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Introduction

Let R>2 be the space R* endowed with the metric of signature (2, 2)
g = —dxj + dx} — dx3 + dx3.

A surface M C R?>? is said to be Lorentzian if the metric g induces on M a Lorentzian metric, i.e. a metric of signature
(1, 1): the tangent and the normal bundles of M are then equipped with fibre Lorentzian metrics. The purpose of the paper
is to study the spinor representation of the Lorentzian surfaces in R??; the main result is the following: if M is_}an abstract
Lorentzian surface, E is a bundle of rank 2 on M, with a Lorentzian fibre metric and a compatible connection, agd HeT'(E)is
a section of E, then an isometric immersion of M into R%2, with normal byndle E and mean curvature vector H, is equivalent
to a normalised section ¢ € I'(X), solution of a Dirac equation D¢ = H - ¢ on the surface, where ¥ = YE ® XM is the
spinor bundle of M twisted by the spinor bundle of E and D is a natural Dirac operator acting on X (we assume that spin
structures are given on TM and E). We moreover define a natural closed 1-form & in terms of ¢, with values in R*2, such
that F .= f & is the immersion. As a first application of this representation, we derive an easy proof of the fundamental
theorem of the theory of Lorentzian surfaces immersed in R?? : a symmetric bilinear map B : TM x TM — E is the second
fundamental form of an immersion of M into R%2 if and only if it satisfies the equations of Gauss, Codazzi and Ricci. We then
deduce from the general representation in R%2 spinor representations for Lorentzian surfaces in 3-dimensional Minkowski
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spaces R and R>', and also obtain new explicit representation formulas; the representations appear to be simpler than the
representations obtained before by M.-A. Lawn [1,2] and by M.-A. Lawn and J. Roth [ 3], since only one spinor field is involved
in the formulas. Our last application concerns the flat Lorentzian surfaces with flat normal bundle and regular Gauss map
in R%>2: the general spinor representation formula permits to study their local structure; they locally depend on four real
functions of one real variable if a natural invariant A is positive, and on one holomorphic function together with two real
functions of one real variable if A is negative.

We note that a spinor representation for surfaces in 4-dimensional pseudo-Riemannian spaces already appeared in [4];
the representation formula obtained in that paper seems to be different, since the normal bundle and the Clifford action are
not explicitly involved in the formula.

We quote the following related papers: the spinor representation of surfaces in R was studied by many authors,
especially by Th. Friedrich in [5], who interpreted a spinor field representing a surface in R* as a constant spinor field of
R3 restricted to the surface; following this approach, the spinor representation of Lorentzian surfaces in 3-dimensional
Minkowski space was studied by M.-A. Lawn [1,2] and M.-A. Lawn and ]. Roth [3]. M.-A. Lawn, ]. Roth and the first author
then studied the spinor representation of surfaces in 4-dimensional Riemannian space forms in [6], and the first author the
spinor representation of spacelike surfaces in 4-dimensional Minkowski space in [7]. Recently, P. Romon and J. Roth studied
in [8] the relation between this abstract approach and more explicit representation formulas existing in the literature for
surfaces in R? and R*. Finally, the local description of the flat surfaces with flat normal bundle and regular Gauss map in
4-dimensional Euclidean and Minkowski spaces was studied in [9].

The outline of the paper is as follows: the first section is devoted to preliminaries concerning the Clifford algebra of R??,
the spin representation, and the spin geometry of Lorentzian surfaces in R%2. We use quaternions and Lorentz numbers
to obtain concise formulas. Section 2 is devoted to the spinor representation formula of Lorentzian surfaces in R*2, We
indicate at the end of the section how to obtain the representation formulas for surfaces in R""? and R>'. We then apply
the representation formula to the local description of the flat Lorentzian surfaces with flat normal bundle and regular Gauss
map in Section 3. An Appendix ends the paper.

1. Preliminaries
1.1. Clifford algebra of R*? and the spin representation

Let us denote by (eg, e1, e, e3) the canonical basis of R?2. The norm of a vector x = (Xg, X1, X2, X3) belonging to R>? is
(X, X) = —x5 +X] — X5 +x3.
To describe the Clifford algebra of R?2, it will be convenient to consider the Lorentz numbers
A={u+ov: uveR}
where ¢ is a formal element such that o2 = 1, the complexified Lorentz numbers
Ac = AQC~{u+ov: u,veC}
and the quaternions with coefficients in ¢
HA = {Sol + &l + & + 6K 1 G0, 81,82, 83 € Ach,
where I, | and K are such that
P=j =K*=-1, [J=-Jl=K.
Ifa = u + ov belongs to Ac, we denoted := u — ov, and set, for all ¢ = &y1 + &1I + &) + £3K belonging to H*C,
T = Gol + ol + & + GK.
If H#¢ (2) stands for the set of 2 x 2 matrices with entries belonging to H*C, the map
y: R*— H'(Q) (1)

(Xo. X1. X9, X3) —> 0 oixgl + x11 + ixy] + x3K
0> 21> %2, 73 —oixgl + X1 + ixy] + x3K 0

is a Clifford map, that is satisfies

y (0 = —(x.%) (f, ?)

for all x € R>?, and thus identifies

c1(2,2):{(§ ,g):peHO,qul}, )
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where

Ho = {pol + ip1] + p2J + ip3K : po, p1, P2, P3 € A}
and

Hy == {iqol + q11 + iq2] + q3K : qo, q1, G2, 3 € A}.
Note that Hj naturally identifies to the para-quaternions numbers described in [ 1], but here with coefficients in the Lorentz
numbers +4. Using (2), the sub-algebra of elements of even degree is

Clp(2,2) ~ {(g %) 1 pe HO} ~ Hy (3)

and the set of elements of odd degree is
cmz,zm{(% g): qul}:Hl. (4)

If¢ = o1 + &l + &f + ¢3K belongs to H*C, we define its conjugate by
¢ = bl — &l — & — &K.
Let us consider the map

H: HAC x H*C —> A

1 _ _
©.¢)— 5 (607 +¢'8) = toly + &181 + Ga8y + 3

where ¢ = ¢o1 + &1+ &J + 3K and ¢ = ¢41 + ¢11 + 5] + ¢5K. 1t is obviously Ac-bilinear and symmetric. If we consider
the restriction of this map to Hy,

H(p,p') = popy — PPy +p2Py — P3p; € #A (5)
where p = po1 + ip1I + poJ + ipsK and p" = py1 + ip}I + p,J + ip;K belong to Hy, the spin group is given by

Spin(2,2) .={peHp: Hp,p) =1} C Clph(2, 2).
Now, if we consider the identification

R*? ~ {oixgl + x11 + ixo] + x3K : Xg, X1, X2, X3 € R}

~{geH;: g=—q}, (6)
we get the double cover
& : Spin(2,2) —> S0(2,2) (7)

pr— (q € R*? — pgp~! € R*?).

Here and below SO(2, 2) stands for the component of the identity of the orthogonal group 0(2, 2) (elementary properties
of this group may be found in [10]).

If we consider Hj as a complex vector space, with the complex structure given by the multiplication by J on the right, the
complex irreducible representation of CI(2, 2) can be conveniently represented as follows:

p :CQ2,2) — End(Hp)
where

p q\. (& AV ER o~
P (ﬁ 75) o felyx (ms) > (ﬁ 3) (m‘g ~ p§ +oiqé € Ho, (8)
so that the spinorial representation of Spin(2, 2) simply reads

Pispin(2,2) : Spin(2, 2) — Endc (Hy) (9)
p+—> (&£ € Hy —> p& € Hy).

Since p(c1)? = idy,, this representation splits into

Ho=X"® X", (10)
where X7 :={§ € Hy: o0& =&}and ¥~ := {§ € Hy : o0& = —&}. Explicitly, we have

Tt=1+0){ROR)) +il(R®R))} (11)
and

TT=0-0){R®R) +iIR®R])}. (12)

Note that o1 € Hj represents the volume element eq - e - e - e3, which thus acts as +id on X and as —id on X .
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1.2. Spinors under the splitting R>? = R x R1!

We consider the splitting R>? = R"! x R"!, such that first factor corresponds to the coordinates (xq, x;) and the second
factor to the coordinates (x,, x3); the metrics on the factors are thus —dx?) + dxf and —dx§ + dx% respectively. We also
consider the corresponding natural inclusion SO(1, 1) x SO(1, 1) C SO(2, 2). We are first interested in the description of
the set

sl ==@71(50(1, 1) x S0(1, 1)) C Spin(2, 2)

where @ is the double cover (7). To this end, it is convenient to first introduce some «-valued maps, already considered
in[11]. Leta € #A; writing

1+o 1—o0
= wtv+

u, v € R, and using the properties

<1—|—0>2=1—|—o’ (1—o>2=1—0, <l+a><1—a>=07 (13)
2 2 2 2 2 2

(u—v),

we have
a 140 . 1—o0 n
a" = u+v)"+ (u—v)
2 2
for all n € N. Thus we can define the exponential map 4 — + by
X a" 140 1-0o
ea — i 7eu+v 76”71} 14
; n! 2 + 2 (14)

foralla = u 4 ov € 4, where in the right-hand side e is the usual exponential map, and also define the 4-valued
hyperbolic sin and cosin functions by the usual formulas

e +e? . e’ —e?
cosh(a) = — and sinh(a) := 5

It is easy to check the following identities

cosh(a) = cosh(u) cosh(v) + o sinh(u) sinh(v),

15
sinh(a) = sinh(u) cosh(v) + o cosh(u) sinh(v) (15)
foralla = u 4+ ov € A. Using the definition (7) of @, it is easy to get
SJ% = {£(cosh(a) + isinh(a)l) : a € A} C Spin(2, 2); (16)

more precisely, writing a = u 4+ ov € 4 and using the identities (15), we get
cosh(a) + isinh(a)l = (cosh(v) 4 oisinh(v)I).(cosh(u) + isinh(u)I),

and @ (£(cosh(a) + isinh(a)l)) appears to be the transformation of R*? which consists of a Lorentz rotation of angle —2v
in the first factor R"! and of angle —2u in the second factor R"!. Thus, setting

Spin’(1, 1) := {#£(cosh(v) + gisinh(v)]) : v € R}, (17)
and

Spin”(1, 1) := {£(cosh(u) + isinh(u)l) : u € R}, (18)
we have

Sk = Spin’(1, 1).Spin” (1, 1) = Spin’(1, 1) xz, Spin” (1, 1) (19)

and the double cover

@ : S\ — S0(1,1) x SO(1, 1). (20)
Now, if we consider the spinorial representation p of Spin(2, 2) restricted to SJ& C Spin(2,2),Hy = X+ @ X~ splits into
the sum of four complex lines

st=xttepx—, ysT=xt@x "t (21)
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where

T =04+0)I+IDRSR), I =1+0)1—-iDRSR)),
StT"=1-0)I—-iD®R®R)) and X T =1 —-0)I+iDRPR))

(recall that the complex structure such that the representation is C—linear is given by the right-multiplication by J). Note
that eg - e acts as +id on X+ and on ¥*~, and as —id on ¥~ and on X+, whereas e, - e5 acts as +id on ¥t and on
Y+, andas —idon ¥~~ and on X+~

Moreover, it is not difficult to show that the representations of S} on X, ¥~= X%~ and ¥~ are respectively
equivalent to the multiplication by d=ev*¥, £e~V"4 £e’~* and e~ "™ on C.

Remark 1. Let p; = ,01+ @ p; and p, = ,o; @ p, be the spinorial representations of Spin’(1, 1) and Spin”(1, 1) respectively.
The representation

P1®p=pi ®p; & p;®p;, & pf®p, & p Qp; (22)
of Spin’(1, 1) x Spin”(1, 1) is also the sum of the natural representations fe’*", +e=v"4 +e'"¥ e "™ on C, where

v € R describes the Spin’(1, 1)-factor and u € R the Spin” (1, 1)-factor of Spin’(1, 1) x Spin”(1, 1) asin (17)-(18). Thus, the
representation

Spin’(1, 1) x Spin” (1, 1) —> Endc(Hy) (23)
(81, 8) > p(g) : & —> g§,

where g = g1g, € S} = Spin’(1, 1).Spin” (1, 1), is equivalent to the representation p; ® p,, and the decomposition (21) of
X1 and X~ corresponds to (22).

1.3. Spin geometry of a Lorentzian surface in R*?

1.3.1. Fundamental equations
Let M be a Lorentzian surface in R>2. Let us denote by E its normal bundle and by B : TM x TM — E its second
fundamental form defined by

B(X,Y) = VxY — VxY

for all X,Y € TM, where V and V are the Levi-Civita connections of M and R?? respectively. We moreover assume that
TM and E are oriented, both in space and in time: we assume that the bundles TM and E are oriented, and that, for all
p € M, acomponent of {X € T,M : g(X,X) < 0} and a component of {X € E, : g(X,X) < 0} are distinguished, in
a continuous manner; a vector tangent or normal to M belonging to one of these distinguished components will be called
future-directed. We will moreover adopt the following convention: a basis (u, v) of T,M or E, will be said positively oriented
(in space and in time) if it has the orientation of T,M or Ep, and if g(u, u) < 0 and g(v, v) > 0 with u future-directed. Let us
denote by K and Ky the curvatures of M and E (E is equipped with the normal connection), and by V the natural connection
induced on T*M®? ®E. If (e,, e3) and (e, e;) are orthonormal, positively oriented bases of TM and E respectively, the second
fundamental form satisfies the following equations (see e.g. [10]):

1. K = |B(es, e3)|? — (B(es, e3), B(es, e3)) (Gauss equation),
2. Ky = ((Sey 0 Se; — Se, © Sey)(€2), e3) (Ricci equation),
3. (VxB)(Y, Z) — (VyB)(X, Z) = 0 (Codazzi equation).

As usual, if v € E, S, stands for the symmetric operator on TM such that
(Sv(X), Y) = (B(X,Y), v)
forallX,Y € TM.

Remark 2. Assume that (M, g) is a surface equipped with a Lorentzian metric, and E is a bundle on M, of rank 2, with a
fibre Lorentzian metric and a compatible connection. Suppose moreover that M and E are oriented, in space and in time.
Then, if B: TM x TM — E is a bilinear and symmetric map satisfying the equations (1), (2) and (3) above, the fundamental
theorem says that, locally, there is an isometric immersion of M into R%? with normal bundle E and second fundamental
form B. The immersion is moreover unique up to the rigid motions of R?2. We will obtain a spinorial proof of this theorem
below (Corollary 1).

1.3.2. Spinorial Gauss formula
We assume here that the tangent and the normal bundles of M C R?? are oriented (in space and in time), with given
spin structures. There is a natural identification between the spinor bundle of R>? restricted to M, ZRlz,\‘/,z, and the spinor
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bundle of M twisted by the spinor bundle of E, ¥ := YE ® X'M; see [12] and also Remark 1. Moreover, exactly as in the
Riemannian case, we have a spinorial Gauss formula (see [12,13,4]): if V is the spinorial connection of R?? and V is the
spinorial connection of X' defined by

Vi=V¥ Qidgy +idgr @ VM

where V£ and V*M denote the spinorial connections on XE and XM, then, forany ¢ € ¥ and any X € TM,

_ 13

where ¢; = (g}, ¢), and the dot “-" is the Clifford action of R*2. Thus, if ¢ € Y R*? is parallel, i.e. is such that Vg = 0, then
its restriction to M satisfies

1 3
Vxp == j;e,-ej B(X,¢€) - ¢. (25)

Taking the trace, we get the following Dirac equation
Dp=H- ¢, (26)

where Dy := —e; - Ve, + €3 - Ve, ¢ and where H= %trgB € E is the mean curvature vector of M in R>2.

1.4. The inverse construction

Let (M, g) be a Lorentzian surface and E a bundle of rank 2 on M, equipped with a fibre Lorentzian metric and a compatible
connection; we assume that M and E are oriented (in space and in time), with given spin structures. If (eq, 1) and (e;, e3)
are positively oriented and orthonormal frames of E and TM, then, in the respective Clifford bundles, (e - e;)> = 1 and
(e5 - e3)? = 1; the spinor bundles XE and XM thus split into

SE=X'E® XY E and XM =X"M® XM

where ej - e acts as +id on X E and as —id on ¥ ~E, whereas e, - e3 acts as +id on XM and as —id on X~ M. We consider
the spinor bundle XM twisted by the spinor bundle X'F and defined by

Y =YEQ® XM.
We endow X with the spinorial connection
V=V Qidgy +idsr @ VM.
We also define the Clifford product “-” by

Xo=Xpa)®p ifX e I'E),
X-g=a®X-up) ifX el (TM),

where ¢ = o ® B belongs to X, ¢ and -y denote the Clifford actions on XE and XM respectively and where o =
at —a~ € YE = XTE @ X"E. Finally we define the Dirac operator

Dy .= —e; - Ve, + €3+ Ve, 0 (27)

where (e,, e3) is an orthogonal basis tangent to M such that |e,|> = —1 and |e3|*> = 1.
If we denote by Q¢ and Qy the SO(1, 1) principal bundles of the oriented and orthonormal frames of E and TM, by Qr — Qg

and Qy — Qu the given spin structures on E and TM, and by pg : Qs — Mand Dm ¢ Oy — M the natural projections, we
define the principal bundle over M

Q = Qe xm Qu = {(51. ) € Q& x Qu : pe(51) = pu(52)}.
Remark 3. X is the vector bundle associated to the principal bundle Q and to the spinor representation p; ® p, >~ p of the
structure group Spin’(1, 1) x Spin”(1, 1); see Remark 1.

Since the group S; = Spin’(1, 1).Spin” (1, 1) belongs to Spin(2, 2), which preserves the A-bilinear map H defined on Hj
by (5), the spinor bundle X' is also equipped with a #-bilinear map H and with a real scalar product (-, -) := 9ie H(:, -) of
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signature (4, 4) (here 9ie means that we consider the coefficient of 1 in the decomposition A >~ R1 & Ro'). We may also
define a H;-valued scalar product on X by

(v, y") = oié’s, (28)

where £ and &' € Hj are respectively the components of 1 and ¥’ in some local section of Q. This scalar product is
A-bilinear, and satisfies the following properties: for all ¢, ' € X and forall X € E & TM

(. v =T ¥} and (X, ¥') = —(v.X ¥ (29)

Note that, by definition, H(v, ¥') is the coefficient of i1 in the decomposition of {1/, ¥')) in the basis oil, I, iJ, K of H;
(basis as a module over #), and that (29) yields

HW, ) =HW' . ¥) and HX -y, ¥') =H, Xy, (30)
forall y, ¥’ € ¥ and for all X € E & TM. In particular, the real scalar product satisfies
W ¥) =" ¥) and Xy, ¥) = (Y. X ¥ (31)

forally, ¥’ € ¥ andforallX € E @ TM.
Finally, setting

YTt =3YTE® XM, Y T =XYE®X M, T =XTE®Q XM, YT =YEQRX™™M
and

st=xttgoy, Y =x"oxt,
the spinor bundle X splits into

y=sxtoy =x""oroxtox "

These splittings correspond to the splittings (10) and (21)-(22) of the spinorial representation.

1.5. Notation

We will use the following notation: if s € Q is a given spinorial frame, the brackets [-] will denote the coordinates in Hj
of the spinor fields in the frame §, that is, for ¢ € X,

(/):[gv[(/)]] € EZQXH()/,O](@/O}

We will also use the brackets to denote the coordinates in s of the elements of the Clifford algebra CI(E®TM): X € Clo(E®®TM)
and Y € Cl,(E & TM) will be respectively represented by [X] € Hy and [Y] € H; such that, in s,

(X1 0 (0 IY]

X_<O [X]) and Y_<[y] 0).
Note that

[X -9l =[Xllp] and [Y-¢]=ailYI[gl,

and that, in a spinorial frame s € Q such that 7 (5) = (e, €1, €3, e3), where 7 : Q — Qr Xy Qu is the natural projection
onto the bundle of the orthonormal frames of E ®TM adapted to the splitting, e, 1, e, and e3 € Cl;(E@®TM) are respectively
represented by oil, I, if and K € H (recall (1) and (8)).

2. Spinor representation of Lorentzian surfaces

2.1. The main result

In this section we present the principal theorem concerning the spinor representation of Lorentzian surfaces immersed
in R?2, This extends to the signature (2, 2) the main results of [6] and [7].

Theorem 1. Let (M, g) be a simply connected Lorentzian surface and E a Lorentzian bundle of rank 2 on M equipped with a
compatible connection. We assume that M and E are oriented (in space and in time), with given spin structures. Let ¥ = YEQ XM
be the twisted spinor bundle and D its Dirac operator, defined in (27). Let H € I'(E) be a section of E. The three following
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statements are equivalent:
1. There is a spinor field ¢ € I"'(X) solution of the Dirac equation

Dy =I_-io<p, withH(p, ¢) = 1. (32)
2. There is a spinor field ¢ € I' (X)) with H(gp, ¢) = 1 solution of

1 3
Vxp =—3 j;ejej B(X, €)@ (33)

forallX e TM, where €; = g(ej, ;) and B : TM x TM — E is bilinear symmetric with %trgB =H.
3. Thereis anisometricimmersion F of (M, g) into R>? with normal bundle E, second fundamental form B and mean curvature H.

Moreover, F = f £, where & is the closed 1-form on M with values in R*? (see Lemma 2.3) defined by

§X) = (X" 9, 0)
forallX € TM.

The claims (3) = (2) = (1) are direct consequences of the spinorial Gauss formula (Section 1.3.2). We now prove

(1) = (3) using the fundamental theorem of submanifolds (see Remark 2) and the following
Proposition 2.1. Let M, E, X and H as in Theorem 1. Assume that there exists a spinor field ¢ € I'(X) solution of (32). Then
the bilinear map B : TM x TM — E defined by

(B(X,Y),v) =—=2(X-Vyp,v - @) (34)
forallX,Y € '(TM) and all v € I" (E) is symmetric, satisfies the Gauss, Codazzi and Ricci equations and is such that H= %trgB.

In the proposition and below, we use the same notation (-, -) to denote the scalar products on TM, on E, and on X. As
in[5] (and after in [2,3,14,15] in codimension one, and in [6] and [7] in codimension two) the proof of this proposition relies
on the fact that such a spinor field is necessarily a solution of (33), with this bilinear map B:

Lemma 2.2. If ¢ is a solution of (32), then ¢ solves the Killing type equation (33) where B is the bilinear map defined in (34).

Proof. We consider the A-module structure o := eg-e;-e,-e3, defined on the Clifford bundle CI(E6TM) by the multiplication
on the left, and on spinor bundle X by the Clifford action. The map H : ¥ x ¥ — A is #-bilinear with respect to this
A-module structure, whereas the Clifford action satisfies

o-X-9)=(0-X)-¢p=-X-(0-9),
forallp € X and X € E @ TM. Now, we consider the following spinors:
{p, ex-e3-¢, es-e1-p, e;-e- ).

Using the identities in (30), it is easy to show that these spinors are orthogonal with respect to the form H, with norm
1, —1, 1, —1 respectively; in particular,

Vxp = H(Vxp, )9 —H(Vxp,e;-e3-pley-e3- ¢
+H(Vxp,es-e;-ples-e; -9 —H(Vxp,e;-e;-p)eg-e;- .
for all X € TM. We claim that
H(Vxp,9) =0 and H(Vxep,e;-e3-¢)=0. (35)

The first identity is a direct consequence of H(¢, ¢) = 1. The second one is a consequence of the Dirac equation (32):
assuming that X = e, (the proof is analogous if X = e3), we have

o —

H(Ve,p.€2-€3-¢) = H(es - Ve, €3 ¢) = H(& - Ve,0.9) —H(H - 0. €3 ¢)
= —H(Vey0,9) —H(p. H -3 9).
But H(V,, ¢, ¢) = 0and
H(p,H-es-9) =H(es-H-p,¢) = —H(H -3¢, ¢) = —H(p, H - &5 - 9),
thatis H(y, H- es - ¢) = 0, and the second identity in (35) follows. We thus get
Vxp =nX) - ¢ (36)
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with

nX) == H(Vxp,e3-e;-p)es-e; —H(Vxp, er-ex - gle; - e.
Using the relationso - e3 - ey = e -egand o - eq - e; = g - e3, we get that n(X) has the form

nX)=ey-vy+es-vs, (37)
for some v,, v3 € E. Now, recalling (31), foreachv € E andj = 2, 3,

(B(ej, X), v) = —2(ej - Vxp, v - @) = =2(Vxp, e; - v - @) = =2(n(X) - ¢, € - v - ),
which, using (37), yields

(B(ej, X), v) = —2(e2- vz - @, €j- V- @) —2(e3-v3- @, € -V - ). (38)
We note that for all v, v’ € E we have

(e2-e3-9, vV -9) =0; (39)
the proof is analogous to the proof of Lemma 3.1 in [7] and is omitted here. Thus (38) reads

(B(ez, X), v) = =2(va - @, v - @) = 2(vy, V)
and

(B(es, X),v) = 2(v3 - ¢, v - @) = —2(v3, v).
Indeed, these last identities hold since, fori = 2, 3,

Wir@,v-9) =V -vi-9,0) =—(i-v-9 ) —2(,v)e, @)
= —(v-p,vi-@) —2(v, )
and thus (v; - ¢, v - @) = —(v;, v). Hence v, = %B(ez,X) and v3 = —%B(eg,X), and (36)-(37) imply formula (33). O
Remark 4. The proof given here does not use any decomposition of the spinor fields; using the same ideas, it should be
possible to simplify the proofs of [6, Lemma 3.1] and [7, Lemma 2.1].

Proof of Proposition 2.1. The bilinear map B is symmetric in view of the Dirac equation (32) together with the properties
(31) and (39). The equations of Gauss, Codazzi and Ricci appear to be the integrability conditions of (33): the proof is
completely analogous to that given in [7, Theorem 2], and is therefore omitted. O

In the next section we prove the second part of Theorem 1.

2.2. Weierstrass representation

We assume that ¢ € I'(X) is a spinor field solution of (32), and we define the H;-valued 1-form & by
EX)=(X-p,0) € H (40)
for X € TM @ E, where the pairing (., .)) : ¥ x ¥ — H; is defined in (28).

Lemma 2.3. The 1-form & satisfies the following properties:

1. & = —£, that is £ takes its values in R*>? C Hy;
2. £ : TM — R>? is closed, that is d€ = 0.

Proof. 1. Using the properties (29), we get

—

EX) = (X - 0. ¢) = (9. X 9) = —(X - 0. 9) = —EX);

the result then follows from (6).

2. By a straightforward computation, we get

d‘g(eZa 63) = «93 . V€2§07 QD» - «eZ . v€3(p7 gD)) + «63 - @, VEZ(p» - «92 C P, VEg(p»'

Now, the last two terms satisfy

«83 C P, VEz(p» = —«63 . VEz(pa (P» and «32 - P, Vé‘gq}» = —«ez : Vegq}’ (P»
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Moreover
{e3 - Ve, 0, ) — (€2 - Ve,0, @) = —(€2-€3- Ve, 0,85 - 0)) — (€3 - €3 - Ve, 0, €3 - )
{ez - Ve,0 —e3- Ve, 0,85 - €3 - )
—{Dg, ey - e3 - @)
=—{(H-¢p,e;-e3-¢)),

and thus
dé(ez.e3) = —(H g e2-e3-0) + (H ¢.e2-5-9).
Noting finally that

— —
- -

(H-¢,es-e5-9) = (o, H-e,-e3-¢) = —(¢p,e,-e3-H- )

—
—

=(er-e3- 9, H-9) = (H-¢,e;-e3- ),
we getthatdé =0. O

We now assume that M is simply connected; then, there exists a function F : M — R>? such that dF = &. The next
theorem follows from the properties of the Clifford action and its proof is analogous to the proof of [7, Theorem 3], and is
therefore omitted.

Theorem 2. 1.The map F : M — R?>? is an isometry.
2. The map
&r : E—> M x R*?
X € Ep —> (F(m), £(X))

is an isometry between E and the normal bundle N (F(M)) of F(M) in R?2, preserving connections and second fundamental forms.

Remark 5. If M is a Lorentzian surface in R?>2, the immersion may be obtained from the constant spinor fields o1 or
—o'1 e Hy restricted to the surface: indeed, for one of these spinor fields ¢, and for all X € TM C M x R>?2, we have

£X) = (X -9, 9) = —[ellX]le] = [X],

where here the brackets [X] € H; and [¢] = +01 € Hj represent X and ¢ in one of the two spinorial frames of R*? which
are above the canonical basis (recall (28) and Section 1.5). Identifying [X] € R*? C H; to X € R*? F = [ & identifies to
the identity.

Similarly to the Euclidean and Minkowski cases [6] and [7], we deduce a spinorial proof of the fundamental theorem
given in Remark 2:
Corollary 1. We may integrate the Gauss, Ricci and Codazzi equations in two steps:
1. first solving
Vxp =nX) - ¢ (41)

where
1 3
X)=—- €iej - B(X, ¢)),
n(X) 2;“ X, ¢)

(there is a solution ¢ in I" (X) such that H(p, ¢) = 1, unique up to the natural right-action of Spin(2, 2) on I' (X)),
2. then solving

dF = & (42)
where £(X) = (X - @, ) (the solution is unique, up to translations in R*>? C H,).

The Gauss, Ricci and Codazzi equations are in fact exactly the integrability conditions for (41) (see [7,6] for details);
Theorem 2 then shows that the solution F of (42) is an immersion preserving fundamental forms and connections. We
finally note that the multiplication on the right by a constant belonging to Spin(2, 2) in the first step, and the addition of a
constant belonging to R%2 in the second step, correspond to a rigid motion in R>2.
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2.3. Lorentzian surfaces in R"? and R>!

The aim of this section is to deduce spinor characterisations for immersions of Lorentzian surfaces in R"? and R>';
we obtain characterisations which are different to the characterisations given by M.-A. Lawn [1,2] and by M.-A. Lawn and
J. Roth [3]. Keeping the notation of Section 1, we consider the map 8 : Hy — Hy given by 8(§) = io&I. This map is
A-linear and satisfies

B> =idy, and B(E)) = —BE)]

for all £ € Hy; B is thus a real structure on Hy. We note that 8 is Spin(2, 2)-equivariant, and thus induces a real structure
B : ¥ — X on the spinor bundle: it satisfies

B> =idx and B(ip) = —ip(p)

for all ¢ belonging to X' (here i stands for the natural complex structure on X¥’; in coordinates, this is the right-multiplication
by J, see Section 1). Moreover, § is anti-linear with respect to the Clifford action of E @ TM: forall X e E® TM and ¢ € X,

BX - @) =—X-B(¢).
Finally, forallg = 9™ + ¢~ € ¥ = X+ @ ¥~ and all X € TM, we have

B@®) =B@)*,  H(B@),Bp) = —H(p,p) and VxB(p) = B(Vxe). (43)
Throughout the section, we suppose that the bundle E is flat, i.e. is of the form E = Rey, & Re; where ey and e are unit,
orthogonal and parallel sections of E such that (eg, eg) = —1 and {(e1, e;) = 1; we moreover assume that ey is future-

directed, and that (e, e,) is positively oriented. We consider the isometric embeddings of R"> and R>! in R*? C H] given
by

R"? = (¢iD)t and R>' = ()%,

where oi1 and I are the first two vectors of the canonical basis of R*? C H;. We note that the signatures of R'> and R%! are
(4, —, +) and (—, —, +) respectively. Let H be a section of E and ¢ € I'(X) be a solution of (32). According to Section 2.2,
the spinor field ¢ defines an isometric immersion F : M — R?? (unique, up to translations), with normal bundle E and
mean curvature vector H. We give a characterisation of the isometric immersions in R""? and R*' (up to translations) in
terms of ¢:

Proposition 2.4. 1-Assume that

H=He, and ey ¢ = o. (44)
Then the isometric immersion F : M — R>? belongs to R12.
2-Assume that

H=He, and e, ¢ = —PB(p). (45)

Then the isometric immersion F : M — R?? belongs to R>1.
Reciprocally, if F : M — R*? belongs to R12 (resp. to R>1), then the normal bundle E is flat and (44) (resp. (45)) holds for
some unit, orthogonal and parallel sections (eq, 1) of E.

Proof. 1-Assuming that (44) holds, we compute {{eq - ¢, ¢)) = oil. Thus, the constant vector ¢il € R>? C H; is normal
to the immersion (by Theorem 2, (2), since this is £ (ep)), and the immersion thus belongs to R'-2.

2-Analogously, assuming that (45) holds, we have

((e1- @, 9)) = —((B(p), p)) = —cilel[B(p)] = —ailplleloil =1

where [¢] € Hy represents the spinor field ¢ in some frame s € Q The constant vector I € R*>? C H; is thus normal to the
immersion, and the result follows.

For the converse statements, we choose (eg, e1) such that ((eqg-¢, ¢)) = oil in the first case and such that ((e;- ¢, ¢)) =1
in the second case. Writing these identities in some frame 5, we easily deduce (44) and (45). O

Let # C R?2 be the hyperplane R'"*"2~" withr = 0, 1 (that is # is R!? if r = 0 and is R*" if r = 1). If we assume that
M C # C R*2, and if we consider ey and e; timelike and spacelike unit vector fields such that

R*?2 =Re, @, T# and TH =Rei_, ®, TM,

then the intrinsic spinors of M identify with the spinors of # restricted to M, which in turn identify with the positive spinors
of R?? restricted to M: this identification is the content of Propositions 2.5 and 2.6, which, together with the previous results,
will give the representation of surfaces in R and R%>! by means of spinors of M only.
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2.3.1. Lorentzian surfaces in R
We first deduce from Proposition 2.4 1- a spinor representation for Lorentzian surfaces in R'2. We can define a scalar
product on C? by setting

a+ib a +ib’ ._ad’—l—a’d—bc/—b/c'
c+id)’ \cd +id )|~ 2 ’

it is of signature (2, 2). This scalar product is Spin(1, 1)-invariant (the action of +e* € Spin(1, 1) is the multiplication by
+e" on the first and by =e ™" on the second component of the spinors) and thus induces a scalar product (., .) on the spinor
bundle X' M. It satisfies the following properties: for all ¥, ' € XM and all X € TM,

(Y. ¥) =" y) and Xy, ¢)=—(y,X-¥). (46)

This is the scalar product on XM that we use in this section (and in this section only). We moreover define [y|? := (i, ¥).
The following proposition is analogous to [6, Proposition 6.1] (see also [ 14, Proposition 2.1], and the references there), and
is proved in [16]:

Proposition 2.5. There is an identification
Syt
IM— Xy
vy,

C-linear, and such that, forall X € TM and ally € XM, (Vx¥)* = Vx*, the Clifford actions are linked by (X - )* = X-e1-y*
and

1+o
2

HW™ ) = w12 (47)

Using this identification, the intrinsic Dirac operator on M, defined by
DY = —e; Ve, + €3 Ve,

is linked to the Dirac operator on X' by
(DY)* = —eq - DY™.

We suppose that ¢ is a solution of (32) such that (44) holds (the immersion belongs to R'?), and we choose y» € XM such
that ¥* = ¢*; in view of (47), it is such that |/ |> = 1since H(¢™, 1) = ”T“ if H(p, ¢) = 1(this last claim relies on (44)
together with (11)-(12)); moreover, it satisfies

(DY)* = —e; -DyY* = —ey - H-y* = —e; - Hey - Y* = Hy'™;

Y is thus a solution of

Dy = Hy with |¢]? = 1. (48)
Reciprocally, if € XM is a solution of (48), we can define ¢ := Y* and ¢~ ;= ep - ¥*, and get ¢ = " + ¢~ € X, a
solution of (32) with H = He; (we recall that ey and e; are parallel sections of E such that (eg, eg) = —1 and (e, e;) = 1);

since ey - ¢ = ¢ we obtain an isometric immersion of M in R"? (Proposition 2.4 1-). A solution of (48) is thus equivalent
to an isometric immersion in R!2, We thus obtain a spinorial characterisation of an isometric immersion of a Lorentzian
surface in R'2, which is simpler than the characterisation obtained in [2], where two spinor fields are involved.

Remark 6. We also obtain an explicit representation formula: for all v € XM, we denote by a (/) the spinor field whose
coordinates in a given spinorial frame are the complex conjugates of the coordinates of  in this frame, and by ¢ =
T — ¢, the usual conjugation in M. If we suppose that ¢ € XM is a solution of (48), setting x := ¥ we can show that

X a(x), ix, ia(x) (49)

is (., .)-orthonormal with signature (—, +, —, +), and in particular is a real basis of XM (i is the natural complex structure
of XM, which is such that the Clifford action is C—linear). Forall X € TM and ¢ = ¥* + eo - ¥*, where ¢ € XM satisfies
(48), a computation yields

EX) ={(X-9,9)
=—X-Y,aQO) [+ X -, ix) {)— X, ia(x) K.

We note that (X -, x) = 0, and thus that £ (X) may be interpreted as the coordinates of X - ¢ in the orthonormal basis (49).
The formula F = f & represents the immersion. For sake of brevity we do not include the proof, and refer to [ 16] for details.
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2.3.2. Lorentzian surfaces in R>!
In this section we deduce from Proposition 2.4 2- a spinor representation for Lorentzian surfaces in R>!. We consider
here the following scalar product on XM, given in coordinates by

a+ib ad+ib"\\ _ ac’+dc+bd +bd
c+id) \c +id )| — 2 ’

it is of signature (2, 2). Moreover, for all ¥, ¥/’ € XM and all X € TM we have
(W)= ¢) and X-¥,¥") = (¥, X ¢). (50)

We moreover write |1/ |2 := (i, ) and still denote by i the natural complex structures on ¥ and on ¥M.

Proposition 2.6. There is an identification
IM— Iy
v Y,

C-linear, and such that, forall X € TM and allyy € XM, (Vxy)* = Vxy*, the Clifford actions are linked by (X - )* = ieq-X -y *
and

14+o0

2
5 [¥]°. (51)

The detailed proof is given in [ 16]. Using this identification, we have
(Dyr)* = ieg - DY*

for all vy € XM. If we suppose that ¢ is a solution of (32), we can choose ¥ # 0 € ¥M such that ¥* = ¢™; moreover, if
(45) holds, ¥ satisfies

(Dy)* = ieg - Dy* =ieg - H - y* = ieg - Heg - Y* = iHY/™,
and, using (43) and (51),
Dy =iHy, |y*>=-1. (52)

Reciprocally, if we suppose that v € XM satisfies (52), we can define ¢ = * and ¢~ := e; - B(¥*), and set ¢ =
¢ + ¢~ € X; using (43), it is not difficult to see that ¢ satisfies (32), and since e; - ¢ = —B(p), defines an isometric im-
mersion of M into R%>! (Proposition 2.4 2-). A solution of (52) is thus equivalent to an isometric immersion of the Lorentzian
surface into R>. Here again, we obtain a spinor characterisation of an isometric immersion of a Lorentzian surface in R,
which is simpler than the characterisation obtained in [3] where two spinor fields are needed.

Remark 7. We also obtain an explicit representation formula: for v € XM, we may consider v and « (v) as in the previous
section, and show that

a(y), iy, iw@), ¥ (53)

is {., .)-orthonormal with signature (—, 4+, —, 4); in particular this is a real basis of M. Setting ¢ := ¥* + e, - B(¥*)
where ¥ € XYM is a solution of (52), a computation yields

EX) = ((X-9,9))
= (X -y, a@)) oil — (X - ¢, ia@W)) i — (X -9, ¥)K
for all X e TM. Since (X - ¥, iYy) = 0, £(X) may be interpreted as the coordinates of X - v in the orthonormal basis (53).
Finally, F = f & represents the immersion.

3. Spinor description of flat Lorentzian surfaces in R?2

3.1. The Grassmannian of the Lorentzian planes in R?2

The Grassmannian of the oriented Lorentzian planes in R*? identifies to
Q= {u-up: up,up € R*? |uy? = —|up* = =1} C (2, 2).
Setting
Sm Hy = iAl & A] B iAK
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and since e, - e3 >~ il, e3 - e; =~ J and e - e; >~ iK in the identification Cly(2, 2) >~ Hj given in (3), we easily get
Q~{peImHy: H(p,p) = —1};

we moreover note that the tangent space of @ at a point p is explicitly given by
T,@ =~ {§ e SmHy : H(p, &) =0}

We define the cross product of two vectors &, &’ € Im Hy by

£ X = (68 — ) € Imy

It is such that
(&,&') =0iH(E, &N+ 0i& x &

forall &, &' € Im Hy. We also define the mixed product of three vectors &, &', £” € Im Hy by
[6,6,8"] :=H(E x £, £") e Ay

it is also easily seen to be, up to sign, the determinant of the vectors &, &', §” € Im Hy in the basis (il, J, iK) of Im Hy
(considered as a A-module). The mixed product is a #A-valued volume form on Im Hy, and induces a natural +-valued area
form wg on @ by

a)(fl(p)(év %J) = [Ss %-/7 p]a (54)
forallp € @andall§, &' € T,Q.

3.2, Lorentz surfaces and Lorentz numbers
In this section we present elementary results concerning Lorentz surfaces and Lorentz numbers. We will say that a surface
M is a Lorentz surface if there is a covering by open subsets M = U, ¢s U, and charts
Ouo: Uy > A, «a€S
such that the transition functions
g0, @u(UyNUg) CA — @gU,NUp) C A, a, BES

are conformal maps in the following sense: forall a € ¢, (U, N Ug) and h € 4,

d (g 09y Va0 h) =0d(ppop,a(h).
A Lorentz structure is also equivalent to a smooth family of maps
ox: TM — T,M, witho? =idry, ox # Lidpy.

This definition coincides with the definition of a Lorentz surface givenin [ 17]: a Lorentz structure is equivalent to a conformal
class of Lorentzian metrics on the surface, that is to a smooth family of cones in every tangent space of the surface, with
distinguished lines. Indeed, the cone atx € M is

I(er(ox — ide[\/I) U Ker(ox + idTXM)

where the sign of the eigenvalues +1 permits to distinguish one of the lines from the other.

If M is moreover oriented, we will say that the Lorentz structure is compatible with the orientation of M if the charts
0o : Uy — A, a € S preserve the orientations (the positive orientation in 4 = {u + ov, u, v € R} is naturally given by
(0y, 0y)). In that case, the transition functions are conformal maps 4 — # preserving orientation.

If M is a Lorentz surface, a smooth map ¥ : M — 4 (or A", or a Lorentz surface) will be said to be a conformal map if
dyr preserves the Lorentz structures, that is if

dyr(oxh) = Oy (x) (dyrx(h))

forallx € M and h € TyM. In a chart A = {u 4+ ov, u, v € R}, a conformal map satisfies

0 ad
W _, (55)
v u
Defining the coordinates (s, t) such that
1 1-—
Uu+ov= +US+ Ut (56)

2
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(s and t are parameters along the distinguished lines) and writing
14+o0 1—o0

Y= 5 Y1+ 5 Y

with ¥, ¥, € R, (55) reads d;¢1 = d;1, = 0, and we get
Vi =v1(s) and ¥ = ¥ (0).

A conformal map is thus equivalent to two functions of one variable. We finally note that if ¥ : M — A" is a conformal
map, we have,inacharta: U C A —> M,

dyr = y'da,

where da = du + odv and v’ belongs to 4"; this is a direct consequence of (55).

3.3. The Gauss map of a Lorentzian surface in R*?

Let M be an oriented Lorentzian surface in R>2. We consider its Gauss map

G: M— @
XH= Uqp-uUp
where, at x € M, (us, uy) is a positively oriented orthogonal basis of T,M such that |u;|?> = —|u,|> = —1. The pull-back by

the Gauss map of the area form wq defined in (54) is given by the following proposition:

Proposition 3.1. We have
G'wg = (K + oKy) oy,
where wyy is the area form, K is the Gauss curvature and Ky is the normal curvature of M. In particular, assuming moreover that
dGy: TM — T @ (57)
is one-to-one at some point x € M, then K = Ky = 0 at x if and only if the linear space dG,(T,M) is some A-line in T @, i.e.
dGy(TyM) ={a U : a € A} (58)
where U is some vector belonging to T @ C Hy.

Proof. The first part of the proposition may be obtained by a direct computation, exactly as in [7, Proposition 6.3]; see
also [18, Proposition 3.1] for a similar statement. The second part of the proposition is a consequence of Lemma A.2 in the
Appendix at the end of the paper. O

As a consequence of Proposition 3.1,if K = Ky = 0and G : M — @ is aregular map, there is a unique Lorentz structure
o on M such that

dGy(o u) = o dGy(u) (59)
forallx € M and all u € T,M. Indeed, (58) implies that dG,(T,M) is stable by multiplication by o, and we may define
o u:=dG, " (o dGy(u)).

3.4. The invariant A of a Lorentzian surface in R*?
If the Gauss map of M is viewed asamap G : M — A?R?*?, we define
1 42,2
S(u) = EdGX(u) AdGy(u) € AR~
for all u € T,M; using the canonical volume element ey A e; A €5 A e3, we may identify A*R?? to R and thus consider § as
a quadratic form on T,M; its determinant with respect to the natural metric on M
A = detg §

is a second order invariant of the surface; it is positive if and only if the surface admits two distinct asymptotic directions
at every point (since an asymptotic direction is by definition a vector vanishing § and the sign of A is the opposite of the
discriminant of §), see [18]. This invariant was introduced for surfaces in 4-dimensional euclidean space in [19].
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3.5. Local description of the flat Lorentzian surfaces with flat normal bundle

In this section we suppose that M is simply connected and that the bundles TM and E are flat (K = Ky = 0). We recall
that the bundle X' := YE ® XM is associated to the principal bundle Q and to the representation p of the structure group
Spin’(1, 1) x Spin”(1, 1) in Hy given by (23). Since the curvatures K and Ky are zero, the spinorial connection on the bundle
Q is flat, and Q admits a parallel local section §; since M is simply connected, the section 5 is in fact globally defined. We
consider ¢ € I'(X) a solution of (32) and g = [¢] : M — Spin(2, 2) C Hy the coordinates of ¢ in s:

p=[(¢g] €X=Q xH/p.
Note that, by Theorem 1, ¢ also satisfies
Vxg =n(X) - ¢ (60)
for all X € TM, where
1
nx) = -3 > € BX. €) (61)
j=2,3

for some bilinearmap B : TM xTM — E.In the following, we will denote by (eg, e1) and (e,, e3) the parallel, orthonormal and
positively oriented frames, respectively normal, and tangent to M, corresponding to S, i.e. such that 7 (5) = (eq, e1, €3, €3)
where 7 : Q — Q¢ x Qy is the natural projection. We moreover assume that the Gauss map G of the immersion defined
by ¢ is regular, and consider the Lorentz structure ¢ induced on M by G, defined by (59).

We now show that g is in fact a conformal map admitting a special parametrization, and that, in such a special
parametrisation, g depends on a single conformal map ¥ : U C A — A (see Section 3.2 for the notion of conformal
map on a Lorentz surface). To establish this result, we will first need some preliminary lemmas; since they are analogous to
lemmas given in [7], we only give very brief indications of their proofs, and refer to this paper for details.

Lemma 3.2. et g = [¢] : M — Spin(2,2) C Hj represent ¢ in some local section of Q. The Gauss map of the immersion
defined by ¢ is given by

G: M—@ C3ImH, (62)
x+— ig lg.
Proof. This is the identity
G={ex g, ph{es- . 0)
written in a section of Q above (ep,e3). O

Lemma 3.3. Denoting by [n] € £2'(M, Hy) the 1-form which represents n in 5, we have

(] =dgg™" = mJ +inkK, (63)
where 1y and n, are 1-forms on M with values in A.

Proof. This is (60) in the parallel frame §, taking into account the special form (61) of 7 for the last equality. O
Lemma 3.4. The 1-form
n=0oi{n-¢ ¢) (64)
satisfies j = —1G~'dG = —g~dg.
Proof. Identity (64) in § together with (63) imply that 7 = —g~!dg. The other identity is an easy consequence of (62). O

The properties (62) and (63) may be rewritten as follows:

Lemma 3.5. Consider the projection
p: Spin(2,2) CHy — @ C ImHy
g—igllg

as a S} -principal bundle, where the action of S on Spin(2, 2) is given by the multiplication on the left. It is equipped with the
horizontal distribution given at every g € Spin(2, 2) by

Hy = dRg(A] D iAK) C T,Spin(2,2), (65)
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where R, stands for the right-multiplication by g on Spin(2, 2). The distribution (#g)gespin(2,2) is H-orthogonal to the fibres of p,
and, for all g € Spin(2, 2), dp : #y; — Ty @ is an isomorphism which preserves o and such that

H(dp(u), dp(u)) = —4H(u, u) (66)
forallu € #¢,. With these notations, we have

G=pog, (67)
and the map g : M — Spin(2, 2) appears to be a horizontal lift to Spin(2, 2) of the Gaussmap G : M — Q.

Remark 8. The fibration described in the lemma above generalises the Lorentzian Hopf fibration of pseudo-spheres studied
in [20]. See also [7, Lemma 6.6] for a similar result in 4-dimensional Minkowski space.

To proceed further, we need to assume that the invariant A does not vanish; we first suppose A > 0, and only mention
at the end of the section, and without proof, the similar results concerning the case A < 0 (see also Remark 9, where we
recall the results obtained in [ 18] concerning the case A = 0).

Theorem 3. Additionally to the assumptions given at the beginning of the section, we suppose that A is positive on M; we then
have:

1-themap g : M — Spin(2,2) C Hy is a conformal map, and, at each point of M, there is a local chart a : U C A — M,
unique up to the action of

G:={ar— ta+b: be A},
which is compatible with the orientation of M and such that g : U C A — Spin(2, 2) satisfies

H(g' g) = +£1; (68)
2- there exists a conformal map v : U C A — A such that

g'g7! = cosh ] +isinhyK or g'g™! =sinhyJ +icosh K, (69)
wherea : U C A — M is a chart defined in 1-.

Proof. Leta : U C 4 — M be a chart given by the Lorentz structure induced by G and compatible with the orientation
of M (see Section 3.2). By Lemma 3.5, g : U — Spin(2, 2) is a conformal map (since so are G and p in (67)). We consider
g’ 1 U — Hp such that dg = g’da (Section 3.2).If u : A — A is a conformal map, we have

H((g o), (gow)) = w’H(g', &)
We observe that we may find p such that
WPH(g, g) = +1. (70)

Indeed, since g is a conformal map,

. 14+o0 1—-o
Hg.g) = ——m@©) + ——h® (71)

for some functions h; and h,, wheresand t € R are such thata = HTU

equivalent to h{(s)h,(t) > 0: by (66)-(67),
H(dG, dG) = —4H(g', g"Yda* = —2 ((h1ds® + hydt?®) + o (hyds® — hodt?)) ;

s+ 1’T"t (see Section 3.2); we observe that A > 0 is

since
H(dG, dG) = (dG, dG) — 0 dG A dG
(see Appendix A.1), we deduce that

1 2 2
8 1= 5dG A dG = hyds® — hadt

and thus that the discriminant of § has the sign of —h1h;; the result follows since this sign is also the opposite of A (see
Section 3.4). Setting
, 140 1 1-0 1

n = + )
2 VIl 2 JIh|
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we have by (71)
, , 1+0 . 1—0 . .
1W’H(g', g) = 5 sign(hq) + 5 sign(hy) = sign(hy),
where sign(h;) is +1if h; > 0and is —1if h; < 0. We then define
140 /s 1 1-0 /[ 1
w= ds + dt. (72)
2 Js VIl 2 Jy Vlhal

s clearly a diffeomorphism, and, considering g o u instead of g, we get a solution of (68). Since all the solutions of (70)
preserving orientation are of the form +u + b, b € 4, we also obtain the uniqueness of a solution up to the group G. We
now prove the last claim of the theorem. Writing

_1+o 1—o0

g 2 &1+ 2 )
with g; = g1(s) and g, = g, (t) belonging to R1 @ iRI @ RJ & iRK (g is a conformal map) we get
B 14+0 _ 1—o0 _
g8 = ——gig + 88

with
H(gig, ' gigr) =H(ge ' ge ) = £1.

Since g/g; ' and g,g, ' belong to R] @ iRK (Lemma 3.3), we deduce that

g1g; ' = coshyn] +isinhyyK and gg, ' = cosh ] + isinh y,K
or

gl =sinh ) +icoshyK and ghg; ' = sinh ) + i cosh YK,
for Y1 = ¥1(s) and ¢, = ¥, (t) € R. The function

._1—}—0 1—0
Y= 5 Yi(s) + 5 Yo (t)

satisfies (69). O

We now study the metric of the surface in the special chart a = u + ov adapted to g, given by Theorem 3. We recall
that (eg, e1) and (e;, e3) are the parallel, orthonormal and positively oriented frames, respectively normal, and tangent to
M, corresponding to . Let us write

I_‘} = Hpep + Hqe;.
We also consider the tangent lightlike vectors

N __ etes €3 — ey
18 NG N

they are such that (N;, N,) = 1. Finally, we consider the conformal map ¥ : U C 4 — + defined in Theorem 3 and write
Y = 61 + 06,, with 84, 6, real-valued functions.

and N; =

Lemma 3.6. We have

M=t S (Lo, 10} ana m=2 (ta—1s (73)
1= «/i X u w v 2 = ﬁ X u M v
where A, u € R* satisfy

_ cosh6, sinh6, Hy
- <sinh92 cosh 92> (Hl) : (74)
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Proof. In the charta : U C A — M introduced above, e,, e5 are represented by two functions e,e3:UC A—> Aln 5,
the Dirac equation (32) reads

_—

—[2][Ve, 0] + [e31[Ve, 0] = [H1lp],
that is, recalling Section 1.5,

Jdg(ez) + iKdg(e3) = (oHol + iH1)g;

1 1

since dg(e;)g™" = g’g‘]el and dg(e3)g™" = g/g‘1673 and using the first or the second identity in (69), this may be written

coshy sinhy\ (oHy) _ (e sinhy coshy\ (oHy\ (e
“ \sinhy coshyr Hi ]~ \es or coshy sinhyr Hi )]~ \es)”

Setting ¢ := —Hj sinh #, — Hy cosh 8, and d := —H, cosh 6, — H; sinh 6,, these identities read

ey = csinh6; + od cosh 6, ey = —ccosh6; — odsinh6;
e3 = c cosh 6y + odsinh6; e3 = —csinh0; — odcosh6,

(recall (15)). Since e, and e3 represent the independent vectors ey, e3, we have cd # 0; setting A = % and u = %, we finally

easily get (73)and (74). O
Proposition 3.7. In the chart a = u + o v of Theorem 3, the metric reads
+ (A2du? — pPdv?); (75)

moreover, A and v are solutions of the hyperbolic system

auﬂ = —Ad0;
{avx = — 10,0, (76)

Proof. Let A be the matrix of the metric in the basis (9, d,). If we denote by

01 —61

:te e
po LA A
Va | e
I I

the matrix representing the vectors Ny, N, in (9, 9,) (see (73)), then, since |[N;|> = [N,|> = 0 and (N, N,) = 1, we have

0 1\ _ ...
<1 O)-PAP,

thus

A0
A= (0 —u2> ’
which is (75). We then compute the Christoffel symbols of this metric using the Christoffel formulas, and easily get

L1 L1 L1 .1
Fuu = *au)\., Fvu = Xav)\,, Fuv = ;Z)u//,, r’ = ;81)/1

A. vv
and
A M
r, = ﬁavx, ry = ﬁauu.

Writing finally that (Nq, N;), given by (73), is parallel with respect to the metric (75) (since so is (eq, e3)), we easily
get(76). O

We now state the main result of the section:

Theorem 4. Let {y : U C A — A be a conformal map, and 61, 6, : U — R be such that v = 61 + o6,; suppose that A and
w are solutions of (76) such that Ay # 0, and define

e

N =12 <1 n 1) 0N = (1 1) (77)
=+—(-4+0—) an =—(--0—].
=772\ T ==\
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Then, if g : U — Spin(2, 2) C Hy is a conformal map solving

g'g7 ' =coshyJ +isinhyK or g'g~!=sinhyJ +icoshyK, (78)
and if we set
£o—ig! [WZ\E’“J + w2}2w1 iK]@ (79)

where wy, wy : TU — R are the dual forms of N1, N, € I'(TW), the function F = f& defines a Lorentzian immersion U —

R>2 withK = Ky = 0and A > 0. Reciprocally, the Lorentzian immersions of M into R>? such that K = Ky = 0, A > 0 and
with regular Gauss map are locally of this form.

Proof. We first prove the direct statement. We consider the metric on U such that the vectors Ny >~ Ny, N; ~ N, € I'(TU)
defined by (77) form a frame of lightlike vectors of TU such that (N;, N,) = 1: this is the metric (75). Since (A, n) is a
solution of (76), the frame (N;, N,) is parallel, and the metric on U is flat. We also consider the trivial bundle E = R"! x U
with its trivial metric and its trivial connection: the canonical basis (eg, ;) of R"! defines orthonormal and parallel sections
of E. We moreover define e, := Nlez, e3 = Nl:}ZNZ , parallel and orthogonal frame with (e, e;) = —1 and (es, e3) = 1. We
write s = (e, €1, €2, €3) € @ = (SO(1, 1) x SO(1, 1)) x U, and fix5 € @ = S1 x U such that 7 (5) = s, wherez : Q — @
is the natural double covering. We then c0n51dergo € Z‘ Q x Hyo/p such that [p] = g in 5. By construction (Eq. (78)), ¢
is a solution of the Dirac equation Dp = H- ¢, where H= Hpeq + Hjeq is defined by (74). Moreover, the form defined by
(79)issuch that £ = ((X - ¢, ¢)); this is thus a closed 1-form, and F = fg is an isometric immersion of M into R?2 whose
normal bundle identifies to E. Thus it is a flat immersion in R?2, with flat normal bundle; moreover A > 0, as it is easily
seen using the criterion in the proof of Theorem 3 (H(g’, g’) = £1 by (78), thatis hy = h, = +1in(71)).

Reciprocally, if F : M — R*? is the immersion of a flat Lorentzian surface with flat normal bundle, A > 0, and regular
Gauss map, we have

F= /E, with £(X) = ((X - ¢, ), (80)

where ¢ is the restriction to M of the constant spinor field o1 of R>2. In a parallel frame §, we have ¢ = [, g], where
g : M — Spin(2, 2) C Hy is an horizontal and conformal map (Lemma 3.5 and Theorem 3). In a chart compatible with the
Lorentz structure induced by the Gauss map and adapted to g (Theorem 3), £ is of the form (79) where (w1, w>) is the dual
basis of the basis defined by (77) and where in this last expression (A, ) are solutions of (76). O

Corollary 2. A flat Lorentzian surface with flat normal bundle, regular Gauss map and such that A > 0 locally depends on 4 real
functions of one real variable.

Proof. We first note that the function i in Theorem 4 depends on two functions of one variable: since ¢ : A — A isa
conformal map, writing
1 + o —0
Y= Y1+ D) /)

we have ¢y = 1//1 (s) and v, = ¥, (t), where the coordinates (s, t) are defined in (56). We then write the system (76) in the
coordinates (s, t) and get

M _(+1 0 Ay 1 0 Y+ (2.
(o) = (0 2)a () -3 (2w V%) ():

this is an hyperbolic system, and we may solve a Cauchy problem: once v, and vy, are given, a solution of (81) depends on
two functions (0, t), (0, t) of the variable t. By Theorem 4, the surface depends on ¥1(s), ¥, (t), «(0, t) and A(0,¢t). O

We now briefly describe the case A < 0: a theorem similar to Theorem 3 holds, replacing (68) by H(g’, g’) = +o and
(69) by

, 1 140 .. 1-0 . .
gg = 5 (cosh yr] 4+ isinh ¢ K) + (sinh¢/J + icosh ¢/ K)

or

— 7 (coshyJ + isinh yK).

/. —1 1+O’ . . 1
g'g 5 (sinh ¢/ +icosh ¢ K) +

Further, formulas (73) are replaced by

e p " e~h " o
leiﬁ v2+p285+v2+p28[ and szﬁ _v2+p285+v2+p28[ (82)
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where v, p € R are such that
v

V2 4 pz _ 1/—e 2 et Ho
P T2\ e e )\Hi)"
1)2 + p2
Following the line of the proof of Proposition 3.7, we get that the metric reads
+4 (vo(—ds® + dt?) + (p* — v*)dsdt)
and that v, p are solutions of the system

%(p? = v?) +20:(vp) = —20* + p*) 36,
20,(vp) — B (p> — v?) = =2(v* + p)3,0;.

Settingz = s+ it,f = p — iv and F = f?2, this system reads %F = 2b|F| with b = — 06, + i0;0,, and thus simplifies to

d _
ﬁf = bf. (83)

Solutions of (83) are special cases of generalised analytic functions (also called pseudoanalytic functions) and are known to be
in 1-1 correspondence with analytic functions; see e.g. [21], Section 9. As in Theorem 4 and Corollary 2, we get the following

Corollary 3. A flat Lorentzian surface with flat normal bundle, regular Gauss map and such that A < 0 locally depends on one
analytic function and on two real functions of one real variable.

Remark 9. If A = 0, then all the four natural invariants K, Ky, |ﬁ |2, A are zero. Moreover, if the surface does not belong
to any degenerate hyperplane of R>?2, it is umbilic or quasi-umbilic and it has a parametrisation of the form (s, t) =
y(s) + tT(s), where y is a lightlike curve in R*? and T is some lightlike vector field along y such that y’(s) and T(s) are
independent for all values of s. We refer to [ 18] for the proof and more details.
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Appendix

A.1. The norm H on bivectors
We keep the notation of Section 1.1.

Proposition A.1. For all§ € Sm Hy ~ A2R?>?2,

H(.§) =(5.8) —o & NE.

In this formula, (., .) stands for the natural scalar product on A*R?*2, and we use the identification A*R*? ~ R given by the
canonical volume element ey A e1 A e A e3 to see the term & A & as a real number.

Proof. This is merely a computation: if § = &1 4 &,J + i§3K belongs to Im Hy, writing &§ = u; + ovj, u;, v; € R, for
j=1,2,3 weget

H(E &) = &1 +& — &
=~ + ) + W+ v)) — U5+ v3) — 20 (uv; — Upvy + U3V3) . (84)

Using the Clifford map (1), the quaternionsil, oil, ], ], iK, oiK represent the bivectors e, A es, eg Aeq1,e3 Aeq, €3 Aeg, e1Aesy
and ey A es respectively, and

g:ul62/\6’3+U1€0/\€1+UZ€3/\€1+U2€2/\€0+U3€1/\€2+U3€’0/\€3.

Here (e, 1, €2, e3) is the canonical basis of R>2. It is then straightforward to verify that the term (84)is (£, £)—o §AE. O

A.2. Vanishing of the area form on the Grassmannian

We keep here the notation of Section 3.1.
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LemmaA.2. If £, &' € T,Q C ImHj are such that wg,(&,£") = 0 then

=i, E=pt or E+& =20 &)
for some A, u € . In particular the real vector space generated by & and &' belongs to a A-line in T,Q.
Proof. First, it is easy to see that we, (&, &") = Oif and only if £ x & = 0.If we write

1+o 1—o0 1+o 1—
&1+ & and &' = & + >

§= g
T2 2 2 z
where &1, &, &/, & belong to iRI @ RJ @ iRK ~ R then & x & = Oifand only if & x & = & x & = 0 where the
cross product is here the usual cross product in R3. We then assume that £ and £’ are not zero (else, the result is trivial), and
consider the following cases:

1-If & and &, are not zero, then £; = «&; and &5 = B, for some «, B € R; setting A = ”T"a + 1_7"/3 we have £’ = A&.
2-1f&; # 0and &, = 0, then,
a-assuming &; # 0 and £, = 0, we have &; = «&; for some o € R, and thus £’ = A£ with A = 1JrT"oz;

b-assuming &; = 0 and &, # 0, we have £ + £’ = o (£ — &) by a direct computation.
The other cases are similar. Finally, if & = A& or & = ué&’, the real vector space generated by £ and &’ obviously belongs
toa A—line in T,@; this result also holds if £ +- & = 0 (£ — £’) since this space is also generated by £ + £’ and £ —&’. O
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