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Abstract

We consider the pseudo-Euclidean space (R",g), with n > 3 and g;; = §;j¢;, ¢ = =1 and tensors of the form
T =Y fi(xk)e,'dxi2 for a fixed k, 1 < k < n. We provide necessary and sufficient conditions for such a tensor to admit
metrics g, conformal to g, that solve the Ricci equation or the Einstein equation. The solution to this problem is given explicitly
and it depends on an arbitrary differentiable function of one variable. Similar problems are considered for locally conformally flat
manifolds. Examples are provided of complete metrics on R", whose Ricci curvature is negative. Complete metrics are also given
on the cylinder or on the n-dimensional torus, that solve the Ricci equation or the Einstein equation. Examples of metrics with
positive Ricci curvatures are given on half-spaces of R”.
© 2006 Published by Elsevier B.V.
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1. Introduction

In this paper, we consider a special class of symmetric tensors 7" on a pseudo-Euclidean space and we determine
all metrics, conformal to the pseudo-Euclidean metric, whose Ricci tensor is the given tensor 7. A similar question is
considered for the Einstein equation. The theory is also extended to locally conformally flat manifolds.

Different aspects of the more general problem of finding a metric g whose Ricci tensor is a given second-order
symmetric tensor 7" were considered in several papers. DeTurck in [2] showed that this problem has a local solution
when T is a nonsingular tensor defined on a manifold M", n > 3. Cao and DeTurck [1] considered rotationally
symmetric nonsingular tensors. For special classes of tensors T on the n-dimensional pseudo-Euclidean space and on
the hyperbolic space, with n > 3, we obtained explicitly in [9,8] all metrics g, conformal to the standard metric, such
that Ricg = T'. In [11,12], we considered the same problem for T = fg, on the pseudo-Euclidean space, the sphere
and the hyperbolic space, with the usual metric g, where f is a differentiable function. For the two-dimensional case,
existence and uniqueness results can be found in [3,5].
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With respect to the higher dimensional Einstein equation, we are looking for tensors 7 on an n-dimensional
manifold, that admit metrics g such that Ricg — % g = T, where K is the scalar curvature of g. When n = 4
and the metric is Lorentzian, then the equation is known as the Einstein field equation. DeTurck [4] considered the
Cauchy problem for this equation with nonsingular tensors. When the tensor 7' represents several physical situations,
this equation has been studied by several authors (see [6]). In [10], we considered this problem for special tensors and
metrics conformal to the standard metric of the n-dimensional pseudo-Euclidean space, n > 3. In [11], we determined
all tensors of the form T = fg, where f is a differentiable function, g is the standard metric on the sphere that admits
a solution g conformal to g, for the Einstein equation. The analogous problems for the pseudo-Euclidean and the
hyperbolic spaces were considered in [12].

In this paper, we extend these results to a more general class of tensors. More precisely, we consider (R", g), with

n > 3, coordinates x = (x1, ..., X,) and g;; = ;j€;, €, = £1, where at least an ¢; is positive. We consider tensors of
the form
2
T =) fitwedy; (1)
i

for a fixed k, 1 < k < n, assuming that not all functions f; are constant and not all f; are equal.
We want to find g = #g, which is a solution for the Ricci equation or the Einstein equation. More precisely, we
want to solve the following problems:

_ 1
g—(ng 2)
Ricg=T.

_ 1
8§ =58

2

. K _ 3)

Rlcg—Eg:T

We will show that the class of tensors of type (1), that solve problems (2) or (3) depend on an arbitrary differentiable
function of one variable. With respect to the assumptions on the functions f; of the tensor T, we observe that the cases
when all f; are constant or when they are all equal were considered in [9-12].

In Theorem 1.1 we provide necessary and sufficient conditions for solving (2) and the solutions are given explicitly.
In Theorem 1.2, we obtain analogous results for the Einstein equation (3). We also extend the results to locally
conformally flat manifolds. By applying the theory, we exhibit examples of complete metrics on R", whose Ricci
curvature is negative. The existence of such metrics in any Riemannian manifold was proved in [7] by Lohkamp.
Examples of complete metrics are also given on the cylinder or on the n-dimensional torus, that solve the Ricci
equation or the Einstein equation. On half-spaces of R", we provide metrics with positive Ricci curvatures.

As a consequence of Theorem 1.1, we show that for certain functions K, depending on one variable, there exist
metrics g, conformal to the pseudo-Euclidean metric g, whose scalar curvature is K. Equivalently, we find C*
solutions for the equation

4(n —1)

—  n42
Agu+ Kun=2 = 0. “4)

where A, denotes the Laplacian in the pseudo-Euclidean metric g. We observe that in the Riemannian case there
exist functions K whose corresponding metrics are complete on R”. The metrics on R” conformal to the Euclidean
metric obtained from solutions of (4) provide solutions for the following problem: Given a differentiable function K,
on Riemannian manifold (M, g), is there a metric g conformal to g whose scalar curvature is K ? This problem has
been studied by many authors. In particular, when K is constant, it is known as the Yamabe problem.

2. Main results

We will now state our main results. The proofs will be given in the following section.
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Theorem 1.1. Let (R", g), n > 3, be a pseudo-Euclidean space, with coordinates x = (x1,...,Xn), gij = 0ij€i,
€; = £1. Consider the tensor T =Y ;_, fi(xk)€; dxiz, for some fixed k. Assume that not all f; are constant and that
not all f; are equal. Then there exists g = # g such that Ric g = T if, and only if, there exists a differentiable function
U (xi) such that

fre(xx) = ex(n — DU (xp) ©)
£ = e[U" (x) — (n = 2)(U'(x)*]  Vj # k. (6)
o =eltw. ™

We observe that the case of Theorem 1.1, when all functions f; are constant, was considered in Theorems 1.3 and 1.4
of [9] and the case when all functions f; are equal was investigated in [12].

Theorem 1.2. Let (R", g), n > 3, be a pseudo-Euclidean space with coordinates x = (X1, ...,Xy), & = 0ij€i,
€ = £1. Consider T = Y}, f,-()ck)ekdxi2 for some fixed k. Assume that not all f; are constant and that not all f;
K
2

are equal. Then there exists g = # g such that Ric g — 5 g = T if, and only if, there exists a differentiable function

U (x) such that

N

filww) = ekfff————%fff————z(l/’(xk>)2 ®)
-3

nuw=eun—m(m2 quwf—U%mﬂ Vi £k ©)

g =eVtw, (10)

We observe that the case of Theorem 1.2, when all functions f; are constant, was considered in Theorems 3 and 4 of
[10] and the case when all functions f; are equal was studied in [12].

Corollary 1.3. If (R", g) is the Euclidean space and ¢(x) < C for some constant C > 0, then the metrics given by
Theorems 1.1 and 1.2 are complete on R".

Example 1.4. As adirect consequence of Theorem 1.1, Theorem 1.2 and Corollary 1.3 we get the following examples,
where we are considering (R", g), n > 3, the pseudo-Euclidean space with coordinates (x, ..., x,;) such that
gij = Sijei, € = 1.

(a) Consider the function U = —x,i", for some fixed k, where m is an even number and the tensor

T=—mx' > (m = D)(n— Ddxi + & [m — 1+ (n —2mx'] Y ejdxy ¢,
Jj#k
determined as in Theorem 1.1. We observe that although this tensor is singular on the hyperplane x; = 0, there
exists g = ﬁ g such that Ricg = T, globally defined on R" with ¢ = exp(—x;"). Moreover, it follows from

Corollary 1.3, that in the Euclidean case, the metric g is a complete metric on R”, whose Ricci curvature is
negative.
(b) Consider the periodic function U = sin xj for some fixed k. Then the tensor

n
T =) {eej(1 = 8j)[—sinx; — (n — 2) cos” x| — 8jx(n — 1) sinx; Jdx7
j=1

admits the metric g = g/e?%"* whose Ricci tensor is T'. The scalar curvature is given by
K = —ex(n — De*s™ % [2sinxy + (n — 2) cos” xi]

and it has positive and negative values. Observe that g is periodic in all variables and when €; = 1, it can be
considered to be a complete metric on a cylinder or an n-dimensional torus.
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(c) We observe that, as a consequence of Theorem 1.2, the periodic function U = sin xi, for some fixed &, determines
a tensor

1 n—2 .
T = Zekej 5 {(1 =) [2sinxg + (n —3) cos® xx] + Sjk(n — l)cos2 xk}dxj?
j=1

which admits a solution g = g/e?%"* for the Einstein equation. In the Euclidean case, this can be considered as
an example of a tensor defined on a torus, that admits a solution for the Einstein equation.

Corollary 1.5._ Let (R", g) be a pseudo-Euclidean space, n > 3, with coordinates x = (x1,...,Xs), 8&j = 0ij€i,
€ = x1. Let K : R" — R be given by

K =e(n — DePVOORU" — (n — 2)(UH?] (1)
for some xi, where U (xy) is a differentiable function. Then the differential equation

4(n —1 _
n —

where Ag denotes the Laplacian in the metric g, has a solution, globally defined on R", given by
(0=2)
u=e 2 I, 13)
The geometric interpretation of the corollary above is the following:

Corollary 1.6. Let (R", g) be a pseudo-Euclidean space, n > 3, and K a function given by (11). Then there exists a
4

metric § = un—2g, where u is given by (13), whose scalar curvature is K. In particular, if (R", g) is the Euclidean
space and u is a bounded function then g is a complete metric.

Example 1.7. As a direct consequence of Corollary 1.5 we have the following example, locally conformal to the
Euclidean space (R", g). Consider the function

1 n—1 2
U(xl)z—n_llog —3 x1+b

defined on the half-space of R" where (n — 1)x; — 2b < 0 and the scalar curvature given by (11). Then the metric
g = g/e?Y has positive scalar and Ricci curvatures.

We now consider a Riemannian manifold locally conformally flat (M", g); then one can consider problems (2) and
(3) for any neighborhood V' C M such that there are local coordinates (x1, ..., x,) with g;; = 8;;/F 2 where F is a
nonvanishing differentiable function on V. It is easy to see that the following results hold.

Theorem 1.8. Let (M", g), n > 3, be a Riemannian manifold, locally conformally flat. Let V be an open subset of
M with coordinates (x1, ..., xp) such that g;; = Sij/Fz. Consider the tensor T = Z?:l f,'()ck)d)ci2 for some fixed k.

Assume that not all f; are constant and not all of them are equal. Then there exists g = # g such that Ricg = T if,
and only if, there exists a differentiable function U (xi) on V such that

Jibax) = (n = HU" (x) 14)
FiGa) = [U" () — (n = 20" (x0))*] Vj#k. (15)
o= %eUW.

Theorem 1.9. Let (M", g), n > 3, be a Riemannian manifold, locally conformally flat. Let V be an open subset of
M with coordinates (x1, ..., xp) such that g;; = Sij/Fz. Consider the tensor T = Z?:l f,-(xk)dxi2 for some fixed k.
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Assume that not all f; are constant and not all are equal. Then there exists § = # g such that Ric g — g g=TIif
and only if, there exists a differentiable function U (xy) such that

—1 -2
felxe) = %(U%xk»z (16)
-3
£iG) = (n —2) ((” . ) (U (x0)? - U”(xw) Vi #k. (17)
wz%ymy

As a consequence of Theorems 1.8 and 1.9, we have the following results for the hyperbolic space.

Corollary 1.10. Let (R", g*), n > 3, with g;"j = Sij/xr% be the hyperbolic space. Let T = ) ;_, fi(xk)d)ci2 for some
fixed k. Assume that not all f; are constant and not all of them are equal. Then there exists § = (p—lz g* such that

Ric g = T if, and only if, there exists a differentiable function U (x;) on R} such that fi(xy) and fj(xy) are given by
(14), (15) and

o= LUt
Xn
Corollary 1.11. Let (R, g%), n > 3, be the hyperbolic space with coordinates (xy, ..., x,) such that g;"j = & /x,%.

Consider the tensor T = Y_;_, f,-(xk)dxi2 for some fixed k. Assume that not all f; are constant and not all of them
are equal. Then there exists g = # g" such that Ric g — % g = T if, and only if, there exists a differentiable function
U (xy) on R’} such that fi(xi) and f;(xy) are given by (16), (17) and

L v
Xn

§0=

Corollary 1.12. Let (R, g*), n > 3, be the hyperbolic space and ¢(x;) < C for some constant C > 0; then the
metrics given by Corollaries 1.10 and 1.11 are complete on R'}.

Example 1.13. As a direct consequence of the previous result, we have the following example. Let (R”, g*), n > 3,
be the hyperbolic space and ¢ (x) = e~ , where m is an even number. Then § = g*/¢% is a complete metric on R’}
and its Ricci curvature is negative.

We observe that there are similar results for manifolds that are locally conformal to the pseudo-Euclidean space.
4. Proof of the main results

Proof of Theorem 1.1. Since Ric g = 0, we have that g = # g is such that Ric g = T if, and only if,

. 1
T =Ricg = 5l(n—2)pHessg(p) +[pdgp — (n - DIV,0l*lg). (18)
This is equivalent to the following system of equations:

ux; =0, Vi# ], (19)

where ¢ ,, i denotes the second-order derivative of ¢ with respect to x;x; and

|Veo|?

Vi (20)
@

XiX; A
cifit) =m—22 L 282 -1y
% (4
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From (19), we get ¢ = Y _/_, ¢; (x;), which substituted into (20) gives

|Vg§0|2
p?

/7
rA
fi(xk):ei(n—2)g0—’+ﬂ— n—1) Vi. (21)
® 4
We will show that ¢ depends only on x; and that all functions f; for i # k are equal.
As a consequence of (21), we get

[fiGx) = Fi)] @ = (n = 2)leig] (xi) — €9 (x))] Vi # j. (22)
By hypothesis, there exists ip # k such that f;, # fr. Then taking the derivative of f;, — f, given by (22), with
respect to x, for j # ip and j # k, we get that ¢ ; = 0. Hence ¢ = ¢j; (xiy) + ¢@x (xi)-
If for all j, j # igand j # k, we have fi(xx) — fj(xx) = 0, then from (22) we get that go,’c’(xk) = 0. In this case,
it follows from (21) that

|Vg(P|2

Agp
== -
@

JieCxer) = fjGa) =
Moreover, from f;, — fi given by (22), we get (,ol’;J (xi) # 0 and
Dig (xi()) + (/’k(xk) — (n - 2)€i0
@i (Xig) fioGa) = frelxi)”

Taking the derivative of this equation with respect to xi, since not all f; are constant, we obtain that <pl’(’) (xiy) =a #0,
where a is a real constant. Moreover, taking the derivative of (23) with respect to x;,, we conclude that a = 0, which
is a contradiction.

Therefore, there exists jo, jo # io and jo # k, such that fi(xx) — fj,(xx) # 0. Then taking the derivative of (22)
with respect to x;,, we get <plfo (xi,) = 0. Hence ¢ depends only on x; and it follows from (22) that

file) = fi() =0 Vi, ji#kj#k.

Moreover, from (21) we have

(23)

17 N2
fi=an—1 (“’—— @) ) (24)
)
17 N2
fﬁ=q<£n-m—1f¢3), j#k. (25)
¢ ¢
Now we consider
L v (26)
P

where U (x;) is a differentiable function. It follows from (24)—(26) that ¢ is given by (7) and that f; and f; are given
by (5) and (6) respectively. The converse is a straightforward computation. [

Proof of Theorem 1.2. Since Ric g = 0 and
K = —1DQpAgp —n|Veol),
we have that g = #g is such that Ric g — Kg/2 = T if, and only if,

1 I
T:;Ehn_ZWH%%WO+[_m_zwAww%@__%i_lﬁQwﬂg}. @7)

This is equivalent to the following system of equations:

Qoix; =0, Vi (28)
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and
. A Vol
e fitw) = (-2 22 288y oy Vel (29)
@ @ 2¢
From (28), we get ¢ = Y/, ¢; (x;), which substituted into (29) gives

ol Az |Veol? .

fit=m=-2) e~ - ==+ -D—75-), Vi (30)
2 @ 2¢

As a consequence of this last equation, we get

[fiG) = fi) ] @ = (n = 2)leig] (xi) — €9 (x))] Vi # j. (3D
By hypothesis, there exists igp # k such that f;; # fi. Then taking the derivative of (31) with respect to x;, for
J #ioand j # k, we get that ¢ , = 0. Hence ¢ = gj; (xi;) + @i (x)-
If for all j, j # ig and j # xi, we have fi(xx) — fj(xx) = O, then from (31) we get that ¢}/ (x;) = 0. In this case,
we have

A \v4 2
fixx) = fi(xx) = (n —2) _ﬂ+(n_1)| gﬁfil .
@ 2¢

Moreover, from (31), we get gpl’(’) (xiy) # 0 and

@ip(xig) + ok (k) (n—2)€j,
@i (Xig) SioCek) — fi (ex)
Taking the derivative of this equation with respect to xi, since not all f; are constant, we obtain that (pl’(’) (xiy) =a #0,
where a is a real constant. Taking the derivative of (32) with respect to x;,, we conclude that @ = 0, which is a
contradiction.

Therefore, there exists jo, jo # io and jo # k, such that fi (x¢) — fj,(xx) # 0. Then taking the derivative of (31)
with respect to x;,, we get ¢;,(x;,) = 0. Hence ¢ depends only on x; and it follows from (31) that

fiGx) — fi() =0 Vi, jsuch thati # k j # k.

Moreover, from (29) we have

(32)

N2
i = tn—Din =2 0L (33)
@
7 N2
fi=en—2) [—%Jr(n—l)%] j#k. (34)

Now we consider
(p/

= =U'(x)

@

where U (xy) is a differentiable function. It follows that ¢ is given by (10) and from (33) and (34) we conclude that
(8) and (9) hold. The converse is a straightforward computation. O

Proof of Corollary 1.3. Consider the Euclidean space (R", g), n > 3, and a metric g given by Theorem 1.1 or
Theorem 1.2. If ¢(xx) < C, where C > 0, then the metric g is complete, since there exists a constant m > 0, such
that for any vector v € R", [v|z > m|v]. O

Proof of Corollary 1.5. It follows from (5) and (6) that for the metric g of Theorem 1.1, the scalar curvature is
K =e(n— 1P 20" — (n — 2)(UH?). (35)

U

-2
Define the function u»=2 = e” = ¢. Substituting for U and its derivatives in terms of u, we obtain (12). O
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Proof of Corollary 1.6. This result follows immediately from the previous corollary, since finding a metric g =

4 _
u -2 g with scalar curvature K is equivalent to solving Eq. (12). O

For the proofs of Theorems 1.8 and 1.9, we consider the function ¢ = ¢ F. Then arguments similar to those of
Theorems 1.1 and 1.2 complete the proofs.
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