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a b s t r a c t

In this paper, we generalize the polar transforms of spacelike isothermic surfaces in
Q 4
1 to n-dimensional pseudo-Riemannian space forms Q n

r . We show that there exist c-
polar spacelike isothermic surfaces derived from a spacelike isothermic surface in Q n

r ,
which are into Sn+1

r (c), Hn+1
r−1 (c) or Q n

r depending on c > 0, < 0, or = 0. The c-polar
isothermic surfaces can be characterized as generalized H-surfaces with null minimal
sections. We also prove that if both the original surface and its c-polar surface are closed
immersion, then they have the same Willmore functional. As examples, we discuss some
product surfaces and compute the c-polar transforms of them. In the end, we derive
the permutability theorems for c-polar transforms and Darboux transform and spectral
transform of isothermic surfaces.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

As a classical topic in differential geometry, isothermic surfaces are well known as that they admit various kinds of
transforms to derive new isothermic surfaces, such as the Christoffel transform (the dual isothermic surface), the spectral
transforms (also known as T-transforms, Bianchi transforms or Calapso transforms), and the Darboux transforms. And there
are also permutability theorems relating them [1,2]. However, it was revealed only in the past 20 years [3–5,1,6] that, there
is a structure of integrable system underlying the theory about isothermic surfaces, which has its root in the transforms of
isothermic surfaces.

In recent years, the integrable system theory of isothermic surfaces is used in other cases to study transforms of
isothermic surfaces. Dussan [7], Fujioka and Inoguchi [8], began to study isothermic surfaces in pseudo-Riemannian space
forms, and Zuo et al. [9] generalized the Darboux transform of isothermic surfaces to the pseudo-Riemannian space forms
using the methods developed by Burstall in [1] and Bruck et al. in [6].

On the other hand, in [10,11], Ma and Wang found that there exists a natural transform of spacelike surfaces in Q 4
1 , the

conformal compactification of the 4-dimensional Lorentzian space forms. The key observation is that in this codim-2 case,
the normal plane at any point is Lorentzian. The two null lines [L], [R] in this plane define two conformalmaps intoQ 4

1 , called
the left and the right polar surface, respectively. Conversely, Y is also the right polar surface of [L], and the left polar surface
of [R] (when [L] and [R] are immersions). It is proved in [10,11] that these transforms preserve the Willmore property and
the isothermic property.

In this paper, we generalize this procedure to the higher codimension by a key observation that the conformal normal
bundle of a spacelike isothermic surface is flat. To be concrete, the flatness of the normal bundle allows us to derive a parallel
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section of the normal bundle which is conformal to the isothermic surface. So we can define the polar transforms locally. A
new isothermic surface produced in this way is neither the spectral transform nor the Darboux transform of [Y ]. It can be
looked as the generalization of the Christoffel transform for isothermic surface, see Section 3 for details. It is also interesting
to see that all c-polar surfaces are generalized H-surfaces with null minimal sections (when c = 0, it should be looked as
surfaces in Rn+2

r+1 , see Section 3 for details). We also discuss the moduli space of c-polar transforms of a spacelike isothermic
surface in Q n

r in the meaning of isometric equivalence. See Theorem 3.5.
Since c-polar transforms can be viewed as generalized Christoffel transforms, it is natural to expect that c-polar

transforms commute with the spectral transform and the Darboux transform. Similar to [11], we derive two of such
permutability theorems, see Theorems 4.1 and 4.2.

This paper is organized as follows. In Section 2 we review the main theory of spacelike surfaces both in the isometric
case and in the conformal case, together with the relations between them. The definition and basic properties of isothermic
surfaces are also discussed here. Then we introduce the c-polar transforms of spacelike isothermic surfaces and the
description of themas themain theorem in Section 3. Finally,weprovide a brief proof of the permutability theoremsbetween
c-polar transforms and the spectral transforms, the Darboux transforms in Section 4.

2. Surface theory for spacelike isothermic surfaces

In this sectionwe first give the surface theory in space forms. Thenwederive the surface theory in the conformal geometry
of surface theory. In the end the relations between the isometric variants of surfaces and the conformal variants of a surface
is obtained.

2.1. Spacelike isothermic surfaces in Nn
r (c)

Let Rm
s be the space Rm equipped with the quadric form

⟨x, x⟩ =

m−s−
1

x2i −

m−
m−s+1

x2i .

Let Nn
r (c) denote the n-dimensional pseudo-Riemannian space form with constant curvature c , c = 0, 1,−1, which has a

pseudo-Riemannian metric of signature (n − r, r), n − r ≥ 2, r ≥ 0. Then for a point x ∈ Nn
r (c),

x ∈ Nn
r (c) = Rn

r ⊂ Rn
r , c = 0,

x ∈ Nn
r (c) = Snr ⊂ Rn+1

r , c = 1,
x ∈ Nn

r (c) = Hn
r ⊂ Rn+1

r+1 , c = −1.

Let x : M → Nn
r (c) be a spacelike surface with complex coordinate z and metric |dx|2 = e2ω|dz|2. The structure equation

can be given as
xzz = 2ωzxz +Ω,

xzz̄ =
1
2
e2ωH −

c
2
e2ωx,

nαz = Dznα − ⟨nα,H⟩xz − 2e−2ω
⟨nα,Ω⟩xz̄, α = 3, . . . , n.

(1)

Here {nα} is a orthonormal frame of the normal bundle with ⟨nα, nα⟩ = εα = ±1 and Dz denotes the normal connection.
The Γ (T⊥M ⊗ C)-valued 2-form Ωdz2 =

∑n
α=3Ω

αnαdz2 is the vector-valued Hopf differential. We also assume that the
mean curvature vector H =

∑
α h

αnα . Then we have the integrable equations:⟨H,H⟩ − K + c = 4e−4ω
⟨Ω, Ω̄⟩,

DzH = 2e−2ωDz̄Ω,

RD
z̄znα := Dz̄Dznα − DzDz̄nα = 2e−2ω(⟨nα,Ω⟩Ω̄ − ⟨nα, Ω̄⟩Ω).

(2)

To see the fundamental forms of x, we assume that the two fundamental forms of x are of the form

I = e2ω(du2
+ dv2), II =

−
α

(bα11du
2
+ 2bα12dudv + bα22dv

2)nα, z = u + iv.

Comparing with the coefficients in (1), we have that

bα11 = (e2ωhα +Ωα
+Ωα), bα22 = (−e2ωhα +Ωα

+Ωα), bα12 = i(Ωα
−Ωα).

Now we define the isothermic surfaces as follow.

Definition 2.1 ([12]). Let x : M → Nn
r (c) be a spacelike surface. It is called isothermic if around each point of M there

exists a complex coordinate z such that the vector-valued Hopf differentialΩ is real-valued. Such a coordinate z is called an
adapted coordinate.
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Remark 2.2 (Comparing with the Classical Definition, [6,1], etc.). HereΩ is real-valued if and only if all ofΩα are real-valued
functions. The real-valued property ofΩ , together with the Ricci equations in (2), shows that the normal bundle of x is flat.
This is an important property of isothermic surfaces, which guarantees that all shape operators commute and the curvature
lines could still be defined. Let {nα} be a parallel orthonormal frame of the flat normal bundle. Since Ωα

= Ωα , the two
fundamental forms of an isothermic surface are of the form

I = e2ω(du2
+ dv2), II =

−
α

(bα11du
2
+ bα22dv

2)nα, (3)

with respect to the parallel normal frame {nα}. Then (u, v) are the conformal curvature line parameters. So our definition
of spacelike isothermic surfaces coincides with the classical definition:

x is isothermic if and only if there exists a pair of coordinate (u, v) and parallel normal frame {nα} such that the two fundamental
forms are of the form in (3).

Remark 2.3. Another significant property of isothermic surfaces is that they are conformally invariant, which suggests that
it may be better to treat them using a conformally invariant frame. This is the main topic in the next subsection.

2.2. Spacelike isothermic surfaces in Q n
r

Let Rm
s be the pseudo Euclidean space (Rm, ⟨, ⟩) as above. We denote by Cm−1

s the light cone of Rm
s , and by

Q n
r = { [x] ∈ RPn+1

| x ∈ Cn+1
r \ {0}}

the projective light cone, with the standard projection π : Cn+1
r \ {0} → Q n

r . Q
n
r can be equipped with a (n − r, r)-type

pseudo-Riemannian metric induced from the projection π : Sn−r
× Sr → Q n

r . Here

Sn−r
× Sr =


x ∈ Rn+2

r+1 |

n−r+1−
i=1

x2i =

n+2−
i=n−r+2

x2i = 1


⊂ Cn+1

r \ {0}

is endowed with a (n − r, r)-type pseudo-Riemannian metric g(Sn−r) ⊕ (−g(Sr)), where g(Sn−r) and g(Sr) are standard
metrics on Sn−r and Sr . So there is a conformal structure of (n − r, r)-type pseudo-Riemannian metric [h] on Q n

r . It is well
known that the conformal group of (Q n

r , [h]) is exactly the orthogonal group O(n − r + 1, r + 1)/{±1}, which keeps the
inner product of Rn+2

r+1 invariant and acts on Q n
r by T ([x]) = [xT ], T ∈ O(n − r + 1, r + 1). Then Nn

r , c = 0, 1,−1, can be
conformally embedded as a proper subset of Q n

r via

x →


1 − ⟨x, x⟩

2
, x,

1 + ⟨x, x⟩
2


. (4)

Note that when c = 1, the first coordinate above equals to zero, and when c = −1 the last coordinate equals to zero. So in
both cases we may look it as being a map into Q n

r .
The basic conformal surfaces theory shows that for a spacelike surface y : M → Q n

r with local coordinate z, there exists
a local canonical lift Y : U → Cn+1

r {0} of y such that |dY |
2

= |dz|2 in an open subset U ofM . We denote

V = Span{Y , Re(Yz), Im(Yz), Yzz̄} (5)

the conformal tangent bundle, and V⊥ its orthogonal complement or the conformal normal bundle. Let D denote the normal
connection, i.e. the induced connection on the bundle V⊥. Let ψ ∈ Γ (V⊥) denote an arbitrary section. Then the structure
equation of y can be derived as follows [12,13].

Yzz = −
s
2
Y + κ,

Yzz̄ = −⟨κ, κ⟩Y +
1
2
N,

Nz = −2⟨κ, κ⟩Yz − sYz̄ + 2Dz̄κ,
ψz = Dzψ + 2⟨ψ,Dz̄κ⟩Y − 2⟨ψ, κ⟩Yz̄ .

(6)

The first equation above defines two basic invariants κ and s dependent on z, called the conformal Hopf differential and the
Schwarzian derivative of y, respectively (see [12,13]).

The conformal Hopf differential defines the conformal invariant metric

g := ⟨κ, κ̄⟩|dz|2, (7)

and the well-knownWillmore functional

W (y) := 2i
∫
M
⟨κ, κ̄⟩dz ∧ dz̄. (8)

For more details on this subject, we refer to [12–14,10], etc.
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The conformal Gauss, Codazzi and Ricci equations as integrable conditions are:

1
2
sz̄ = 3⟨κ,Dz κ̄⟩ + ⟨Dzκ, κ̄⟩, (9)

Im

Dz̄Dz̄κ +

1
2
s̄κ


= 0, (10)

RD
z̄zψ := Dz̄Dzψ − DzDz̄ψ = 2(⟨ψ, κ⟩κ̄ − ⟨ψ, κ̄⟩κ). (11)

Spacelike isothermic surfaces are also defined as of real-valued conformal Hopf differential with respect to some complex
coordinate (also called the adapted coordinate).

To see this, we give the relations between the isometric invariants and conformal invariants of a spacelike surface
x : M → Nn

r (c) as above. We may assume that c = 0. The other cases are similar. We denote

X =


1 − ⟨x, x⟩

2
, x,

1 + ⟨x, x⟩
2


. (12)

Then y = [X] is the corresponding surface into Q n
r . It is direct to obtain a canonical lift Y = e−ωX w.r.t. z. So

Y =
1
2
e−ω(1 − ⟨x, x⟩, 2x, 1 + ⟨x, x⟩),

Yz = −ωzY + e−ω(−⟨x, xz⟩, xz, ⟨x, xz⟩),
N = eω(−1 − ⟨H, x⟩,H, 1 + ⟨H, x⟩)− 2ωz̄Yz − 2ωzYz̄ − 2|ωz |

2Y ,
ψα = (−⟨nα, x⟩, nα, ⟨nα, x⟩)+ ⟨nα,H⟩Y .

(13)

Then we see that the normal connection of {ψα} is the same as the normal connection of {nα}. we also calculate the
Schwarzian and conformal Hopf differential as

s = 2ωzz − 2ω2
z + 2⟨Ω,H⟩, κ = e−ω(−⟨Ω, x⟩,Ω, ⟨Ω, x⟩)+ ⟨Ω,H⟩Y . (14)

Now we derive that κ is real-valued if and only ifΩ is real-valued.

3. Generalized c-polar transforms of spacelike isothermic surfaces

In [11], they gave the definition of polar transforms of spacelike isothermic surfaces in Q 4
1 . Here we will show that such

transforms can be defined in a more generalized case for isothermic surfaces.

Definition 3.1. Let y : M → Q n
r be a spacelike isothermic surface. Suppose thatψ is a parallel section of the normal bundle

of y with length c , i.e. ψ ∈ Γ (V⊥), Dzψ = 0, and ⟨ψ,ψ⟩ = c. Then we call ψ : M → Nn+1
r ( 1c ) a c-polar transform of y

when c ≠ 0, and [ψ] : M → Q n
r a 0-polar transform of ywhen c = 0.

Then, the polar transforms defined in [11] are exactly special cases of the 0-polar transforms. We also note that the polar
transforms can also be characterized as below:

Proposition 3.2. ψ : M → Rn+2
r+1 derives a c-polar transform of y if it satisfies the following conditions: (i). ⟨ψ, Y ⟩ = ⟨ψ, Yz⟩

= 0; (ii). ψz ∈ SpanC{Y , Yz̄}.

Proof. From (ii), we see that ⟨ψz, Yz̄⟩ = 0, together with (i), yielding ⟨ψ, Yzz̄⟩ = 0. So ψ is a parallel section of the normal
bundle by (ii). Also from (ii), ⟨ψz, ψ⟩ = 0, yielding ⟨ψ,ψ⟩ = c for some constant c. �

Remark 3.3. The Christoffel transform of an isothermic surface x : M → Rn is defined as a map xC : M → Rn such that
xCz ‖ xz̄ (see [1,15]). Such xC is also called dual to x. For c-polar transforms, we also can change the second condition such
that ψz ∈ SpanC{Yz̄} by scaling of Y . In this sense, we also can say that ψ is dual to Y , and c-polar transforms can be looked
as generalized Christoffel transforms.

On the other hand, (spacelike) isothermic surfaces, together with one of their Darboux transforms, are also characterized
as curved flats or O(m + 1, 1)/O(m) × O(1, 1)-system II in integrable system theory, see for example [4,6,3,7,9]. We also
note that in [4], the Christoffel transform of an isothermic surface is explained as a limit surface of Darboux transforms.
While there does not exist an integrable system theory structure for the Christoffel transform. Here the integrable system
description of c-polar transforms is also unknown.

Another notion related with c-polar transforms is the generalized H-surface, provided by Burstall as examples of
isothermic surfaces.

Definition 3.4 ([1]). A surface f : M → Nn
r (c), with mean curvature vector H , is said to be a generalized H-surface if

it admits a parallel isoperimetric section. Here an isoperimetric section means a unit normal vector field N of f satisfying
⟨N,H⟩ ≡ const . N is called a minimal section if ⟨N,H⟩ ≡ 0.
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Now we state our main theorem as follows:

Theorem 3.5. Let y : M → Q n
r be a full spacelike isothermic surface. That is, the image of y is not contained in any affine

hyperplane.

(i). When c ≠ 0, on an open dense subset M0 of M, any c-polar transform ψ : M0 → Nn+1
r ( 1c ) is also a spacelike isothermic

surface sharing the same adapted coordinate with y. Moreover, ψ is a generalized H-surface admitting a parallel minimal
section. To be concrete, there exists a lift Yψ of y with Yψz ‖ ψz̄ , that is, Yψ is dual to ψ .

(ii). When c = 0, on an open dense subset M0 of M, any 0-polar transform [ψ] : M0 → Q n
r of y is also a spacelike isothermic

surface sharing the same adapted coordinate with y. Moreover, ψ is a generalized H-surface in Rn+2
r+1 admitting a parallel

minimal section. To be concrete, there exists a lift Yψ of y with Yψz ‖ ψz̄ , that is, Yψ is dual to ψ .
(iii). The moduli space of isometric c-polar surfaces can be described as follows:{c-polar surfaces of y} ∼= Sn−3

r (c)/Z2 = {x ∈ Rn−2
r |⟨x, x⟩ = c}/Z2, c > 0.

{0-polar surfaces of y} ∼= Q n−3
r−1 (c) = {x ∈ Rn−2

r |⟨x, x⟩ = 0}, c = 0.
{c-polar surfaces of y} ∼= Hn−3

r−1 (c)/Z2 = {x ∈ Rn−2
r |⟨x, x⟩ = c}/Z2, c < 0.

(15)

(iv). Let ψ be a c-polar transform of y. The conformal invariant metric of ψ is of the form

gψ =


⟨κ, κ⟩ +


⟨ψ,Dzκ⟩

⟨ψ, κ⟩


z̄


|dz|2. (16)

Furthermore, suppose that M is a closed surface. If ψ is globally immersed, then W (ψ) = W (y), i.e., in this case, the
Willmore functional is polar transform invariant.

Proof. Here we use the notions in Section 2. Letψ be a parallel section of normal bundle V with ⟨ψ,ψ⟩ = c. Then we have
that

ψz = 2⟨ψ,Dz̄κ⟩Y − 2⟨ψ, κ⟩Yz̄ .

So

⟨ψz, ψz̄⟩ = 2⟨ψ, κ⟩2.

Suppose that on an open subset U0 ofM , ⟨ψ, κ⟩2 = 0. Then on U0, ⟨ψ, κ⟩2 = ⟨ψ,Dzκ⟩
2

= · · · = 0. Soψz = 0 and y is in
the hyperplane ψ⊥, contradicting to the full property of y. So there exists an open dense subset M0 of M on which ψ is an
immersion. That is, ⟨ψ, κ⟩2 ≠ 0. Then

ψzz = 2⟨ψ,DzDz̄κ⟩Y − 2⟨ψ,Dzκ⟩Yz̄ + 2⟨ψ,Dz̄κ⟩Yz − 2⟨ψ, κ⟩Yzz̄

=
2⟨ψ,Dzκ⟩

⟨ψ, κ⟩
ψz +Ωψ , (17)

with

Ωψ
= − ⟨ψ, κ⟩N + 2⟨ψ,Dzκ⟩Yz̄ + 2⟨ψ,Dz̄κ⟩Yz + 2


⟨ψ,DzDz̄κ⟩ + ⟨ψ, κ⟩⟨κ, κ⟩ −

2⟨ψ,Dzκ⟩⟨ψ,Dz̄κ⟩

⟨ψ, κ⟩


Y . (18)

Since the normal bundle is flat and κ is real-valued, we derive that

Ωψ
= Ωψ .

To show that ψ is a generalized H-surface, we first compute

ψzz̄ = −2⟨ψ, κ⟩κ + (⟨ψ, 2Dz̄Dz̄κ + s̄κ⟩)Y . (19)

Set

Yψ =
1

⟨ψ, κ⟩
Y .

We obtain that

Yψz = −
1

2⟨ψ, κ⟩2
ψz̄ .

We also have that

⟨Yψ , Yψ ⟩ = ⟨Yψ , ψ⟩ = ⟨Yψ , ψz⟩ = ⟨Yψ , ψzz̄⟩ = 0,⇒ ⟨Yψ ,Hψ ⟩ = 0.
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Here Hψ denotes the mean curvature vector of ψ . Summing up, Yψ is a parallel minimal section of ψ and dual to ψ (in the
sense of [1]).

Now we turn to the proof of (iii). Let ψ̃ be a c-polar surface isometric to ψ with ψ ∓ ψ̃ ≠ 0. Then

⟨ψz, ψz̄⟩ = ⟨ψ̃z, ψ̃z̄⟩,⇒ ⟨ψ, κ⟩ = ±⟨ψ̃, κ⟩.

Similar to above, we see that y falls into the affine hyperplane (ψ ∓ ψ̃)⊥, which is not allowed. So any two c-polar surfaces
are not isometric. Then (iii) follows directly.

For the computation of gψ , by (14) and (18), we have that

⟨κψ , κ̄ψ ⟩ =
1

4⟨ψ, κ⟩2
⟨Ωψ ,Ωψ

⟩

= ⟨κ, κ⟩ +
⟨ψ,Dz̄Dzκ⟩⟨ψ, κ⟩ − ⟨ψ,Dzκ⟩⟨ψ,Dz̄κ⟩

⟨ψ, κ⟩2

= ⟨κ, κ⟩ +


⟨ψ,Dzκ⟩

⟨ψ, κ⟩


z̄
.

As to the Willmore functional, it is just a consequence of Stokes formula and
⟨ψ,Dzκ⟩

⟨ψ, κ⟩


z̄
dz ∧ dz̄ = −d


⟨ψ,Dzκ⟩

⟨ψ, κ⟩
dz


. �

Remark 3.6. One can see that all 1-polar surfaces are in the set {spacelike (full) isothermic generalized H-surfaces in Sn+1
r

with null parallel minimal section}. And for any spacelike (full) isothermic generalized H-surfaces in Sn+1
r with null parallel

minimal section, it is dual to some spacelike isothermic surface in Q n
r and is also a 1-polar transform of this surface. In this

sense, we may roughly say that this subset of spacelike isothermic generalized H-surfaces in Sn+1
r is equivalent to the set

{spacelike isothermic surfaces in Q n
r }.

Corollary 3.7. Let ψ and ψ̃ be two c-polar transforms of y. ψ and ψ̃ have the same conformal invariant metric, if and only if

F(ψ, ψ̃, z, z̄) :=
⟨ψ,Dzκ⟩⟨ψ̃, κ⟩ − ⟨ψ, κ⟩⟨ψ̃,Dzκ⟩

⟨ψ, κ⟩⟨ψ̃, κ⟩
(20)

is a holomorphic function of z. As a consequence, if F(ψ, ψ̃, z, z̄) is not a holomorphic function, they are not conformally
equivalent to each other.

Remark 3.8. It is in general unknown how to determine the conformal moduli space of c-polar transforms, i.e., the c-polar
transforms which are not conformally equivalent to each other. Below we provide examples with conformally equivalent
polar transforms.

Example 3.9 ([10]). In [10], they constructed a class of homogeneous spacelike toriwhich are bothWillmore and isothermic.
Set ϕ = ϕ(t, θ) = θ/

√
t2 − 1. Then Yt(θ, φ) : R × R → R6

2 is given by

Yt(θ, φ) = (cos(tϕ) cosφ, cos(tϕ) sinφ, sin(tϕ) cosφ, sin(tϕ) sinφ, cosϕ, sinϕ).

Note that the period condition is satisfied if t is a rational number; hence after projection π we obtain an immersed torus.
The polar transforms of Yt are [Lt ] and [Rt ], which are globally immersed. Then by the theorem above, we see that

W (Yt) = W (Lt) = W (Rt).

To be concrete, by generalizing the fundamental theorem of conformal surface theory in [12], one can show that [Lt ] and
[Rt ] are both conformally equivalent to [Yt ]. For further details see [10].

Now we provide some other isothermic examples.

Example 3.10. Set I = [0, l] and I = [0, l̃]. Let γ : I → Rn1
r1 and γ̃ : Ĩ → Rn2

r2 be two spacelike curves with arc parameter
t, t̃ respectively. Then

x = (γ , γ̃ ) : I × Ĩ → Rn
r , n = n1 + n2, r = r1 + r2,

is a spacelike isothermic surface with adapted coordinate z = t + it̃ .
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For simplicity, we assume that γ and γ̃ are both in R2. And set

γt = α, αt = kβ, γ̃t̃ = α̃, α̃t̃ = k̃β̃,

with (α, 0), (β, 0), (0, α̃), (0, β̃) an orthonormal basis ofR4. Themean curvature of x isH =
1
2 (kβ, k̃β̃). And {(β, 0), (0, β̃)}

is a parallel orthonormal basis of normal bundle. Sowe see that x is generalizedH-surface if and only if one of k, k̃ is constant.
On the other hand, any 1-polar transforms of x is of the form

ψθ
= (−⟨nθ , x⟩, nθ , ⟨nθ , x⟩)+

1
2
(k cos θ + k̃ sin θ)


1 − ⟨x, x⟩

2
, x,

1 + ⟨x, x⟩
2


with nθ = (β cos θ, β̃ sin θ) for any θ ∈ [0, π). And by computation, ⟨ψθ , κ⟩ = k cos θ − k̃ sin θ . So ψ0 and ψ

π
2 must be

not conformally equivalent to each other when k2t + k̃2t̃ ≠ 0. And if both k and k̃ are constant, x is just in a 3-dimensional
space form and there exists only one c-polar surface of x.

If we assume furthermore that both γ and γ̃ are closed curves with kk̃ > 0, that is, x is an immersed 2-torus, then for
any θ such that k cos θ − k̃ sin θ ≠ 0 on T = x(I × Ĩ), ψθ is also an immersed 2-torus with W (ψθ ) = W (x). Note that a
special example of x is just the Clifford torus with γ = γ̃ = S1(ρ2) ⊂ R2, which is conformally equivalent to any c-polar
surface of it.

4. Two permutability theorems

Similar to the proof in [11],we also can obtain the permutability theorems for c-polar transformswith spectral transforms
and Darboux transforms. For simplicity, here we just give a rough proof.

4.1. Permutability with spectral transform

For an immersed spacelike isothermic surface y : M → Q n
r , the conformal Gauss, Codazzi, and Ricci equations are still

satisfied under the deformation

sc̃ = s + c̃, ⟨κ c̃, ψ c̃
⟩ = ⟨κ,ψ⟩, ⟨ψ c̃, ψ c̃

⟩ = ⟨ψ,ψ⟩, Dc̃
z = Dz,

where c̃ ∈ R is a real parameter, and ψ is arbitrary section of normal bundle with deforming normal section ψ c̃ . By
the integrable conditions, there are an associated family of non-congruent isothermic surfaces [Y c

] with corresponding
invariants. They are called the spectral transforms of the original surface (see [12]).

Theorem 4.1. Let yc̃ be a spectral transform (with parameter c̃) of y : M → Q n
r , both being spacelike isothermic surfaces.

Denote their canonical lift as Y , Y c̃ for the same adapted coordinate z. If a c-polar surfaceψ is non-degenerate, then there exists a
c-polar surfaceψ c̃ of yc̃ such that ψ c̃ is also a spectral transform (with parameter c) of ψ , i.e., we have the commuting diagram.

[Y ] −−−−→ [Y c̃
] 

ψ −−−−→ ψ c̃

Proof. Since the transform preserve normal connection and κ , letψ c̃ be the corresponding normal section ofψ , thenψ c̃ is
a c-polar transform of yc̃ . From the Eqs. (14), (18), (17) and (19), we see that the other conditions except Schwarzian are all
satisfied. As to s, one computes

sψ = 2ωψzz − 2(ωψz )
2
+

⟨ψ,Dz̄Dz̄κ⟩

⟨ψ, κ⟩
+ s.

So we have sψ
c̃
= sψ + c̃. We conclude that ψ c̃ is a spectral transform of ψ with parameter c̃ . �

4.2. Permutability with Darboux transform

We recall the basic properties of Darboux transforms as below. For more details, see [6,1,2,13,14,11].

Definition and Proposition ([11]). Let y : M → Q n
r denote a spacelike isothermic surface with canonical lift [Y ] with

respect to the adapted coordinate z. A spacelike immersion y∗
: M → Q n

r is called a Darboux transform of y if its local lift
Y ∗ satisfies

⟨Y , Y ∗
⟩ ≠ 0, Y ∗

z ∈ SpanC{Y ∗, Y , Yz̄}. (21)
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Note that this is well-defined, where Y ∗ is not necessarily the canonical lift. We have the following conclusions:

(1) y, y∗ are conformal; they envelop one and the same round 2-sphere congruence given by Span{Y , Y ∗, dY } = Span{Y ,
Y ∗, dY ∗

}.
(2) Set ⟨Y , Y ∗

⟩ = −1. Then Y ∗
z =

µ

2 Y
∗
+θ(Yz̄+

µ̄

2 Y ), where θ is a non-zero real constant. This Darboux transform is specified
as Dθ -transform.

(3) Y ∗ is an isothermic surface sharing the same adapted coordinate z. Hence the curvature lines of y, ỹ do correspond.

For the proof, we refer to [11]. Now we have the permutability theorem as below.

Theorem 4.2. Let y : M → Q n
r be a spacelike isothermic surface and [Y ∗

] be a Dθ -transform of y. If ψ is a non-degenerate
c-polar surface of y, then there exists a c-polar surface ψ∗ of y∗ such that ψ∗ is also a Dθ -transform of ψ , i.e., we have the
commuting diagram:

[Y ]
Dθ -transform
−−−−−−−−−→ [Y ∗

]

left c-polar
 left c-polar

ψ
Dθ -transform
−−−−−−−−−→ ψ∗

(22)

Proof. Wemay assume that

Y ∗
= N + µ̄Yz + µYz̄ +


1
2
|µ|

2
− ⟨ξ, ξ⟩


Y + ξ .

Then differentiating Y ∗, we obtain

θ = µz − s −
µ2

2
− 2⟨κ, ξ⟩. (23)

One can verify that θ is a constant via the integrable equations, following the methods in [13,14,11].
Set

P = Yz +
µ

2
Y , (24)

the structure equations can be written as

Yz = −
µ

2
Y + P,

Y ∗

z =
µ

2
Y ∗

+ θ P̄,

Pz =
µ

2
P +


θ

2
+ ⟨κ, ξ⟩


Y + κ,

P̄z = −
µ

2
P̄ +

1
2
Y ∗

+ ⟨ξ, ξ⟩Y −
1
2
ξ,

ψz = −2⟨ψ, κ⟩P̄ − ⟨ψ,Dz̄ξ⟩Y .

(25)

Set

ψ∗
= ψ + ⟨ψ, ξ⟩Y −

⟨ψ, κ⟩

θ
Y ∗. (26)

It is direct to verify that

ψ∗
⊥ {Y ∗, Y ∗

z , Y
∗

zz̄},

andψ∗ is a parallel section of Y ∗ with length c. By similar computations as [11], one can prove thatψ∗ is a Darboux transform
of ψ with the same parameter θ . �
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