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1. Introduction and summary of the main results

Third-order Hamiltonian operators of differential-geometric type were introduced in [7] and thoroughly investigated
in [23-25,1,5]. In the so-called ‘flat coordinates’ u = {u!, ..., u"} these operators take the form

A =0,(g", + cfu)a, (1)

where the coefficients g¥(u) and c,'f (u) satisfy a system of differential constraints coming from the skew-symmetry conditions
and the Jacobi identities. Here i,j,k € {1,...,n} where n is the number of components. Hamiltonian operators of
type (1) arise in the theory of equations of associativity of 2-dimensional topological field theory (WDVV equations [6]),
see [9,19,16,17,22]. Projective-geometric aspects of operators (1) were studied in [11,12] based on their correspondence to
Monge metrics and quadratic line complexes. This has lead to complete classification results for the number of components
n < 4.The general theory of Hamiltonian systems of conservation laws associated with operators (1) was developed in [ 13].
In this paper we investigate a nonlocal generalisation of ansatz (1),
A= 8x(gij8X o+ cful -+ wiatka Tl ), 2)
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in what follows we will always assume the non-degeneracy condition det g # 0. Operator of type (2) appeared in the context
of the Wadati-Konno-Ishikawa (WKI) soliton hierarchy [26,18], see Section 2. Although operator (2) looks analogous to
first-order nonlocal Hamiltonian operators introduced in [8], the underlying geometry is quite different.

Theorem 1. Operator (2) is Hamiltonian if and only if the following conditions are satisfied:
gl =g,
gh=c +d,
gt 4+ clgi =0,
Csljgsk'_,’_ CékgSi + C,;dgsj =0, (3)
- gowf4gbui=0,
ghwl + ghwf — dfwj + ¢'wf =0,
gkscgl + qug,sll + CSIaClSJ _ C;kCISJ +gk5w;w{ =0.

Our proof of Theorem 1 utilises the theory of Poisson vertex algebras, see Section 5. Let us introduce an affine connection V
with Christoffel's symbols Iy = ¢j, = g;s¢;', Cij = &isCj, Where g is the inverse matrix to g”. Note that Christoffel’s symbols
are skew-symmetric in low indices. Introducing the skew-symmetric 2-form w; = g,-sw]? we can rewrite conditions (3) in
the equivalent form with low indices,

Vg =0,
Cijke + Cikj = 0,
8ijk + &ki + &ij =0, 4)
wij + wj = 0,
Wij | — Cisjws[ = 0,
Cnmi,k + Cfnlcsnk + Wpwne = 0.
The last relation implies
Riji = wjwjr — wixwj

where Ry = gisRJ?k, is the curvature tensor of the connection V. Note that a metric g satisfying the equations gj; x+gjk,i+8kij =
0is the Monge metric of a quadratic line complex in P" [ 11,12]. The existing classification of such metrics in dimensions 2 and
3 leads to a complete list of 2-component (Theorem 2 of Section 3.1) and 3-component (Theorem 3 of Section 3.2) operators
(2). Animportant invariant of a Monge metric is its singular variety defined by the equation detg = 0. The singular variety is
an algebraic hypersurface of degree 2n—2 [4]. For local operators (1) the singular variety is known to be a double hypersurface
of degree n — 1[11]. This is no longer the case for nonlocal operators (2): the corresponding singular varieties are generally
irreducible.

In Theorem 4 of Section 4 we demonstrate that n -component nonlocal operators (2) arise as Dirac reductions of (n + 1)-
component local operators (1) to hyperplanes in the flat coordinates.

Remark. The first three conditions (3) imply that the coefficients C;Z can be expressed in terms of the metric by the
formula [11]

I
C]:j = ggq'gm(gpk,q - gpq,k)~
Setting k = j, [ = iin the relation Ry = wjwj — wywj we obtain Ry = w5 which determines w; = /R uniquely up to a
sign (which can be fixed in a consistent way from the remaining relations up to the overall sign, w — —w). Thus, to specify
Hamiltonian operator (2) it is sufficient to specify the corresponding Monge metric gj.

2. Example

The second flow of the so(3) version of the WKI hierarchy [26] has the form

bx
( p ) _( (p+q2+1)3/2 )
q - qx .
t P2 +a*+132

It was demonstrated in [ 18] that this system possesses a bi-Hamiltonian representation

p _ 6H/ép \ _ 6G/dp
(7), =5 ) ==( 5 )- 2
with the Hamiltonians
H:/\/p2+q2~|—1dx,

qpPx — Pqx

G:f dx,
VP @+ 1P+ @ +1+1)
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and the Hamiltonian operators

_ a2 (0 —39.'d o, 'p 2 _ (0 1)

A= ax ( ﬁax—la 91 —f?ax_]ﬁ 3x, B= -1 0 ax’

where we use the notation
p

f’ = b a = .
p2+q2+‘1 /p2+q2+1
The operator A can be rewritten in form (2),
A=0,0A100,,

where

1- ﬁlz Qﬁ —flﬁx i)ax axa_lax _axa_lﬁx
A = ~ )0, + | =% == )+ X = RNl I
! ( pg  1—p*) T\ dbe  —Pbx —Pxdy 'Gx POy 'Px

For the corresponding Monge metric g; and the skew-symmetric 2-form w;; we obtain

g”_<q2+1 —pq) e — 1 (0 1)
v -pqg p*+1) Pr@+i\-1 o)

3. Classification results

The class of nonlocal operators (2) is invariant under projective transformations of the form
gl e L
(u)’ B(u)’ B(u)’
where [;, [ are linear forms in the flat coordinates. Here g = gj and w = wj are the corresponding Monge metric and
the skew-symmetric 2-form. This symmetry reflects the reciprocal invariance of nonlocal Hamiltonian formalism (2), thus
generalising the analogous result known in the local case [11]. All our classification results are formulated modulo this
equivalence.
Theorem 1 leads to a classification of nonlocal n-component Hamiltonian operators (2) based on normal forms of Monge
metrics in dimensions n = 2 and n = 3 (due to the skew-symmetry of w there exist no nonlocal operators of this type for
n=1).

(6)

3.1. 2-component case
Theorem 2. In the 2-component case, every Monge metric gives rise to a Hamiltonian operator of type (2).

Proof. Every 2-component Monge metric is a quadratic form in the differentials dp, dq and pdq — qdp. Thus, it can be
represented as
g = a(pdq — qdp)’ + 2(pdq — qdp)(bdp + cdq) + adp® + 2Bdpdq + ydq’
where a, b, ¢, «, 8, y are arbitrary constants. Every such metric gives rises to nonlocal operator (2) with
o ag* — 2bq + —apq+bp —cq+ B W — 1 0 1
8=\ —apg+bp—cqg+p  ap*+2p+y T -1 0)°
This expression can be brought to normal form using affine transformations of p and q.

Jdetg

Case a # 0. Using translations of p and q we can set b = ¢ = 0. The rest depends on whether ay — 82 is non-zero or not. In
the non-zero case, using the remaining (complex) affine freedom we can also seta = « = y = 1, 8 = 0. This results in the
metric

g = ?+1 —pg
! -pq pP’+1)°
which corresponds to the nonlocal Hamiltonian operator A from Section 2. In the degenerate case ay — 82 = 0 we can
reduce the metric to the form

gi=( 1 b
! -pqa  p* )’
which gives rise to the local Hamiltonian operator

aX 8Xg
A=19d 2 P e
X(;;ax L7 o+ o, 55 |
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Case a = 0. Modulo affine transformations one can always assume b = 1, ¢ = 0 (if b = ¢ = 0 we have a constant-
coefficient metric corresponding to a constant-coefficient local operator). Using appropriate translations of p and q one can
set ¢ = = 0. This results in the Monge metric

—2q p
g”=< p V)'

The case y # 0 corresponds to nonlocal operator (2) with the skew-symmetric 2-form w defined as

1 0 1
e (%))
V-2zyg-p2 \71 0

In the case y = 0 the above metric gives rise to the local Hamiltonian operator

0 G
A=3d P Dy
(5 saas )2
which appeared as a Hamiltonian structure of Monge-Ampére equations [19], see also [11]. O

3.2. 3-component case

Every 3-component Monge metric g can be written as a quadratic form in the 6 differentials du’, v'dw — Wdu!, i,j =
1,2, 3. Let Q denote the 6 x 6 symmetric matrix of this quadratic form. Let P denote the 6 x 6 symmetric matrix
corresponding to the quadratic Pliicker relation,

du'(Pdu® — uidu?) + du*(uddu' — uldu®) + dud(u'du® — udu') = 0.

Monge metrics are classified by their Segre types, that is, Jordan normal forms of the operator QP~!. In what follows we use
the standard notation: thus, Segre type [123] indicates that the operator QP~! has three Jordan blocks of sizes 1 x 1,2 x 2
and 3 x 3, respectively. Additional round brackets indicate coincidences among the eigenvalues of these blocks: thus, [(12)3]
indicates that the eigenvalue A, of the first Jordan block coincides with the eigenvalue A, of the second one, etc. We refer
to [15,10] for the list of normal forms of 3-component Monge metrics. All classification results are formulated modulo
projective equivalence (6). In what follows we only present the Monge metric g;; and the skew-symmetric 2-form w;; (which
uniquely specify the corresponding nonlocal operator (2); note that the 2-form w is defined up to an overall sign). The
theorem below provides a complete description of 3-component nonlocal operators (2) by going through the list of all Segre
types and indicating particular allowed subcases that give rise to nonlocal operators. These are singled out by conditions (4).
In each case we explicitly state the equation of the singular surface, detg = 0, which is a quartic in P? (possibly, reducible).
It turns out that this quartic degenerates into a double quadric if and only if the operator is local.

Theorem 3. Modulo (complex) projective transformations (6) any nonlocal Hamiltonian operator (2) can be reduced to one of
the following normal forms in the Segre classification:

1. Segre type [114]. Here the only allowed subcase is [(114)] which corresponds to the local operator defined by the metric
(4) .
g% from [11]:

—2u®> u' 0
g’=( u o o], wj=o.
0 0 1
We have detg® = —(u')?, the singular surface is a pair of double planes (one of them at infinity).

2. Segre type [123]. Here the only allowed subcase is [(123)] which corresponds to the local operator defined by the metric
(5) .
g from [11]:

2w u' 1
g=| v 1 o], wy=o0.
1 0 0
We have detg® = —1, hence the singular surface is the quadruple plane at infinity.

3. Segre type [222]. Here the only allowed subcase is [(222)] which corresponds to the local operator defined by the metric
(6) .
g% from [11]:

100
g’=(0 1 0), wy=o.

0 0 1

We have det g(® = 1, the singular surface is the quadruple plane at infinity.
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4. Segre type [15]. Here the only allowed subcase is [(15)] which gives rise to the nonlocal operator with the following metric
g and 2-form w:

0 1 2u?
g=|1 -2 u |,
03w —4u!

1 u?

, W23 = .
\/ul + u2ud + 2(u3)3 \/u1 + u2ud + 2(u3)3
We have detg = 4u' + 4u?u® + 8(u)?, the singular surface is a Cayley’s ruled cubic and the plane at infinity.

5. Segre type [24]. Here the only allowed subcase is [(24)], which further splits into two projectively dual subcases. The first
subcase gives rise to the nonlocal operator with the following metric g and 2-form w:

w2 =0, w3y =-

g=|0 1 o

1
w2 = wy3 =0, W3 = ——————.
2ul 4+ (u3y?
We have detg = —2u' — (u?)?, the singular surface is a quadratic cone and a double plane at infinity. The second subcase
corresponds to
0 1 0
gij — 1 (u3)2 _u2u3 ,
0 —uvtu® 1+ @W??
1
w2 = w31 =0, Wy = ——.
V14 (u?)?
We have detg = —1 — (u?)?, the singular surface is a pair of planes and the double plane at infinity.

6. Segre type [33]. Here the only allowed subcase is [(33)] which gives rise to the nonlocal operator with the following metric
g and 2-form w:

0 1 1
gi=|1 -2u® v+u?],
1 w+ud =2
0 2
W2 = w31 = U, W23 = —F/———-
Vau? + 4ud

We have detg = 4(u® + u3), the singular surface is a plane and another triple plane at infinity.
7. Segre type [6]. This case does not correspond to any Hamiltonian operator.
8. Segre type [1122]. There are 3 allowed subcases:

e subcase [(11)22] with the additional constraint 2A1 = A3 + A4. This gives rise to the nonlocal operator with the
following metric g and 2-form w:

1 223
gi= | —2xn® 4 aull,
au? aul 0
22ul 22u?
wyy =0, Wy3 = , w3 = )
12 23 dets 31 dets
where A = A3 — Aq. We have detg = —2%(u')? — 42.2(u?)? — 4x3u'v?u?, the singular surface is a cubic and the

plane at infinity.
e subcase [11(22)] with the additional constraint A + A, = 2As. This gives rise to the nonlocal operator with the
following metric g and 2-form w:

1+2u?)?  —xu'v®> 0
gi=| —awlw? 4+ru')? 0,
0 0 A
2\
w2 = w3 = wy3 =0,

Jdetg’
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where A = A — Ap. We have detg = 4x + A2(u')? + 4r%(u?)?, the singular surface is a quadratic cone and the
double plane at infinity.

e subcase [1(12)2], with the additional constraint 31, = 24 + Aq. This gives rise to the nonlocal operator with the
following metric g and 2-form w:

1+ A(u?)? A—ulv®+ud)  a?

gi= | M—uv?+u) 44 au)? —2u' ],
au? —2)u! by
e — vl O e — AV
e =3 23 =0, 31 Warrra

where A = X1 — Ay. We have detg = 41 — 32%2(u')? — 4x3u'u?)? + A3(w® — u'u?)?, the singular surface is an
irreducible quartic.

9. Segre type [1113]. There are 2 essentially different allowed subcases:

e subcase [11(13)], with the additional constraint 213 = X1 + A,. This gives rise to the nonlocal operator with the
following metric g and 2-form w:

203 + AP —1—au'v? —u!

gi=|—-1-ru"u? Aul)? o |,
—ul 0 A
A aul
wlzzﬁ, w3 =0, w31:ﬁ7
where & = A1 — Ay. We have detg = —X — 222u'u? + 222u3(u')? — A(u')?, the singular surface is an irreducible
quartic.

e subcase [(11)13], with the additional constraint 41, = A3 + 3A4. This gives rise to the nonlocal operator with the
following metric g and 2-form w:

2u3 — 20 (u3)? —1—2x® —u' 4+ A+ 2autud
g = —1-2a =21 aul ,
—ul + 2?4+ 20u'u? aul —21(u')?
0 V322u! VeV
w12 = U, wy3 = —/———, w3 = ——,
12 23 —detg 31 —detg

where A = 2(A1 — A4). We have detg = 2A(A%(u! )2 (13)? 4+ 22 2u'v?u® + A2 (12 )? + 3a(u?)?u — 3au'u? + 3(u)?),
the singular surface is an irreducible quartic.

10. Segre type [11112]. There are 2 essentially different allowed subcases:

e subcase [111(12)], with the additional constraint A1 + A, + A3 = 3A4. This gives rise to the nonlocal operator with
the following metric g and 2-form w:

14+ 2@y + p@?? @ +u'v?) —xv? — puli?

gi= 21?4+ u'u?) AMu'Y 4+ p 2! ,
—au? — pulu? 2au! A+ w(u')?
Mu? —42) 0 Mu? —22)
w = e s w =V, w = - 4 .
12 detg 23 31 detg

where A = Ay — Ag and ;4 = A3 — Ay. We have
detg = =2 3W'u?)? + 223u"w?u® — 3P — 32%u')?
+)\,/.L2(u]u2)2 _ 2)\,/,6211]112113 + )»/,Lz(u3)2 + )\.M(u])4 + )&/J- + MZ(u1)2,
the singular surface is an irreducible quartic. Note that the additional constraint A*> = u? leads to a local operator.

e subcase [(11)112], with the additional constraint 411 = A3 + A4 + 2As. This gives rise to the nonlocal operator with
the following metric g and 2-form w:

14+ p?)? —28u® pu — pu'u?

s=| -2 u pul |
pu — ' pul p(u'f
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B* (B> — 1?) 4 B*(B* — u?) ,
_ w3 = -
detg detg
where u = A3 — Ag and B = 2(A; — Xs). We have
detg = 2A(A%(u'u®)? + 22%u"vu® + A2 (u?)? + 3a(u" ) u® — 3au'u? + 3(u')?),

w2 =0, Wa3 =

the singular surface is an irreducible quartic. Note that the additional constraint 82 = 12 leads to a local operator.

11. Segre type [111111]. Up to relabelling of the eigenvalues, there is essentially only one allowed subcase, namely [1111(11)],
with the additional constraint A1 + A + A3 + A4 = 4As. This gives rise to the nonlocal operator with the following metric

g and 2-form w:

as(u?? + o3P —asu'v? + v —au'vd + av?
gi=| —asu'v? + o a, + az(u')? —2au! ,

—au'u? + au? —2qu! as + ay(u')?

2 2\( 2 2 2 2\( g2 2
@ —a?)a —«a @ —o?)a —«a
w1y = Mu:{ Wy3 = 0, w3 = Muz’
detg detg

where a, = )\,3 — Mg, as = M — A and o = 2)»5 — )»3 — Ag. We have

detg = ddaz(u'v?)® + ddas3(v®)* + 2aieu'v’u?
+adW'®Y + dW?) — qou'v®)? — aa(u?)
31,2 3

+2adau' v — a3 (u'v?)? — asad®(u®)? — dou'utud,

2

the singular surface is an irreducible quartic. Note that the additional constraints o3 = o or 2 = «? lead to local
operators.

Proof. The proof of Theorem 3 is a direct calculation based on the complete list of 11 Serge types of Monge metrics as
presented, for instance, in [10]. In each case we calculate conditions of Theorem 1 which impose strong constraints on the
parameters of the Monge metrics. In particular, some Segre types (such as [6]) possess no specialisations corresponding to
nonlocal operators at all. Details of these calculations are analogous to those appearing in the classification of local third-
order Hamiltonian operatorsin [11]. O

4. Nonlocal operators via Dirac reduction

Let us consider an (n 4+ 1)-component local third-order Hamiltonian operator
Al — ax(c’f(u)ax + c,’g(u)uf)ax, 7)

represented in the flat coordinates 1, ..., u™ In this section we will calculate the Dirac reduction of this operator to a
hyperplane in the u-coordinates. Without any loss of generality one can assume that this hyperplane is given by the equation
u® = 0. In what follows we use the following convention for the small and capital indices: i,j,k € {1,...,n}, I,],K €
{0, ...,n}.

Theorem 4. Dirac reduction oOf local Hamiltonian operator (7) to the hyperplane u® = 0 is given by nonlocal operator (2) where

o
1]
gii = Gjj, Cijk = Gk, wyj = —ﬁ

Proof. We find it more convenient to work in potential coordinates b¥ defined as u¥ = b,’f . In these coordinates operator
(7) takes first-order form,

AV = —GY(by)dy — CJ(by)bE..
Its Dirac reduction A to the hyperplane b° = 0 is defined by the formula

AT = AV — AO(A)~1AY,

Since A% = —G%, — C¢°bk, and G = 2C° we obtain
1 1
AOO — _GOOaX _ EG?I?bi(x — _6008X _ E(GOO)X — _‘/Gooaxa/GOO,
so that
(AOO)fl - _ 1 87] 1

Goo Goo’
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Thus,
. ) 1 1 )
y_ Ay i0 -1 0j
A'=A"+A \/Gwax T
where
ij ij ij 1 K
AV = —GY9, — b,

note that b® = 0. Explicitly, this gives

- . " . . 1 1
j_ _lig _ CcUpk i0 i0pk -1
AV = —Glg, — bk, + (G, + C} bxx)max e

This expression can be rewritten in the form

Al = gy, — bk, — wibk o, wl b

k¥ xx

(GYa, 4+ CIbk).

which reduces to (2) in the original variables u' = b'. Here

i0;0j i0 ~0f i0 ~0j i0 ~0j 700
gij _ Gij B GoGU Cff _ CU B GIOCk + C;(OGO_] GG ]G,k
Goo Tk k Goo 2(Gooy2
wi _ 1 i0 1 GIOG,O’?
=

/GO0 G — 5((;00)3/2'
The formula for g¥ precisely means that gij = Gj;. The formula for c;;, follows from the fact the c is determined by g (see
0

. C:
Remark at the end of Section 1). It remains to prove that the expression for w, is equivalent to the formula w; = ﬁ Since

CII;O = GiOC(())k + G" CI?‘I’(

we obtain
, 1. . 1 GO
i _ i0 ~0 im ~0 00
wy = @[G COk+G ka]— iwc’k'
Taking into account
. . GiOGOk
ik _ ik
=g+ Go0
this gives
. 1 ) . ) 1 .
vk = ooy [GOOGlocgk + (6™ + GG Cy — 5G'ch’,?} :

Using the derivative of the inverse matrix,
I

Gl = =G’ Gpo ke GY,
we obtain

G% = —(G®Gook — 2G*°GC""Gomk — GG g k-
Taking into account

Co = G®Coor + G™"Cnok»  Cit = G*Coix + G*C,
on simplification we obtain
gim CO

mk

/Goo

which is equivalent to the required formula w; =

i
wy =

0

i

Nl

5. Skew-symmetry conditions and Jacobi identities: proof of Theorem 1

The standard way to calculate skew-symmetry conditions and Jacobi identities is based on the Gelfand-Dorfman
approach [14]. In this section we utilise an alternative technique based on the theory of Poisson vertex algebras [2,3] which
gives a completely algebraic approach to local and nonlocal Hamiltonian operators. This is achieved by considering the
differential algebra corresponding, in the theory of the formal calculus of variations, to the densities of local functionals—
usually, the space of differential polynomials or some extension thereof. More precisely, any Poisson vertex algebra defines
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a Poisson bracket on the space of local functionals and an action of the space of local functionals on the space of their
densities: such objects are, equivalently, defined by Hamiltonian operators. Conversely, a Hamiltonian operator on the space
of densities, either differential or pseudodifferential (under some additional technical hypotheses), defines a Poisson vertex
algebra.

Definition 1. A (nonlocal) Poisson vertex algebra (PVA) is a differential algebra (.4, ) endowed with a derivation d and a
bilinear operation {-,-}: A ® A — R((A~!)) ® A called a (nonlocal) A bracket, satisfying the following set of properties:

. {0f,.g} = —1{fig} (left sesquilinearity),

. {fiog) = (L + 9){f,g} (right sesquilinearity),

. {figh} = {f,.g}h + {f,.h}g (left Leibnitz property),

. {feaht = {firahlg + {g.4oh}f (right Leibnitz property),

A& S} = —- {f-1—¢&} (PVA skew-symmetry),

. {fk {guh}} - {gu {fkh}} = {{f)\g})r‘r[l.h} (PVA'JaCObi identitY)-

Let us denote

(igh =Y G(f. a0

s<S§

DU WN =

The expansion of the bracket in A is bounded by 0 < s < S for local PVAs and is not bounded from below for nonlocal PVAs.
Using the expansion, the expressions on the RHS of Property 4 are to be understood as {fi+s8th = >_ G(f, g)(A» + 8yh =
> > Cs(;)9"has~", while the RHS of Property 5 reads _ {f_;_sg} = >_((—A — 0)°C(f, g).

For the case of nonlocal PVAs, it should be noted that the three terms of PVA-Jacobi identity do not necessarily belong to
the same space, because of the double infinite expansion of the brackets (in terms of (A, ), (i, A)and (A, A+ ), respectively).
A bracket is said to be admissible if all the three terms can be (not uniquely) expanded as

g =Y Y Y amnph"u"(h+ 1Y,
m<M n<N p<0
and only admissible brackets can define a nonlocal PVA. We denote the space where the PVA-Jacobi identity of admissible
brackets takes values as V, ;. This space can be decomposed by the total degree d in (X, u, A + p); finally, elements of each
homogeneous component Vid,l can be uniquely expressed in the basis [3]
Apd iez,
A4 ) i={1,2,...).

The main advantage of PVAs is the existence of a closed and explicit formula to compute the A bracket of any two elements
of A, in terms of the bracket between the generators of A. Such a formula is called the master formula and reads

- 3 o 9
gl =3 330 5 Gk o ) = ) (8)

i
ij=1 >0 m>0 ”im) au(l)

where n is the number of generators of A and u(;, denotes the Ith jet coordinate (du(, = uj,,)).

Given a Hamiltonian operator P¥(d), the A bracket of the corresponding PVA is obtained by setting the bracket between
the generators equal to the transpose of the symbol of the operator, {u;u" } = PJi()). The strategy of our proof consists in
obtaining the A bracket corresponding to the candidate Hamiltonian operator of third order, and requiring that it must satisfy
the skew-symmetry and PVA-Jacobi properties. They are equivalent [2] to the skew-symmetry and the Jacobi identity for
the Poisson bracket defined by the operator—hence the conditions that we derive are the conditions for the operator to be
Hamiltonian.

5.1. The X bracket

The operator A defined by (2) corresponds to the A bracket of the form
{1} = (. + 9) (gﬁ,\ + 'l + wul (o + a)-1w;’nug1) Al 9)
For convenience, we express the A bracket (9) in potential coordinates v} = u' where it takes the form —{u} '} = {v} v/} =
{vi v}, + {vi v}y, with
iv) =g+ vk, ivly = woh (4 3) Twh ol (10)

and all the functions depending on vl only. We choose to decompose the bracket in its local part {vﬁv’ }1 and its nonlocal part
{v;v/}n. The nonlocal part is admissible, being a ratio of local A brackets [3].
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5.2. The skew-symmetry condition

The condition of skew-symmetry is equivalent to the conditions
g-g gl=d o “”
Indeed, for the local part we have
(W) =g+ C;jvlz‘x = —ﬁ{vj_)\_an}L =glin + dgivk, — C,?vlgx.

The two identities are the coefficients of A and of vX, on both sides of the equation.

The nonlocal part is skew-symmetric by construction. This can be shown by taking the formal series expansion of (A4+3)71,
substituting the powers of A with (—A — 9) and taking a double expansion. However this procedure can be replaced by a
much simpler one: in the nonlocal part of the bracket, w;vlz)c()\ +9)7! wﬁnvgj(, the total derivative in the parenthesis acts only
on terms on its right-hand side. For shorthand, we can write (A + 3)~! as (A + 3))~! where the superscript means that it
acts on wﬁnv;’;. By doing this, the actual position of the operator (A 4+ 3)~! becomes irrelevant. Thus,

(vl = (r+09) 7 (whod) (wheh)

On the other hand, the total derivative in the definition of skew-symmetry acts on all the brackets, namely it can be
interpreted as 3® + 3. This means that

0] = (2= 00— 39+ 99) 7 (whod ) (whoh)

from which the skew-symmetry easily follows.
5.3. The PVA-Jacobi identity

The PVA-Jacobi identity for the bracket (9) splits into four parts, when taking into account local and nonlocal parts
separately. Let us adopt the shorthand notation

U DESURTATSIE __
JA, B) = T (h, 1) = Th(i, 1)+ T (=4 — = 9, 1),

for the terms of the PVA—Ja{cobi identity, where (P, Q) denote different A brackets and the last term in J% should be
understood as _, {u* S /ka{u‘,\u’ }al, using the skew-symmetry property of the A bracket. The PVA-Jacobi identity can then
be written as

J7(A, A) = 0.
By the linearity of the bracket, the PVA-Jacobi identity reads
JHA,A) = I L) + I N) + TN D)+ JPNLN) = 0.

The computation of J¥*(L, L) is a straightforward application of the master formula (8).

The expressions involving nonlocal terms live in the space V) , whose homogeneous components have the basis
(A pd=1 A4 (A +p)7)withi € Zandj € Z,. We choose to isolate the nonlocal coefficients of the form P[][(~+3)TwivS,],
PIAI[(p + 3)’1w§vgx] and wé‘vgx(k + o + 3)'P[A] where P[v] are polynomials in the formal parameter v with differential
polynomials as coefficients. Expanding (v +9)~'f by Y keol—1 ¥v=1=kakf in the former two expressions we obtain elements
in the subspace whose basis is A{u?; doing the same in the latter produces elements in the subspace (A 4+ 1) 7A%H. In fact,
they give an infinite number of coefficient, but it is apparent that the vanishing of the terms for k = 0 (corresponding to
A~1 w~Tand (A 4+ ), respectively) is necessary and sufficient for the vanishing of all the expansion (because the further
elements of the expansion have a different total degree d, so correspond to other elements of the basis).

To explicitly show how we compute the A bracket for nonlocal PVAs and how we express the terms of the PVA-Jacobi
identity in the basis of V,_,,, we demonstrate the full computation for the term T,{,'i(u, 1), i.e.the second summand of J*(N, L).
We have

W05 b = W wp v O+ 9) whg i
By Leibniz’s property this expression equals
[ + ) wpup J(V, wvpde + wivg ], (0 + 8)~ wivg i,

(the square brackets remind us that the pseudodifferential operator does not act outside them). Using sesquilinearity on the
second summand we obtain
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(A + 8)71w;vgx]{v’#wfnvg}<}L +wk ol (A4 +3)” RUATRSH
=[x+ 9) "wivl] (w,’;’lvﬂ(u + )8 + clvg,) + wi(u + 328 + cls,))
+ wE VR + 4+ 3)7 (wh v + 38 i + cIvs,) + wil + )28k + clvsy))
The first line of the expression is of the form [(A+9)~" wnUZX]P[u], so it is enough to expand P. On the other hand, the second

line of the expression is of the form wi‘v%x()\ + u + 8)"'P[] which cannot be immediately expanded in the basis of Vi ue
Consider for instance

W VRO A 1+ 3)7T (wy (e + )8+ cJv3,) -
We proceed by replacing (u + ) with (A 4+ u + ), then moving it to the right of its inverse to make them cancel out:
wi VB + 4 9)7 (wy (e + 0 + ¢Jv3)) =
wy vS}(Hu +0)” (k+u+8)( Ll + civs,)
—whvl (A + 1+ 3) " (Awh i (8l + clvy,) + a(wh i (gl + clvs,))

- wk Urz‘llu):'; lvzx(g M+ Cljvix) + wk Ug}(()‘ +u+ 8) ( )”wn IUZXCSIJUZX - a(w;,lUZX)CUUZX)

—whvl A+ +9)" (naw) 5 gl + pa(w) i )gY) .

The same procedure is then repeated to eliminate w in the last parenthesis.

We proceed similarly to compute all the terms of the nonlocal part of PVA-Jacobi identity. Finally, we get an overall
expression for which we can collect the coefficients of A3, u2, A%, Au? A2, Aw, p2, A, w1, [(A + 3)'wivl 1u?,
(A + 8) 'wyvl Iu?, [(A 4 8) wjvl, i, [(?» + ) "wpvg ], [ + 3)_1w’ VR A3, (i + 9) Twhvl 1A%, [ + 8) " wnvh I,
(1 4+ 0) Twnvl 1, wkvs (& + 4+ 8)7 143, whvs, (A + w + 3)71A2, wkoS, (A + 1 + 3)7 1A, wkvs, (& + p + 8)~". The last four
terms, of course, mean that the coefficients are differential polynom1als on which (A + p + 3)~! acts.

Under the assumption of skew-symmetry of the brackets provided by relations (11), some of the coefficients in the
previous expansion are equivalent under the interchange of indices. We recall that the PVA-Jacobi identity is fulfilled if
and only if the aforementioned terms vanish for all (i, j, k); in particular, it is sufficient to consider the terms A~!, ! and
(A 4+ w)~'in the expansion of the nonlocal part, respectively. The independent coefficients that need to be set to 0 are hence
the ones corresponding to A3, A%, A2, Au, X, u, 1, A~ 13, A7 12, A=, A~1. Moreover, each of these coefficients can be
further expanded in the jet variables v2x, v, vy, that appear in them, leading to a set of equations for gl ck and w

In particular, we have the following:

Proposition 1. Assuming the skew-symmetry of the bracket (11), the vanishing of the following coefficients in the expansion of
the PVA-Jacobi identity for the A bracket (9) is necessary and sufficient for the vanishing of the whole expression.
1. Coefficient of A3: gcy? + g"pcg..
2. Coefficient of 32 u: gc) + gPcl — ghhch,
3. Coeff cient of Aus,: after some manipulations involving the previous identities and their differential consequences we obtain
g L+ c!’,qu; + Cla p zk pj + gkpw w’
4. Coeffczent of A\ 1y — (g”JwI[J + gkpw{,).
5. Coefficient of A~ u .. after some manipulations involving the previous identities and their differential consequences we
obtain g’ w} s + ng wk — A w? + clu?.

All other coefficients in the expansion are either algebraic/differential consequences of the former ones, or can be obtained from
them by interchange of indices and the skew-symmetry of the bracket.

This finishes the proof of Theorem 1.
6. Concluding remarks

e We have demonstrated that nonlocal operators (2) arise as Dirac reductions of local operators (1) to hyperplanes in the
flat coordinates. It remains to be proved that every nonlocal operator (2) can be obtained by this construction.
o It makes sense to consider Hamiltonian operators with longer ‘nonlocal tails’ such as

A:B(”B +C'Jk+Zwku"8 lw’u) (12)

which can be viewed as Dirac reductions of local operators (1) to (special!) linear subspaces of codimension N. Thus,
it was observed recently that the oriented associativity equations (which can be reduced to 6-component systems of
hydrodynamic type) possess, in addition to a local first-order Hamiltonian structure [20], a third-order Hamiltonian
operator with nonlocal tail of length N = 3 [21].
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Taking the 5th Eq. (4) for w,
wij| = Ciws, (13)
and calculating its compatibility conditions (wj; )k = (wjj ) we obtain a linear system for w:

(Cf},k - Cgcgk)wps = (C,?,s - C{}Cf;s)wpk, (14)

recall that the coefficients cf. are uniquely determined by the Monge metric g;;. The analysis of this system for different
Segre types of Monge metrics suggests that for n = 3 the length N of the nonlocal tail cannot exceed 1. This implies
that Theorem 3 of Section 3.2 gives a complete list of 3-component nonlocal operators of type (12). As an immediate
corollary we obtain that already for n = 3 not every Monge metric generates a nonlocal Hamiltonian operator of type
(12) (note that for n = 2 every Monge metric gives rise to a nonlocal operator with tail of length N < 1, see Section
3.1).
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