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1. Introduction

Four-dimensional (4D) neutral signature Walker spaces are currently of interest. Pseudo-Riemannian spaces (of arbitrary
signature) were algebraically classified in terms of the boost weight decomposition in [ 1,2]. Spaces which possess a geodesic,
expansion-free, shear-free, and twist-free null-congruence and hence are pseudo-Riemannian Kundt metrics (of arbitrary
signature), and Walker spaces which admit a k-dimensional invariant null plane [3], are of particular importance. The
requirement of an invariant k-dimensional null plane implies that the (Walker) metric can be written in a canonical form [3].

A polynomial scalar curvature invariant is a scalar constructed from contractions of products of the Riemann tensor and
its covariant derivatives. A vanishing scalar invariant (VSI) space is a space in which all polynomial scalar curvature invariants
vanish. In [ 1] spaces with degenerate curvature structure of arbitrary dimension and signature were studied. In particular,
4D neutral signature spaces were emphasized and it was proven that VSI spacetimes are either of Kundt or Walker form.
This signals that the Walker metrics play an important role for degenerate metrics of arbitrary signature.

In [4] we presented a number of 4D neutral signature exact Kundt solutions for which all of the polynomial scalar cur-
vature invariants vanish or are all constant (CSI spaces), generalizing the 4D degenerate Kundt metrics [5] and the VSI met-
rics [6] and CSI spaces [7] in the Lorentzian case. In [8] we constructed explicit examples of 4D neutral signature Walker
(but not necessarily degenerate Kundt) spaces for which all of the polynomial scalar curvature invariants vanish.

In this paper we will investigate examples of 4D neutral signature Einstein CSI metrics. These spaces are Walker, and we
show that they are also Kundt. We study their holonomy structure. We also demonstrate that the spaces are universal.

2. 4D Neutral signature Walker CSI metrics

We shall present a class of Walker CSI metrics, using the following Walker form [2]:

ds? = 2du(dv + Adu + CdU) + 2dU(dV + BdU) : (1)
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where
= v?Agx + vAo1 (1, U) + VAig + Ao(u, U).
= U4Bo4 + 1)3303(1,[, U) + UZVB]Z + UZBoz(u, U)
+ vVBy1(u, U) + V2Byg + vBo1 (u, U) + VBio(u, U) + Bo(u, U)
C = U3C03 + UZCOZ(U, U) + UVC]] + UC()] (u, U) + VC]Q(U, U) + C()(Ll, U),

o o>
[

and {Aoz, A10, Boa, B2o, B12, Co3, C11} are all constants and the remaining arbitrary functions depend, in general, on {u, U}.
Note that these solutions are not of the same form as the CSI Kundt solutions in [4].

In 4D neutral signature spaces, a null frame consists of null tetrad vectors {¢,, n,, my, m,} that satisfy £,n* = 1,mym® = 1,
and all other inner products are zero. Here they are defined by:

C(u,v,U,V)
£ =du, n=dv+A,v,U,V)du-+ de (2)
- C(u,v,U,Vv
m=dU, m=dv+ %dwsw,v,u,vmu (3)
in which case the metric (1) takes the form
ds* =2({®n+m®m). (4)

We assume that the space is Einstein; i.e.,
RI = A8!, R=44 (5)

where A is a constant. Using the metric (1) in the Einstein equations, after a straightforward but lengthy calculation we find
that the Einstein conditions imply that C;; = Ajg = 0 and By, = Bys = Cp3 = 0, and the only non-vanishing constants are

A
Ay =By = — #0.
2
We also find that Cyo(u, U) = Bos(u, U) = 0, and Co, = —By1, B, = B2, and

0By
ACyp1 = 2—— — 2Ap1B11.
ou

The functions A, B, and C in the metric then become

A 2
A= Ev +A0]U+A0

1 2 .2 A 2
B = ZB“U +B]1UV+EV +BO]U+310V+BO

2 aBn

C —3111)2 + — ( _AOlBll) v+ C()

A\ Ju

where the remaining arbitrary functions of {u, U} satisfy:

B _1 BB—l—]A BZ+E)B11 1B 0B11

01—A 10011 A0111 au A“Bu )

1 (3Ag; 1 _ 08Apw 9By 1 3By 13%°By
=— 11—+ —Bii—+ — + —Ap—— — ——— — 2A¢B
0 A[au Ao U au T AT au A oo
As an illustration of the CSI property, we compute some scalar curvature invariants:
1642
CpqrscpqrS =
3243

CpgrsCP°C7, = 9

Cpqrs;tcpqrsz't =0
CPISOCpqs = 0.
These invariants are indeed constant, as they should be in a CSI space. Note that it is necessary to compute invariants with

fourth covariant derivatives of the Riemann tensor to fully verify they are CSI (see, for example, [2]). In Section 4.1 it is proved
that the metric does indeed satisfy the CSI property.
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2.1. Curvature

Since the space is Einstein, we have that Ry, = 2Agq = 2A(n Ly + Mmp)). We obtain four independent bivectors
from contractions of the Riemann tensor with the bivectors constructed from the null tetrad:

Rabed £n% = —2A nygly) + 2By njgmy) + 28 Ligmy, (6)
Rabea €% = 2B11 njaly) — NiaMp) — 2B11 Mgy (7)
Rabed n‘md = +2®ny, Eb] + ZWE[Q mpy) + 2@1’7’1[,1 mp) (8)
Rabed mcfnd = —2Bq; NgMp) + 20 E[amb] —2A ﬁl[amb] (9)

where @, ¥ are specific functions (and @ is given explicitly in the Appendix).

3. Walker and Kundt properties

A metric is said to possess a 2-dimensional invariant plane if there exist vectors £ and m such that the bivector £ A m is
recurrent; that is,

V(€ Am) = ko(£ A ) (10)

for some covector k,. If these vectors are also null and orthogonal, the invariant plane is called null. 4D neutral signature
spaces possessing an invariant null plane are known as Walker spaces [3]. The definition of an invariant null plane in terms
of spin coefficients was given in [9].

Here, the invariant null plane is defined by the null orthogonal vectors £ and m (defined in (2)):

VEérm = Am <(Ao1 +vA)du+ <B10 + %Cm + Av) dU) (11)

confirming that this is a Walker metric.

A Kundt metric is a metric which possesses a non-zero null vector X which is geodesic, expansion-free, twist-free, and
shear-free, which implies a particular form for the covariant derivative of X (which can also be defined in terms of spin-
coefficients [2]); namely, there exists a null frame in which the covariant derivative of X, is of the form [10]: Xg., = L11 X, Xp+
T (Xamyp + meXp) + T (Xamp + MyX,). We can project this tensor into the cotangent space orthogonal to X by using the pro-
jection tensor h? = g> — X,Y? — Y,X®, with Y, chosen so that h’X, = 0. We then find that L,y = Xs.5hh/ = 0. Since any
matrix may be broken into irreducible parts, Loy = Lgqp+L(ap) +Liap (Where L is the trace of Ly, L(qp) iS a trace-free symmetric
matrix, and L, is an anti-symmetric matrix), this implies that the projected covariant derivative of X, is expansion-free,
shear-free and vorticity-free [8].

For Walker metrics in 4D neutral spaces with an invariant 2-dimensional null plane it is always possible to find a null
field that is geodesic, expansion-free, vorticity-free. But, in general, this null vector is not necessarily shear-free; i.e., the
space does not necessarily have to be Kundt.

However, let us next show that the spaces under investigation here are Kundt. The geodesic null vector X, for the CSI
metric defined in (1) is expansion-free and vorticity-free when X, is the gradient of some function X (u, v, U, V),and X , =
Xy = 0.Thus X, = X ,€, + X ym, and its covariant derivative is of the form:

Xayp = (AX,L,U +AgiX .y + X,uu) Lol (12)
B11Ap1X B
+ (—BHX,uv - % + X+ 1/1‘) (Lamy + Myly) (13)
XuB11,u B112AsX,
+ | (AV + By1v + Byo) Xy + +BllxuV+T (14)

vB11°Xy  BioB11Xy B11B11,uXu
+2 + +Xpy — ———— | mgm 15
A A uu Az a'llh ( )
If we assume X ; # 0and X, = 0, so that X, = X ym,, and use the projection operator
1 1
b b = b ~b
ha = ga - X—Umax - Exam
(which has habXb = 0 as required), we find that

Xeahh! =0 (16)

so that X = X y m, is shear-free when projected onto the orthogonal cotangent space, and consequently X is a Kundt vector.
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4. Algebraic classification

Consider the 2 independent boosts:
@, n) — ("L, e n)
(m, ) — (e"2m, e *2fn).
For an order 2 tensor T, we can consider the boost weight of the components of this tensor as b € Z? as follows. If the
covariant component T, ., transforms as:

—(b1A1+ba22)
Ty, e Tz

then we will say the component T, ,, is of boost weight b = (by, by) [11]. We can now decompose a tensor into boost
weights, in particular,

T=> (D (17)
bez?
where (T)p means the projection onto the components of boost weight b [11].
By successively using null-rotations at each level, which leave the neutral signature metric invariant, we can use the
well-known boost-weight classification to give an algebraic classification of arbitrary-signature (Weyl) tensors. We can also
define the S;-property and the N-property using the algebraic boost weight decomposition [11].

4.1. Boost weight decomposition

By direct calculation, we find that the boost weights (b, b,) of the non-trivial components of the Riemann tensor in
Eqgs. (6)-(9) are, respectively:

0,0), (1,-1), (—1,-1), (18)
(1, -1, (2, -2), (0, =2), (19)
(-1,-1), (=2,-2), (—1,-1), (20)
(1,-1), (-1,-1), (0, 0). (21)

These spaces are CSI [2]. Since the metric is Einstein, Ryy = 2Agg, and Ry, = 0, all scalar curvature invariants constructed
from the Ricci tensor will be a constant multiple of powers of A.

The only boost weight (0, 0) terms in the Riemann tensor (see (6) and (9)) have coefficients which are a constant multiple
of A, and hence all scalar curvature invariants constructed from the Riemann tensor will be a constant multiple of powers
of A. See, for example, the curvature invariants displayed earlier.

All of the components of the covariant derivative of the Riemann tensor are of negative-negative boost weight
((by, by); by < 0, b, < 0(see Appendix)). Therefore all scalar curvature invariants constructed from the covariant derivative
of the Riemann tensor will be zero [1].

5. Holonomy

Since the metric has signature (2, 2), the holonomy groups will be Lie subgroups of 0(2, 2). Then the holonomy algebras
will be isomorphic to subalgebras of 0(2, 2). Ghanam and Thompson [12] examined each of the possible Lie subalgebras of
0(2, 2) when represented by type (1, 1) tensors by exploiting an isomorphism between o(2, 2) and su(1, 1) x su(1, 1). The
geometric structure that must be possessed by each holonomy type (if it is possible) is determined and given in their Table II.
Wang and Hall [13] have also examined the holonomy structure of 4D neutral metrics. They represented the members of
0(2, 2) by type 2-forms, and showed that A,;M, the vector space of 2-forms at m € M, is six-dimensional. They gave an
equivalent classification of the holonomy algebras.

We note that in the neutral 4D case, if the distribution is 2D null, it need not contain an invariant null line (i.e., a Walker
space is not necessarily a Kundt space; e.g., see the example in [8]). Note that if a space admits an invariant null-line (which
implies it admits a recurrent null vector and is a special Kundt spacetime) then it automatically admits an invariant null
plane containing the null line. That is, a Walker space with an invariant 1D distribution is a Walker space with an invariant
2D distribution.

5.1. Computations

Since the space is Einstein, we have that Ry, = 2Agq = 2A(nalp) + M@Mp)).
From the earlier calculations of the contractions of the Riemann tensor with the bivectors from the null tetrad, we see
that the generators of the infinitesimal holonomy algebra are:
Nalb), NaMp), LiaMpy, Mgy

(the covariant derivatives of the Riemann tensor give no additional generators—see Appendix). Hence in some connected
open neighbourhood the holonomy group is generally 4 dimensional and of type (4c) in [13]. Since m is an eigenvector of
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each member of this holonomy algebra, it is recurrent (and it is not possible to find a scaling in order for it to be covariantly
constant; i.e,, it is ‘properly’ recurrent [ 14]). A number of 3 dimensional subgroups of type (3d) are possible when @ = 0 or
Bq1 = 0 (in this latter case the metric is much simpler).

6. Universality

A metric is called universal if all conserved symmetric rank-2 tensors constructed from the metric, the Riemann tensor
and its covariant derivatives of arbitrary order are multiples of the metric [ 15]. A universal metric thus has Sy, = Agg, for any
conserved symmetric rank-2 tensor Sgp. Universal spacetimes are vacuum solutions to all theories with Lagrangian consisting
of the metric, the Riemann tensor and its derivatives of arbitrary order. Examples of universal metrics were given in [15].

In the Lorentzian case, it was shown that a universal spacetime is necessarily a CSI spacetime [ 16]; this was proven in an ar-
bitrary number of dimensions and, since the proof essentially goes through in precisely the same way for any signature [17],
it is also true in neutral signature.

Therefore, the CSI spacetimes play an important role in the question of universality. Note, however, that the CSI criterion
is not sufficient. As far as universal spacetimes are concerned, the CSI constraint on universal spacetimes does allow for a
systematic study of the necessary and sufficient conditions for universal metrics of Weyl types N and Il in the classification
of [18].

In particular, in [ 16] it was shown that a type N spacetime is universal if and only if it is an Einstein Kundt spacetime in the
Lorentzian case (in arbitrary dimensions). However, for type IIl spacetimes the Einstein Kundt condition is not a sufficient
condition for a spacetime to be universal and further constraints are necessary.

6.1. Neutral signature

For neutral signature, a universal space is necessarily a CSI space [16,17]. We also expect similar results (to those in the
Lorentzian case discussed above); e.g., that algebraically special neutral signature Kundt spaces are universal.

The boost weight decomposition of the spaces were given above (i.e., their algebraic type was described). Let us first
present several conserved tensors below to illustrate the universality of the spaces under consideration here.

Since the metric is Einstein, the only conserved symmetric rank-2 tensor constructed from the Ricci tensor is the Ricci
tensor itself, Rgy = 2.Agg (or polynomials in the Ricci tensor), and consequently all scalar curvature invariants constructed
from the Ricci tensor will be a constant multiple of powers of A.

Computing the left-hand sides of Eqs. (3, 7, 9-11) of [ 19] (for an Einstein space, we could replace the Weyl tensor with
the Riemann tensor so that the constants of proportionality would change):

82
Calmncblmn + Cblmncalmn = Tgab (22)
3CP"° Cogrsp —6CPT C P 4 12CP"C C ! CpgrsCPIOC™ 1= 644 23
a-pqrs;b a;s -pqrb + pqa -trsb + zgab[ pars wl = 9 &ab (23)
pqrs pqrs _ pqrs;t pquv ~T1S D q ~rusv | __ 64A3
2 C™ Cgrs;any +2C ;anqu;b + 8ab| =2 Gpgrs: € + 2 GogisC % 8 Cprgs €75, C - 73 8ab (24)
1 1 .
5CF’lITSCpqrs;(ab) + Ecpqrs;acpqrs;b _ Cpqra;scpqrb iS + Cpqrscpqtacrstb + 4CPT¢ZSC[pqaC"Sb _ Cpqrscpqrtcsatb
1 _ quS;t pquv ~1Ss P q rusv — 16A3
+ 4gab Cpqrs:tc + CpqrsC C uv + 4Cprqu u UC - 3 8ab (25)
3 3 3
_Zcpqrscpqrs:(ab) + Zcpqrs;acpqrs:b -5 CPT CgraCrsly — 9 CP*CpgqCorsh
3 1 4043
+ Ecpqrgcpqrrcsatb + Egab[cprqscpuqvcmsv] = _Tgab- (26)

These are the essential conserved tensors in the lower covariant derivatives of the Riemann tensor. The expressions above
illustrate universality. Note that the first equation is an identity for a CSI space in 4D [2]. We shall prove that these spaces
are universal in the next subsection.

6.2. Analysis

Any tensor T can be decomposed according to (17). Let us define B = b; + b, and, with obvious notation, we can also
decompose T according to

0= % M

B=bq+b;

We denote the maximum value of B for T as By (T).
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Let us now show that the spaces under consideration are universal. For a rank-2 symmetric tensor Sy, in general B €
{—2, 0, 2} and B¢ (S) = 2. The metric only has boost weight (0, 0) terms and hence has B € {0} and all contractions of a
tensor using the metric does not change the value of B.

Now, in our case, from Eqgs. (18)-(21) we have that

R=Re,0 + Ra-1 +Re-2 + R-1,-1) + Rz,
and so

R=R® +R"> 4+ R
where, for example,

R? = R0 +Ra-1) + R, 2.

Note that By« (R) = 0. The only contributions to S, are boost weight (0, 0) terms with constant multiple powers of A.
Now, denoting the covariant derivative of the Riemann tensor by VR, from the Appendix we have that

VR = (VR)™ + (VR)™Y,
with Bax(VR) = —3, and we have that
(V2R) = (VZR)Y + (V2R P,

so that B (V"R) < —3 for all positive integers n.

Therefore, we note that any conserved tensor Sy, constructed from the Riemann tensor and any of its covariant derivatives
has Bi,ax(S) = —3. Indeed, let Sy, be constructed by suitable contractions (using the metric) of no multiples of the Riemann
tensor, n; multiples of first covariant derivatives of the Riemann tensor, etc.; then

Bmax(s) =< nOBmax(R) + Z niBmax(viR)'
i
Thus if any n; # 0 for any i > 1, then By« (S) < —3. Hence no V/(R) terms contribute to Sg. It is then a simple matter to in-
vestigate the contributions to S, from multiple copies of R® and R©=? via multiplication and contraction (see Eqs. (18)-(21),

(22)-(25), and the Appendix). Hence all such contractions can only contribute to Sy, by constant multiples of powers of A
and the metric. Hence the spaces are universal.
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Appendix

In this appendix let us display some important computations for the CSI metric (1). (See the text for the relevant notation
and definitions.)
From [14] and Ry, = Aggp, the Weyl and Riemann tensors differ by:

1
Rabed — Cabcd = 11—72 (Racgbd + Rbdgac - Rbcgad - Radgbc) (27)
T — ) (28)
(n — 1)(11 — 2) 8bc8ad 8&bd8ac
2A
= A (gac8bd — &bc&ad) + ? (8bc&ad — &bd&ac) (29)
A
= g (gacgbd - gadgbc) . (30)
Next, we give the contractions of the Weyl tensor with bivectors from the null tetrad:
c.d 4A
Cabcd n® = —? n[aﬁb] + 2311 N[gMp) + 29 E[amb] (31)
cd 2A
Cabcd £mt = _? Z[amb] (32)
4By,?

) 24 )
Cabea LM% = 2By npgly) — MaMp) = —~ Liamp) — 2By Mgmy) (33)



80 A. Coley, N. Musoke / Journal of Geometry and Physics 89 (2015) 74-81

2A
Cabean°m? = BEY N[aMp)

- 2A -
Cabed n‘md = +2P nigly — ? N[gMpy + 2¥ £igmp) + 2P mgmp,

- 4A
Cabed memd = —2Bq1 ngmp) + 2@ K[amb] — ? MMy

1 Ao 9B1o dAo1 9By 0°Bn
dp=— (A——-A— ) +Bu | — ) +A41— — ,
2A< au (au)+”(au>+‘“au au?

where

(34)

(35)

(36)

(37)

and ¥ is a complicated expression in terms of the metric coefficients and their partial derivatives. Therefore, we have that

the contractions of the Riemann tensor with bivectors constructed from the null tetrad are given by:
Rabed nt=-24 Tl[aﬁb] + 2By ngmpy + 2@ E[amb]

Rabed écmd =0
2

~d ~
Rapeq €M% = 2Bq1 Npglp) — NiaMp; — 2B11 Mgmy,

Rupean’m? =0
Rabea N = 2@ 1y L) + 2W L1y my; + 2D, my)
Rabea MM = —2Byy nygmy) + 2® Ligmp; — 2A fygmy).
In addition, we compute contractions with the covariant derivative of the Riemann tensor to find:
Rabedie £1%° = Ropeg.e £°1m° = 0
Rabedze £0%1° = 21610 My
Rabed:e £00ME = 25610 My
Rabed:e €M €% = Raped:e €M N° = Rypegee £°MIM® = Rapegze £°mi® = 0

c~dpe c~d. e c>d e c>d~e
Rabcd;eZ m‘e =Rabcd;eZ mn :Rabcd;eZ m-m =Rabcd;eZ m'm- =0

Rabcd;e ncmdﬁe = Rabcd;e ncmdne = Rabcd;e ncmdme = Rabcd;e ncmdﬁ,le =0
~d

Rabcd;e n‘méet = _ZXZE[a myp)
~ d ~

Rabedse n°MN® = +2 x1njaly) — 2 x3€1aMpy + 2 X1M(qMp)

Rabed;e ncﬁldme = +2X1E[a mp)

Rapede N MIAE = 42 xangaly) — 2 XaliaMp) + 2 X2famy)

Rabcd;e mCﬁ,lee = Rabcd;e mcﬁldme =0
Rabedze MEMN® = +21€(q mp)
Rabcd;e mcﬁldﬁle = +2X2€[a mp)

(38)
(39)
(40)
(41)
(42)
(43)

where the x; are expressions in terms of the metric coefficients and their partial derivatives. These bivectors do not con-

tribute to the infinitesimal holonomy algebra as they are not linearly independent of the bivectors (38)-(43).
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