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1. Introduction

Integrable Hamiltonian systems occur in many problems of geometry, mechanics, and physics and have been of growing
interest within the past years. For their study many methods have been developed, from classical works of Poincaré, Liouville,
Moser up to modern treatments (e.g., bi-Hamiltonian approach). At the end of the past century the theory of invariants
based on the topological approach was suggested by A.T. Fomenko, H. Zieschang, A.V. Bolsinov, and others for the study
of integrable Hamiltonian systems with two degrees of freedom. This theory allows to investigate different qualitative
properties of such systems and to conclude whether two systems are equivalent (in some sense) or not. Primarily, we mean
the following three types of equivalence: Liouville equivalence [1-3], topological [4,5] and smooth [6] orbital equivalence.
For each type of equivalence, a non-degenerate integrable system restricted to a 3-dimensional isoenergy surface is assigned
with an invariant (molecule) which is a graph with some numerical marks. The main result of the theory in question can
now be formulated in the following way: two integrable Hamiltonian systems considered on non-degenerate isoenergy
3-surfaces are equivalent (in one of the senses mentioned) if and only if the corresponding invariants are the same. We
should underline that this approach enables one to establish the equivalence of different systems without writing out
analytic formulas which seems to be quite a complicated task. Moreover, it allows us to conclude that two systems are
not equivalent if their invariants differ. Possibility of establishing the fact of non-equivalence without using the theory of
invariants seems doubtful.

Since its creation, the theory of topological invariants was applied to the study of many classical integrable systems, in
particular, integrable cases in rigid body dynamics [7-12] and integrable geodesic flows [7,13-19]. This way, A.V. Bolsinov
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and A.T. Fomenko proved the topological orbital equivalence between two famous integrable systems: the Euler case in
rigid body dynamics and the Jacobi problem about geodesics on the ellipsoid [20]. At the same time, the smooth orbital
equivalence does not hold [21]. Moreover, as shown in [22], these two systems are not topologically conjugate (for any
values of their parameters). In this paper we calculate topological invariants for the integrable Chaplygin case in dynamics
of a rigid body in fluid and conclude that this classical system is also orbitally equivalent to the two mentioned above.

2. Main definitions and outline of the general theory

In this section we recall some basic definitions and main results of the theory of invariants for integrable Hamiltonian
systems. Many notions of this theory will be discussed rather briefly. For details we address the readers to the papers [1-6]
and the book [7].

Definition 1. A Hamiltonian system with n degrees of freedom is a triple (M?", @, H) where M?" is a 2n-dimensional smooth
manifold endowed with a symplectic form w,and H € C*(M?") is a smooth function on M?" called the Hamiltonian function.
A Hamiltonian vector field is defined as v = sgrad H = w~'dH. We shall also denote a Hamiltonian system by (M?", v).

Theorem 1 (Liouville). Suppose that the smooth functions fi, . . . , f, are the first integrals of the Hamiltonian system (M?", @, H)

satisfying the following conditions:

(1) f1, ..., fy are functionally independent, i.e. their gradients are linearly independent almost everywhere on M;

(2) {fi,;i} =0fori,j =1,...,n,ie. the integrals commute with respect to the Poisson bracket determined by the symplectic
structure;

(3) the vector fields sgrad fi, . .., sgrad f, are complete, i.e. the natural parameter on their integral trajectories is defined on the
whole real axis.

Let T = {x e M | fi(x) =&, i=1,...,n)} bearegular common level for the functions fi, ..., f, (regularity means that the

differentials dfs, ..., df, are linearly independent for all x € T ). Then

(a) T is a smooth Lagrangian submanifold which in case it is connected and compact is diffeomorphic to the n-dimensional torus
T" (the Liouville torus);

(b) a neighbourhood U of the torus T" is fiberwise diffeomorphic to the direct product T" x D", i.e. the pre-image of T" x {pt}
under this diffeomorphism is a Liouville torus;

(c) in the neighbourhood U there exists a coordinate system (the action-angle variables) sy, ..., Sp, ¢1, - . ., on Wheresq, ..., s,
are coordinates on the disk D" depending only on the integrals fi, . .., fy and @1, . . ., @, are standard angle coordinates on
the torus, such that

() 0 = Y"1, doi A dsi,
(ii) the Hamiltonian vector field takes the form $; = 0, ¢; = qi(s1,...,Sy), i = 1,...,n, and therefore determines a
rectilinear winding (rational or irrational) on each of the Liouville tori.

This classical result suggests the following definitions.

Definition 2. A Hamiltonian system (M?", w, H) is called Liouville integrable if there exists a set of smooth functions
f1, ..., fa satisfying the conditions 1-3 of Theorem 1.

Definition 3. The decomposition of the manifold M?" into connected components of common level surfaces of the integrals
fi, ..., fais called the Liouville foliation corresponding to the Liouville integrable Hamiltonian system (M?", w, H).

The Liouville foliation consists of regular leaves (they are Liouville tori in the compact case) which fill M almost in
the whole and singular ones filling a set of zero measure on M. Theorem 1 describes therefore the local structure of the
Liouville foliation in the neighbourhood of a regular leaf. According to this theorem, the Liouville foliation is trivial in the
neighbourhood of a Liouville torus. From now on we shall consider only systems with compact leaves.

Definition 4. The mapping # = f; x --- x f;: M?* — R" is called the momentum mapping.

Let K C M?" be the set of all critical points of the momentum mapping (i.e. the set of all points x € M such that rank
dF (x) < n).

Definition 5. The set ¥ = ¥ (K) C R" of all critical values of F is called the bifurcation diagram of the momentum mapping.

Obviously, the points from X are images of the singular leaves of the Liouville foliation under the momentum mapping,
and the regular values of # (belonging to # (M) \ X') are images of the regular leaves (Liouville tori).

Now we want to answer a natural question: what integrable Hamiltonian systems should be called equivalent? Several
definitions are possible. Let X; = (M?", w;, Hy) and X, = (Mzz“, ws, Hy) be two such systems.

Definition 6. The systems X; and X, are called topologically (resp. smoothly) conjugate if there exists a homeomorphism
(resp. diffeomorphism) t: M; — M, mapping the flow o} corresponding to X; into the flow o} corresponding to X»:
Too] = o}ot.Inother words, the systems X; and X, can be obtained from each other by a change of coordinates (continuous
or smooth).
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Definition 7. The systems X; and X are called topologically (resp. smoothly) orbitally equivalent if there exists a homeomor-
phism (resp. diffeomorphism) t: M; — M, mapping the oriented trajectories of the first system into those of the second
one. Note that the parameter (time) on the trajectories is not necessarily preserved.

Definition 8. The systems X; and X, are called Liouville equivalent if there exists a diffeomorphism 7 : M; — M, transform-
ing the Liouville foliation of the first system to that of the second one.

Definition 9. The systems X; and X, are called roughly Liouville equivalent if there exists a homeomorphism between the
bases of the corresponding Liouville foliations that can locally (i.e. in the neighbourhood of each point of the base) be lifted
up to a fibre homeomorphism of the Liouville foliations.

In the non-resonant case each subsequent equivalence relation above is weaker than the previous one. The last definition
seems rather complicated but it has a clear topological interpretation which will be explained further.

Remark 1. In the four definitions above we may consider systems restricted to their invariant isoenergy surfaces {H = h =
const}. Moreover, Definitions 6 and 7 can obviously be given for arbitrary dynamical systems on smooth manifolds.

Remark 2. It is reasonable to consider also more strict notions of equivalence requiring in Definitions 6-8 that 7 is a
symplectomorphism, i.e. T* w, = w;. We shall not deal with such notions in the framework of the theory of invariants
discussed (see for instance [23,24]).

Suppose we are given two integrable Hamiltonian systems (M#, v;) and (M4, v,) with two degrees of freedom. Can
we understand whether they are equivalent (in one of the senses) or not? The theory of invariants gives the answer to this
question in some cases. Namely, for systems restricted to their regular isoenergy surfaces there exist invariants which permit
to classify such systems up to the following types of equivalence: rough Liouville, (fine) Liouville and orbital (topological
and smooth) equivalence. Now we shall briefly describe these invariants.

Let X = (Q3, v = sgrad H) be an integrable Hamiltonian system with 2 degrees of freedom restricted to the compact
and regular surface of constant energy Q = {H = h = const} (regularity means that dH|y # 0). Suppose that the additional
integral f of X is a Bott function on Q [7, Section 1.8] and that X is non-resonant on Q (i.e. the winding determined by X
on the Liouville tori is irrational for almost all tori). We shall start with constructing the invariant for the rough Liouville
equivalence. First, we consider a graph which is the base of the Liouville foliation on Q. The points of this graph correspond
to the connected components of the level surfaces of the function f on Q, i.e. to the leaves of the Liouville foliation. Hence,
by definition, it is the Reeb graph of the function f on Q. The edges of this graph represent regular one-parameter families
of Liouville tori. The vertices correspond to the singular leaves.

Now we endow each vertex with an invariant picturing the Liouville foliation in the neighbourhood of the corresponding
singular leaf. Such invariant is a 3-atom defined as a small neighbourhood of a singular leaf of the Liouville foliation viewed
up to fibre diffeomorphism. Thus, a 3-atom is a compact 3-dimensional surface with boundary foliated to Liouville tori and
one singular leaf. Its boundary consists of several (possibly one) Liouville tori. Each boundary torus corresponds to a certain
edge of the graph adjacent to the given vertex.

There exists a one-to-one correspondence between 3-atoms and 2-atoms. By definition, a 2-atom is a small invariant
neighbourhood of a critical level of a Morse function on a 2-dimensional compact manifold considered up to fibre
diffeomorphism. A 2-atom is a compact 2-dimensional surface with boundary foliated to circles and one singular leaf. Its
boundary consists of one or several circles.

The connection between 3-atoms and 2-atoms is that each 3-atom is a Seifert fibration over a certain 2-atom
([7, Theorem 3.4]). So we may assume that the vertices of the graph under consideration are 2-atoms, and there is a
one-to-one correspondence between the boundary circles of each 2-atom and the edges of the graph adjacent to the given
vertex.

In Fig. 1 we give an example of two 2-atoms which appear in the systems discussed in this paper. The corresponding
3-atoms can be obtained from them by multiplying by a circle.

Definition 10. The constructed graph W is called the molecule (or the Fomenko invariant) of the integrable system on the
given isoenergy surface Q.

Theorem 2 (Theorem 3.5 in [7]). The integrable systems (Q]3 , v1) and (Q23, vy) are roughly Liouville equivalent if and only if
their molecules W, and W, are the same.

Proof. The definition of the rough Liouville equivalence means that, firstly, the bases of the Liouville foliations on Q; and Q,
are the same graphs and, secondly, that the systems v; and v, are Liouville equivalent in neighbourhoods of singular leaves
(the Liouville equivalence in neighbourhoods of regular leaves is true for any two systems of the same dimension by the
Liouville theorem). But this exactly means that the molecules of the systems v; and v, coincide. O

To construct the invariant for the (fine) Liouville equivalence we need to provide the molecule W of the integrable system
(Q3, v) with some additional information. From the molecule W we know which atoms should be glued together to obtain
the Liouville foliation on Q3. On each edge of W we need to glue together the adjacent atoms along their boundary tori
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Fig. 1. Examples of 2-atoms.

corresponding to the given edge. We can do this in different ways by means of arbitrary diffeomorphisms of tori. As a
result, we shall obtain different Liouville foliations and, generally speaking, different 3-manifolds Q. That is why we need
to fix somehow the gluing diffeomorphisms. Consider on every edge a natural integer-valued gluing matrix defining an
isomorphism of the fundamental groups of the boundary tori and hence a diffeomorphism of the tori up to isotopy. Of course,
this matrix depends on the choice of coordinate systems on the tori. These coordinate systems cannot be chosen arbitrarily.
For each atom there exists a class of admissible coordinate systems on its boundary tori (see [7, Section 4.1]). Now we endow
the molecule W with numerical marks r;, &;, and n, being functions of the gluing matrices. The marks r; € R/Z U {co} and
g; = *£1 are assigned to each edge of the molecule and the marks n, € Z are assigned to groups of atoms called families.
If we cut the molecule along all the edges with finite r-mark, it will split into several connected pieces. Those pieces which
do not contain atoms of type A (minimax atoms) are said to be families. For explicit definitions of the marks r;, &;, n; see
[7, Section 4.3].

Definition 11. The molecule W endowed with the marks r;, &;, ny is called the marked molecule (or Fomenko-Zieschang
invariant) of the integrable system on the isoenergy surface Q.

Theorem 3 (Theorem 1.6 in [3]). The integrable systems (Qf, vq) and (QZ?’, vy) are Liouville equivalent if and only if their marked
molecules W = (W1, 1y, &, ng) and W = (W, 1, &;, ni) coincide.

Analogously, the complete invariant for the orbital equivalence is obtained from the marked molecule W* by providing
it with some additional marks. We shall describe this invariant in the case of simple systems, i.e. systems containing only
atoms with a single critical circle (these are atoms A, B, and A*).

The most important characteristic of the orbital portrait of the system is the rotation function p(t) defined on every edge
of the molecule (here t is a parameter on the edge). By definition, p(t) = q1(t)/q,(t) where g;(t) and g, (t) are frequencies
on the corresponding Liouville torus T?(t) (see Theorem 1). This ratio of frequencies is a complete orbital invariant of the
system on the given torus and the rotation function gives the orbital characterization of the system on the one-parameter
family of tori. We shall consider the class of integrable systems whose rotation functions are “good”, i.e. have a finite number
of critical points and points of infinity.

Consider a rotation function p(t) on some edge of the molecule and suppose that the parameter ¢t changes from 0 to 1.
Construct a finite sequence R of real numbers and symbols +oc0 by the following rule. The first element of this sequence is
the limit of p at zero (finite or infinite). Then, as t varies from 0 to 1, we successively write out the values of p at its local
minima, local maxima, and its infinite values. Every point of infinity of p is depicted with two symbols (each being +o0o
or —oo) indicating the left and right limits. Finally, the last element of R is the limit of p at the point 1.

Definition 12. The sequence Ris called the rotation vector (or R-vector) of the integrable system on the given one-parameter
family of tori.

The R-vector is not well-defined since it depends on the basis on the tori of the given family. To obtain an invariant
object from it we need to eliminate this dependence. Consider two pairs of basic cycles (A~, ™) and (A", u*) on the tori
corresponding to a certain edge of the molecule. These pairs of cycles are defined as admissible bases on the boundary tori of
the two atoms at the ends of the given edge. Thus, we have two rotation functions p~ and p ™, and a gluing matrix connecting
the two bases:

()= 50

Now setR = BR™ — «a if 8 # 0and R = R~ mod 1if § = 0. In the first case the number « is subtracted from each
component of the vector SR™.

Definition 13. The constructed vector R is called the R-invariant of the integrable system on the given one-parameter family
of tori (or on the given edge of the molecule).



A.T. Fomenko, S.S. Nikolaenko / Journal of Geometry and Physics 87 (2015) 115-133 119

Theorem 4 (see Proposition 6.3 in [4]). The R-invariant is a well-defined complete topological orbital invariant of the integrable
system considered on the given one-parameter family of Liouville tori. This means that two such systems are topologically orbitally
equivalent if and only if their R-invariants coincide. If, in addition, the rotation functions of these systems on the corresponding
families of tori are Morse functions, then the above statement holds for the smooth orbital equivalence as well.

Now we shall describe one more orbital invariant of the integrable system on the isoenergy surface. Let W* be its marked
molecule. An edge of W* is called finite if the r-mark on it is finite, infinite if the r-mark on it is infinite, and superinfinite
if it is infinite and all the components of its rotation vector are also infinite. If we cut the molecule W* along all its edges
which are not superinfinite, it will split into a disjoint union of subgraphs. Those subgraphs which do not contain A-atoms
are called radicals. Now to each edge e; of W* incident to the given radical U we assign an integer [@]; by the following rule:

[/ Bi] if e; is finite and exits the radical U,
[=8;/Bi1  ife;is finite and enters the radical U,
(0] = [MR]-+] if e; is infinite and enters the radical U,
—[—MRj’] if e; is infinite and exits the radical U,
—vi/; if ; is a superinfinite interior edge of the radical U.

Here @, B, v, § are the entries of the gluing matrix C;, MR and MR~ are the arithmetic means of the finite components of
the rotation vectors R* and R™. It is easy to see that the five possibilities above cover all possible cases and hence the number
[©]; is well defined.

Definition 14. The number b(U) = ) '[®]; is called the b-invariant of the radical U.

Remark 3. The meaning of the numbers MR* and MR~ for the construction of the orbital invariants can shortly be explained
in the following way. Recall that in the case of an infinite edge the R-invariant is defined only modulo 1 (see Definition 13).
It is easy to notice that fixing the number MR~ eliminates this indeterminacy. Of similar meaning is the number MR™.

Definition 15. The marked molecule W* endowed with the R-invariants of all edges and the b-invariants of all radicals is
called the t-molecule of a simple integrable system on the given isoenergy surface.

Theorem 5 (Theorem 2.1 in [5]). Two simple integrable Hamiltonian systems (Qf, v1) and (Q23, vy) are topologically orbitally
equivalent if and only if their t-molecules W' = (W}, Ry, by) and W5 = (W5, Ry, by) coincide.

Recall that the molecule of a simple system by definition contains only atoms of complexity one (i.e. atoms A, B, and
A*). For the systems of general type the t-molecule as defined above does not contain enough information for the complete
orbital classification. In this case the b-invariant should be supplemented by some other invariants and becomes much more
complicated. But for some systems which though are not simple but possess certain symmetries the above theorem remains
true. This important remark will be used further for establishing the equivalence between systems containing atom Cs.

Theorem 5 has an analogue for the smooth orbital equivalence. The appropriate invariant in this case is the st-molecule
W™t = (W* R, A,) where the invariants A,, are certain power series assigned to the vertices of the saddle atoms (see
[6, Definition 1]).

Thus, we have given a review of the key results of the theory of topological invariants for integrable Hamiltonian systems
with two degrees of freedom. Somewhere we omitted details, since our aim was just to present a general nature of the objects
we deal with. In the concrete examples below this objects take much more simple form than in the general case and some
facts in the proof of the main theorem could be explained independently, without references to the general theory. However,
we decided that our main result is a good example demonstrating applications of the theory of invariants. This is the reason
why the proof (and the whole article) may seem too formal.

3. Equivalence of the three classical systems. Main results

In this section we formulate main results concerning the equivalence (Liouville and orbital) of three famous integrable
systems: the Jacobi problem about geodesics on the two-dimensional ellipsoid [25], the Euler case in rigid body
dynamics [26] and the Chaplygin case in dynamics of a rigid body in fluid [27]. These systems were studied from the point
of view of the topological classification and the theory of invariants in [20,5,21,22,28,29].

The geodesic flow on the two-dimensional ellipsoid is an integrable Hamiltonian system with two degrees of freedom

on the cotangent bundle T*E? with the standard symplectic structure where E? = {% + y?z + é =1 } is the ellipsoid with

squares of semi-axes a, b, ¢ (0 < a < b < c) embedded in the Euclidean space R3(x, y, z). The Hamiltonian function and
the additional integral of this system (written in the coordinates of the embedding space R® = T*R?) are
1 XZ yZ ZZ )22 ‘]‘/2 Z'2
H == (#+3*+7%), =abc|=+=+=)|—F+—+—).
/ 2( Ty ) U a2+b2+c2 a+b+c

Here (%, y, 2) is the tangent vector to a geodesic (we identify tangent and cotangent vectors in the natural way).
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Fig. 2. Bifurcation diagram for the Jacobi problem.

The bifurcation diagram for this system is shown in Fig. 2. Each isoenergy surface (except for the zero one) is a unit
covector bundle over E2 and is diffeomorphic to RP3. Note that, due to the homogeneity of the Hamiltonian function, the
orbital structure of this system does not depend on the energy level. Moreover, proportional triples (a, b, ¢) and (a’, b’, ¢’)
define orbitally equivalent systems [20, Theorem A]. Thus, the Jacobi problem describes a two-parameter family of integrable
systems (the triple (a, b, c) viewed up to proportionality gives two parameters).

Another famous integrable system is the Euler case which describes the motion of a rigid body fixed at its centre of mass.
It is given by the Euler-Poisson equations:

K=KxR2, 7yp=yx£.

Here vector K = (51, S3, S3) is the kinetic momentum vector of the body, 2 = (Asy, Bs;, Cs3) is its angular velocity vector,
y = (ry, 12, r3) is the unit vertical vector. The coordinates of these vectors are written in the orthonormal basis which is
fixed in the body and whose axes coincide with the principal axes of inertia. The parameters A, B, C (A < B < C) of the
problem are the inverses of the principal moments of inertia of the rigid body.

The Euler case is a Hamiltonian system in the space R®(sy, s, s3, I'1, 2, 73) considered as the dual space of the Lie algebra
e(3) = so(3) + R>. The Poisson structure here is given by the Lie-Poisson bracket:

{si, si} = &ijic Sk {si, 1} = &y 1k, {ri,r;} =0.
The Hamiltonian function of the system is Hr = (As? + Bs3 + Cs3) /2.
Recall that the Lie-Poisson bracket on e(3)* has two Casimir functions f; = r12 + r22 + r32,f2 = $1I'1 + Sar> + S3r3 and
defines a symplectic structure on the four-dimensional submanifold Mig = {fi = a* f, = g} diffeomorphic to T*S2.
The Euler-Poisson equations can be viewed as a Hamiltonian system with two degrees of freedom on Mf g This system is

integrable by means of the additional integral fr = sf + s% + sg. The bifurcation diagram is shown in Fig. 3. There are three
zones for the regular energy values:

_ (Ag® Bg? _ (Bg* Cg’ (G
(D = <7, 7) ; @k = (77 7) , QB = (7, +OO) .

In the case g = 0 only the third zone remains and the bifurcation diagram is the same as in the Jacobi problem.

As follows from [5], proportional triples (A, B, C) and (A’, B', C’) define orbitally equivalent Euler type systems. Moreover,
for the third zone of energies (“large” energies) the class of orbital equivalence does not depend on the energy value.
Assuming that the value g of the area integral f, is fixed, we obtain two three-parameter families of the Euler type systems
corresponding to zones (1)g, (2)g and a two-parameter family of systems corresponding to zone (3)g. Here two of the
parameters are given by the triple (A, B, C) viewed up to proportionality and the third parameter (for zones (1)g, (2)g)
is the energy value y.

Itis well known that there exists the orbital equivalence between the Jacobi and Euler systems. More precisely, gathering
all the information concerning the equivalence of these systems we may formulate the following result.

Theorem 6. Let vj(a, b, c) (a < b < c) and vg(A, B, C) (A < B < C) be the Jacobi and Euler systems on surfaces of constant
(non-zero) energy. In the Euler case we consider either of the two possibilities: g = 0 and arbitrary value of energy x > 0 or
g # 0 and the value of energy from zone (3)g. Then the following statements hold.

(a) (Bolsinov, Fomenko, [20, Theorem B]) The systems v;(a, b, c) and vg(A, B, C) are Liouville equivalent. Moreover, they are
topologically orbitally equivalent in the following sense. For any triple (a, b, c) there exists a unique up to proportionality
triple (A, B, C) (and vice versa, for any triple (A, B, C) there exists a unique up to proportionality triple (a, b, ¢)) such that
the systems vj(a, b, ¢) and ve (A, B, C) are topologically orbitally equivalent. The relation between the triples (A, B, C) and
(a, b, ¢) corresponding to each other under this equivalence is established effectively (i.e. is given by explicit formulae).
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Fig. 3. Bifurcation diagram for the Euler case.

(b) (Bolsinov, Dullin, [21, pp. 21-24]) Any two systems v;(a, b, ¢) and vg (A, B, C) are not smoothly orbitally equivalent (even in
the sense of C'-smoothness). Here we should remark that this statement rests on the results of the computer analysis.

(c) (Orel, [22, Main theorem]) Any two systems v;(a, b, ¢) and vg(A, B, C) are not topologically conjugate (and hence also not
smoothly conjugate).

The proof of this theorem is based on the comparison of the corresponding invariants of the systems. In particular, for
the proof of the first statement t-molecules of the systems were constructed and conditions for their coincidence were then
investigated. The second statement is based on the computer analysis of the possible values of some smooth invariants.

Consider now one more classical integrable system — the Chaplygin case in dynamics of a rigid body in fluid. It is a partial
integrable case of the Kirchhoff equations which describe the free motion of a rigid body in the ideal incompressible fluid:

S=s aH+r oH F=r oH (1)
=S X — X —, =TI X —.

as ar as
Here the vectors s = (sy, S2, S3) and r = (rq, 1, 13) are the total moment and momentum (written in a fixed basis rigidly
connected with the body), H is the full energy (Hamiltonian function) of the system.

As the Euler-Poisson equations, the Kirchhoff equations can be viewed as a Hamiltonian system with two degrees of
freedom on the symplectic leaf M , in the space e(3)*. The Chaplygin case is given by H = (s] 43 +253) /2 + c(r{ —13)/2
and is integrable by means of the additional integral K = (s3 — s + cr2)? + 4s3s3. The rough topology of this system
(including the bifurcation diagram and the Fomenko invariants) was studied in [28]. The fine topology in the terms of the
Fomenko-Zieschang invariants was investigated in [29].

Remark 4. Though the Chaplygin system includes two parameters a and c (here a? is the value of the first Casimir function),
it turns out that the class of orbital equivalence of this system does not depend on these parameters (they disappear after
an appropriate linear transformation of the phase variables). So we shall assume that a = ¢ = 1 and that the Chaplygin case
describes a one-parameter family of integrable systems. The only parameter is the value of energy h.

The bifurcation diagram for the Chaplygin case is shown in Fig. 4. We can distinguish three zones of energy:

1 1 1
(1)Ch = <_57 0) ) (Z)Ch = <07 5) s (B)Ch = (55 +OO> .

Now we formulate our main theorem concerning the equivalence of the Chaplygin case to the two systems discussed
above.

Theorem 7 (Main theorem). Let vcy(h) and vg (A, B, C, x) be the Chaplygin and Euler systems on regular surfaces of constant
energy {He, = h} and {Hr = x}. We suppose that the energy values h and x belong to zones with the same number. Let
vi(a, b, c) denote, as above, the Jacobi system on a non-zero level of energy. (The triples (A, B, C) and (a, b, c) are viewed up to
proportionality.) Then the following statements hold.

(1) If the energy value h of the Chaplygin system vc,(h) belongs to zone (1)c, then it is Liouville equivalent to the Euler
system vg (A, B, C, x) for any A, B, C and for any x from zone (1)g. There also exists a one-parameter family of the Euler
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K=(2H+1)?

K=(2H-1)?

vy =

Fig. 4. Bifurcation diagram for the Chaplygin case.

systems vg(A, B(A), C = 1, x (A)) orbitally (topologically and smoothly) equivalent to vc,(h). This orbital equivalence can

be extended on the four-dimensional neighbourhoods of the isoenergy surfaces. But for any A, B, C, x the systems vc, (h) and

ve(A, B, C, x) are not topologically conjugate.
(2) If the energy value h of the Chaplygin system vc,(h) belongs to zone (2)cp, then it is Liouville equivalent to the Euler
system vg(A, B, C, x) for any A, B, C and for any x from zone (2)g. There also exists a one-parameter family of the Euler
systems vg(A, B(A), C = 1, x (A)) topologically orbitally equivalent to v, (h). But for any A, B, C, x the systems v, (h) and
ve(A, B, C, x) are not smoothly orbitally equivalent (even in the sense of C'-smoothness) and are not topologically conjugate.
If the energy value h of the Chaplygin system vc, (h) belongs to zone (3)cp, then it is Liouville equivalent to the Euler system
ve(A, B, C) for any A, B, C (with the energy value from zone (3)g) and to the Jacobi system v;(a, b, ¢) forany a, b, c.If his
large enough, there exist unique up to proportionality triples (A, B, C) and (a, b, c¢) such that the system vg, (h) is topologically
orbitally equivalent to vg(A, B, C) and vj(a, b, ). But this orbital equivalence cannot be made smooth (even in the sense of
C'-smoothness). Moreover, for any A, B, C and a, b, c the system vc,(x) is not topologically conjugate with vg(A, B, C) or
v(a, b, c).

—~
w
—

Comment 1. It is convenient to present the results of Theorem 7 in the following table. For each of the four types of
equivalence and for each of the three zones of energy we put “+” if the corresponding Euler and Chaplygin systems are
equivalent and “—" otherwise.

Each cell in the first row of this table corresponds to the Liouville equivalence between the one-parameter family of the
Chaplygin systems with parameter h and the three-parameter family of the Euler systems with parameters A, B, and . This
means that any two systems from both families are Liouville equivalent. We assume C = 1 since the triples (A, B, C) are
viewed up to proportionality.

zone zone zone

(1) (2) (3)

Liouville equivalence + + +
Topological orbital + + +
equivalence
Smooth orbital + - —
equivalence

Topological conjugacy — - —

The first two cells in the second row and the first cell in the third row establish the orbital equivalence (topological or
smooth) between the one-parameter family of the Chaplygin systems with parameter h and the two-parameter family of
the Euler systems with parameters A and x. The parameter B is now uniquely defined by A: B = B(A). Each point in the
one-parameter family of the Chaplygin systems given by the value of energy h corresponds to a curve in the two-parameter
family of the Euler systems given by B = B(A), x = x (h, A) (see Fig.5).

Finally, the third cell in the second row of the table corresponds to the topological orbital equivalence between the
one-parameter family of the Chaplygin systems with parameter h and the one-parameter family of the Euler systems. Each
point in the first family given by h corresponds to a unique point in the second family given by A = A(h), B = B(h).

Comment 2. The orbital isomorphisms stated by Theorem 7 admit an explicit description in the terms of the parameters
A, B, C of the Euler problem. For the first and second zones of energy the one-parameter family of the Euler systems orbitally
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A X B=B(A)
x=x(h,A)

Y>>

Fig. 5. Orbital equivalence of the Chaplygin and Euler cases: zones (1) and (2).

A B(A)

2
0 Aoh) =2
3
Fig. 6. One-parameter family of the triples (A, B, C).

equivalent to the given Chaplygin system is described by a simple formula A[(C — A)(B — A)]~'/? = 2. Since the triples
(A, B, C) are viewed up to proportionality, we may set C = 1 and express B via A:

2
41-A)

From the condition 0 < A < B < 1 we find the interval of possible values for the parameter A: 0 < A < 2/3. (In the case
of zones (2)¢, and (2)¢ this interval should be shorter: A € (0, Ag(h)) where Ag(h) < 2/3, see below.) The one-parameter
family of the triples (A, B, C) is represented in Fig. 6.

For the case of “large” energies (zones (3)¢, and (3)g) the one-parameter family of the Euler systems orbitally equivalent
to the one-parameter family of the Chaplygin systems is given by the formula C[(C — A)(C — B)]~"/? = 2. Again, setting
C = 1 we express B via A:

1
=1—-—F—-.
4(1-A)
Here the interval of possible values for the parameter A is [A;, 1/2) where A; > 0 is a fixed number defined below. The
corresponding one-parameter family of the triples (A, B, C) is shown in Fig. 7.
Thus, Theorems 6 and 7 establish relations between the three famous integrable systems: the Jacobi problem, the Euler

case and the Chaplygin case. All these systems happen to be orbitally equivalent in the above sense. However, the explicit
formulae for these orbital isomorphisms are not known.

B=A+

4. Proof of the main theorem

The Liouville equivalence of the Chaplygin system to the Euler system (and hence the Jacobi one on the corresponding
energy levels) was proved in [29, Corollary 1]. The marked molecules calculated there for the Chaplygin case (see Fig. 8)
appeared to be the same as in the Euler case. For the computation of the marks the separation of variables and some standard



124 A.T. Fomenko, S.S. Nikolaenko / Journal of Geometry and Physics 87 (2015) 115-133

A BA)

0 A
2

Fig. 7. One-parameter family of the triples (A, B, C).

A A A A
=00 =00 =0 =0
A 2_1\ /2:1 §=1\’\/Z=1
r:0 // \\
e=1 &) \ Gy =2
=0 =0 =0 / =0
A 2:1/ \2:1 2:1/ \2:1
A A A A
zone (1)cy zone (2)cy zone (3)ch

Fig. 8. Marked molecules for the Chaplygin case.

methods, such as the loop molecule method, the rule for summation of the marks, and the Topalov formula, were used. It
was also shown how the admissible coordinate systems on the Liouville tori can be chosen directly.

To prove the topological orbital equivalence between the three systems we need to compare their t-molecules. We
emphasize that all the three systems have a natural symmetry that permits to treat them as simple systems and to use
the simple t-molecule defined above for their orbital classification. This remark was used in [5], [20] and now we use it in
the Chaplygin case.

To obtain the t-molecules for the Chaplygin systems, we need to add the R-invariants and the b-invariants to the corre-
sponding marked molecules.

Step 1. Calculation of the rotation function. To calculate the rotation functions for the Chaplygin systems we use the
separation of variables given in [27]. The separated differential equations on the Liouville torus T,i « C{H =h, K =k} (we
consider one of the two Liouville tori over the point (h, k)) take the form:

U = /Qi(u), Uy = 4/Qa(u2) (2)

where Q;(u) =2 (u+ D — (U — o), Q) =21+ u)(1 — uz)(az — ).

Here a; = 2h +~/k, ap = 2h —+/k, and u;, u, are smooth functions on the torus T,i,(. The image of the mapping u; x u;:
T,ik — Ez(uh u,) is the infinite rectangle [max{c, 1}, +o0] x [—1, min{ay, 1}].

Let Py be a fixed point on the torus T,ik andlet y; C I = {uy = up(Pp)}, v» C L = {u; = u1(Py)} be the cycles on T,f’k
containing the point Py. It can be shown that y; and y;, form a basis in the one-dimensional homology group of Th2 - Consider
the following functions on T7 : 1

P dU] P duz
o1(P) = 21 "8 (mod 27),  y(P) = 27 Y2 (mod 27). (3)

d
fl’l Q1 (uy) fVZ Q2 (uz)
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The integrals in the nominators are taken along any path in T,f’ « connecting the points Py and P. It is easy to see that they are
well defined modulo 277. We state that ¢; and ¢, are the angle coordinates on the torus Thz_  and

. 27 ) 27
Y1 = f duq ’ Y2 = f duy
Y1 +/Q1(u1) V2 Qo (uz)

Indeed, the integrals in the denominators of (3) are constant and the differentiation of the nominators gives 1 in view of (2).
It can be shown that each of the cycles y; and y; is a 4-fold ramified covering over the corresponding segment
[max{ay, 1}, +00] or [—1, min{c,, 1}]. Hence for the rotation function we have

f duy minfay, 1} duy E
p(h, k) = 2% _ =] Yau) _ =2

f duy f+00 duq

Y1 /Qi(uy) maxfe, 1} /Qq(up)

By means of standard substitutions it is not difficult to bring the elliptic integrals E1, E, to the canonical form. As a result we
have

1 dt )
iz/ ifa; > 1,
0o VA=t +a; —2t2)
E = ; (4)
dt ‘
:I:Z/ ifa; < 1;
0 JA—-1)2— (14 ay)t?)
/‘ dt ,
+2 ifay > 1,
0o V(A —=t2)(1 +ay —2t2)
E, = 1 dt (5)
:I:Zf ifa, < 1.
0o VI-)2—(1+a)t?)

The sign in these formulae depends on the choice of the connected component.

Note that the rotation function can be calculated in a similar way for the systems reducible to Abel equations (see [11]).

The formulae obtained for the rotation function are written in the basis (y;, y2). For each of the regular domains
(chambers)I = {h > 1/2,0 <k < Qh—1?}, I ={h >0, Gh—1)> <k < Qh+1D?>}, Il = {-1/2 < h <
1/2,0 < k < min{(2h — 1)2, (2h + 1)?}} which lie in the image of the momentum mapping (see Fig. 4) we need
to write the rotation function in some admissible coordinate system continuously depending on the Liouville tori. Based
on the results of [29, Paragraphs 4, 5], we can write out the admissible bases and the gluing matrices on the edges of the
marked molecules corresponding to zones (1)cp, (2)ch, (3)cn (see Figs. 9 and 10). Each edge is assigned a certain orientation.
The rotation functions should be written in the bases corresponding to the beginnings of the edges. For this we use a simple
relation between the rotation functions for two different bases (see [7, Proposition 1.13]). Note that the left molecule in
Fig. 9 and the left edges in Fig. 10 correspond to different signs in the formulae (4) and (5) whereas the right molecule in
Fig. 9 and the right edges in Fig. 10 correspond to the same signs.

We have oy > ay > 1for chamber I, @; > 1 > a5 for chamber II, and 1 > «; > «, for chamber III. The corresponding
rotation functions are the following (we recall that ey = 2h +~/k, a; = 2h —/k ):

fl dt
0 J(1=2)(1+az—2t2)
pi(h k) = —1— — - A (6)

fo  (1=t2) (1407 —2t2)
f1 dt
0 J=-2)2—(1+ay) £2)

o (k) =1+ — i (for zone (3)cn), 7)
0 J—t2)(1+a;—2t2)
ou,3)(h, k)
pin (h, k) = —F1C) (for zone (2)cn), (8)

1— pu,3(h, k)
fl dt

0 Ja-2)@—(1+ay) 2)
pmCh, k) =1+ — " . (9)
0 J—-2)2—(1+ap) 2)

We are interested in the behaviour of these functions on the isoenergy surfaces, that is, for fixed h. It is easy to see that
the functions p; and py; are monotonous with respect to k. For the functions py () and oy, (3y we have carried out a computer
analysis. The qualitative behaviour of the level curves of the function py (3) is shown in Fig. 11. From here we can conclude
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A A
ey (55.)
Y1t+72 —Y1t7y2
01 01
(i o) (i o) X
(7|+72) (—7|+72)
\ -2 Y -2

A A

Fig. 9. Admissible bases and gluing matrices, zone (1)¢;, (two connected components).

=72 (—72) —72
71 71
0 ) (1 0 ) (1 1
-1 1 -1 10
=72 ) ( =72 ) Y1 ( =71
~Y1—72 Yi—72 71+72 Yi—72
71 +)’2 )’1+72 )’2 )’1+72
1+72 1+)’2 1+)’2)
72

Fig. 10. Admissible bases and gluing matrices, zones (2)c, and (3)cs.

A K

Fig. 11. Level curves of the rotation function py,(3).

rather confidently that py (3, is monotonous for large enough values of energy from zone (3)¢; and for energy values from
zone (2)cy (hence py () is also monotonous). But there exists an energy value hy > 1/2 such that for h € (1/2, hy) the
function py, 3y has a critical point on the interval ((2h — 1), (2h + 1)2).

The reviewers of this paper suggested an analytical proof of the monotonicity of the function py (3, for large values
of energy which we have pleasure to present. Denote ¢ = (1 + «3)/2. Then we need to prove the monotonicity of the
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function
E(@v1+2h—q
G(q) = — T ¢ 4Ec O, 1
E (l+2h—q>
where

/1 dt
E(x) =
0 (1—=1t2)(1—xt?)

is the complete elliptic integral of the first kind. To show the monotonicity of G(q) consider the logarithmic derivative

/ F(—L—
G(@ E(g 1 1 ( l+2h—q>
(InG(g) = = - - : :
G(@ E(@ 2(0+2h—q (A+2h—q*g (;)
1+2h—q
The functions E(q) and E’(q) are continuous on [0, 1), hence the ratio %(g)) is bounded on the segment [0, o] forany o < 1.

From the representation of E(g) as a power series

TS e\,
E(q):52<22"<n!>2> I

n=0

Eq
E(q)

/ 1
1+2h—q

E
Analogously, the ratio (7]> is bounded from above, since the argument of the functions E, E’ ranges here from 51— to
TH2h—q

it is easy to see that the ratio tends to infinity as ¢ — 1 — 0. Therefore, this ratio is bounded from below on [0, 1).

2h+1

L < 1.1t is now clear that for large enough values of h we have G'(gq) > 0 for q € [0, 1).

2 A similar idea can be used to show the monotonicity of the function py (3) for energy values from zone (2)¢,. However,
we do not know a short proof of this fact for all h € (0, 1/2).

Step 2. Proof of the topological orbital equivalence. Now we can write out the t-molecules for the Chaplygin type
systems. From the explicit formulae for the rotation functions we obtain the rotation vectors on the edges of the molecules.
Then, depending on the gluing matrices, we “improve” these vectors and transform them into R-invariants. Finally, we write
out the b-invariants. The molecules corresponding to zones (2)¢, and (3)¢, contain only one radical consisting of the unique
atom C,.

Lemma 8. There exist four types of t-molecules for the Chaplygin systems shown in Figs. 12-15.
Here

m(h) = 3/1 a
7o JA-2)(A-h+ D)
2 ! dt
h = — ’
) 77/0 VA —t)2h+1-1t2)

and & (h) denotes the local minimum of the rotation function when h € (1/2, ho).

Now we want to compare the t-molecules in the Chaplygin case with those for the Euler and Jacobi systems. The latter
were computed in [5], [20] (see Figs. 16-19).

Here
A C
KA,B,C) = —————, LA,B,C) = ————,
V(€ —A)B—A) V(€ —A)(C —B)

1 [P 2y -1/2
M(A, B, C,)O:;/A [(gz—u> (C—u)(B—u)(u—A)] udu,

1 (BT /2x -1z
N(A,B,C,)O:;/A |:<g2—u) (C—u)(B—u)(u—A):| udu;

a C
T\ t-oc—a Ty @D

_ I(a,b,c) = s
f0+°° @ (u, a) du (@ 5. 0) f0+°° @ (u, c)du
where @ (u, t) = u[(u + a)(u + b)(u + ¢)(u + t)]7 /2.

k(a,b,c) =

The functions M(A, B, C, x) and N(A, B, C, x) are monotonous with respect to the energy value x.
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A

r=0, e=1
R=(1+m(h), 2) K
A

Fig. 12. t-molecule for the Chaplygin case, zone (1)c.

r=o0, =1 r=o0, =1
R=(—o00, —n(h) mod 1) R=(—o00, —n(h) mod 1)

b=—2(1+[n(h)]) K

r=0, e=1 r=0, e=1
R=(+00, 2) R=(+0c0, 2)

Fig. 13. t-molecule for the Chaplygin case, zone (2)c.

A A
r=0, e=1 r=0, e=1
R=(+00, &(h), 1/n(h)) R=(+o00, £(h), 1/n(h))
¢ ! b=n=2 K
r=0, e=1 r=0, e=1
R:(—oo’ —2) R:(—OO, —2)
A A

Fig. 14. t-molecule for the Chaplygin case, zone (3)¢, : h < ho.

=0, e=1 =0, e=1
R=(+c0, 1/n(h)) R=(+00, 1/n(h))
r=0, e=1 r= 0 e=1
R=(—c0, —2) R=(-c0, =2)

Fig. 15. t-molecule for the Chaplygin case, zone (3)c; : h > hg.

Consider the molecules corresponding to zones (1), and (1)g in the systems of Chaplygin and Euler type. They
have no saddle atoms. In this case the only orbital invariant (topological and smooth) is the R-invariant. Suppose that
K(A, B, C) = 2,i.e. that the second components of the R-invariants coincide. Since the functions m(h) and M(A, B, C, x) (the
first components) change monotonously from 2 = K (A, B, C) to +oo with the change of energy h (resp. x ), we conclude
that forany h € (—1/2, 0) there exists x € (Ag?/2, Bg?/2) such that M(A, B, C, x) = m(h) and hence the two R-invariants
coincide. This implies the smooth orbital equivalence of the corresponding systems on the isoenergy surfaces Qh3 and Q;. The
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A

r=0, e=1
R=(M(A,B,C,y), T fE
K(A,B,C))

A

Fig. 16. t-molecule for the Euler case, zone (1)g.

r=0, e=1 r=0, e=1
R=(+00, K(A,B,C)) R=(+o0, K(A,B,C))

, C2 ) b=-2[N(A,B.C,x)] TfE

r=oo, £=1 r=oo, £=1
R=(-o0, —N(A,B,C,y) mod 1) R=(-o0, =N(A,B,C,y) mod 1)

Fig. 17. t-molecule for the Euler case, zone (2)g.

r=0, e=1 r=0, e=1
R=(+o0, K(A,B,C)) R=(+c0, K(A,B,C))

‘ C2 b=n=2 fE

r=0, e=1 r=0, e=1
R=(-0, -L(A,B,C)) R=(-o0, -L(A,B,C))

Fig. 18. t-molecule for the Euler case, zone (3)g.

r=0, e=1 r= 0 e=1
R=(-c0, —1(a,b,c)) R=(-00, ~I(a,b,c))

r=0, e=1 r=0, e=1
R=(+00, k(a,b,c)) R=(+00, k(a,b,c))

Fig. 19. t-molecule for the Jacobi problem.

’

one-parameter family of the Euler systems orbitally equivalent to the Chaplygin system v¢, (h) is given by the two equations:
K(A,B,C) = 2and M(A, B, C, x) = m(h). The first equation defines a curve B = B(A) in the space of the triples (A, B, C)
(see Fig. 6) and the second one establishes the correspondence between the energy levels y and h under fixed values of
A, B, C.

Consider now the Chaplygin and Euler systems on the manifolds D¢, = {h € [-1/2,0)}and D§ = {x € [Ag?/2, Bg?/2)}.
Each of them is a disconnected pair of four-dimensional disks foliated into concentric isoenergy three-dimensional spheres.
The centres of the disks are fixed points of elliptic type (corresponding to the absolute minimum of energy). We have
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established the orbital equivalence of the systems on separate leaves of this foliation (i.e. on the 3-spheres). These orbital
isomorphisms between 3-spheres can be glued together into a single orbital isomorphism between 4-disks. As a result, we
obtain the orbital equivalence of the systems under consideration on the disks D¢, and Dj.

When the values of energy of the Chaplygin and Euler systems belong to zones (2)¢; and (2)g, the coincidence of the
t-molecules means that K(A,B,C) = 2 and N(A,B,C, x) = n(h) + 1. Suppose that the first condition is true. The
function N(A, B, C, x) under fixed A, B, C changes monotonously from 400 to L(A, B, C) as x ranges from Bg?/2 to Cg?/2
and the function n(h) changes monotonously from +o0 to n(1/2) as h ranges from 0 to 1/2. Hence for h € (0, 1/2) the
equation 1+ n(h) = N(A, B, C, x) is solvable with respect to x if and only if 1 4+ n(h) > L(A, B, C). It was shown in [20,
Theorem 3.3] that the possible values of the invariant L(A, B, C) belong to the interval (1, +00). Therefore the equation
14+ n(h) = N(A, B, C, x) is solvable for any h € (0, 1/2) and the corresponding values of the parameters A, B, C satisfy the
condition 1 < L(A, B, C) < 1+ n(h). The one-parameter family of the Euler systems orbitally equivalent to the Chaplygin
system vcy(h) is given by the two equations: K(A, B, C) = 2 and n(h) = N(A, B, C, x). As in the previous case, the first
equation defines a curve B = B(A) in the space of the triples (A, B, C) and the second one establishes the correspondence
between the energy levels under fixed A, B, C. But now the interval of possible values for the parameter A is shorter. Indeed,
from the condition 1 < L(A, B, C) < 1+ n(h) we find 0 < A < Ag(h) where

Ah—2 2 1 > 2
0()—5 - +m <§.

Finally, consider the case of “large” energies. Suppose that h > hy so that the rotation functions in the Chaplygin case
have no critical points. Here we have the following conditions for the coincidence of the t-molecules for the Chaplygin and
Euler systems: K(A, B, C) = 1/n(h), L(A, B, C) = 2. As shown in [20, Theorem 3.3], the region of possible values for the pair
of invariants K, L is an infinite rectangle (0, +00) x (1, +00) and for each point from this rectangle there exists a unique
up to proportionality triple (A, B, C) with such invariants K, L. Since n(h) > 0, we conclude that for each value of energy
h > hq there exists a unique (up to proportionality) Euler type system vg (A, B, C) topologically orbitally equivalent to the
Chaplygin system vg, (h). This Euler system is given by the parameters

1
, Bh=1-———-—-— cC=1.

= 40— Am)’

3
2 (2+V/1+3007)

The one-parameter family of the Euler systems orbitally equivalent to the Chaplygin systems is represented in Fig. 7 with
-1
Ay = A(hy) =3 [2 (2 +v1+3 (n(hg))2>] . Owing to Theorem 6, there also exists a unique up to similarity ellipsoid

with squares of semi-axes a, b, ¢ such that the Jacobi system v;(a, b, ¢) is topologically orbitally equivalent to the Chaplygin
system vc, (h). Note that in this case orbital isomorphisms cannot be extended on the four-dimensional neighbourhoods of
the isoenergy surfaces. This is explained by the fact that the function n(h) is strictly monotonous whereas the corresponding
elements of the R-invariants in the Euler case and the Jacobi problem are constant with respect to the energy.

Step 3. Proof of the smooth orbital non-equivalence for zones (2) and (3). To prove that the orbital equivalence for
energy zones 2 and 3 cannot be made smooth, we follow the idea used in [21, Section 5]. Namely, we add to the t-molecules of
the systems under consideration an additional invariant of the smooth orbital equivalence and decide whether the obtained
composed invariants are the same for some values of the parameters. This additional invariant (A-invariant) is defined in
the following way.

Consider the rotation function p(t) on some edge of the molecule. Suppose that the Liouville tori T?(t) tend to a singular
leaf ast — to and that this singular leaf contains a closed hyperbolic trajectory of the system. In particular, this means that
the corresponding vertex of the molecule adjacent to the given edge is a saddle atom. Let p be related with the admissible
basis corresponding to this saddle atom. Then,ast — tg, the following representation holds ([21, Proposition 6 in Section 5]):

p(t) = Aln|t —to| +q(t),

where q(t) is a function continuous at t;. The number A does not change under C'-smooth orbital isomorphisms, i.e. it is
an invariant of the smooth orbital equivalence (see [21]).
For the computation of the A-invariant, we use the following simple statement.

Lemma 9 (Lemma in Section 5 of [21]). Ast — b, we have

’ g du
a m = _g(b) In |t — b| +C(t),

where the function c(t) is continuous at t = b.
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Using formulae (6)-(9) and Lemma 9, it is easy to calculate the A-invariant for the Chaplygin case:

-1
! dt
A@).an = 2] for zone (2)¢;, and
o /(1 —1t2)(1—2ht?)

for zone (3)cp.

! dt -
Asa =2
o ( /0 ,/(1—t2)(2h—r2)>

For the Euler case and the Jacobi problem we have

[ b
1 B (c—b)(b—a)
I e S A] = 4;',007 )
7 /(C—B)(B—A) [ @ (u, by du
where the function @ (u, t) was defined above.

Consider energy zones (2)c, and (2)g. The coincidence of the t-molecules and the A-invariants for the Chaplygin and
Euler cases requires that

Ap =

A
_ =2 and
V(€ —=A)(B—A)

B ! dt -
(C—B)(B-A) ”( [o \/(l—tz)(l—th2)>

But this is impossible since for zone (2)¢;, we have h € (0, 1/2) and

1 dt B
2
”( /0 Ja =)@ —2ht2)>
=1<2

! dt -
2
- ”( /o Va-)a —2m2)> h=0

B - A
VIC=B)B—-4A) JC-AB—-A)

Similar inequalities show that in the case of zone (3)¢, the coincidence of the t-molecule and the A-invariant for the
Chaplygin system with those for the Euler and Jacobi systems is also not possible.

Step 4. Proof of the topological non-conjugacy. When we want to prove that the systems under consideration are not
conjugate (topologically), we need to add some “exact” invariants to their t-molecules. Following [22], we consider the
periods of the three singular closed trajectories of the systems. Two of these trajectories are elliptic and correspond to
atom A, the third one is hyperbolic and corresponds to atom C,. Some observations similar to those in step 3 show that
for any values of the parameters the coincidence of the t-molecules and the three new invariants introduced above for the
systems in question is not the case.

We shall confine ourselves to demonstrating how the described idea works for the case of “large” energies. We denote
by (¢! : t2 : t3) the triple of the periods of the closed trajectories introduced above. The numbers t! and t* are the periods
of the elliptic trajectories and t? is the period of the hyperbolic one. The triple (t! : t? : t3) is viewed up to proportionality
(this means that we do not take into account the energy level).

For the Euler system ve (A, B, C) (the case of zone (3)g) and for the Jacobi system v;(a, b, ¢) the invariants (' t? 63
were calculated in [22] and take the following values:

(tgztgztg)zi:i:i'

VC VB VA

2
(' :tf:t)) =t(@ab):t(ac):t(bc) wheret(oz,,B):/ \/acosz<p+ﬁsin2<pd(p.
0

whereas

Consider now zone (3)¢, of energy values for the Chaplygin case. The number tgh corresponds to the critical trajectories
whose image under the momentum mapping belongs to the ray { K = 0, H > 1/2} in the bifurcation diagram (see Fig. 4).
According to [29, Lemma 4], such critical circles are given in the space R(s, r) by

s1i=$=r3=0, ri+r=1 s3=+/h+1/2-r2
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In this case Eq. (1) implies

T"] = 2$3T2,
f'z = —2531"1.
It can be easily found from here that

1 2w dgﬂ

2Jo Jh+1/2=cos?g

Analogously, we obtain that
2

1_
tey =

d 2 d
s £, = I

2h — cos? ¢ o V2h+1—cos?g

Thus, the triple of invariants (t' : t2 : t3) for the Chaplygin case is

1 2 d(/) 2 d
(ty : t 2 t8) = */
2 Jo

./271 d(p . 17
Vh+1/2—cos?¢ Jo /2h—cos’¢ Jo /2h+1—cos?g

It easy to see that t3, > t}, whereas t7 < t? and t} < t/. Therefore the triple (t}, : tZ : t&) cannot be equal to the
analogous triples for the Euler case and the Jacobi problem (independently of the values of the parameters A, B, C, a, b, c).
This fact shows that for the case of “large” energies any Chaplygin type system is not topologically conjugate with some
Euler type system or some Jacobi type system. For the case of energy zones (1) and (2) this result can be obtained in a similar
way.

2 _
ten =

Acknowledgements

We like to thank professor A.V. Bolsinov for carefully reading the manuscript and the reviewers of this paper for
suggesting an important idea in the proof of the main theorem. This work was supported by RFBR, Project N. 13-01-
00664a, by the President of RF Program on supporting leading scientific schools of Russia, Project NSh581.2014.1, and by
the Government of the Russian Federation for support of research projects implemented by leading scientists at Lomonosov
Moscow State University under agreement No. 11.G34.31.0054.

References

[1] A.T. Fomenko, Topological invariants of Hamiltonian systems integrable in the sense of Liouville, Funktsional. Anal. i Prilozhen. 22 (4) (1988) 38-51.
[2] A.V.Bolsinov, S.V. Matveev, A.T. Fomenko, Topological classification of integrable Hamiltonian systems with two degrees of freedom. List of systems
of small complexity, Uspekhi Mat. Nauk 45 (2) (1990) 49-77.
[3] A.T.Fomenko, H. Zieschang, A topological invariant and a criterion for the equivalence of integrable Hamiltonian systems with two degrees of freedom,
Izvest. Akad. Nauk SSSR, Ser. Matem. 54 (3) (1990) 546-575.
[4] A.V.Bolsinov, A.T. Fomenko, Orbital equivalence of integrable Hamiltonian systems with two degrees of freedom. A classification theorem. I, I, Mat.
Sb. 185 (4) (1994) 27-80. ; (5), 27-78.
[5] A.V.Bolsinov, A.T. Fomenko, Trajectory invariants of integrable Hamiltonian systems. The case of simple systems. Trajectory classification of Euler-type
systems in rigid body dynamics, Izvest. Akad. Nauk SSSR, Ser. Matem. 59 (1) (1995) 65-102.
[6] A.V.Bolsinov, A smooth trajectory classification of integrable Hamiltonian systems with two degrees of freedom, Matem. Sbornik 186 (1) (1995) 3-28.
[7] A.V.Bolsinov, A.T. Fomenko, Integrable Hamiltonian Systems. Geometry, Topology, Classification, Chapman & Hall/CRC, Boca Raton, 2004.
[8] M.P. Kharlamov, Topological Analysis of Integrable Problems in Rigid Body Dynamics, Leningrad University, Leningrad, 1988.
[9] A.A. Oshemkov, Fomenko invariants for the main integrable cases of the rigid body motion equations, in: Topological Classification of Integrable
Systems (Advances in Soviet Mathematics) Vol. 6, AMS, Providence, 1991, pp. 67-146.
[10] P.L Topalov, Calculation of the fine Fomenko-Zieschang invariant for the main integrable cases in rigid body motion, Matem. Sbornik 187 (3) (1996)
143-160.
[11] O.E.Orel, The rotation function for integrable problems that are reducible to Abel equations. Trajectory classification of Goryachev-Chaplygin systems,
Matem. Sbornik 186 (2) (1995) 105-128.
[12] O.E. Orel, S. Takahashi, Trajectory classification of Lagrange and Goryachev-Chaplygin problems by computer analysis methods, Matem. Sbornik 187
(1)(1996) 95-112.
[13] E.N. Selivanova, Classification of geodesic flows of Liouville metrics on the two-dimensional torus up to topological equivalence, Matem. Sbornik 183
(4)(1992) 69-86.
[14] E.N. Selivanova, Trajectory isomorphisms of Liouville systems on the two-dimensional torus, Matem. Sbornik 186 (10) (1995) 141-160.
[15] V.V.Kalashnikov, Topological classification of quadratically integrable geodesic flows on the two-dimensional torus, Uspekhi Mat. Nauk 50 (1) (1995)

201-202.

[16] T.Z.Nguyen, L.S. Polyakova, E.N. Selivanova, Topological classification of integrable geodesic flows with an additional quadratic or linear in momenta
integral on two-dimensional orientable Riemannian manifolds, Funktsional. Anal. i Prilozhen. 27 (3) (1993) 42-56.

[17] T.Z. Nguyen, L.S. Polyakova, A topological classification of integrable geodesic flows of the two-dimensional sphere with quadratic in momenta
additional integral, J. Nonlinear Sci. 6 (1992) 85-108.

[18] V.S. Matveev, Quadratically integrable geodesic flows on the torus and the Klein bottle, Regul. Chaotic Dyn. 2 (1997) 96-102.

[19] V.S.Matveev, Geodesic flows on the Klein bottle, integrable linear or quadratic in velocities, in Topological Methods in Theory of Hamiltonian Systems,
Factorial, 1998, pp. 213-223.

[20] A.V. Bolsinov, A.T. Fomenko, Orbital classification of the geodesic flows on two-dimensional ellipsoids. The Jacobi problem is orbitally equivalent to
the integrable Euler case in rigid body dynamics, Funktsional. Anal. i Prilozhen. 29 (3) (1995) 1-15.

[21] A.V.Bolsinov, H. Dullin, On the Euler case in rigid body dynamics and the Jacobi problem, Regul. Chaotic Dyn. 2 (1) (1997) 13-25.


http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref1
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref2
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref3
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref4
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref5
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref6
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref7
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref8
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref9
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref10
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref11
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref12
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref13
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref14
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref15
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref16
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref17
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref18
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref20
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref21

A.T. Fomenko, S.S. Nikolaenko / Journal of Geometry and Physics 87 (2015) 115-133 133

[22] O.E. Orel, On non-conjugacy of the Euler case in rigid body dynamics and the Jacobi problem about the geodesics on the ellipsoid, Mat. Zametki 61 (2)
(1997) 252-258.

[23] A. Pelayo, S. Vii Ngoc, Semitoric integrable systems on symplectic 4-manifolds, Invent. Math. 177 (2009) 571-597.

[24] A. Pelayo, S. Vii Ngoc, Constructing integrable systems of semitoric type, Acta Math. 206 (2011) 93-125.

[25] C.G.J. Jacobi, Vorlesungen iiber Dynamik, 2nd edn., G. Reimer, Berlin, 1884.

[26] L. Euler, Du mouvement de rotation des corps solides autour d’un axe variable, Mémoires Acad. Sci. Berlin 14 (1758) 154-193.

[27] S.A. Chaplygin, A new particular solution of the problem on a rigid body motion in liquid, in: Collected Works, in: Gostekhizdat, vol. 1,
Moscow-Leningrad, 1948, pp. 337-346.

[28] O.E. Orel, P.E. Ryabov, Bifurcation sets in a problem on motion of a rigid body in fluid in the generalization of this problem, Regul. Chaotic Dyn. 3 (1)
(1998) 82-91.

[29] S.S.Nikolaenko, A topological classification of the Chaplygin systems in the dynamics of a rigid body in a fluid, Matem. Sbornik 205 (2) (2014) 75-122.


http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref22
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref23
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref24
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref26
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref27
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref28
http://refhub.elsevier.com/S0393-0440(14)00210-1/sbref29

	The Chaplygin case in dynamics of a rigid body in fluid is orbitally equivalent to the Euler case in rigid body dynamics and to the Jacobi problem about geodesics on the ellipsoid
	Introduction
	Main definitions and outline of the general theory
	Equivalence of the three classical systems. Main results
	Proof of the main theorem
	Acknowledgements
	References


