (2.13)

These identities hold also for R — R~! and can be proved using the explicit expression
(2.7) of R. We also note the useful relations

CanR?y=r"NCey,  CHR™  =r""Neb (2.14)
and

Rabpc! — CUhC“»/, Rau(”‘d — C“”/C(,d fora > c. (2.15)
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The costructures of the orthogonal multiparametric quantum group have the same form as
in the uniparametric case: the coproduct A, the counit £ and the coinverse « are given by

ATy =T @ TP, (2.16)
e(T) = 8, (2.17)
K(T%) = C*T%Cap. (2.18)

In order to define the quantum determinant det, .7 we introduce the orthogonal N-
dimensional quantum plane of coordinates x¢ that satisfy the g-commutation relations
PA“dex"xd = (. We then consider the algebra of exterior forms dx!, dx2, o, dxN
defined by Ps? 4dx¢dx? = 0 and Py?.ydx“dx? = 0, ie. (use (2.9)) dx¢dx? =
—rR? .4 dx¢dx?. There is a natural action 8 of the orthogonal quantum group on the
exterior algebra (that becomes a left comodule):

§(dx"y =T ® dx‘,  8(dx“dx"-- dx) =T%T?, - - T/ ® dx?dx® - dx/.

Generalizing the results of [12] to the multiparametric case, we find that any N -dimensional

form is proportional to the volume form dV = dx! ... dx¥, so that the determinant is
uniquely defined by
8(dV) =det, , T ® dV. (2.19)

Using (2.10) as in [12] it is immediate to prove that (detq,,,-T)2 = I; moreover det, T is
central and satisfies A(dety ,T) = det, ,T ® det, ,T.

To obtain the special orthogonal quantum group SO, ,(N) we impose also the relation
det, , T = 1.

Remark 2.3. Using formula (2.3) or (2.7),we find that the RA%D matrix for the SO, (N +
2) quantum group can be decomposed in terms of SOy, (V) quantities as follows (splitting
the index A as A = (o, a,e),witha=1, ..., N):

RAB

CcD
oo ce oo ee od od co ce cd
0o r 0 0 0 0 0 0 0 0
ce 0 r! 0 0 0 0 0 0 0
e 0 f» oo 0 0 0  —Ceghr™"
e 0 0 r 0 0 0 0 0
ob 0 0 00— 0o 0 o0 0
= qob
b 0 0 0 0 0 s 0o a8 0
qeb
ao 0 0 0 0 A% 0 —s5 0 0
Gao
ae 0 0 o0 0 0 0 s o
dae
ab 0 —=CP" 0 0 0 0 0 0 R,

(2.20)
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where R“bcd is the R-matrix for §Oy ,(N), Cyp is the corresponding metric, A = r — =l

p=(N/2) (rP = Cs) and f(r) = A(1l — r2#).

3. ISO,4 - (N) as a projection from SO, (N + 2)

Classically the orthogonal group SO (N + 2) is defined as the set of all linear transforma-
tions with unit determinant which preserve the quadratic form (z%)? 4+ (z1)2 +- - - + (V12
or equivalently, since we are in the complex plane, the quadratic form Z0z V1 4212V ... 4
V170 (use the transformation z4 — (z4 +iz4)/V2for A < N/2; 24 — (24 —iz%)/V2
for A > N/2; 4 unchanged for A = A’). The associated metric is therefore C4p = 845’
where A, B=0,1,.... N+1land B =N+ 1- B.

We consider the 7SO (N) subgroup of SO(N + 2) defined as follows. Select the subset
of matrices in SO (N + 2) whose components TAp read

T¢ =T% =T =0. 3.1)

The product of two such SO (N + 2) matrices gives a SO(N + 2) matrix with the same
structure:

Too y z Yw/oO y/ Z/ Toc T/Oo y// Z//
O 7 x |- o 1T X |= 0 T-T x”
0 0 T° 0 0 T, 0 0 TT,

3.2)

where x¢ = T%, y, =T°,,2=T%,x" =xT'"*e + Tx" and y" = T°,y' + yT’. These
matrices form a subgroup of SO(N + 2). If we further set T°, = T*, = 1 this subgroup
becomes ISO(N).

Conditions (3.1) and T4, € SO(N +2) (ie. T CacT = Cpp . det T4 = 1) are

equivalent to

T =T =T% =0, (3.3)
T9CacT g = Cpq, detT% =1, (3.4)
T% = —T%Coc T T, T°, =—3T0,CpeT,T°,, T°, =(T) " (3.5)

As expected, there are no constraints on x¢ = T¢,.

Remark 3.1. Classically there is an easier way to recover ISO(N), namely starting from
SO(N +1). In the quantum case the R-matrix of SO, . (N) is only contained in §O, (N +
2), see Remark 2.3. This explains why we have considered this bigger group.

Since ISO(N) is a subgroup of SO (N +2) the algebra Fun(ISO(N)) of regular functions
from I SO (N) to C will be obtained from Fun (SO (N + 2)) as a quotient, whose canonical
projection we name P. Let us now consider the elements 74 g as functions onthe SO (N +2)
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group manifold: they define the fundamental representation of SO(N + 2). Since Vg €
ISO(N), T (g) =T*(g) =T*,(g) =0, we can write
Fun(SO(N +2))

Fun(ISO(N)) = —F (3.6)

where Fun(SO(N + 2)) is generated by T4 5 and H is the left and right ideal generated
by the functions T ; T®, ; T°, . Therefore Fun(ISO(N)) is generated by the func-
tions P(T#" g) where P is the canonical projection associated to H: P(T%)) = P(T*) =
P(T*)) = 0; more explicitly it is generated by the elements T4 5 modulo the relations
(3.3)-(3.5).

The above construction can be carried over to the quantum group level. In this case the
elements 74 g are abstract generators of SO, (N +2) = Funy ,(SO(N +2)) and we have
1SO, ,(N) = Fung ,(ISO(N)) = SO, (N + 2)/ H because the ideal H is a Hopf ideal
ie.

(i) H is atwo-sided ideal in S, ,(N + 2),
(ii) H is a co-ideal, i.e.

Ans2(H) € H® S0y (N +2) +50,,(N +2)® H, ens2(H) =0,
3.7

(iii) H is compatible with xkx2:
kn+2(H) C H, (3.8)

where the suffix N + 2 refers to the costructures of SO, (N + 2). It should be clear
that /SO, ,(N) is not a subalgebra, nor a Hopf subalgebra of SO, (N + 2); that is why
we distinguish with a suffix between the costructures of 15O, ,(N) and of SO, (N +
2).

Following [4] the projection P:SO, (N +2) — SO, (N + 2)/H is a Hopf algebra
epimorphism, and defining the projected matrix elements th, = P(TAB), where TAB are
the SO, (N + 2) generators, we have:

Theorem 3.1. The quantum group ISO, »(N) is generated by the matrix entries

P(Te) Pl  P@Q

t= 0 P(TY) P) and the unity / 3.9)

0 0 P(T*,)

modulo the “Rtt” and “Ctt” relations
RA%FtEctFDZZBFIAEREgD, 3.10)
CBCiAgtPe = CP,  Cact?pt“p = Cpp, (3.11)

where R and C are the multiparametric R-matrix and metric of SOy , (N +2), respectively.
The costructures are the same as in (2.16)—(2.18), with t* g instead of TY,.
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Relations (3.10) and (3.11) explicitly read:

R, T T! =T 14RY . (3.12)
T4,Ch T = g, (3.13)
T%CacT¢; = Cpal, (3.14)
Tt x = q;. R, xT, (3.15)
P xx? =0, (3.16)
b = ZZ: uT?,. (3.17)
xPv = qb.vxb, (3.18)
uv =vu =1, (3.19)
ux? = qb.xbu, (3.20)
uT", = ZZ: T u, (3.21)
yp = —rPT% Cocx‘u, (3.22)
7= ! xPCpaxtu, (3.23)

- (r=N/2 4 pN/2-2)

where we have set P(T°) = u, P(T*,) = v and, with abuse of notations, T"b =
P(T%), x = P(x) y = P(y), z = P(2), and where g,, are N complex parameters related
bY Gue = r%/qure » Witha’ = N+1—a. The matrix P4 in Eq. (3.16) is the g-antisymmetrizer
for the orthogonal quantum group, see (2.9).The last two relations (3.22) and (3.23) are con-
straints, showing that the 4 5 matrix elements are really a redundant set. This redundance is
necessary if we want an R-matrix formulation giving the g-commutations of the ISO, ,(N)
generators. Remark that, in the R-matrix formulation for /GL,, ,(N), all the IAB are inde-
pendent [6,2]. Here we can take as independent generators the elements

79, x* v,u=v"" andtheidentity I (a=1,....N). (3.24)

In the commutative limitg — 1, r — 1 we recover the algebra Fun(ISO(N)) described
in (3.6).

Note 3.1. From the commutations (3.20) and (3.21) we see that we can set u = I only
when ¢qe = 1 for all a. From q,e = r2/qg4s, cf. Eq. (2.6), this implies also r = 1.

Note 3.2. Eqs. (3.16) are the multiparametric orthogonal quantum plane commutations.
They follow from the (“424) Rit components and (3.23).

Note 3.3. The u, v = u~! and x¢ elements generate a subalgebra of ISO, (N) because
their commutation relations do not involve the 7%, elements. Moreover these elements can
be ordered using (3.16) and (3.20), and the Poincaré series of this subalgebra is the same
as that of the commutative algebra in the N + 1 symbols u, x [11]. A linear basis of this
subalgebra is therefore given by the ordered monomials ch= ule(xHit... (x™)V with
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io € Z,i1, ...y € NU{0}. Then, using (3.15) and (3.21), a generic element of ISO, ,(N)
can be written as ¢’a; where g; € §0,.-(N) and we conclude that IS0, (N) is a right
§0,.r(N)-module generated by the ordered monomials ¢l

One can show that as in the classical case the expressions ¢ a; are unique: ¢‘a; = 0 =
a; = 0 Vi, ie. that ISO, ,(N) is a free right SO, ,(N)-module; moreover (at least when
Gae = r Ya) IS0, (N) is a bicovariant bimodule over SO, ,(N). The proofs of these
statements follow the same steps as those given after Note 5.4, and are left to the reader.
Similarly, writing a;{i instead of ;ia;, we have that SO, »(N) is the free left SO, (N)-
module generated by the ¢'.

4. Universal enveloping algebra U, , (so(N + 2))

We construct the universal enveloping algebra U, ,(so(N + 2)) of SO, (N + 2) as the
algebra of regular functionals [11] on SO, (N + 2).

It is the algebra over C generated by the counit ¢ and by the functionals L= defined by
their value on the matrix elements TAB:

LT = (RS, (4.1)

L5 (1) =5 4.2)
with

(RHAG, =R 5. (RHAG, = (R™HAG),. (4.3)

To extend the definition (4.1) to the whole algebra SO, , (N + 2) we set
L% (ab) = L*4(@)L*S(h) Va, b € SO, (N +2). (4.4)

From (4.1), using the upper and lower triangularity of R* and R, we see that Lt is upper
triangular and L™ is lower triangular.
The commutations between Li‘z, and LiCD are induced by (2.2):

R]QLg:L?: = L?:L;:R]L (45)
RpLILT =L7LI Rz, (4.6)

where as usual the product inLli is the convolution product in Lli = (in ® Lli)A.
The Li"z, elements satisfy orthogonality conditions analogous to (2.10):

CABLiCBLig — CPC, 4.7)
CapgL*8 L™ = Cpce, (4.8)

as can be verified by applying them to the g-group generators and using (2.12) and (2.13).
They provide the inverse for the matrix L*

[(LH) " = CPAL* Cpe. (4.9)
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The costructures of the algebra generated by the functionals L* and ¢ are defined by the
duality (4.4):

A (L)@ ® b) = LT (ab) = L¥ (@) LTS (b), (4.10)
e/ (L¥h) = L), 4.11)
K (LE4) (@) = L= (k(a)) (4.12)
so that
ALEY) = LF @ 1LFG, (4.13)
e (L*) = 83, (4.14)
K (L¥) = [(L5) "4 = CPAL* Cpe. (4.15)

From (4.15) we have that « is an inner operation in the algebra generated by the func-
tionals Lif}; and ¢&; it is then easy to see that these elements generate a Hopf algebra, the
Hopf algebra U, , (so(N + 2)) of regular functionals on the quantum group SO, , (N + 2).

Note 4.1. From the CLL relations « (LiA )Lﬂé = Li/;x’(Lﬂé) = Sée we have, using
upper-lower triangularity of L*:

Lﬁ:é4 (L:i:A) — (L:i:A )L:i:A —&, ie. L:I:A L:i:/}f — Lﬁ:A’ L:i:A —

(4.16)
LE2

As a consequence det L+ = L*° L* L*¥ ... L*N L ¥ = ¢ In the B, case we also have

+
L=

iy = €.

Note 4.2. The RLL relations imply that the subalgebra U generated by the elements Lif;
and ¢ is commutative (use upper triangularity of R). Moreover, from (4.13) the invertible
Lié‘ are also group like, and we conclude that U is the group Hopf algebra of the
abelian group generated by Liﬁ‘ and . In the classical limit U/ is a maximal commutative

subgroup of SO(N + 2).

elements

Note 4.3. When gap = r, the multiparametric R-matrix reduces to the uniparametric R-
matrix and we recover the standard uniparametric orthogonal quantum groups. Then the
L7 functionals satisfy the further relation

VA, LTAL™ =¢, 4.17)

indeed LMAL*’:(a) = g(a) as can be easily seen when a = TAB and generalized to any
a € SOy (N + 2) using (4.4). In this case [11] we can avoid to realize the Hopf algebra
U, (so(N + 2)) as functionals on SO, (N + 2) and we can define it abstractly as the Hopf
algebra generated by the symbols L* and the unit £ modulo relations (4.5)—(4.8), and (4.17).

Asdiscussed in [11] in the uniparametric case, the Hopf algebra U, (so(N +2)) of regular
functionals is a Hopf subalgebra of the orthogonal Drinfeld—Jimbo universal enveloping
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algebra Uj,, where r = e”. In the general multiparametric case, relation (4.17) does not
hold any more. Here we discuss the generalization of (4.17) and the relation between
U,.r(so(N +2)) and the multiparametric orthogonal Drinfeld-Jimbo universal enveloping
algebra U ,Ef). This latter is the quasitriangular Hopf algebra U ,(,f) = (Up, AP, §, R
paired to the multiparametric orthogonal g-group SO, , (N + 2). It is obtained from U, =
(U, A, S, R) via a twist [14]. U ;,f) has the same algebra structure of Uy, (and the same
antipode S), while the coproduct A and the universal element R belonging to (a
completion of) U, ® Uy are determined by the twisting element F that belongs to (a
completion of) a maximal commutative subalgebra of Uj, ® Uy. We have

Vo € Uy, AY(p) = Fa(@)F!,

4.18
RP) = FRFYL, RENTRT)=R,,. 18

The element F satisfies (AP @ id)F = Fi3Fa, (id @ AYNF = Fi3F2, FiaFa =
L FoFisFn = FuaFizFi2, Qi) F =d@e)F =6, (S®id)F = (id ® HF =
F 1 .dde SHF =-(S®id)F = -(id ® id )F = &; we explicitly have

F(T% @ T) = FAC g, (4.19)

where FAC g is the diagonal matrix

F:diag</@, jae /q—Nﬁ). (4.20)
r r r

It is easy to see that the definition of the L* functionals given in the beginning of this
section is equivalent to the following one: L+AB(a) = RPN @ TAB) and L™ "3(a) =
RONTA @ a). From (AY) @ id)R = R13Ra3, (id ® AP)R = Ri3R 2. we have
APNLEL) = LF @ L*S and therefore A = A" on U, ,(so(N + 2)). From (id ®
SHR) = (S®id)(R) = R~ itis also easy to see that S = «’ on Uy r(so(N +2)) and
we conclude that the algebra of regular functionals U, ,(so(N + 2)) is a realization (in
terms of functionals on SO, (N + 2)} of a Hopf subalgebra of U,Eﬂ with r = ¢”. The
generalization of (4.17) lies in U,Ef) and not in Uy ,(so(N + 2)), and it is given by

VA, LYL™A = fiTA) ", where F* = f; @ fP. 4.21)

This relation holds with LT considered as abstract symbols. It can easily be checked when
L* are realized as functionals: indeed L+’2L7‘Z(a) = ]’-"‘(TAA ® a) as can be seen when
a= TAB [use fz(TAA ® b) = f(TAA ® bl)]-'(TAA ® b7)] and generalized to any a €
S0,.(N + 2) using F(T4, ® ab) = F(T4, @ a)F(T*, @ b).

In order to characterize the relation between the Hopf algebra of regular functionals
Uy r(so(N+2))and U }EF), following [11], we extend the group Hopt algebra U 0 described

in Note 4.2 to U° by means of the elements 2 A A=1In Li*}‘. Otherwise stated this means

that in U° we can write Li/; = exp(liAA) where liAA e UO. (Explicitly liAA(TCD) =

2In the classical limit /" A are the tangent vectors to a maximal commutative subgroup of SO (N + 2).
They generate a Cartan subalgebra of the Lie algebra so(N + 2).



258 P. Aschieri, L. Castellani/Journal of Geometry and Physics 26 (1998) 247-271

In(REAC 4¢0) 86, 1F4 4 (1) = 0,12 g (ab) = I** 4(@)e(b)+e(@)F" 4 (b) and k' (1T 4) =

—EA 4-) It then follows that F belongs to (a completion of) U°® U°. The corresponding
extension Uq r(5s0(N +2)) of Uy, (so(N + 2)), defined as the Hopf algebra generated by
the symbols L= and /% modulo relations (4.5)—(4.8) and (4.21), is isomorphic, whenr = e,
to U,gf). Uy r(so(N +2)) = Uhf). This relation holds because it is the twisted version of
the known uniparametric analog U, (so(N + 2)) = U, [11,10].

The elements L= (or (Lif}; — 82,‘8)/(r —r! )) may be seen as the quantum analog of the
tangent vectors; then the R L L relations are the quantum analog of the Lie algebra relations,
and we can use the orthogonal C LL conditions to reduce the number of the L* generators
to (N 4+ 2)(N + 1)/2, i.e. the dimension of the classical group manifold.

This we proceed to do; we next study the RLEL* commutation relations restricted to
these (N + 2)(N + 1)/2 generators and find a set of ordered monomials in the reduced L*
that linearly span all UAq,,. (so(N + 2)).

We first observe that the commutative subalgebra UCis generated by (N + 2)/2 elements
(N even, N = 2n) or (N + 1)/2 elements (N odd, N = 2n + 1), for example /7°,
=1y, ..., 17",. For the off- diagonal L* elements, we can choose as free indices (C, D) =
(c, o) in relation (4.8), and using L™ L™%, = ¢, we find

L™ = —(Co) 'CopL™0 L0 L7, (4.22)
If we choose (C, D) = (o, o) we obtain

L™ = —(r2Cao+ Coa) ' CapL ™5 L™4L, . (4.23)

o]

Similar results hold for L*°, and LJro Iterating this procedure from Cop L™ 0L™% = Cyee
we find that L™ (w1th i=2,. — D)and L™ 1 are functionally dependent on L~ ’
and L™ N Slmllarly for L+li and LJrl The final result is that the elements L™ Wlth
J <a< J and LHJ with J' < a < J — whose number in both + cases is N(N + 2)/4
for N even and (N + 1)2 /4 for N odd — and the elements [7%,, [='}, . ... [~", generate all
Uq,,. (so(N + 2)). The total number of generators is therefore (N + 2)(N + 1)/2.

Notice that in this derivation we have not used the R L L relations (i.e. the quantum analog
of the Lie algebra relations) to further reduce the number of generators. We therefore expect
that, as in the classical case, monomials in the (N +2) (N +1)/2 generators can be ordered (in
any arbitrary way). We begin by proving this for polynomials in L+A ,LT® ywith) <o < J,
and for polynomials in L_/Z, L™ withJ <o < J'.

Lemma 4.1. Consider the RLEL* commutation relations
AB j+F y+E +A ;+B pEF
RYEpL™ L™ = L™, L™ R . (4.24)

For C # D they close, respectively, on the subset of the L+°‘J with J' < a < J and
on the subset of the L™% with J <« < J'. For C = D they are equivalent to the q~'-plane
comnuitation relations

+y

[Pac’ =T+ D] L%, L7, = 0, (4.25)
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where P4 (J' — J + 1) is the antisymmetrizer in dimension J — J' + 1 (compare with (2.9))
In particular

PP L7l =0 (4.26)

orequivalently [(PA)([,,J_1 190 .q L=< L™% = O which coincide, forr — r ' andg — q~ ',

with the N-dimensional quantum orthogonal plane relations (3.16).

Proof. The proof is a straightforward calculation based on (2.15) and on upper or lower
triangularity of the R-matrix and of the L* functionals. O

Lemma 4.2. U, ,(so(N)) is a Hopf subalgebra of U, ,(so(N + 2)).

Proof. Choosing SO, ,(N) indices as free indices in (4.24) and using upper or lower
triangularity of the L* matrices, and (2.7) or (2.20), we find that only SO, ,(N) in-
dices appear in (4.24); similarly for relations (4.6)—(4.8), and for the costructures
(4.13)—(4.15). O

Now we observe that in virtue of the RL L™ relations the L™ elements can be ordered,;
similarly we can order the L™ using the RL™L™ relations. This statement can be proved
by induction using that U, ,(so(N)) is a subalgebra of U, ,(so(N + 2)), and splitting
the SO, , (N + 2) index in the usual way (some of the resulting formulas are given in
(5.9)—(5.12)).

It is then straightforward to prove that the elements L*% with J' < & < J can be
ordered; indeed we can always order the L+°‘J LH;( withJ' <a < J,K' < B < K and
J # K since their commutation relations are a closed subset of (4.24) (see Lemma 4.1).
Then there is no difficulty in ordering substrings composed by L+°‘J and LH}J elements
because (4.25) are ¢~ !-plane commutation relations, that allow for any ordering of the
quantum plane coordinates [11]. More in general the L"”: and L+°’j with J' < a < J can
be ordered because of LHLL”L% = (qBA/qm)LHéL+AA. Similarly we can order the Lfé\
and L™% with J <« < J'. It is now easy to prove the following

Theorem 4.1. A set of elements spanning Uq.,(so(N + 2)) is given by the ordered
monomials

Mon(LY: 0 <a < ) (7)™ )P - TP Mon(L™: J < a < J'),
“4.27
where po, P1y-..,pn € NU{0}, n = N/2 (N even), n = (N — 1)/2 (N odd) and
Mon(L™:; J < a < J), [Mon(L™%:J < a < J)] is a monomial in the off-diagonal

elements L'HYJ with J' < a < J [L™% with J < a < J'] where an ordering has been
chosen.

Note 4.4 (Conjeciure). The above monomials are linearly independent and therefore form
abasis of U, ,(so(N +2)).
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5. Universal enveloping algebra U, , (iso(N))

Consider a generic functional f € U, ,(so(N + 2)). It is well defined on the quotient
ISO4 r(N) = 80,,(N +2)/H ifand only if f(H) = 0. Itis easy to see that the set H* of
all these functionals is a subalgebra of U, ,(so(N + 2)):if f(H) =0 and g(H) = 0 then
fg(H) = 0 because A(H) € H® S, ,(N +2)+ 5;,(N +2)® H. Moreover Hlisa
Hopf subalgebra of U, , (so(N + 2)) since H is a Hopf ideal [19]. In agreement with these
observations we will find the Hopf algebra U, ,(iso(N)) (dually paired to ISO, ,(N)) as a
subalgebra of U, ,(so(N + 2)) vanishing on the ideal H.

Let

1U = [L 4, LY, L1, LY., 6] € Uy, (so(N +2)) (5.1)
be the subalgebra of U, ,(so(N + 2)) generated by L™4 g, L9, L¥°,, L**,, &.

Note 5.1. These are all and only the functionals annihilating the generatorsof H: 79, , T°,
and T*, . The remaining U, , (so(N +2)) generators L*°;, , L, L, do not annihilate
the generators of H and are not included in (5.1).

We now proceed to study this algebra /U. We will show that it is a Hopf algebra and that
1U C H*; we will give an R-matrix formulation, and prove that /U is a free Uy, r(so(N))-
module. This is the analog of ISO, ,(N) being a free SO, ,(N)-module. We then show
that /U is dually paired with ISO, , (N). These results lead to the conclusion that /U is the
universal enveloping algebra of ISO, , (N).

Theorem 5.1. U is a Hopf subalgebra of Uy, (so(N + 2)).

Proof. U is by definition a subalgebra. The sub-coalgebra property A’(1U) € 1U @ 1U
follows immediately from the upper triangularity of L4 g:

ALy = LY, ® L™, ALYy =L L™,
ALty =L ® LT, -2

and the compatibility of A" with the product. We conclude that /U is a Hopf-subalgebra
because «'(I1U) € IU as is easily seen using (4.15) and antimultiplicativity of «’. o

We may wonder whether the RLL and CLL relations of Uy ,(so(N + 2)) close in
IU. In this case /U will be given by all and only the polynomials in the functionals
L=Ag, L19, L*°,, L**,, e. This check is done by writing explicitly all g-commutations
between the generators of IU: they do not involve the functionals L*°p, L9, L*°, .
Moreover one can also write them in a compact form using a new R-matrix Ry; =
L7T5(t1), where £ is defined below. Similarly the orthogonality conditions (4.7) and
(4.8) do not relate elements of IU with elements not belonging to /U. We therefore
conclude:
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Theorem 5.2. The Hopf algebra 1U is generated by the unit € and the matrix entries

Lte, 0 0
L~ ="y, = o Lt 0o | (5.3)
0 0 L**,

these functionals satisfy the q-commutation relations:

R12£+2£+1 = £+1£+2R12 or equivalently R12C+2£+1 = £+1£+2R12.

5.4
Rply L) = LI_L;RQ , (5.5)
RiaL Ly =LTLYR: . (5.6)

where Ri2 = L1(1), i.e. Rab(d = R“bcd, RABAB = RABAB and otherwise RABCD =
0,
and the orthogonality conditions:

CABC+CBE+DA = CDCS, CAB£+Bcﬁ+AD = Cpce, (5.7)
CAPL=GL™5 =CPC, CapL L% = Cpce. (5.8)

The costructures are the ones given in (4.13)—(4.15) with L™ replaced by L7

Note 5.2. We can consider the extension IU C Uq.,(so(N + 2)) obtained by including
the elements /%4 4 (1T* 4, = In Li‘:, see Section 4). Then IU is generated by the symbols
L%, £+, 14 4 modulo the relations (5.4)~(5.8) and (4.21) ((4.17) in the uniparametric
case). Equivalently, from (4.22) and (4.23), we have that U is generated by U, , (so(N)),
the N elements L% (satisfying the quantum plane relations) and the dilatation /™. All
the relations are then given by those between the generators of Uq,,(so(N )) — listed in
(4.5)—-(4.8), (4.21) with lower case indices — and by the following ones:

L™L™ =q5,'L™4L™, (5.9)

PrL™4 L] =0, (5.10)

Lo L¥ = %Lﬂ;rz, G.11)
r

L_%Libd = qT(Ri)baefLiedL_'é, (5.12)

where RT is defined in (4.3). The number of generators is N(N — 1)/2+ N + 1.

Note 5.3. When g4. =r Ya, then L™ = L+'., L~ = L+% and, in complete analogy to
(3.24), 1U is generated by Uy r(so(N)), L™, L™ and L™, = (L_‘;)_l. With abuse of
notations we will consider /U generated by these elements also for arbitrary values of the
parameters g,.; this is what actually happens in / U.
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Note 5.4. From the second equation in (5.4) applied to ¢ we obtain the quantum Yang—
Baxter equation for the matrix R.

Following Note 3.3, using (5.9), (5.10) (quantum plane relations) and then (5.11) and
(5.12), ageneric element of /U can be written as n'a; where a; € Uy.r(so(N))and n' are the
ordered monomials: 5’ = (L"‘;)"‘ (L_lo)i‘ ... (L_/l’)iN withi, € Z,iy,...,iy € NU{0}.
Therefore U is a right U, ,(so(N))-module generated by the ordered monomials n. We
now show that as in the classical case the expressions n'a; are unique: na; =0=q; =
0 Vi, i.e. that U 1is a free right U, ,(so(N))-module. To prove this assertion we show
that, at least when g, = r Va, IU is a bicovariant bimodule over U, ,(so(N)). Since any
bicovariant bimodule is free® [20] we then deduce that, as a right module, JU is freely
generated by the 7'

Theorem 5.3. Consider IU (with the parameter restriction q,, = r Va) as the right

Ugy.r(so(N))-module I" = n'a;} (a; € Uy r(s0(N))) generated by the ordered mono-

mials ' = (L=°) (L= .. (L™™)N withi, € Z, iy, ....iy e NU{0}.

(a) I is a bimodule with the left module structure trivially inherited from the algebra 1U.

(b) I'is aright covariant bimodule with right coaction 5g : I' — I’ U, ,(s0(N)) defined
by

SR =n"®e, Srlan'b) = A'(@)sr(n)A'(b). (5.13)

(c) I' is a left covariant bimodule with left coaction 8. : I" — Uy, (so(N)) ® I" defined
by

SLL D =e®L™%, (L™ =L"9®L ", (5.14)

SL@L L8 L77b) = A@)sL(L )L™y sL(L)A'(B).  (5.15)

where o = (o, a), B = (o, b), y = (o, ¢).
(d) I is a bicovariant bimodule

(id ® 8r)dp = (5L ® id)dR . (5.16)
(e) I is freely generated by the right invariant elements n' .
Proof. (a) Immediate since, from Note 5.3 and Lemma 4.2, U, ,((so(N)) is a subalgebra
of IU.
(b) Consider the linear map 8, : IU — IU ® IU defined by
(L% =L"%Re, 8r(a) = A'(a) Va €Uy, (s0(N)) (5.17)

and extended multiplicatively on all /U . This map is obviously well defined on U, ,(so(N))
because it coincides with the coproduct on U, , (so(N)) (U, »(so(V)) is a Hopf subalgebra

3 The results of [20] apply to a general Hopf algebra with invertible antipode. This can be shown by checking
that all the formulae used to derive the results of {20] — they are collected in the appendix of [20] — hold also
in the general case of a Hopf algebra with invertible antipode.
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of 1U); it is also well defined on all /U since it is multiplicative and compatible with
(5.9)—(5.12). We check for example (5.12) with g4, = r Va

S (L ALy =L L* @ L*, = (RH!,, L™ L] @ L*,
= (R os L7 L),

This shows that 6g : I' — I' ® U, (so(N)) is well defined since I" is /U seen as a
Uy, (so(N))-bimodule and the actions of §, and g on I” coincide.
It is now immediate to show that I" is a right covariant bimodule, i.e.

Vo'aie Iy (8r ®1d)8R(7'a;) = (id ® A)SR( ai),

rae s ,» 5.18)
(id ® £)or(n'as) = n'a;. ¢

(c) We proceed as in the previous case, defining the linear map 6, : I1U — U ® 1U,

BL™)=L9®L b &)=L &L ",

dila) = A'(a) Va € Uy, (so(N)), (5.19)

which is extended multiplicatively on all /U. As was the case for §,, it is well defined on

U, r(so(N)) anditis also well defined on all / U because it is multiplicative and compatible

with (5.9)~5.12). For example, the compatibility of §; with relation (5.10) holds because

P/“‘befo‘ZL_e(, = Lf}}-L’”e ;fcd (a consequence of (ﬁ)i] szELfE = inLf(ﬁ)i' and the

fact that P4 is a polynomial in Rand R™', see (2.9)). This is in complete analogy with the

compatibility of the left coaction § (x*) = T, ® x” with the g-plane commutation relations.
To prove that I is a left covariant bimodule, notice that

(e ®id)d(L™) = L7,

2
(A @ISL ™) =L L4 @L" =(id ®8§)8(L™Y), :20

and similarly for L. Now since 8;(a) = A'(a) if a € U,(so(N)), and since §; is multi-
plicative, we have on all /U

(e®id)§ =id, (A" ®id)§ = (id ® §)3. 5.21)
(d) The bicovariance condition (5.16) follows directly from

(d ®38)8(L™) =L 4L " ®@e = (8 ®id)s,(L7%), (5.22)
(id®6)L™)=e®@L™.®e = (8 ®id)s, (L79). (5.23)

(e) We now recall that a bicovariant bimodule is always freely generated by a basis of
Finy, the space of right invariant elements of 1" [20]. We also know that the »' are right
invariant. Now, since they generate I", they linearly span I3y, and since they are linearly
independent, they form a basis of I},,. We conclude that I' is freely generated by the 7'
nai =0=a; =0Vi. O

It is now easy to prove that the ' freely generate U also without the restriction g, =
. .. — —1
r Ya. (Hint: recall the definitionof L~ as L /};(c) =R (TAB ®c)Vce € SO, ,(N+2),
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and use F € U% ® U° to show that L_% differs from the uniparametric L_f}; (obtained
with R instead of R\7)) by a factor belonging to U° and invertible.)

5.1 Duality Uy r(iso(N)) < ISO, (N)

We now show that /U is dually paired to SO, (N + 2). This is the fundamental step
allowing to interpret I U as the algebra of regular functionals on ISO,, , (N).

Theorem 5.4. [U annihilates H, i.e. IU € HL.

Proof. Let £ and T be generic generators of /U and H, respectively. As discussed in Note
5.1, £(T) = 0. A generic element of the ideal is given by a7 h where sum of polyno-
mials is understood; we have (using Sweedler’s notation for the coproduct): L(a7b) =
Liy@)Loy(T)Liy(b) = 0 because Ly(7) = 0. Indeed L) is still a generator of
IU since 1U is a sub-coalgebra of U, ,(so(N + 2)). Thus L(H) = 0. Recalling that
a product of functionals annihilating H still annihilates the co-ideal H, we also have
IU(H) =0. O

In virtue of Theorem 5.4 the following bracket is well defined:

U ®ISO,,(N) — C

G (@', P(a)) =d'(a) Va' €1U, VaeSO,,(N+2), (5:24)

where P:S0y (N +2) — 80, (N + 2)/H = ISO, ,(N) is the canonical projection,
which is surjective. The bracket is well defined because two generic counterimages of P(a)
differ by an addend belonging to H.

Note that when we use the bracket (, ), @’ is seen as an element of U, while in the
expression a’(a), ' is seen as an element of U, , (so(N + 2)) (vanishing on H).

Theorem 5.5. The bracket (5.24) defines a pairing between 1U and ISO, . (N): ¥Ya'. b’ €
1U, YP(a), P(b) € ISO, ,(N)

(@b, P(@) = (a' @b, A(P(a))), (5.25)
(@', P@P (b)) = (A'(a), P(a)® P(b)), (5.26)
('@, P(a)) = (@', k(P(a)), (5.27)
(I, P(@) =e(P(a)), (d'.P())=¢). (5.28)

Proof. The proof is easy since U is a Hopf subalgebra of U, ,(so(N 4+ 2)) and P is com-
patible with the structures and costructures of SO, (N +2) and ISO, ,(N). Indeed we have

(@', P(a)P(b)) = (a’, P(ab)) = d(ab)
= A(a')a®b) = (A'(d), P(a) ® P(b)),
(@'b', P(@)) =a'b'(a) = (@' @ ") An+2(a)
=(a'®b', (P ®P)Ayi2(a)) = (@' ® V', A(P(a))),
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(k'(a'), P(a)) =«"(a')(a) = a'(kn+2(a))
=(d', P(kn42(a) = (@', k(P(a))). O

We now recall that /U and ISO,, ,(N), besides being dually paired, are free right mod-
ules, respectively, on U, ,(so(N)) and on SO, - (N). They are freely generated by the two
isomorphic sets of the ordered monomials in L™%, L™ and u, x“, respectively (cf. the
commutations (5.9), (5.10) and (3.20), (3.16)). We can then call /U the universal enveloping
algebra of ISO, ,(N)

Uy r(iso(N)) =1TU (5.29)

in the same way U, (so(N)) is the universal enveloping algebra of SO, (N) [11].

Note 5.5. Given a *-structure on /SO, »(N), the duality ISO, ,(N) < U, ,(iso(N)) in-
duces a *-structure on U, ,(iso(N)). If in particular the *-conjugation on ISO, ,(N) is
found by projecting a x-conjugation on SO, (N + 2), then the induced * on U, » (is0(N))
is simply the restriction to U, ,{(iso(N)) of the * on U, ,(so(N + 2)). This is the case for
the x-structures that lead to the real forms /50, , (N, R) and ISO, ,(n + 1,n — 1) and in
particular to the quantum Poincaré group [8,7,4].

6. Projected differential calculus

In the previous sections we have found the inhomogeneous quantum group IS0, ,(N)
by means of a projection from SO, (N + 2). Dually, its universal enveloping algebra is a
given Hopf subalgebra of U, ,(so(N + 2)). Using the same techniques differential calculi
on IS0, (N) can be found.

6.1. Projecting Woronowicz ideal

Following Woronowicz [20], we recall that a bicovariant differential calculus over a
generic Hopf algebra A is determined by a right ideal R of A. This ideal has to be included
in ker ¢ (i.e. its elements have vanishing counit) and must be ad-invariant, that is, ad4 (r) €
R®AYr € Rwhereads(r)isdefinedby ada(a) = ax®@«a(ar)azVa € A;theindex A de-
notes the costructures in A and we have used Sweedler’s notation for the coproduct. For any
such R one can construct a bicovariant differential calculus. In the following we show that,
given a quotient Hopf algebra A/H (with canonical projection P : A — A/H = P(A)),
P(R) is a right ad-invariant ideal in P(A); therefore it defines a bicovariant differential
calculus at the projected level. Moreover the space of tangent vectors on P(A) is easily
found as a subspace of the tangent vectors on A. The explicit construction of the exterior
differential d, and of the bicovariant bimodule I of one-forms is then straightforward.

Theorem 6.1. If R € ker ¢ is a right ad-invariant ideal of A then P(R) is included in ker
& and is a right ad-invariant ideal of P(A).
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Proof. The only nontrivial part is ad-invariance. From ada(r) = ro @ ka(ri1)r; € R® A
Vr € R, applying P ® P we obtain P(r2) @ P(ka(r1))P(r3) € P(R) @ P(A) VP(r) €
P(R). Now

P(r2) @ P(ka(r))P(r3) = P(r2) @ k (P(r1))P(r3)
=P(r) @«x(P(r))P(r)3 =ad(P(r)), (6.1)

where we have used compatibility of the projection with the costructures of A and P (A);
x denotes the antipode in P(A) and, after the second equality, the coproduct of P(A) is
understood. Relation (6.1) gives the ad-invariance of P(R): VP(r) € P(R), ad(P(r)) €
P(R)® P(A). O

The space of tangent vectors on a quantum group P (A) is given by [20]

T = {x : P(A) — C|xlinear functionals, y (/) = 0 and yx(P(R)) =0} . (6.2)
Remark 6.1. The vector space T defined in (6.2) is given by all and only those functionals
x corresponding to elements y of the tangent space T4 on A that annihilate the Hopf
ideal H. Indeed if x annihilates H, then x defined by x : A/H —> C with x(P(a)) =
x(a), YP(a) € P(A), is a well-defined functional on P(A) (see (5.24)). From x(R) =0

we obtain x (P(R)) = 0,1i.e. x € T. Vice versa a functional x € T is trivially extended to
a functional x € Tj.

Recall [20,17] that the deformed Lie bracket is given by [x;. x;j1(a) = (x; ® x;)ada(a)
where x;, x; are functionals on A. For the “projected” g-Lie algebra we have:

Theorem 6.2. The q-Lie algebra on P(A) is a closed subset of the g-Lie algebra on A.
Proof. Let x;(H) = x;(H) = 0. We have, using (6.1) in the second equality

[Xi> X;)(P (@) = (xi ® Xj)ad(P(a)) = Xi ® X;j(P & P)ada(a)
= (xi ® xj)adala) = [xi, x;1(a),

in particular [ x;, x; 1(P(R)) = [x:, x;1(R) = 0 and this proves the theorem. O
In virtue of Theorem 6.2 the following corollary is easily proved.

Corollary 6.1. Consider the structure constants C; jk defined by [x;, x;1 = C; jk Xk, Where
{xi} will henceforth denote a basis of T4 containing the maximum number of tangent vectors
vanishing on H. The subset of the structure constants corresponding to the functionals x;
that annihilate H is the set of all the structure constants of P(A).

The exterior differential related to this projected calculus is given by

Ya € P(A), da= (x xa)d, (6.3)
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where ¥i *a = (id ® xi)Aa, and @' are the one-forms dual to the tangent vectors X
[20,5]; they freely generate the left module of one-forms I = {ai@', a;i € P(A)}. The right
module structure is given by the f' ; functionals, obtained applying the coproduct A’ to the
Xi

Ai=50fi+e@ki=da=(fjxa)d . (6.4)

The space I" of one-forms on P(A) can be studied by projecting the one-forms on A into
one-forms on P(A). For this we introduce the projection P acting on I'4 (the space of
one-forms on A) as follows:

P:I'y—>T (6.5)
a0 — Pla)d'. (6.6

where @' = 0if x; (H) # 0. We now show that P is abicovariant bimodule epimorphism and
that it is compatible with the differential calculi. Trivially P is a left module epimorphism
because I4 and I” are free left modules generated respectively by the one-forms {w'} and
{@'}. Tt is also easy to see (use (6.4)) that Vp € Iy, Va € A, P(pa) = P(p)P(a), which
shows that P is a bimodule epimorphism.

To prove that P is compatible with the exterior differentials d4 on A and d on P(A),
consider the generic one-form a dsb = a(y; * b)w' (see (6.3)); we have P(adsb) =
P(a)P(x; * b)d' = P(a)[x; * P(b)]&' = P(a)dP(b).

The exterior differential d induces the comodule structure on I” by the definitions:

Ap(adb) = A(a)(id @ d)A(D),
Va,b e P(A) (6.7)
Ar(adb) = A(a)(d Q id)A(b).

Finally P is a comodule homomorphism: AL (P(p)) = (P @ P)ALa(p); AR(P(p)) =
(P ® P)ARa(p),Vp € 'y where Apa (Agra) is the left (right) coaction of A.

From Aaw’ = I ® o and Apaw’ = o’ ® M, where Mji defines the adjoint repre-
sentation on A, we obtain an explicit expression for Ay and Ag,

AL =1®d, AR@ = &' @ P(M}') . (6.8)

6.2. Application: 1SOy »(N) differential calculi

We now apply the above discussion to the quantum groups A = S0, ,(N + 2) and
P(A) =150, ,(N). The adjoint representation for SO, (N + 2) is given by

MAEL = Ty 2(T5) | (6.9)

and the x functionals explicitly read

1 2 ’ —A2
X =-— — [fE% — 8pel, where £125) =" (L5 LT, (6.10)
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see [13] and references therein (see also [3]). Decomposing the indices we find:

X% = ﬁ[ff"“b —&el + - _lr_l £ (6.11)
Xo=7 _1,_1 A + - _lr_1 £ (6.12)
X5 = + #[ffcb + £.%%,1, (6.13)
X' = + ﬁf (6.14)
Xh = _lr_l 5% (6.15)
x5 = " _1’,,1 [f,°% — €] + _lr_] L+ £.°°.0. (6.16)
Xe= + rT]rTlf (6.17)
X% = . _lr_l 17 (6.18)
X% = - _lr_l Lf"% — e, (6.19)

terms annihilating H

where using Theorem 5.4 and Note 5.1 we have indicated the terms that do and do not
annihilate the Hopf ideal H. We see that only three of these functionals, namely X5 X%
and x %, do vanish on H. The resulting bicovariant differential calculus contains dilatations
and translations, but does not contain the tangent vectors of § 0,.»(N), i.e. the functionals
x%- The differential related to this calculus is given by

Va € IS0, ,(N) da = (x5 * a)ws” + (x% * @)ws® + (x°, * @)wa°, (6.20)

where @,”, w,* and w,° are the one-forms dual to the tangent vectors x %, x*% and x5
[20,5] (with abuse of notation, we omit the bar over the elements of the projected calculus).
The g-Lie algebra is explicitly given by *

X0x% = (qep) 2x%x% =0, 6.21)

XX =t ==y (6.22)

xs -t = ~UE D ©23)

Goa PSP yxx% = 0. (6.24)
A combination of the above relations yields

x;+xxgx',=x%2ﬁ;]%x‘,,cd”x;,. (6.25)

4We thank A. Scarfone for the derivation of (6.24).



P. Aschieri, L. Castellani/ Journal of Geometry and Physics 26 (1998) 247-271 269

Notice the similar structure of Eqs. (3.23), (4.23) and (6.25).
The bicovariant bimodule of one-forms is characterized by the functionals

1% B £ L% £ 1.5 (6.26)

that appear in the comultiplication of x %, x% and x, [use upper (lower) triangularity of
L™ (L.7)], and by the elements

P(M*P) = P(T* iy 42(T5) = vPlkn12(TD)) (6.27)

that, according to (6.9) and (6.8), characterize the right coaction of ISO,, , (N) on W', we®
and w,°. They explicitly read

PMO)=v?, P(M.DH =0, P(M2?)=0,

PM%O) = vr V2xCp, PIMS S = uk(T9), P(M%2) =0,
be b be

be

1

— oy Cort s PO = velxh). PO = 1.

P(M...O) =

(6.28)

Notice that only the couples of indices (v0), (eb) and (ee) appear in (6.20)—(6.28): these are
therefore the only indices involved in the projected differential calculus on ISO, ,(N).

The functionals x ¢ cannot be good tangent vectors on ISO, ,(N) because of the func-
tionals f,_*“, appearing in (6.11): these do not annihilate H. We see however that lim,_,
(1/(r—r"" N1 @) =0,YVa e §O, (N +2); for this reason we consider in the follow-
ing the particular multiparametric deformations called “minimal deformations” (twistings),
corresponding to r = 1.

As shown in [3]in the r — 1 limit the x functionals are given by

1
x’i:hm—[fAAA —¢], X’;,zo,
r—1 A

I 1
1% = meAAAB, A> B, X% =1lim = %%, A <B,

I
r—1
where A = r — r~!, and close on the g-Lic algebra
C By B Cy
X ClX By 4ByC,4C B 4B,C194C2By X BZX Cy
¢ B B
= 48140898805, X ¢y + 4039528,/ ChrCy X ¢

BQ B B!
+40,8,48,6,CP X' G — aacidcs x ¢ (6.29)

Not all of these functionals are linearly independent because
x5 =—qas x%. (6.30)
From (6.30) we see that a basis of tangent vectors on SOy —1(N + 2) is given by

(x4 WwithA+B>N+1,A,B:0=0,1,2,...,N.N+1=se). (6.31)
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They define a bicovariant differential calculus on § O, ,—1 (N +2). The projected bicovariant
calculus on 1§80, ,— (N) is therefore characterized by the basis of tangent vectors

1 .
X = lim £, = 85e] witha +b> N+ 1, (6.32)
r—
1 1
. — l _ os , [ ] — l _ LL A , R
Xb rE)n] )\'f. b X. rl_IE]] A [fo . 8] (633)

indeed Theorem 5.4 assures that these functionals annihilate H, while from Note 5.1 it is
not difficult to see that the remaining functionals x4 = (1/1)f,*¢, do not vanish on H.
The g-Lie algebra, in virtue of Theorem 6.2, is a g-Lie subalgebraof SO, ,— (N +2) . It
follows that the x, X};’z g-commutations read as in Eq. (6.29) with lower case indices:
they give the §O, .= (N) g-Lie algebra. The remaining commutations are (see (6.29)):

Xcﬂ'll Xby — (l.qbZ(']qCZ}Q XbZX(clv = o [Chzt'z X — 8]()161(72(‘] X('g] 5 (634)
CI(‘QQ - ch. 1 2
dhre
Xep Xby — ———Geaby Xba Xy = 0, (635)
e
XEX 0= XXE =00 Xeaxs = XX = —Xers (6.36)

where we have defined x, = x %, . The exterior differential reads, Ya € ISO, ,(N)
da = (x4 *a)2," + (x5 * R + (( *a)2.°, a+b>N+1, (6.37)

where £2,°, £2,7, and £2,* are the one-forms dual to the tangent vectors (6.32) and (6.33).
Notice that the tangent vectors x %, and x;, close on the g-Lie algebra (6.34), (6.35) and (6.29)
with lower case indices. This suggests a reduction of the bicovariant calculus containing
only the x, and y %, tangent vectors. An explicit formulation, in agreement with [7], is given
in [3].
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