Journal of Geometry and Physics 61 (2011) 1932-1949

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Hamilton-]Jacobi diffieties

Luca Vitagliano*

DipMat, Universita degli Studi di Salerno, Via Ponte don Melillo, 84084 Fisciano (SA), Italy
Istituto Nazionale di Fisica Nucleare, GC Salerno, Via Ponte don Melillo, 84084 Fisciano (SA), Italy
Istituto Tullio Levi-Civita, via Colacurcio 54, 83050 Santo Stefano del Sole (AV), Italy

ARTICLE INFO ABSTRACT

Arfic{e history: ) Diffieties formalize geometrically the concept of differential equations. We introduce
Received 1 April 2011 and study Hamilton-Jacobi diffieties. They are finite dimensional subdiffieties of a given
Received in revised form 4 May 2011 diffiety and appear to play a special role in the field theoretic version of the geometric

Accepted 8 May 2011

Available online 13 May 2011 Hamilton-Jacobi theory.

© 2011 Elsevier B.V. All rights reserved.

MSC:

53B15
58A20
70S05

Keywords:

Diffieties
Hamilton-Jacobi theory
Geometry of PDEs
Lagrangian formalism
Hamiltonian formalism
Fiber bundles

0. Introduction

Diffieties [1,2] are geometric objects formalizing, in a coordinate free manner, the concept of (systems of) differential
equation(s) (much as varieties formalize, in a coordinate free manner, the concept of algebraic equations). Roughly speaking,
a diffiety is a manifold &, of countable dimension, endowed with an involutive distribution ¢ of finite dimension. Let (&, ¥)
be a diffiety representing a certain system of PDEs &. Then, (locally) maximal integral submanifolds of (£, ¥) represent
(local) solutions of &. Notice that the Frobenius theorem fails for generic infinite dimensional diffieties. In fact, a PDE need
not possess solutions with given (admissible) jet or may possess many solutions with the same (admissible) jet. A particularly
simple class of PDEs is made up of compatible PDEs of the form

)
= ). M
X

They are represented by a particularly simple class of diffieties, namely, finite dimensional ones. For such diffieties the
Frobenius theorem holds and, in fact, integrable PDEs of the form (1) possess exactly one (germ of a) solution for any
(admissible) jet. Given any PDE &, one can search for another compatible PDE # of the simple form (1) that implies &,.
One may then obtain some solutions of & by integrating such a #. Geometrically, one can search for finite dimensional
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subdiffieties of the diffiety (&, ¥) representing &. In this paper we name as Hamilton-Jacobi diffieties such subdiffieties and
study their main properties. The choice of this specific name is motivated by the following example.
Consider a system of ordinary (not necessarily autonomous) Euler-Lagrange equations

oL d oL
axi dtoxi
Suppose, for simplicity, that the Legendre transform

pi= i(f ) X, X)
ox!
is invertible and let
X =vi(t,x, p)
be its inverse. Eq. (2) is represented by a suitable diffiety &;;. Let

d ;i i
ax_X(t,x) (3)

be a first-order equation. It is of the form (1) and, since it has just one independent variable, it is automatically compatible.

Therefore, it is represented by a finite dimensional diffiety #/. Moreover, # C &g, i.e., solutions of Eq. (3) are solutions of
Eq. (2), iff

0Xi0x 0Xxi9xi at axk
Notice that if S = S(t, x) is a solution of the standard Hamilton-Jacobi (H]J) equation

L %L ;0L axi oI
@(t,x, X)— ——(t,x, X)X — €, x,X)| —+X =0. (4)

aS ;oL
o THEX05/0x) =f(0),  H= v'fa.i(t, x,v) — L(t, x, v), (5)
X

then
X' =i(t, x, 35/9x)
is a solution of Eq. (4). On the other hand, let X' = X/(t, x) be a solution of Eq. (4). Put

oL
Ti = ﬁ(t,x, X).

aT;  dT;

oxt ox
then T; = 8S/dx' for a solution S = S(t, x) of the standard H]J Eq. (5). We conclude that the standard HJ equation is basically
equivalent to Eq. (4) plus Eq. (6). Therefore, we name Eq. (4) the generalized HJ equation (see below; see also [3,4]). According
to the above definition, its solutions correspond to HJ subdiffieties of &;. This motivates the choice of the name for these
specific diffieties.

Similarly, under suitable integrability conditions, solutions of the field theoretic HJ equation [5] may be interpreted as
finite dimensional subdiffieties of the diffiety of field equations. Hence, both the ordinary and the field theoretic H] theories
fit well within the theory of HJ diffieties. In fact, we show below that the geometric HJ theory presented in [3,4] (see also [6]
for the nonholonomic case) and generalized to the case of regular field theories in [7], can be naturally generalized to the
case of singular (i.e., gauge), higher derivative, field theories. In this generalization, H]J diffieties play a central role.

The paper is divided into seven sections. In Section 1 we review the basic differential geometric constructions used
throughout the paper, and collect notation and conventions. In Section 2 we recall the concept of diffiety and briefly review
the geometric theory of PDEs and its application to the calculus of variations. In Section 3 we introduce the concept of H]J
diffieties and elementary HJ diffieties, and study their relation. In Section 4 we illustrate the general theory by presenting
some simple examples of (elementary) HJ subdiffieties of noteworthy diffieties. In Section 5 we review the geometric
formulation of higher derivative, Lagrangian and Hamiltonian field theories as defined in [8]. In Section 6 we propose a
field theoretic version of the geometric HJ theory of [3,4] and show that it is naturally linked to the theory of (elementary)
HJ subdiffieties of the field equations. In Section 7 we present one final example of (elementary) HJ subdiffieties of an
Euler-Lagrange equation. The reviews in Sections 1, 2 and 5 are included to make the paper as self-consistent as possible.

1. The differential geometric background

In this section we collect notation, conventions, and the main geometric constructions needed in the paper. Let N be a
smooth manifold. If L C N is a submanifold, we denote the inclusion by i; : L <> N. We denote by C*°(N) the R-algebra of
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smooth, R-valued functions on N. We will always understand a vector field X on N as a derivation X : C**(N) —> C*°(N).
We denote by D(N) the C*°(N)-module of vector fields over N, by A(M) = D, A¥(N) the graded R-algebra of differential
formsover N andbyd : A(N) —> A(N) the de Rham differential. If F : Ny —> N is a smooth map of manifolds, we denote
by F* : A(N) —> A(Ny) the pull-back via F.

Leta : A— N be an affine bundle (for instance, a vector bundle) and F : Ny —> N a smooth map of manifolds. Let =7 be
the affine space of smooth sections of «. The affine bundle on N, induced by « via F will be denoted by F°(«) : F°(A) —> N:

F°P(A) ——A

Fo(a)i l" s
F

Ny ——N

and the space of its section by F°(<7). For any section a of « there exists a unique section of F° («), which we denote by F°(a),
such that the diagram

F°(A) ——A

F°(a)T Tu

Ny ——>N
commutes. If F : Ny —> N is the embedding of a submanifold, we also write e |¢ for F°(e).
We will often understand the sum over repeated upper-lower indices and multi-indices. Our notation as regards multi-
indices is as follows. We will use the capital letters I, J, K for multi-indices. Let n be a positive integer. A multi-index of length

kis a k-tuple of indices I = (i1, ..., i), i1, . .., ix < n.We identify multi-indices differing only by the order of the entries. If
I is a multi-index of length k, we put |I| := k.Let] = (i1, ..., i) andJ = (jy, ..., jn) be multi-indices, and i be an index. We
denote by If (resp. li) the multi-index (iy, . . ., ik, j1, - - - , jn) (resp. (i1, . . . , ix, 1)). We write /' /9x' for 9/9x'1 o - - - 0 3 /0.

Let £ : P —> M be a fiber bundle. For k < oo, we denote by & : J*¢ —> M the bundle of k-jets of local sections
of &. For any (local) sections : M — P of =, we denote by jis : M —> JX& its kth jet prolongation. Let ..., x', ...
be coordinates on M and ..., x', ..., y% ... bundle coordinates on E. We denote by ..., x', ... , ¥, ... the associated jet

coordinates on J*&, |I| < k. For 0 < h < k < oo, we denote by Ekn : J*¢ —> Jh& the canonical projection. We will always
understand the monomorphisms 77, : A(J"§) —> A(*§).Forallk > 0, &1 : J¥'6 —> J¥ is an affine subbundle of
(M) 1.0 : J'me —> J*7 and the inclusion i : J*"'z C J'7y is locally defined by i* (uf); = ug, |I| < k.

Let £ be as above. We denote by A;(P,£) = P, A’{(P, &) C A(P) the differential (graded) ideal in A(P) made of
differential forms on P vanishing when pulled back to fibers of £, by A4(P, &) = D, A’;(P, &) its gth exterior power, q > 0,
and by VA(P, &) = D, VA¥(P, &) the quotient differential algebra A(P)/A;(P,&),d" : VA(P, &) —> VA(P, &) being its
(quotient) differential. By abusing the notation, we also denote by d” the (quotient) differential in Ag(P,E)/Agp1 (P, §) =
VAP, &) ® Ag(P, £). We denote by JT& — P the reduced multimomentum bundle of £ (see, for instance, [9]). It is the vector
bundle over P whose module of sections is VA (P, £) ® Azj (P, £). Equivalently, it may be defined as the bundle of affine
morphisms from J'£ to A"T*M.

A connection V in £ is a section of the first jet bundle £, : J'6 —> P. We will also interpret V as an element in
A'(P)®VD(P, &), where VD(P, &) is the module of & -vertical vector fieldson P. Put . . ., V! := V*(y%), ..., where..., %, ...
are jet coordinates in J'&. Then, locally

V= (dy" — Vidx¥) ®

ays’
Recall that a (local) section o : M — P is V-constant for a connection V iff, by definition, V o ¢ = j;o. A connection V in
P determines splittings of the exact sequence

0 —> VD(P, &) —> D(P) —> £°(D(M)) —> 0, (7)
and its dual
0 «— VA'(P, &) «— A'(P) <— Aj(P,£) <— 0. (8)

Thus, using V one can lift a vector field X on M to a vector field XV on P transversal to fibers of &. Moreover, V determines
an isomorphism

AP) = P VAP, §) ® AY(P, ),
p.q
and, in particular, for any p, g, a projection

iP4(V) : APTIP) — VAP(P, &) ® AY(P, §),
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and an embedding
ePd(V) 1 VAP(P, &) ® AL(P, &) —> APTI(P)
taking its values in AZH (P, &). Notice that the “insertions” i"9(V) are actually pointwise and, therefore, can be restricted to
maps. Namely, if F : P; — P is a smooth map, and A a section of the pull-back F°(&;,9) : F°(J'§) —> P, then the element
"9(A)F°(w) € F°(VAP(P, &) ®a AG(P, §))

is well-defined for every w € APT4(P),
Every connection V defines a vector-valued differential 2-form, RY € A%(P, &) ® VD(P, &), called the curvature, via

RVX, V) =[xV, YV]1=[X,Y]Y, X,YeDM).
Locally,

) ) 9
RV =RidX Ad¥ @ —,
ay?
where D; == 3/0x' + yia/ay*,i =1,...,n. Aconnection V is flat iff, by definition, RY = 0.If V is a flat connection in &,
then P is locally foliated by (local) V-constant sections of &.

1
Rg- = E(D,V]" — DJVI") oV

Example 1. Let £ : P —> M be as above and 0 : M —> P a (local) section of . It is sometimes useful to understand
jioc : M —> J'& as a section of the pull-back bundle & |, : J'&€|, —> M. For instance, if o € AM](P,£) is a PD
Hamiltonian system in & in the sense of [10], the PD Hamilton equations for o read

i""(j10)wly = 0.

Let V be a connection in £. If V is flat, the de Rham complex of P, (A(P), d), splits into a bicomplex
(VA(P, §) ® ALP, £),dy, d"), 9)

where
dv(w®0) = P (V)odoe”d(V))(w® o),

w € VAP(P,&)and o € AZ(P, £),p, q > 0.For every fixed p, the complex (VAP(P, £) ® AL(P, §), dv) is locally acyclic in
positive degree.

2. Geometry of PDEs and the calculus of variations

In this section we recall basic facts about the geometric theory of partial differential equations (PDEs). For more details
see [11].

Let 7w : E — M be a fiber bundle, with dimM = n,dimE =n+m, and ..., u®, ... fiber coordinates in E. Recall that,
for all k < oo, J*x is endowed with the Cartan distribution

% J'm 2 0 —> %(0) C TyJ*r,

where %;(0) is defined as follows. Suppose that 8 = (jis)(x) for some x € M and s a local section of 7 around x. The image
of dyjis : TeM —> TyJ*7 is said to be an R-plane at 6. Put

%1 (0) = span{R-planes at 6}.
Now, suppose that k < 00. %} is locally spanned by vector fields

0 0 0
ooy, — + uo{i,...,i,..., =k.
axi mz<k T ouy u! Ui

Local infinitesimal symmetries of %; are called Lie fields. Every Lie field Z € D(J*7) can be uniquely lifted to a Lie field
Z. € DJ*" ). Moreover, according to the Lie Bicklund Theorem, every Lie field Z € D(J*xr) is the lift of

1. avector field Y € D(E) if m > 1,
2. aliefieldY e DJ'w)ifm = 1.

IfY € D(E) is locally given by Y = X'9/9x' + Y*3/du®, then the Lie field Y, € D(J"7) is locally given by
Y, =X i+Zu“€i JFZD,(W—u%"xf)i (10)
r ox! <r " ouj N<r Y duy’

where D;,..; :=Dj, o ---oDj,D; := /¥ + uj;0/9uy being the jth total derivative, and j, ji, ..., js = 1,...,n.
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Remark 1. The local expression (10) shows, in particular, that, for any & € TyJ 7, there exists Y € D(E) such that & = (Y;)e.

A kth-order (system of £) PDE(s) on sections of 7 is an £-codimensional closed submanifold & C J*z.For0 < r < oo
one can define the rth prolongation of E as

& = {jrar (5)(X) € [T : imji(s) is tangent to &at ji(s)(x) up to the orderr, x € M} C J*"x.
If & is locally given by

Q.. X, U, ..)=0, a=1,....¢ |l|<k
then &; is locally given by

D@ (..., %, ... u¥,..)=0, ||<r. (11)
In the following we will always assume that

1. & —> M is a smooth (closed) subbundle of 7, r < 0o,
2. the (possibly non-surjective) maps my r+1 k+r - &r+1 —> &, I < 00, have constant rank.

A local section s of 7 is a (local) solution of & iff, by definition, imj,s C & or, which is the same, imjj,.s C &; for some
r < oo. Lie fields in D(J*7) preserving & are called Lie symmetries of &. The flow of a Lie symmetry maps (images of kth
prolongations of) solutions to (images of kth prolongations of) solutions.

The Cartan distribution ¥ = %, C T/*m is locally spanned by total derivatives, D;,i = 1, ..., n, and restricts to
any submanifold & C J*°mr of the form & = &, for some PDE &. Denote again by ¢ the restricted distribution. It is a flat
connection in & —> M sometimes called the Cartan connection. ¢¥-constant sections are of the form j,.s, with s a (local)
solution of & and vice versa. Therefore, we can identify the space of ¥-constant sections and the space of solutions of &.
The pair (&, ¥) is called a(n elementary) diffiety [1,2] and contains all the relevant information about the original PDE &p.
We will often identify (&, ) and &.

Remark 2. A diffiety (&, ¥) can be generically embedded in many ways in an infinite jet space. Informally speaking, any
such embedding corresponds to a choice of dependent variables in the original equation. Properties of a diffiety that do not
depend on its embedding in an infinite jet space are referred to as intrinsic.

In the following we will indicate ¥"AP = VAP(J®m, ms) and A7 = Ag(]‘x’n, TTso). We also put €A = @p ¢cAP
and A = EBq ‘A9, The Cartan connection endows the de Rham complex (A(J®7), d) of J*n with a bicomplex structure

(¥A @ A,d,d"), where d := d, called the variational bicomplex. The variational bicomplex allows a cohomological
formulation of the calculus of variations [11-13] (see below). Similarly, the de Rham complex (A (&), d) of a diffiety & is
naturally endowed with a bicomplex structure denoted by (¢°A(&) ® A(&), d, d”).

In the following we will understand the isomorphism A(J*®) >~ ¥*A ® A. The complex

OHCOO(IOO) d Zl d Zq d Zq+l

is called the horizontal de Rham complex. An element ¥ € A" is naturally interpreted as a Lagrangian density and its
cohomology class [#] € H"(A, d) as an action functional on sections of 7. The associated Euler-Lagrange equations can
then be obtained as follows.

Consider the complex

d — d — d
0 ¢ A CA'QAl —— ——=GFA QA —— -, (12)

and the C*®(J®°mr)-submodule x' C ¥A! ® A" generated by elements in A ® A" N A™1(J17r). »T is locally spanned by
elements d"u® @ d"x, d"x .= dx' A --- A dx".

Theorem 1 ([12]). Complex (12) is acyclic in the qth term, for ¢ # n. Moreover, for any @ € ¢¥A' ® A" there exists a
unique element E,, € »' C ¢A' ® A% such that E,, — w = do for some ¢ € ¥A' ® A" and the correspondence
HY ¢ A'®A, d) 5 [w] —> E,, € x'isavector space isomorphism. In particular, for o = d" &, with & € A™ being a Lagrangian
density locally given by # = Ld"x, and L a local function on C*° (J®°r), E(¢) := E,, is locally given by E(.¢) = SL/8u®d" u® ®d"x
where

SL oL

OX . (yp
e = ) "ous

are the Euler-Lagrange derivatives of L.
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In view of the above theorem, E(.#) does not depend on the choice of .# in a cohomology class [.#] € H"(A, d) and it
is naturally interpreted as the left hand side of the Euler-Lagrange (EL) equations determined by #. Any 9 € #A! @ A"!
such that

E(2)—d" v =dy (13)

will be called a Legendre form [14]. Eq. (13) may be interpreted as the first variation formula for the Lagrangian density .. A
local Legendre form is given by

]
Poc = (— Ul ( )
| (=) ] 8u,ﬁ

where ( ]) is the multinomial coefficient, and d"~1x; := ip,d"x.

® dnilxia

Remark 3. Notice that, if# € ¥A' ® A" !is a Legendre form for a Lagrangian density .# € A", then © 4 d" o is a Legendre
form for the cohomologous Lagrangian density .# + dQ o € A™!. Moreover, any two Legendre forms 1, ¢’ for the same
Lagrangian density differ by a d-closed, and, therefore, d-exact form, i.e., ¥ — ¢’ = dA, for some A € ¥A' ® A"2. Finally,
for # € A(J*t'7) one can always find a Legendre form o containing vertical derivatives of functions in C*(J*xr) only.

Remark 4. Complex (12) restricts to any diffiety & in the sense that there is a (unique) complex

’ dle 1o =1 dle 1o — dle
0—>FA g —>FA QA'|lg — " —>FA QAl|g —>""-, (14)

such that the restriction map ¢A' ® A — €A' ® Alg is a morphism of complexes. Moreover, complex (14) is acyclic in
the gth term and the correspondence defined by H (¥ A! ® A"|g,d|g) 2 [w|s] —> Eule € x|g, 0 € €A' ® A" isa
vector space isomorphism.

3. Hamilton-Jacobi diffieties
In the following we simply write J* for J*7r, k < oc.

Definition 1. Let & be a diffiety. A finite dimensional diffiety # will be called an Hamilton-jacobi (HJ) diffiety. If # C &, then
2 will be called an HJ subdiffiety of &.

Motivations for this definition can be found in the introduction and in Section 6 (see also Example 2). From an intrinsic
point of view an HJ diffiety is nothing but a (finite dimensional) manifold with an involutive distribution, or, which is the
same, a foliation. As recalled in the introduction, the equation for the leaves of the foliation is a compatible equation of the
form (1).

A diffiety & is often presented together with an embedding & C J*. In this case, it is useful to restrict the attention to a
special class of HJ subdiffieties of & that we define below.

A connection V : J¥ — J'min my : J¥ — M will be said to be holonomic if it takes its values in J**1 c J'm. V is
holonomic iff locally

(V)i =uj if|I] <k
(Vi = (V]"‘)j if|I| = |J| = kand Ii = Jj.
Let V be a holonomic connection in my. For |I| = k, put Vi := (V[);. Since V is holonomic, the V}{’s are well-defined.

Moreover, local V-constant sections are of the form jis : M —> J¥, for some local section s of . Notice that V is flat iff,
locally,

[Vi, Vil =0, (15)

where
ad

Vi:ﬁ—i_mzk iy a+|”z “8u,
Eq. (15) can be rewritten as

ViVi = V;Vif = V*(D;iVj —DjVy) =0, |I| =k,
Forf € C*®°(*)andI =iy - - - i, put

Vif = Vi, -+ Vif € C05). (16)

Definition (16) is a good one since V is flat. In particular V;u® = uf, for |I| < k.
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Now, let V be a flat holonomic connection in 7. Then for any 6 € J* there is a locally unique (local section) sy of 7 such
that (1) 6 = [se]ﬁ,x = m(0) and (2) jis is a V-constant section of my. Define a map Vi cJ¢ — JMT 0 < r < oo, by
putting

Vin®) = [sel5",  x = m ().

Proposition 2. Vi is a smooth (closed) embedding locally given by
V[*r](u‘,)‘) =vu*, |I|<k+r.

Proof. V|, is clearly a section of the projection my., x. Now, suppose that Vl*r](u]“) = Vju® forsome |J| > k, |J| < k+,
and suppose that 6 € J*. Put x = m;(6). Then
Vin @ ®) = i (sely™)
alltis,
= oxox ®)
a | allsy
axi « 0¥

0 * :
= @ XVM(u] ) o J|y|Se

= (DiVju® o jyjj+150) (%)
= (D;iVju® o jk1150) (%)
= (DiVju® o V)(0)
= V*(D;V,u*) ()
= (Vjiu“)(0).
By induction on |J| the proposition follows. O
Corollary 3. The vector fields Vi and D; € D(J*°w) are V[ ,-related, i.e, V[ ;0 Di = Vio V[_,.
Proof. Compute
(Vise 0 D)) = 8 = (Vi 0 Vise)(¥)
and
(Voo © D) () = Vi (ujp)
= V,,-u”‘
= Vi(Viu%)
= (Vio Vi D). O

[o0]

One can interpret #V = imV as a PDE on sections of 7. Then V-constant sections are the Ith jets of solutions of V.
Corollary 4. #,¥ = imV[, forall r < oc.
Proof. 'V is locally given by
FF=0, |I|<k,
where Ff* := uf — Vju®. Therefore, %" is locally given by
DFf =0, |l=<r
Now,
Dy = Dyjuj — D;Vu®
= uy — (Dy o Vi (y)
= uy — (Vj; o VD ©)).
But u¥ = Vju® on %,". We conclude that %" is locally given by
Fj=0, lI[<k Ul<r. O

Notice that imVj. = % is a H] subdiffiety of J°. In particular, %" is foliated by the graphs of the (k + r)th jets of
V-constant sections.
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Remark 5. Vi : gk, vy — (?IOZ, %) is an isomorphism of bundles (over M) with (flat) connections.

Now, let & C J* be the infinite prolongation of a kth-order differential equation & C J* determined by a differential
operator F : J* — V,V — M being a vector bundle, i.e., F is a morphism of the bundles 7z, and V — M and

& =10 €J¥: F@®) =0}.

Proposition 5. Let V be a flat holonomic connection in s, s < k. Then Q/OZ C &iff

Fo V[k—s—l] =0. (]7)

Proof. The if implication is obvious. To prove the only if implication, notice that if ?&OZ C &, then all V-constant sections
are sth jets of solutions of &. Since @,XS is foliated by the graphs of k-jets of V-constant sections, the assertion follows. O

If & is locally given by
Folooo XU, . ) =0, || <k,

then (17) is locally given by

Fa(oo o X, .., V%, ..) =0, |I|<k, (18)
which is a system of (k — s — 1)th-order differential equation for the Vj's |J| = s.

Definition 2. Let V be a flat, holonomic connection in a jet bundle and let & C J* be a diffiety. The HJ diffiety ?}/OZ will be
called an elementary Hamilton—Jacobi (H]) diffiety. If %Y C &, then %Y will be called an elementary HJ subdiffiety of &. Eq.
(17) for V will be called the (sth, generalized) Hj equationof &#,s =0, 1, ...,k — 1.

Example 2. Let 7 : R x R" 5 (t,X) —> t € R be the trivial bundle. Consider the Euler-Lagrange Eq. (2) in J?r. Let
: : d
V =(@x - X'dt) ® —
ox!

be a connection in 7, X! = Xi(t, x). Since 7 is a bundle over a one-dimensional manifold, V is automatically flat. Eq. (4) is
then the Oth generalized HJ equation of Eq. (2). This motivates the choice of name for Eq. (17).

Remark 6. Notice that the definition of elementary HJ subdiffiety is not intrinsic (see Remark 2) to a given diffiety &, and
it actually depends on the embedding & C J°°. Namely, it is easily seen by dimensional arguments that changing the
embedding & C J* could result in the transformation of an elementary HJ subdiffiety into a new HJ subdiffiety which does
not correspond to any holonomic connection. This is why, urged by an anonymous referee, we gave Definition 1 as the more
fundamental one. However, we will mainly consider the case when & emerges from a Lagrangian field theory as the diffiety
corresponding to the (Euler-Lagrange) field equations. In this case & comes with a canonical embedding & C J* = J*®m,
where sections of 7 are field configurations, and the use of elementary HJ diffieties is very natural (see Sections 5 and 6 for
details).

In the remaining part of this section we briefly discuss the relation between general H]J diffieties and elementary ones.

Proposition 6. Let ¢ C J* be an H] diffiety. Then, locally, there exists k such that ¢ C ?IOZ for some flat holonomic connection
Vin TTk.

Proof. Let & C J* be an HJ diffiety. ¢ = O, for some differential equation O C J**'. Since ¢ is finite dimensional, k can
be chosen such that dimO = dimO; = --- = dim #. In particular, for any 6 € 0, %;(0) N T,0 contains just one R-plane
©®.Therefore, O is i1 ,-horizontal (otherwise its tangent space would contain some 7y 1 g-vertical tangent vector and one
could find more R-planes in %;(9) N Ty0). Put N := m;,1(0). Locally N is a submanifold in J* such that dimN = dim O. If
dimN = dimJ¥, then O is already the image of a local, flat, holonomic connection in . Thus assume that dimN < dim O.
Suppose that 0 € O and 6’ = my11,(0) € N.In view of Remark 1, there exists at least one Lie field X € D(J*) such that
Xy is transverse to N. Thus X is transverse to N locally around #’. Points in O may be understood as R-planes at points of
N [11]. They form an n-dimensional, involutive distribution on N. Transporting both N and the distribution on it along the
flow of X, we may produce a new submanifold N’ C J* with an involutive distribution on it made of R-planes. It corresponds
to a i 1 ,-horizontal submanifold O’ in J** locally containing O (in fact O’ is obtained by transporting O along the flow of
X; € D). If dimN’ = dimJ¥, then O’ is already the image of a local, flat, holonomic connection in ;. Otherwise we
may iterate the procedure. In the end we will produce the connection that we are searching for. O

Remark 7. Let & C J* be the infinite prolongation of a kth-order differential equation & C J* and let & C & be a finite
dimensional subdiffiety. Let ¢ be the infinite prolongation of a submanifold O C J*,s < k, with dimO = dim0O; = --- =
dim ¢. Clearly Oy_s C &. Suppose that r < k — s, £ is the codimension of O, in J*™", and 0 € O,. If & possesses £ Lie
symmetries transverse to O, at 8, then ¢ can be locally extended to ?!/OZ for some flat holonomic connection V in 77, _1, such
that ?IOZ C &. This can be easily proved along the same lines as in the proof of the previous proposition.
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4. Examples of H] diffieties

Example 3. Consider the Burgers equation
U = Uy + Uly.

It may be understood as a submanifold in J?7r with 7 the trivial bundle 7 : R? 5 (t, x, u) — (t, x) € R. Let
0]
V = (du — Adt — Bdx) ® —
au

be a connection in 7, A = A(t, x, u), B = B(t, x, u). V is flat iff

B, — Ay + AB, — BA, = 0. (19)
The Oth generalized HJ equation reads

A =B, — BB, — uB. (20)
Substituting (20) into (19) we find

B; — By — 2BByx — B’B,, — uB, — B> = 0. (21)
Search for solutions of (21) in the form B = «/(x, t)u. We must have

oy = —a?

ar =20

and, therefore & = 1/(x — xg), X being an integration constant. Thus B = u/(x — xo) and A = u?/(x — x). V-constant
sections are the solutions of the (compatible) system

{uf =u?/(x — xo)

Uy =U/(X = Xo)

(to being a new integration constant), which are indeed solutions of the Burgers equation.

Example 4. In the same bundle as in the previous example, consider the heat equation

Up = Uyg.
Let V be as above. The Oth generalized H] equation reads

A =B, + BB,. (22)
Substituting (22) into (19) we find

B; — By — 2BByy — B*By, = 0. (23)
Search for solutions of (21) in the form B = «/(x, t)u. We must have

o — Oy — 200t = 0.

One solution is @ = %d), ¢ being a solution of the Burgers equation. Choose, for instance, ¢ = —x/t. Then
X
B=——u,
2t
x> —2t
T4

V-constant sections are the solutions of the (compatible) system

x> —2t
=g
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1 N x?
u=1upexp|—|—=+ —
0 €Xp N
(up being a new integration constant), which are indeed solutions of the heat equation.
Example 5. In the same bundle as in the previous examples, consider the KdV equation

Uy = BUUy — Uyyy, (24)

and the corresponding diffiety &iqv. The second-order system of PDEs

ut=0
0: uxx=3u2

“uxw=0

utt:()

is a four-dimensional one and determines a four-dimensional HJ subdiffiety & C &xqv. We now search for an elementary H]
subdiffiety of &gy containing .
The Galilean boost

v=—6l 42 (25)
N ax  Ju
is a Lie symmetry of (24) and its second prolongation
ad 0] a
Yo =Y 4 6uy— + 6uyy—— + 12Uy —
oug Oy oy
is transverse to O. Denote its flow by {A;}. Then 0 = (U, A:(0) is a five-dimensional second-order system of PDEs

determining a five-dimensional subdiffiety ¢ C &qy. Moreover, in view of Remark 7, ¢ = @OZ for some flat holonomic
connection V in 7. In particular, V is a solution of the first generalized HJ equation. Let us determine O. A, is given by

AI(x) =x — 67t AL(t) =t, Al(w)=u+r,
Af(uy) = uy,  Af(u) = u + 6Ty,

A: (Uyx) = Uxx, Ai (Uxt) = Uye + 6T U, Ai () = Uy + 127Uy + 36t2uxx-

Therefore, O is parametrically given by

X=y—06ts
t=s
u=v+rt
— uX:p
O0: Yy =61p
uxx=3v2

Uy = 187v?
Uy = 1087202,

Eliminating the five parameters (y, s, v, p, T) we get

o (e — Buuy?
T 12u2
— ue (up — 6uuy)?
12u3
u? (up — 6uily)?
utt = 74’
12u;

and V is given by

d d d
V = (du — u,dx — u,dt) ® — + (duy — Adx — Cdt) ® + (du; — Cdx — Bdt) @ —
ou 8ux auf

with
(ur — 6uuy)? _ _uf(ur — 6uuy)? c_ Ue (U — 6ULLy)?

A= ——,
12u2 12u 12u}

’
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A direct computation shows that V is indeed flat and it is a solution of the first generalized HJ] equation
Ax + uA, + AA,, + CAy, + ur — 6uu, = 0.
Clearly, solutions of 0, or, which is the same, V-constant sections, are boosted solutions of 0. Namely, solutions of O are

u=2"p2 "3(x - c); 0, c1), (26)

9z w1, @) being the Weierstrass elliptic function of z, with periods w1, w,, and cg, ¢; integration constants. Solutions of
0 are then found by transporting (26) along the flow of Y. They are

u=2"2p27"3(x—ct —); 0,c1) + /6,

where c is a new integration constant, and they are (local) solutions of the KdV equation.

5. The Lagrangian-Hamiltonian formalism in field theory

In this section we review the Lagrangian-Hamiltonian formalism for higher derivative field theories. Details can be found
in [8] (see also [7]).

Definition 3. A Lagrangian field theory of order < k+ 1,0 < k < o0, is a pair (;r, #), where r : E —> M is a fiber bundle

and . € AM(J**!, m1) C A", n = dim M, is a Lagrangian density.

As already recalled, the horizontal cohomology class [.#] € H"(A, d) identifies with the action functional f v -Z which is
extremized by solutions of the Euler-Lagrange (EL) field equations

E(¥)=0.

The EL equations are 2(k + 1)th-order PDEs. Denote by & C J* the corresponding diffiety.
The Lagrangian field theory (7, ) determines a canonical PD Hamiltonian system w¢ € A" !(Jiny) inJing, — M
(the reduced multimomentum bundle of 7). If . is locally given by .# = Ld"x, L € C*®°(J**1), then w - is locally given by
we =dpi Adu? Ad" % —dEy Ad™,  Eg =ulphi—1L,

the p’:’s being momentum coordinates associated with the uf. The corresponding PD Hamilton equations

o

i""(j10)wzl, =0, (27)
for sections o of JTwe, —> M, locally read
i oL [ .
Dy »i = w — 05 Py
up i = up
where () ,; denotes differentiation of () with respecttox’,i =1, ..., n, and 8,’( = 1 when the multi-indices I, K coincide,

and 8,’< = 0 otherwise. We will refer to Eq. (27) as the Euler-Lagrange-Hamilton (ELH) equations on J'm.,. They can be
interpreted as Euler-Lagrange equations corresponding to a Hamilton-Pontryagin-like variational principle [15] and their
solutions are characterized by the following:

Theorem 7. Asection o of JTms — M is asolution of Eq. (27) iff, locally, o = © 0.5, Where s is a solution of the EL equations
and v is a Legendre form.

In particular, Eq. (27) covers EL equations; i.e., if o is a solution of (28), then the composition
M i)ﬂnoo — |

is of the form j,.s for a solution s of the EL equations, and all solutions of the EL equations can be obtained like this.

Lemma 8. Let T be a section of J1n,, —> J®,ie, T € ¢A' ® A" !; then

Proof. The lemma can be proved in a coordinate free manner, using the intrinsic definition of w -. We here propose a local
proof. Let T be locally given by T*(pl)) = T!' € € (™), ie,

T =THd v @ d" 'x;,
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Notice that w & = dg o, with 0 » € A"(J174,) locally given by
0o =phidu A d"'x; — Ed"x.
Then
T"we = dT 0y
= d[THduf Ad" "X — WITY — D)d"x]
= d(Td" uf A d" X + Ld"x)
=dT+%2). O

The Lagrangian field theory (i, .#) determines two more canonical PD Hamiltonian systems. First of all, the PD
Hamiltonian system w ¢ is the pull-back of a unique PD Hamiltonian system w in n,fﬂqk(ﬂnk) —> M. w is locally given by

W= Z dpll A du?d"'x; — dE A d'x, E— Z wpli 1.
1<k =
The associated PD Hamilton equations
i1.n(j]o')a)|u =0, (28)

for sections o of 7,  (J 1) —> M locally read

oL A
o —HRI=0 K=kt
K
' oL ' 29
pf,“,,:w_ Lol 1<k Il (29)
I
uf i = Ul <k i

We will refer to them as the ELH equations on n,jﬂ’k(ﬁnk). They cover the EL equations as well, i.e., if o is a solution of (28),
then the composition
M- T Um0 — gk

is of the form jis for a solution s of the EL equations, and all solutions of the EL equations can be obtained like this. (29) shows
that solutions of (28) take values in the first constraint subbundle # — M, &2 C n,f+]7k(]Tn,<), which is locally defined by
oL K J.i
dug ST Ikl

Let 22y C JTm; be the image of 2 under the projection 771?+1,1<UT7Tk) — JTm. Under the (not too restrictive) hypothesis
that the projection & — 27 is a smooth submersion with connected fibers, i%,w is the pull-back of a unique PD
Hamiltonian system wy in the bundle 22, — M. We will refer to the associated PD Hamilton equations

i""(j100)@olo, = 0 (30)

for sections o of 9 —> M as the Hamilton-de Donder-Weyl (HDW) equations. When (i, .#) is a (hyper)regular theory,
i.e., 2y = Jimy, they locally coincide with the de Donder (higher derivative, Hamilton-like) field equations [16]

1.i OH
pa i — _aua
1

. oH
1 o1 ap([],?

where the local function H € C*(Jtr;) is uniquely defined by the condition that its pull-back via the projectiona? — J'm;
isi%, (E) € C*(2).
If o is a solution of Eq. (28), then the composition

o
M — T[I?+l,k(]TT[k) — Jim

is a solution of (30). However, Eq. (30) generically possesses more solutions than are obtained like this, unless (i, .%) is a
(hyper)regular theory. In this case, the ELH equations cover the HDW equations.

In [7], we presented a higher derivative, field theoretic version of the geometric HJ formalism [3,4] in the case of a
hyperregular Lagrangian field theory. In the next section we generalize the constructions and results of [7] to possibly
singular Lagrangian field theories. The concept of HJ diffiety will play a special role.
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6. Hamilton-Jacobi subdiffieties of Euler-Lagrange equations

In [3,4,6], Carifiena, Gracia, Marmo, Martinez, Mufioz-Lecanda, and Roman-Roy presented a geometric formulation of the
classical HJ theory of mechanical systems in both Lagrangian and Hamiltonian settings. They also presented a generalized H]
problem depending on the sole equations of motion, and not on the Lagrangian, nor the Hamiltonian. Their formulation “is
based on the idea of obtaining solutions of a second order differential equations by lifting solutions of an adequate first order
differential equation [4]”. This idea can be generalized to the higher derivative, regular, Lagrangian field theoretic setting [7].
We here propose a further generalization to the (possibly) singular case.

Let (v, %) be a kth-order Lagrangian field theory, and w € A™*! (Tey1xU 1)) the associated PD Hamiltonian system in

7ok ) —> M. A section of the pull-back bundle 7, (/') —> J* can be understood as a pair (V, T), where V is

a holonomic connection in 7y, and T is a section of iy —> J¥, i.e, T € VA'(J%, m) ® Al~1(J%, 7i). We will always adopt
this point of view. Obviously, the diagram

e, UM m) —— Jhm

S

k+1 k
S ]

commutes.
Lemma 9. Let (V, T) be a section of 7r,§’+1,,((]T7rk) — J* with V a flat (holonomic) connection. Then, one has

(V, o = d(V*Z + """ 1(V)T).

Proof. We can take the pull-back 7% ,(T) € ¥A' ® A"~ In the following, abusing the notation, we will indicate this
pull-back by T again. Denote by p : JTme —> n,fﬂ,k(ﬂnk) the canonical projection. Then (1) (V, T) = po T o V[ (Where,
in the lhs, we interpreted T as a section of JT7.), and (2) p*@ = w . Therefore,

(V,T)*w = V

ot T P @
= VE"OO]T*wg
= Vi d(Z +T)

= dVi (£ +T)

= d(V*2 +e""I(V)T),
where we used Lemma 8 and, in the last line, the (obvious) fact that Vi, is a morphism of the variational bicomplex and
the bicomplex defined by V. O

Definition 4. The generalized H] problem for the Lagrangian theory (7, .#) consists in finding a holonomic flat connection V
in 7 and a section T of Jtry — J¥ such that for every V-constant section o, (V, T) o o is a solution of the ELH equations.

The relevance of the generalized HJ problem resides in the following:

Theorem 10. Let (V, T) be a section of m,, .(J tr) — J* with V a flat (holonomic) connection. The following conditions are
equivalent:

1. (V, T) is a solution of the generalized HJ problem;

2. im(V,T) C £ and, for every V-constant section j, T o j is a solution of the HDW equations;
3. im(V, T) C 2 (hence imT C %) and i"™(V)T*wy = 0;

4. im(V,T) C 2 and i"™(V)(V, T)*w = 0.

Moreover, each of the above conditions implies:
5. ?IOZ is an (elementary) HJ subdiffiety of &.

Proof. 1.— 2.Letjbe a V-constant section. Then (V, T) oj is a solution of the ELH equations and, therefore, takes values in
2. Since V-constant sections “foliate” J* we conclude that (V, T) itself takes values in 2. Finally, the projection 2 — 2,
maps solutions of the ELH equations to solutions of the HDW equations.

2. = 3. Letj be a V-constant section (and hence T o j is a solution of the HDW equations) and X a mri-vertical vector
field on J* along j. Compute

ixi"" (i) T*wolj = iaryooi"" G (T o j))wolrej = 0.

Since X is arbitrary, i""" (jj)T*wo|; = 0. Moreover, V-constant sections “foliate” J* and, therefore, i'""(V)T*wy = 0.
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3.— 4. Suppose thatim(V, T) C £.Then
(V, TV = (V, T)*H0 = T .

4, = 1. Suppose that im(V, T) C 2, with i""(V)(V, T)*» = 0, and let j be a V-constant section. We prove that
(V, T) ojis asolution of the ELH equations. Indeed, in view of Lemma 9,

0=i"(V)(V,T)'o
it"(V)d(V*Z +e" " (V)T)

=d'V*¥ +dyT.

Now, locally,

= L , :
dvv*g + dvT — Z v* <W _ DiT(L.I _ S;iT({(J) qu;Jt ® d"x.
Ul M=k I
Thus,
L , :
v* (a — — DT, — a;ir{;) =0. (31)
u

o = (V,T) oj satisfies Eq. (29) I (because it takes values in &2) and (29) Il (because j is V-constant). We show that it
satisfies Eq. (29) II also. For |I| < k,

o ) i =T
= (1)*DiTy
= (Voj)'DiT,;
="V (DT,

aL .
= j*(V, T)* (— - S;ip{)[">

o
ouj

(oL ,
=0 (au;x —8]11 Ot') .

1.=— 5. Obvious, since the projection 22 — E maps solutions of the ELH equations to solutions of the EL equations. O

In view of the above theorem, given a solution (V, T) of the generalized H] problem we can obtain solutions of the (2kth-
order) EL equations, finding solutions of the much simpler (kth-order) equation #V.

We now prove that the last implication in the above proof can be inverted as well in the following sense. If @oz is an HJ
subdiffiety of the EL equations then there exists T such that (V, T) is a solution of the generalized HJ problem. This result is
obtained by observing the relation between the generalized H] problem and Legendre forms.

Theorem 11. Let (V, T) be a section of n,j’ﬂk(]*nk) — J* with V a flat (holonomic) connection. The following conditions are
equivalent:

1. (V, T) is a solution of the generalized HJ problem;
2. (d"2 + dT) v, = 0;
3. WJDZ is an (elementary) HJ subdiffiety of &, and there exists a Legendre form © such that (T — D)Vjoe) = 0-

Proof. 1. = 2. Recall, preliminarily, that, in view of Lemma 8, T*w¢ = d(# + T) = d'.¢ + dT + d'T. Now letj be a
V-constant section. Then (V, T) oj is a solution of the ELH equations on n,fﬂk(ﬁnk). Coordinate formulas then show that
T o V| 0 is a solution of the ELH equations on J T, i.e.,

i (j1(T © Vo] 0@ |10vjeejej = 0-

Let X be a o -vertical vector field over J* along V| o j. Then

ixi"" (1 (Viso] ©NT* @ 2 |v1006f = itaryo0i " (1(T © Viso] 0 )@ 2 [10v0)ef = O.
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Since X is arbitrary,

0

i (1 (Vioo] 0T @ 2 19,0010)

i"" (1 (Voo 0 ))(@" 2 + dT + d"T) |y, 0
= [I"(@)(@d" £ + dT + d"T)]|v,.;0

= (d".Z + dT) |y, oj-

Since V-constant sections foliate J*, we get (d".# 4 dT)|v,,,, = 0.

2.=3.0 = (d"Z +dT)ly,, = (E(L) + d(T — Do)l Where J is a Legendre form. Therefore E(£)|v,, =
d(Wo — Ty = dlve, (W0 — T)lv,,, Where we used that .Y C J is a subdiffiety. Recall that, in view of Remark 4,
E(2)lv,,, cannot be d|y,.-exact unless it is 0. We conclude that %] C &. Moreover, (% — T)|y,, is dlv,.,-closed,
and hence a|vlooJ -exact, i.e., there exists v € ¥A' ® A"2 such that (g — Dlvi = E|VM\)|VlooJ or, which is the same,

(T — )|y, = 0 where we put ¥ = o — dv. Finally, notice that ¢ itself is a Legendre form.
3.=—= 1. Letj be a V-constant section. Then j = jis for some solution of the EL equations and T o jooS = ¥ 0 j.S. In view
of Theorem 7, T o jos is a solution of the ELH equations on J 7. We conclude that

711 (T) 0 Jip1s = 4y ((T) 0 V ojis = (V, T) o jis = (V, T) o]

is a solution of the ELH equations on 77, , (JTm). O

Corollary 12. Let V be a holonomic flat connection in . There exists T such that (V, T) is a solution of the generalized HJ
problem iff f'JOZ is an (elementary) HJ subdiffiety of &.

Proof. The if implication is already stated in Theorem 10, point 5. Conversely, if @OZ C &g, then E(Z) v, = 0.Let ¥ bea
Legendre form depending only on (vertical differentials of) derivatives up to the order k. Put T := #|v,,. T is a section of

Jtm, — J*. Moreover,
(@2 +dD)ly,,, = (E(£) —d¥ +dT)|y,,, =0.
Now, use Theorem 11. O

The above corollary shows that equation i*"(V)(V, T)*(w) = 0 covers the generalized (kth-order) HJ equation of the EL
equations. Since all the Legendre forms of a given Lagrangian density are known, it follows that solving the generalized H]
problem is basically equivalent to finding all (kth-order) H]J subdiffieties of the EL equations.

Corollary 13. Let .# and ¢’ be Lagrangian densities (of the same order) determining the same action functional (ie., &' =
% + dn for somen € A" '), and P and P’ the corresponding generalized HJ problems. Then (V, T) is a solution of % iff
(V, T —d"n) is a solution of #’.

Proof. Let ¥ be a Legendre form for #. Then ¥’ := ¢ 4 d" 7 is a Legendre form for .#". Since, forT € ¢A' @ A", T — ¢ =
T — dn + ¢, trivially, the assertion immediately follows from Theorem 11, point 3. O

The above corollary basically states that the generalized HJ problem is independent of the Lagrangian density in the class of
those determining the same action functional.

Remark 8. Recall the example in the introduction. Among HJ subdiffieties of a system of regular, ordinary, second-order EL
equations there are distinguished ones: namely, those determined (as in the introduction) by solutions of the standard HJ
Eq. (5). It is well-known that, in its turn, Eq. (5) can be geometrically interpreted as follows. Consider the map

T:RxR" € (t,x) —> (t, Ti(t, x)dx') € R x T*R".
Then
_as
Tt
with S = S(x, t) a solution of (5), iff imT is an isotropic submanifold with respect to the presymplectic structure

Qo :=dp; Adx —dH A dt

T;

onR x T*R", i.e.,

T*29 = 0. (32)
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It is natural to wonder whether these considerations can be generalized to the field theoretic setting. A first guess would be
to consider the equation

(V,T*0 =T*wy =0, im(V,T) C & (33)

as the natural field theoretic generalization of (32). However, we think that this point of view (which is taken in [7]; see
also [19]) is not completely satisfactory for the following reasons.
Let ¥ be a Legendre form. Consider

Q=15 (d'9) € €A% (6n) ® A" (&n).

In view of the first variation formula (13), d$2 = 0. The horizontal cohomology class
w = [2] € H" (¢ A*(6n) ® A(4m), d)

does only depend on the action functional and it is naturally interpreted as a (pre)symplectic form in the so called covariant
phase space, i.e., the space of solutions of the EL equations (see, for instance, [17] for details). This functional symplectic
structure should be understood as the fundamental symplectic structure in field theory. For instance, it is at the basis of the
BV formalism [18].
Now, let (V, T) be a solution of Eq. (33) and ¢ a Legendre form such that (T — #)|v,,,, = 0.Itis easy to see that d'T =0.
Therefore,
V*

@ = Vi [21 = [d" Vi, 9] = [d'T] =0,

[o0]

where the last two are cohomology classes in H"~1(VA%(J*, ) ® AS(*, 7x), dV). We conclude that %Y is an isotropic
subdiffiety of the “(pre)symplectic diffiety” (&;, @). Unfortunately, this is not a special feature of solutions of (33). Namely,
forn > 1, every finite dimensional subdiffiety of (&, ) is isotropic, modulo topological obstructions. Indeed, the horizontal
de Rham complex of a finite dimensional diffiety is locally acyclic in positive degree (see, for instance, the final comment
of Section 1). On the other hand, for n = 1, solutions of (33) may be effectively characterized as those solutions of the
generalized H] problem defining isotropic subdiffieties of (&5, ®). Because of this difference between the n > 1 and the
n = 1 cases, we think that Eq. (33) is not as fundamental in field theory as Eq. (32) in mechanics and there possibly exists a
different, more fundamental, field theoretic version of Eq. (32). This possibility will be explored elsewhere.

7. Afinal example

The “good” Boussinesq equation
Uy = (U + u? + Une)xx
is obviously covered by the system of evolutionary equations
_ 2
:vt—u+u + Uy (34)
Ut = Uxx,
which can be understood as a submanifold in J?7 with 7 the trivial bundle 7 : R* 5 (¢, x, u, v) —> (t,x) € R?. Further,
Egs. (34) are the EL equations determined by the action f Ldtdx with [20]
1 5 2 15,15 00yl
L:E(ux+vx +vut—uvt)+§u +5u e C™( m).

The Lagrangian density L is singular in the sense that
oL oL

det Buéﬁuj aua,-?vj = det

Bv,-auj Bviavj

[=NeNoNe)
[=NeNoNe)
- O O O

OO =0

ij=t.x

Denote by p*, p‘, ¢*, g momentum coordinates in /T associated with u, v respectively. Then
w = —dp* Adundt+dp' Adundx—dg* Adv Adt+dg AdvAdx—dH Adt A dx,

with

1 1 1
H= -+ — —u®— -
2(X+ X) 3 2
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It follows that

p—u=0

po 1

p+5U:0
y. qx_vx=0 )

t—lu—O

q hi

and

o1

pt+-v=
R %

t

— —Uu=
q 2

Consequently, fibers of 2, — J%7 = R* are coordinatized by p*, p' only and
wo = du A dv A dx — dp* Adu Adt —dg* Adv Adt — dHg A dt A dx,

with

1 1 1
Hy = — X\ 2 X\21 _ .3 _ .2
0 2[(P) + (@)7] g~ U
Let
T=—-Pdud +Pdu®dc—0*d vedt+Q'd"v®dx

be a section of JTf7r — J%7 and
d d
V = (du — Adx — Bdt) ® — + (dv — Cdx — Ddt) ® —
ou av

be a connection in . V is flat iff
VtA = VXB, and VtC = VXD,
where V;, = 9/dt + Bd/ou + Dd/dv and Vy = 9/0x + Ad/du + Cd/dv. Moreover, im(V, T) C £ iff

1 1
P¥ = A, Pt:—iv, Q*=C, and sziu.

In this case imT C £ and

(V,T)*(w) = T*(wo)
= du A dv A dx+ (A, — C)du A dv A Dt — (A, + AAy + CCy — u? — u)du A dt A dx
— (G + AA, + CCy)dv A dt A dx.

Notice that there is no T such that T*(wg) = 0. Finally
YN (V)T*(wp) = [(D — VA + 12 + u)d u — (B + V,0)d"v] @ dt A dx,
$0 iV (V)T*(wp) = 0 iff
{D—VXA+u2+u:0
B+ V,C =0,
which are precisely the Oth generalized HJ equations for (34). Let us search for solutions of the form
A=A(), C =C(u), B = —CcA, D = —cC, ¢ = const.
Notice that, in these hypotheses, V is identically flat. Egs. (35) reduce to

AAy=cCH+u*+u
AC, = —CcA

and for A # 0 we find

_ 2_13 1 2\, 2
C=—-cu+a, A_3u +2(1 cHu +au+b,

(35)
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a, b being integration constants. We conclude that a (local) solution of the generalized HJ problem is (V, T) with

1 1
A:\/§u3+§(1—c2)u2+au+b, B = —cA, C=—cu+a, D= —cC

1 1
PP=A, P'=—-v, *=C, = —u,
2 ¢ ¢=3

and the system

1 1
U = —c\/§u3 + 5(1 —cHuz+au+b

1 1
Uy = \/§u3 + 5(1 —cHuz+au+b (36)
ve=c*u—ca
Vy = —CU+a,

(locally) correspond to an H]J subdiffiety of (34). In the casea = b = 0, 0 < c? < 1, solutions of (36) are

u= —g(l — c?)sech? [l\/Z(l — ) (x — xg — ct)] , (37)
v = vy — 3v/2(1 — c?)tanh [‘11\/2(1 —c2)(x —xg — ct):| ,

with xg, vg integration constants. They are solutions of the EL equations (34). In particular (37) are well-known “travelling
wave” solutions of the “good” Boussinesq equation.
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