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symplectic invariant of symplectic semitoric manifolds, the helix, and give applications.
The helix is a symplectic analogue of the fan of a nonsingular complete toric variety in
algebraic geometry, that takes into account the effects of the monodromy near focus-focus
singularities. We give two applications of the helix: first, we use it to give a classification of

Ig;{nvgggilc geometry the minimal models of symplectic semitoric manifolds, where “minimal” is in the sense of
Integrable systems not admitting any blowdowns. The second application is an extension to the compact case
SLy(Z) of a well known result of Vii Ngoc about the constraints posed on a symplectic semitoric
Symplectic toric manifolds manifold by the existence of focus-focus singularities. The helix permits to translate a
Fans symplectic geometric problem into an algebraic problem, and the paper describes a method
Matrix calculus to solve this type of algebraic problem.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The revolution in symplectic toric geometry started in the 1980s with the proof of the convexity of the image of the
momentum map F = (fi,...,fi) : (M, w) — R¥ associated to a compact symplectic 2n-manifold acted upon by a k-
dimensional compact connected abelian Lie group T (i.e. a k-dimensional torus T = (5)¥), due independently to Guillemin-
Sternberg [ 1] and Atiyah [2]. In fact, F(M) is the polytope A equal to the convex hull of the image under F of the fixed points
of the T-action. In the case that n = k such manifolds are called symplectic toric.

Shortly after, Delzant proved [3] that in the symplectic toric case the image A encodes all of the information about the
manifold M, the form w, and the w-preserving T-action. That is, A is the only symplectic T-equivariant invariant of (M, w, F).
He moreover showed that any simple, rational, smooth polytope A arises as the image of a momentum map of a symplectic-
toric manifold; following Guillemin these polytopes are now called Delzant.

The existence of this action poses restrictions on (M, w) and F. For instance, F only has elliptic singularities; moreover,
the fibers are tori of dimension O up to n (in particular, they are submanifolds of M).

Delzant’s classification was extended in [4,5] to compact and noncompact symplectic 4-manifolds acted upon by the
noncompact Lie group S' x R, under certain assumptions (the action must be Hamiltonian, all singularities must be non-
degenerate, with none of hyperbolic type, the moment map of the S'-action must be proper, and each fiber contains at most
one isolated singularity) these manifolds are called symplectic semitoric, and so far are classified when M is 4-dimensional.
In this case the momentum map of the (S! x R)-action is F = (fi, f»), where the Hamiltonian vector field associated to f;
is periodic, but not necessarily the one associated to f,. The main novelty with respect to symplectic toric manifolds is that
F may have, in addition to elliptic singularities, another type of singularities known as focus-focus singularities. The fiber
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Fig. 1. The helix is intrinsically constructed by defining a toric momentum map on the preimage of U, a neighborhood of the boundary of the image of the
momentum map minus a single cut, and collecting the inwards pointing normal vectors of the piecewise linear boundary of the resulting set in R2. Notice
that v, does not occur in the representative of the helix we have drawn because after applying the monodromy it is equal to vy.

containing a focus-focus singularity is not a submanifold, it is homeomorphic to a sphere with its south and north poles
identified (i.e. a torus pinched at the focus—focus singularity). Symplectic semitoric manifolds are an example of almost toric
manifolds, as introduced by Symington [6].

Symplectic semitoric manifolds are characterized by five invariants, one of which is a polygon P constructed from
F(M) according to Vi Ngoc [7], by unfolding the singular affine structure induced by F on F(M) as a subset of R? (in fact
F(M) need not even be convex'). The other four invariants account for the effect of the focus-focus singularities and the
monodromy around them (a fundamental phenomena studied by Duistermaat [8]). There are natural notions of blowdown
in the symplectic toric and symplectic semitoric settings which we describe in Section 2.4.

Definition 1.1. A symplectic toric or symplectic semitoric manifold is minimal if it does not admit a blowdown.

For a symplectic toric manifold chopping off a corner of A corresponds to T-equivariantly blowing up M at a T-fixed
point, and the inverse operation corresponds to blowing down. To A one can associate a fan, the one corresponding to (M, w)
when viewed as a nonsingular complete toric variety (the explicit relation appears in [9]). Because of this correspondence
the search for their minimal model is reduced to an algebraic problem concerning fans associated to Delzant polytopes. If
2n > 6 the problem is still too difficult but when 2n = 4 the corresponding 2-dimensional fans have been classified; a proof
of the following result, originally due to Oda in the 1970s, may also be found for instance in Fulton [10].

Theorem 1.2 (Oda [11, Theorem 8.2]). The inequivalent minimal models of symplectic toric manifolds are CP?, CP! x CP!, and
a Hirzebruch surface with parameter k # 1.

The Delzant polytopes of the minimal models are: a simplex (M = CP? with any multiple of the Fubini-Study form), a
rectangle (M = CP! x CP' with any product form), and a trapezoid (M a Hirzebruch surface, with one of its standard forms).
The question is whether this classification can cover more cases.

Main Question. What are the inequivalent minimal models of compact symplectic semitoric manifolds?

Even more interesting would be to know whether the question can be answered as an application of the known invariants.
However, it is not clear what the effect of blowing up and down is on the known invariants we have just mentioned. The image
F(M) is no longer necessarily a polygon, or even a convex set. The polygon P is obtained as the image of a homeomorphism
¢ : F(M) — P C R? which unfolds the singular affine structure of F(M) into P, taking into account the monodromy (the
construction of ¢ is delicate, see [7]). The effect of blowing up or down on P depends on the position of the focus—focus values
of F, and here is where a new invariant of compact symplectic semitoric manifolds comes into play, we call it the semitoric
helix and denote it by . Like in the toric case, 3( is given by (an equivalence class of) vectors in Z?, plus some additional
information which we describe later more precisely and which includes the information of focus—focus singularities and
monodromy (this does not appear in the toric case).

Analogous to the way in which from a Delzant polygon one constructs a fan, from P one constructs the helix # (after
making some corrections related to the focus-focus singular points), see Fig. 4, though the helix can also be constructed
directly from M, bypassing the polygon, as in Fig. 1. We describe the construction of 3¢ in detail in Section 4.1. The helix 3
contains the information encoding blowing up and blowing down, information which appears to be very difficult to extract
from known invariants. And 3 generalizes the fan while taking into account the effects of the monodromy around the focus-
focus singularities.> Moreover, % can be studied with algebraic techniques, and can be applied to prove the following, which
is the main theorem of this paper.

1 Andinall important examples it is never a polygon, including the coupled spin-oscillator and the spin-orbit system.
2 The helix is also related to the notion of semitoric fan introduced in [ 12], though they are not equivalent, the precise relation is discussed in Section 3.5.
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Theorem 1.3. Let (M, w, F) be a compact symplectic semitoric manifold with ¢ > 0 focus—focus points and d > 0 elliptic-elliptic

points. If d < 5 then (M, w, F) is mmlmal lfand only if its assoctated helix is one of:
Vo

2)

with parameters in each case given by (1) c = 1; (2)c = 2; (3)k # £2,¢c = 1; ( Jc £ 2;(5)k # £1,0,¢c # 1;(6)

k# —1,1—c,c > 0.If d > 5 then (M, w, F) is minimal if and only if d > 5 and in this case the associated helix is completely
determined by c and a positively oriented basis (vo, v1) of Z2.

After we have described the required background a more precise version of Theorem 1.3 appears as Theorem 3.6. An
example of a helix with d > 5 is shown in Fig. 3 and discussed in Section 3.4. Theorem 1.3 and its applications can be used
to study many integrable systems from classical mechanics such as the coupled angular momenta system [13,14] that we
describe in Section 2.3, which is minimal of type (3) with k = 1.1t has precisely one focus-focus singularity with monodromy,
and is an example of a compact (nontoric) symplectic semitoric manifold.

Minimal models have also been studied in related contexts. For instance, Karshon classified 4-dimensional Hamiltonian
S'-spaces which are minimal with respect to S'-equivariant blowups [15]. The blowups we study in the present paper are
more restrictive since they are required to respect the structure of the semitoric manifold, not just the induced S!-action,
but it can be seen that the minimal models from Theorem 1.3 can be reduced to the minimal Hamiltonian S'-spaces by
performing S'-equivariant blowups. Additionally, semitoric manifolds are an example of almost-toric manifolds [6] and
minimal almost toric 4-manifolds are classified up to diffeomorphism by Leung-Symington [16]. The biggest difference
between the present paper and that one is that by classifying the semitoric helices we include information about not just the
diffeomorphism type but also the integrable system structure (and thus the singular Lagrangian fibration) of the manifolds.
Related to this, the Leung-Symington classification does not differentiate between fixed points of elliptic-elliptic type and
of focus—focus type, while our classification does. In fact, in [ 16, Section 6.4] the authors mention the problem of classifying
almost toric manifolds up to fiber-preserving symplectomorphism, which is related to what is done in this paper since the
helix encodes the fibration. In [ 16] they make use of what they call the defining set to classify almost toric manifolds, which
is related to the semitoric helix, though they are not equivalent (see Remark 4.8).

In a different direction, and as an application of Theorem 2.6, in [ 17] some properties of the associated moduli spaces of
manifolds were studied in detail; it would be interesting to use Theorem 1.3 to study a semitoric analogue. First steps towards
this have been carried out by the second author in [18], where a natural topology on the space of symplectic semitoric
manifolds is constructed. For other recent results studying the affine structure of integrable systems in dimension four,
see [19,20].

Theorem 1.3 has the following consequence in the study of symplectic semitoric manifolds, which extends a theorem of
Vii Ngoc [7] from noncompact to compact symplectic semitoric manifolds.

Theorem 1.4. If a compact symplectic semitoric manifold has at least two focus—focus singular points and the component of the
momentum map with periodic flow achieves its maximum and minimum at a single point each, then the system must have exactly
two focus—focus points and be a minimal symplectic semitoric manifold of type (2) from Theorem 1.3.

Theorem 1.4 follows from Lemma 3.8 and is proven in Section 3.3. In [7, Theorem 3] Vii Ngoc uses an argument related
to the Duistermaat-Heckman measure on symplectic semitoric manifolds to prove that there do not exist noncompact
symplectic semitoric manifolds for which the component of the momentum map with periodic flow achieves its maximum
and minimum at a single point each and which have more than one focus-focus point. Recently, S. Sabatini drew to our
attention that she had announced a version of Theorem 1.4 at a conference in 2013 and outlined a different proof from the
one given in the present paper.

We conclude by briefly explaining the idea of the proof of Theorem 1.3. The proof of this theorem operates by translating
the problem into algebraic language in which a number of things are easier to work with. The basic ideas behind this
technique were already present in [12], but they are refined and developed so as to be useful in practical applications (see
Section 3.5 for an explanation of the relationship between the present article and [12]). The algebraic correspondence works
as follows. To any semitoric helix, as on the right hand side of Fig. 1, there is a natural way to associate a word of a particular
form in SLy(Z). The word is 0 = ST% ...ST%-1, where the g; are integers and S, T € SL,(Z) represent the specific matrices
given in Eq. (2.1). Our attempt to classify helices will operate by attempting to understand the associated words. The vectors
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forming a helix must wrap only a single time around the origin before repeating, and in order to detect this from the word
o in SLy(Z) we lift o to the universal cover of SL,(R). In the universal cover we define a function on words which agrees
with the number of times the associated vectors circle the origin, which we call the winding number of that word. We let
G denote the preimage of SL,(Z) in the universal cover of SL,(R). We are then able to produce an exact correspondence
between minimal semitoric helices and words of particular form in G that lie in one of a small number of conjugacy classes
inG.

The key idea in our analysis now follows from the observation that the elements that we are looking for will necessarily
have nearly the smallest possible winding number of any word representing the correct element of SL,(Z). In order to
properly analyze this, we show that each element of PSL,(Z) has a unique minimal word associated to it with the smallest
possible winding number. In fact, any representation of the given element can be reduced to the minimal one by means
of a few simple reduction steps. The thrust of our argument is now to look at the minimal word associated to the element
represented by our helix. Noting that the word corresponding to our helix reduces to this minimal word in only a few steps
allows us to reduce ourselves to a small number of possibilities, which correspond to the minimal helices in Theorem 1.3.
The main novelty of the paper is precisely this method of proof.

Structure of the article

In Section 2 we give the background required to state the main theorems of the paper and put them in context. In Section 3
we state all the main results of the paper, and leave some of the longer proofs to later sections. In Section 4 we describe the
construction of the semitoric helix and prove Proposition 3.1. The remaining sections are devoted to the proof of one result
each: in Section 5 we prove Proposition 3.3, in Section 6 we prove Theorem 3.5, and in Section 7 we prove the main result
of the paper, Theorem 3.6.
2. Preliminaries

2.1. Minimal symplectic toric manifolds

Here we give a pedestrian exposition of toric manifolds and integrable systems from the point of view of symplectic
geometry.

An integrable system is a triple (M, w, F) where (M, w) is a 2n-dimensional symplectic manifold and F = (f1,...,f;) :
M — R"is a smooth map such that its components fi, ..., f, Poisson commute and are independent almost everywhere.
That is, w(Xg;, I)C,}) = O0foralli,j = 1,...,nand (Xf)p, ..., (Xs)p are linearly independent in T,M for almost all p € M,

where Xy, denotes the Hamiltonian vector field of f;.

Definition 2.1. A symplectic toric manifold is an integrable system (M, w, F) such that (M, w) is a compact and connected
2n-dimensional symplectic manifold, each Xy, has 27 -periodic flow, and the T"-action produced by these flows is effective.

A convex, compact, rational polygon in R? is a Delzant polygon if the collection of inwards-pointing integer normal
vectors to the polygon of minimal length form what is known as a toric fan. For vectors v, w € Z? let det(v, w) denote
the determinant of the matrix with columns v, w. For the purposes of this paper we use the following definition:

Definition 2.2. A toric fan of length d € Z. is a collection of vectors (vo, . .., v4_1) € (Z*)* such that

1. det(vj, viy1) = 1fori=0,...,d — 1 where vq := vp;
2. v, ..., v4_1 are arranged in counter-clockwise order.

Associated to each toric manifold is a toric fan, formed from the Delzant polygon F(M) in this way.

Definition 2.3. If (vg, ..., vg_1) is a toric fan of length d such that v; = v;_; + vi;1 then a new toric fan of length d — 1 can
be produced by removing v;. This operation is known as the blowdown and the inverse operation, inserting the sum of two
adjacent vectors, is known as a blowup.

Definition 2.4. A toric fan is minimal if v; # vi_1 + viy1 fori=0,...,d— 1.

Minimal toric fans are those on which a blowdown cannot be performed. A toric fan can be reduced to a minimal toric
fan by performing blowdowns until no more are possible. On the other hand, this implies that any toric fan may be obtained
from a minimal toric fan by a finite sequence of blowups. Minimal toric manifolds are those that do not admit a symplectic
toric blowdown (see Section 2.4).

Proposition 2.5 ([10]). A blowup/down on a fan corresponds to a blowup/down on the associated toric manifold. In particular, a
toric manifold is minimal if and only if its fan is minimal.

Minimal toric fans were classified in [10], and this implies a classification of minimal toric manifolds. The group SL,(Z)
acts on a toric fan by acting on each vector in the fan.
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Fig. 2. The three possible minimal toric fans (up to SL(Z)) listed in Theorem 2.6, where k € Z is the parameter for the Hirzebruch trapezoid and in the
figure we show the case of k = —2.

V2

Fig. 3. A minimal semitoric helix of length 6 and complexity 2. In the classification from Theorem 3.6 this is a type (7) minimal semitoric helix with
Ao = ST?ST?.

Theorem 2.6 (Fulton [10]). A toric manifold is minimal if and only if its fan is one of the following up to the action of SL,(Z):
1 0 —-1\.
b= (o= Qe = ()
1 0 -1 0.
2 1= (o= (o= ()= (%)
3. v = (g)vr=(3)v2 = (W) vs = (&) fork e Z.k £ 0, %1,

These fans are shown in Fig. 2. Respectively, these are known as the Delzant triangle, the square, and the Hirzebruch
trapezoid named for the shapes of their associated Delzant polygons. They correspond, in order, to CP?, CP! x CP!, and a
Hirzebruch surface.

2.2. Semitoric manifolds

Definition 2.7. A symplectic semitoric manifold is a connected 4-dimensional integrable system (M, w, F = (J, H)) such that:

1. J is proper, that is, if K C R is compact then J~!(K) is compact;

2. the Hamiltonian vector field X; induced by J has periodic flow of period 27 and the S!-action generated by this flow is
effective;

3. all singularities of F are non-degenerate and contain no hyperbolic blocks.

Item (3) refers to the Williamson classification of singularities for integrable systems (see [21]). In [22] Eliasson extends
the pointwise classification of singular points implied by Williamson’s classification of Cartan subalgebras of sp(2n) [23]
to a local normal form for non-degenerate singular points. Since dim(M) = 4, item (3) implies that any point p € M in a
symplectic semitoric manifold is one of: completely regular; elliptic-regular; elliptic-elliptic; or focus—focus. In this article
we assume that all symplectic semitoric manifolds are simple, which means there is at most one focus-focus point in each
level set of J.

Definition 2.8. Given two symplectic semitoric manifolds (M, w, F) and (M, o', F') a symplectomorphism ¢r : (M, @) —
(M’, o')is a semitoric isomorphism if y*(J', H') = (J, f(J’, H')) where f : R — R? is a smooth map with a%,f > 0 everywhere.

2.3. Coupled angular momenta

Here we present an example of a semitoric system which is not toric. Consider S? x S? with coordinates (x1, y1, z1, X2, Y2,
z,), where S? is the 2-sphere. The Delzant polygon of S x S? endowed with the toric integrable system given by
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Vo

H

Fig. 4. The helix can be recovered from the semitoric polygon invariant by “unwinding” the polygon to correct for the effect of the focus-focus points and
then removing the resulting repeated vectors.

(-1.5,2) (3.5,2)
E U1 Vo
¢ A
(-3.5,0) (1.5,0)
(~3.5,0)
! (3.5,0)
; v
U2
(-1.5,-2) (1.5,-2)
Fig. 5. Helix for the coupled spin system.
F = (z1,zp) with any product symplectic form is a rectangle, where the lengths of the sides are determined by the

symplectic area of each copy of S?. Its associated fan is formed by the normal vectors to the faces of the polygon, given
by (1, 0), (0, 1), (=1, 0), (0, —1). If instead we consider the symplectic semitoric manifold with F = (J, H) on $* x S? with
the standard product symplectic form where

5
]:Zl+522

1 1
H= 521 + 5(X1X2 +y1y2 +2122)

then we obtain the coupled spin system. In [13] it is shown that this is indeed a symplectic semitoric manifold and the
authors find the two representatives of the polygons associated to the system obtained by Vii Ngoc’s cutting procedure. One
of these polygons has vertices (—3.5, 0), (—1.5, 2), (3.5, 2), (1.5, 0), shown in Fig. 5. We construct the helix of this system
in Section 4.5.

2.4. Toric blowups/downs for symplectic toric and semitoric manifolds

These operations are standard, and can be found for instance in [24, Chapter 7]. Let (M, w, F) be a symplectic toric or
symplectic semitoric 4-manifold with p € M an elliptic-elliptic point. Then there exists complex coordinates z;, z, in
an open chart U C M centered at p such that the symplectic form is given by wo = 3'(dz; A dZ; + dz; A dZ;) and
F(z1,22) = 3 (1z11> + 22]*) 4+ F(0,0). Let ¢ : U — C? denote the map ¢ = (z1,2;) and let V = ¢(U). Let BY(r) C C?
denote the standard ball of radius r > 0. For any A > 0 sufficiently small such that B*(1) C V we can define locally in this
chart the toric blowup of weight A. Since p is an elliptic-elliptic point this must be possible for some A > 0.

Define C? c C? x CP' to be those pairs (z, £) such that z € £. That is,

C* = {(z1, 223 [wo, w1]) | Wiz = We—1Zj41 forj = 0, 1and k = 1, 2}

(the manifold C? is the usual (non-symplectic) blowup of C? at the origin). There are natural projections

T2
”V \”(jwl
c? CP!

and foreachr > OdefineL(r) = JT(EZ] (B%(r)). Foreach A > 0define a symplectic form p(1)on 2 by p(A) = néz 0)0+)\.27Té]?1 WFs
where wys is the Fubini-Study form on CP' and wy is the standard symplectic form on C2. Finally, with A and § chosen small
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enough so that B4(v/AZ + 82) C V, define C2, = ((Cz \ B* («/AZ + 82)) U L(8). Since p(1) = wp outside of B4(v/A2 + §2)

there is no problem defining a symplectic structure on M(p, 1) = (M \ ¢~ 1(B*+/A2 + §2))) N L(8), which is known as the
symplectic toric blowup of M at p of size A. This is similar to the standard symplectic blowup except that the choice of chart
forces the embedded ball used in this construction to be R?>-equivariantly embedded, where the R?-action on M comes from
the flow of X, and Xr,, which descends to a T2-action for symplectic toric manifolds and an (S' x R)-action for symplectic
semitoric manifolds (see [25] for an investigation of symplectic semitoric manifolds as symplectic (S' x R)-manifolds).
The inverse of this operation is known as a toric blowdown. Performing a toric blowup or down on a toric manifold
corresponds to performing a blowup or down on the associated toric fan. We will see that performing a toric blowup/down
on a symplectic semitoric manifold corresponds to performing a combinatorial operation, which we call a blowup/down, on
the associated semitoric helix (see Section 4). We will often simply call a toric blowup a blowup (and similar for a blowdown).

Definition 2.9. A symplectic semitoric manifold (M, w, F) is minimal if it does not admit a blowdown.

That is, a symplectic semitoric manifold is minimal if there does not exist any symplectic semitoric manifold (M’, o', F’)
such that (M, w, F) can be obtained from (M’, ', F') by a symplectic blowup.

For the present paper we will not be concerned with the size of the blowups since this will not change the associated
helix and will not effect whether or not the resulting manifold is minimal. Thus, we will often say “the blowup of M at p”
to really mean “one of the blowups of M at p” or even “the family of all manifolds which can be obtained by performing a
blowup of some weight on M at p”.

Remark 2.10. This definition of blowup/down can be extended to be used around any completely elliptic point of any
integrable system of any dimension. <

2.5. The algebraic technique

Let S, T € SL,(Z) be the standard generators given by

0 -1 1 1
S= (1 0 ) andT = (O 1) (2.1)
S0 SLy(Z) = (S, T | STS = T~'ST~',8* = I) and PSL,(Z) = (S, T | STS = T~!ST™',S? = I). We denote by Z « Z the free

group on letters S and T.

Notation: Since we consider several groups generated by S and T we use =y to denote equality in the group H. For instance,
§% =si,2) 1 but S*#z, 1.

Given v, w € Z? we denote by [v, w] the 2 x 2 matrix with first column v and second column w and denote by det(v, w)
the determinant of [v, w].

Definition 2.11. Let G = (S, T | STS = T~I1ST~1).

The group G is isomorphic to the preimage of SL,(Z) in the universal cover of SL,(R) [12, Proposition 3.7], as in the
following diagram:

|

SLy(Z) —— SLy(R)

P —

——

where SLy(R) denotes the universal cover of SLy(R), which has fundamental group Z. Above p : G — SL»(R) denotes the
map that takes G isomorphically to the preimage of SL,(Z) in SL,(R) given by

Tt . mt
cos| — ) —sin{—
1t ( 2 ) ( 2 )
PM =19 1 and p(S) =
O<t<1 sin (ﬂ—t) cos <n—t>
2 2 o<1

(2.2)

(asin [12, Proposition 3.7]), i : SL,(Z) < SL,(R) is the inclusion map and the other two maps are the natural projections.
Each element of the kernel of the natural projection from G to SL;(Z), denoted ker(G — SL,(Z)), represents a closed loop in
SLy(R).

Let (R?)* := R? \ {(0, 0)}.
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Definition 2.12. Given any closed loop ¥ : [0, 1] — (R?)*, 7(0) = %(1), we denote by wind(y) € Z the usual winding
number of ¥ in (R?)*.

Define pr : SL,(R) — (R?)* by

co (0 b o (@
Prole 4 cl”
Since m1(SLy(R)) = m;((R?)*) = Z and pr sends a generator of m1(SL,(R)) to a generator of 71((R?)*), pr induces an
isomorphism at the level of fundamental groups.
Definition 2.13. Given any loop y : [0, 1] — SLy(R), ¥(0) = y(1), we define the winding number of y, denoted wind(y ), by
wind(y) = wind(pr(y)).

Next we extend the map wind o p : ker(G — SLy(Z)) — Ztoallof G. Let W : Z x Z — ]1—22 be the homomorphism

generated by W(S) = % and W(T) = ;—21 Since W(STS) = W(T~!ST~1), W descends to a map on G which we also denote

W. The map is known as the winding number [12] because if o € ker(G — SL,(Z)) then W(o ') agrees with wind(p(c)) as in
Definition 2.13, where p is as in Eq. (2.2).

Lemma 2.14 ([12]). Given o € ker(G — SLy(Z)), W(o) = wind(pr o p(0)).

Proof. The map W is a homomorphism and W(5*) = wind(p(54)). Since S* is a generator of ker(G — SLy(Z)) = Z this
uniquely defines it. O

2.6. The semitoric helix and SL(Z)

Let (Z?)* be the set of sequences indexed by Z in Z2. For {v;}icz, {wi}icz, € (Z?)® let ~ be the equivalence relation on
(Z2)> given by {v;}iez, ~ {wj}iez if and only if there exists k, £ € Z such that

k
1 1
Vi = <0 1) Wite

foralli € Z. Let [{v;}iez] € (Z?)*/~ denote the equivalence class of {v;}icz € (Z2)®°.

Definition 2.15. A semitoric helix is a triple % = (d, ¢, [{vi}icz]) Where d € Z-g, ¢ € Z-g, and [{v;}icz] € (Z?)*® /~ such that:

1. det(v;, viy1) = 1foralli € Z;
2. v, ..., v4_1 are arranged in counter-clockwise order;
3. (é ﬁ) v = viyq foralli € Z.

We say that a semitoric helix (d, c, [{vi}icz]) has length d and complexity c. It is minimal if
Vi # Vi1 + Vip1

foralli € Z.

Lemma 2.16. The minimality condition does not depend on the choice of representative of [{vi}icz].

Proof. Let {w;}icz € [{vi}iez] so there exist k, £ € Z such that v; = (g) l{) wiy¢ foralli € Z. Thus v; = vj_1 + vj41 if and only
. . —k
if wjye = Wjte—1 + Wjte+1 DY applying (é 1 ) O

A minimal semitoric helix is shown in Fig. 3. In light of item (3) of Definition 2.15, a semitoric helix of given complexity
¢ > 0 and length d is determined by any d consecutive vectors in any representative. We take the helix to be an infinite list
of vectors instead of a finite one because working with a finite set of vectors would lead to complicated behavior relating
the first and last vector in the list.

Definition 2.17. Let i = (d, c, [{vi}icz]) be a semitoric helix. The blowup of 3 at v; is the helix (d + 1, ¢, [{wi}icz]), where
{w;} is formed from {v;}icz by inserting viix¢ + viy14+kd between virq and vi144q for all k € Z. If v; = vj_1 4 vj;4 for some
j € Z then the blowdown of ¥ at v; is the helix (d — 1, ¢, [{ui}iez]) where {u;} is produced by removing {vjynd}nez from
{viliez.
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3. Results

In this section we state the results of this paper. The proofs of the four results stated in Section 3.1, Proposition 3.1,
Proposition 3.3, Theorem 3.5, and Theorem 3.6, are the subject of the remaining four sections of the paper.

3.1. Statements of main results

Proposition 3.1. Associated to each semitoric manifold there is a unique semitoric helix. Moreover, if two semitoric manifolds are
isomorphic then they have the same semitoric helix and given any semitoric helix there exists a semitoric manifold to which it is
associated.

Proposition 3.1 is a combination of Lemmas 4.2, 4.3, and 4.9, each proven in Section 4, in which we also describe the
construction of the semitoric helix. Proposition 3.1 allows us to make the following definition.

Definition 3.2. Let Sst denote the set of symplectic semitoric manifolds and 8y denote the collection of semitoric helices.
The map hix : st — Sy assigns to each symplectic semitoric manifold (M, w, F) a semitoric helix hilx(M, w, F) = 3, where
X is the semitoric helix associated to (M, w, F).

We need some notation for the next result. For a semitoric helix 3 = (d, c, [{vi}icz])let =K = (d, ¢, [{—vi}iez]). f H = H’
or H = —3’ we write 3 = 3. A cyclic permutation of a list (ao, . .., as_1) € Z¢ of integers is given by

(Akmodd> k-+1modds - - - » Tk-+d—1modd)
for some k € Z. The motivation for the next result is to find a correspondence between helices up to isomorphism and lists
of integers satisfying some conditions up to cyclic shift.

Proposition 3.3. Given any semitoric helix % = (d, c, [{vi}icz]) there exists a list of integers (ao, . . ., ag_1) € Z% such that

QimoddVit1 = Vi + Vit2 (3.1)
foralli € Z, which we call the integers associated to 3. Furthermore, the following hold:
1. (ao, ..., aq_1) € Z% are associated to a semitoric helix if and only if
ST ... ST%-1 = S*X1TX

forsome X in G;
2. the integers associated to a given helix in this way are unique up to cyclic permutation;
3. semitoric helices 3 and 3’ have the same length, complexity, and associated integers if and only if 3 = +3(.

Proposition 3.3 is proven in Section 5.

Definition 3.4. A word 5 € Z % Z is S-positive if it can be written using only non-negative powers of S, T, and T~ 1.

To classify the minimal models of symplectic semitoric manifolds we will show that the associated word of a minimal
helix (as in Proposition 3.3) is very close to the following standard form in PSL;(Z). In particular, we will see that the word
associated to a minimal helix has nearly the smallest possible winding number, which means it can be obtained from its
standard form by only a small number of transformations.

Theorem 3.5 (Standard form in PSLy(Z)). If X € SLy(Z) there exists a unique string X € Z x Z such that X :pst(Z))? and
X=y,,TPST . . ST%-1

wherea; > 1fori=0,...,d— 2. Moreover, W(X) < W(n) for all S-positive n € Z * Z satisfying 1 =psi,(z) X.

We call X the standard form of X. Theorem 3.5 is proven in Section 6.
Let

8={AeSLy(z)|A=ST%.. ST ford > 5, a4 & {0, 1}}. (32)

Recall a semitoric helix of length d is determined by specifying the complexity and any d consecutive vectors in any
representative of the helix. Also recall that in [7] it is shown that any symplectic semitoric manifold has only finitely many
focus—focus singular points.

Theorem 3.6. Suppose that (M, w, F) is a minimal compact symplectic semitoric manifold with ¢ > 0 focus—focus points and
associated semitoric helix (d, c, [{vi}icz]) = hIx(M, w, F). If d < 5 then the representative {v;};cz can be chosen to be exactly one
of the following:
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Type Length  vo.....uves Complexity
0
o e (0
@) d=3 (ﬂ’)(‘k])(_o]) K£+2 c=1
o e OO0
o QORI e oo

o e QO i e

Otherwise, d > 5, in which case d > 5, and we say that the symplectic semitoric manifold and helix are minimal of type (7).
There is a one-to-one correspondence between minimal helices of type (7) and the set § X Z~. Given ¢ € Z-o and a basis vg, vq
of 7? satisfying [vg, v1] € § then the corresponding minimal helix of type (7) is determined by the following procedure: Let
dg, ..., 04_1, d € Z be the unique integers which satisfy

S2[vg, v1]~'T[vo, v1]=74zST® ... ST%-1, (3.3)
Then the recurrence relation

Vj = Gj_2Vj—1 + Vj—2
forj=0,...,d— 1and given vy, v, determines the vectors {v;}o<i<q Which, along with the complexity c, determine the helix, .

Types (1)-(6) are shown in Theorem 1.3 and a representative example of type (7) is shown in Fig. 3. Theorem 3.6 is a
direct consequence of Lemma 7.6 and is proven in Section 7.3.

3.2. Idea of proof of Theorem 3.6

In the proof of Theorem 3.5, the standard form in PSL,(Z), we use a reduction algorithm with four types of operations.
Three of these steps reduce the winding number by 1/2 and the remaining step, which corresponds to a blowdown, does not
change the winding number. We will see, by Lemmas 7.1 and 7.3, thatif ag, . .., az_1 is associated to a semitoric helix then

L X=eyp T
W(ST% .. ST%-1) — W(ST% .. ST%-1)= {1 .
3 otherwise

and thus we know that ST% . .. ST% -1 can be reduced to the standard form from Theorem 3.5 by using only one or two of the
moves which reduce W along with any number of blowdowns. Assuming that the original helix is minimal means that the
first step we take is not a blowdown, and thus the reduction is achieved by only one step (possibly followed by blowdowns)
except for in the special case that X =psp,(z) Tk,

This observation allows us to prove Lemma 7.6, which classifies all minimal words satisfying Eq. (5.2). This implies
Theorem 3.6, which is proven in Section 7.2. The method of the proof of Theorem 3.6 is carried out on a specific example in
Section 3.4.

3.3. Consequences of Theorem 3.6

Corollary 3.7. Suppose that 3 is a minimal helix of length d > 4. Then 3 is of type (7) from Theorem 3.6 and there exists a
representative {v;}icz such that 3 = (d, c, [{vi}icz]) and the following hold:

1. vg = —vy;

2. there exists k € Z with 2 < k < d such that vy is (8) or its negative.

Proof. From Eq. (3.3) in Theorem 3.6 we see that ap = 0 and so the given recurrence relation v; = a;_vj_1 + vj_, withj =2
gives v, = —vg.

Suppose ¥ has associated integers ay, . . ., ag_1 and let A = [vp, v1]. Then
S2Ay T Ag=1,,ST® ... ST%-1, (3.4)
implies

S2A5 T =7,,ST® .. ST%+1 (35)
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for some k € Z, since Ay starts with S. By the recurrence relation a;vi;; = v + vi; we see

[Vies2, Vi3] =siy(z) AoST® ... STH1. (3.6)

Combining Eqs. (3.5) and (3.6) yields [vg12, Ukt3] :pst(Z)A052A81TC which implies

1 ¢
[Vkt2s Vkt3] =psiyz) T =psi,z) (0 ]>

SO Vg4 is the required vector. O

We now have the tools to prove Theorem 1.4, but first we need the following lemma.
Lemma 3.8. Any semitoric helix of complexity ¢ > 2 includes the vector (é) or its negative.

Proof. We will show that this vector is in every minimal semitoric helix of complexity ¢ > 2, and since every semitoric helix
can be produced by a sequence of blowups on a minimal semitoric helix and blowups do not remove vectors from the helix
or change the complexity, the result will follow.

Since ¢ > 2 the only possible types for minimal models are types (4)-(7). By Theorem 3.6 we see that (4), (5), and (6)
include the required vector. Helices of type (7) include the required vector by Corollary 3.7. O

Proof of Theorem 1.4. Suppose that (M, w, F = (J, H)) is a compact symplectic semitoric manifold with ¢ > 2 focus-focus
points and that ] achieves its maximum and minimum at a single point each. This means that F(M) does not include as
its boundary a vertical line segment, which in turn, since a straightening map cannot produce a vertical wall, implies that
hlx(M, w, F) does not include a vector on the x-axis.

Lemma 3.8 states that if c > 2 then hlx(M, w, F) includes a vector on the x-axis, so this case cannot occur. Otherwise,
¢ = 2. Since blowups do not change the complexity, Theorem 3.6 implies that hlx(M, w, F) can be obtained from a minimal
semitoric helix of either type (2) or type (7) by a sequence of blowups. By Corollary 3.7 any helix of type (7) includes a vector
on the x-axis and thus any blowup of a helix of type (7) must also include such a vector. Thus, this case cannot occur.

Suppose that hlx(M, w, F) can be obtained from a minimal helix of type (2) via a nonzero number of blowups. There are
two distinct blowups which can be performed on a minimal helix of type (2), adding either the vector

0-()-()

or the vector

()+()-0)

In either case a vector on the x-axis is including in the resulting helix, so this case cannot occur either. The only remaining
case is that (M, w, F) is minimal of type (2). O

3.4. Arepresentative example of Theorem 3.6

Suppose that 3 = (d, c, [{vi}icz]) is @ minimal semitoric helix of length d > 4. By Corollary 3.7, K is of type (7) and the
representative {v;};cz can be chosen to satisfy vg = —wv,. Then K is determined by its complexity ¢ and the basis (vq, v1)
of 72.

Let I have complexity c = 2 and

o= (@) mon=(3)

Next we compute H. Define Ay := [vg, v1], which means that Ay = ST2ST? in terms of the generators S, T. Define
Ai = [vj,viyq1] fori € Z and notice that det(v;, viy1) = det(viy1, virz) = 1 implies that there exists some a; € Z so
that

[Vit1, Vigz] = [vi, Vit1] (? a})
which means that A; = A;ST% for all i € Z. Then,
Ad =si,2) Ad—1ST¥"1 =g1,(z) AgST®ST¥-2 . ST%-1
and since % is of length d and complexity 2, A; = T?Ao. Thus T?Ag =s1,(z) AoST® .. .ST%-1 which implies

ST ...ST%1 =gz Ay ' T?A,. (3.7)
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Our goal is now to recover dag, . . ., Qg_1. Let 0=z,7ST% ... ST%-1, Lifting Eq. (3.7) to the group G yields

o =¢S*A, ' T?Ao, (3.8)

for some choice of k € Z. The fact that the vectors vy, ..., v4_1 in the semitoric helix are arranged in counter-clockwise
order forces k = 1 by Proposition 3.3.
By substituting for Ag and using the relations of G on Eq. (3.8) we see that

o =¢ SHST?ST?) 1 T2(ST?ST?) =¢ S®T~'STST3ST?ST?
and by taking the standard form of both sides of this equality we have

G =14,, T 'ST?ST3ST?ST?. (3.9)

From this we deduce W(o) — W(5) = 13 — -+ = 1 which means that o can be reduced to & by a substitution of either

52=PSL2(Z)I or STﬁnS=p5L2(Z)(TST )n

combined with several applications of the blowdown operation, STS =psy,(z) T~'ST~!. This comes from observing that
s? =psi,(z) | and ST™"S =psy,(z) (IST)" each reduce the winding number by % and the proof of Theorem 3.5, which uses an
algorithm consisting of these three reductions to put an element of PSL,(Z) in standard form.

To finish, we recall that 3 is minimal, so it does not admit a blowdown. This means ¢ may be obtained from & by a
sequence of blowups followed by either the addition of a S? term or the replacement of (TST)" by ST™"S for some n > 0. By
examining the form of & in Eq. (3.9) we see the requirement that a; = 0 forces the addition of S? at the front of the word and
the requirement that a; # 1 for all i implies that no blowups may be performed before adding S? to the front which forces
0=2,zS°T1ST2ST3ST?ST?. Thusd = 7anday = 0,a; = —1,a, = 2,03 = 2, a, = 3, as = 2, g = 2. Since we were given
vo and v, these values determine # by the recurrence relation Eq. (5.1). An image of the first seven vectors in this helix is
given in Fig. 3.

3.5. Relationship to [12]

The present paper uses the results of the paper by the same authors [12] in Section 2.5 and the proof of Lemma 6.3.
However, the tools from [ 12] are suited to study a different problem than the one the present paper concerns. Indeed, in [12]
we introduce the semitoric fan, which is a set of vectors in Z? associated to a given semitoric manifold, but it is not the same
as the semitoric helix. The semitoric fan can be obtained as the inwards pointing normal vectors of the semitoric polygon
(see Section 4.2). In [12] we discuss/introduce:

The relationship between vectors in Z? for which consecutive vectors form a basis to sequences of matrices in SLy(Z);
The presentation of the preimage of SL,(Z) in the universal cover of SL,(R);

The winding number;

The algebraic formulation of a blowup in terms of the matrices S and T;

A few basic tools such as [12, Lemma 3.8] (which we state in the present paper as Lemma 6.3).

The semitoric fan is not suited to study minimal models and blowups/downs for several reasons. For instance, performing
ablowdown on an edge which passes over a focus—focus point affects the fan in a very complicated way, despite the fact that
the presence of a distant focus-focus point does not affect the symplectic geometry of the blowdown. Also, the presence of
focus-focus points affects the relationship between adjacent vectors, and if all of these effects are moved to the end of the list
of vectors (as is done in [ 12]) there is an asymmetry in choosing which vector represents the end of the list, and changing the
end vectors can be complicated. For these and related reasons we introduce the helix is the present paper, which changes in a
simple, uniform way with respect to all blowups and blowdowns, and can be used to investigate the more delicate situation of
finding minimal models. Additionally, while changing the end of a semitoric fan can be complicated, the analogous operation
for a semitoric helix (changing which vector is vg) is simple: it is just translating the indices on the {v;}. In order to classify
semitoric minimal models, we build upon the existing techniques from [12] but need to refine them in several ways:

1. We introduce the notion of a helix as a more symmetric geometric notion (Proposition 3.1);

2. We improve the correspondence to an exact correspondence between helices and certain algebraic structures
(Proposition 3.3);

3. We introduce the notion of the minimal representation of an element of SL,(Z) and prove Theorem 3.5, which states
that such a representation always exists and is unique.

Items (1), (2), and (3) above are precisely what we need to classify minimal helices in Theorem 3.6. Items (1) and (2) allow
us to translate questions about semitoric manifolds directly to questions about specific words in SL,(Z), and item (3) helps
us to understand the form of the words which correspond to minimal semitoric manifolds.
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4. The semitoric helix

In this section we give the details of the construction of the semitoric helix and prove Proposition 3.1. To do this, we need
the following result of Vii Ngoc, adapted slightly to fit the present situation.

Theorem 4.1 (Follows from [7, Theorem 3.8]). If (M, w, F)is a symplectic semitoric manifold and U C F(M) is simply connected,
open as a subset of F(M), and contains no values of focus—focus points of F then there exists a smooth function f : R? — R? such
that f o F is a momentum map for a Hamiltonian T2-action on F~(U) and f fixes the first component, i.e. there exists a function
f@ : R? — Rsuch that f(x,y) = (x, f@(x, y)).

Such a function f : R? — R? is known as a straightening map for the symplectic semitoric manifold (M, w, F).
4.1. Intrinsic construction of the helix

Let (M, w,F = (J, H)) be a compact symplectic semitoric manifold; we will construct the associated semitoric helix,
hlx(M, w, F). The images under F of the elliptic-regular and elliptic-elliptic singular points all lie in the boundary dF(M) and
there are finitely many focus-focus points, whose images lie in the interior int(F(M)) (see [7]). Choose a set U" C F(M) such
that

U’ is open as a subset of F(M);

U’ contains 0F(M);

U’ does not contain the image of any focus-focus point;
U’ has fundamental group Z.

BN =

This is possible because F(M) is simply connected [7, Theorem 3.4] and compact (by assumption). For instance, U’ could
be chosen to be the set of all points in F(M) less than a distance of ¢ from the boundary for a sufficiently small ¢ > 0. Let
£ C F(M) be any line segment starting from a point in F(M) \ U’ and ending outside F(M) which intersects dF(M) in exactly
one connected component and does not include any singular points of maximal rank of F(M). Let U = U’ \ £. We call such a
subset a helix neighborhood for (M, w, F), see the first step of Fig. 1.

By Theorem 4.1 there exists a straightening map f : R?> — R? so that = f o F is the momentum map for a Hamiltonian
T2-action on F~1(U). Thus, f(9F(M) N U) is piecewise linear of finitely many segments each with rational slope, because it
is the image of the elliptic-regular and elliptic-elliptic singular points of (F~!(U), w, 1) and this system has only finitely
many elliptic—elliptic fixed points. Let d € Z be one less than the number of segments so that there are d + 1 segments in

this piecewise linear curve and let vy, ..., vq € Z? be the consecutive primitive vectors normal to these segments facing
towards the interior of f(U), numbered so that vy, ..., vs_; are arranged in counter-clockwise order, as shown in the last
step of Fig. 1.

The relationship between vy and vq is determined by the monodromy from the focus-focus points of the system. In [7]
Vi Ngoc studies the monodromy effect of focus-focus points on toric momentum maps defined on the preimage of the
momentum map image minus a few “cuts” that remove the focus-focus points and keep the set simply connected. The
proof holds for other simply connected sets, such as the set U, and in this case implies that vy = T¢vg because the set U loops
around all ¢ focus-focus points of the system.

Finally, by Definition 2.15 part (3) vy, ..., vg extend to a unique semitoric helix H = (d, c, [{vi}icz]). We say that K is
associated to the given symplectic semitoric manifold (M, w, F).

Now we must show that the semitoric helix constructed in this was is the unique one associated to M. That is, we show the
helix does not depend on the choices of open set U’, line segment £, and straightening map f made during the construction.

Lemma 4.2. There is precisely one semitoric helix associated to each symplectic semitoric manifold.

Proof. Let (M, w, F) be a symplectic semitoric manifold with d elliptic-elliptic points and ¢ focus-focus points. Any semitoric
helix produced from the above construction must have length d and complexity c. Now let %; = (c, d, [{Uf' }iez]) be a semitoric
helix constructed from (M, w, F) as above using a set U, line segment ¢;, and straightening map f; for j = 1, 2. We will show
Hy = Ho.

We may assume that U; = U, by replacing each with U’ = U; N U, and using the restricted straightening maps. Now
U; = U’'\¢; and U, = U’\ £; and, assuming UN¢; # UN¥,, the set UyNU, has two connected components (if UNE; = UN¥,
the remainder of the proof simplifies). Denote these two components by A and B ordered so that vj, ..., v, are the inwards
pointing normal vectors of the boundary of f1(A) and v,} SRTRE v; are the inwards pointing normal vectors of f;(B).

Since A C U forj = 1,2 we see fi|4 o F : F~'(A) — R? is a toric momentum map for j = 1, 2. Thus, by [7, Theorem 3.8]
there exists ks € Z and x4 € R? such that

fila =T 0 fola+ X (4.1)
and similarly there exists kz € Z and xz € R? such that

filg =T o folp + x5. (4.2)
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Thus, v} = T*v2 , , fori=0,... kandv! =Tv? | fori=k-+1,...,d. Now, {v?}icz is equivalent in Z?/~ to {V}}icz
defined by v7 = T*v2 ,_, and thus v! =77 fori=0, ..., kand

1 _ kg, 2 __ TkpT—C,2 _ TkpT—CcT—ks2 __ Tkg—kg—c 2
v = T80 =TT 0 g =TT T i ppdy-ark = T Vi

fori =k, ..., dbecause K, has complexity c. Thus, v} = T)? foralli € Z if kg — ky = c, in which case the proof is complete.

By Eq. (4.1) f; and T*4 differ by a translation on A so f|p = T¢(T* o f5)|5 + xp for some x; € R? because this is precisely
the effect of the monodromy of the set U; N U, encircling all of the ¢ focus-focus points of the system (see [7, Theorem 3.8]).
Combining this with Eq. (4.2) we see that T o T* of, |5 = T*8 o f, |5 + xj for some x;; € R? and thus ks — ks = c as desired. O

Now we can prove the first part of Proposition 3.1.

Lemma 4.3. Suppose that (M, o, F) and (M’, o', F") are isomorphic as symplectic semitoric manifolds. Then hix(M, w, F) =
hix(M', o', F').

Proof. Let (M, w, F) and (M’, ', F") be symplectic semitoric manifolds and let ¢ : M — M’ be a semitoric isomorphism,
so there exists a smooth map f : R? — R with #/ay # 0 such that ¢*F' = (J, f(J, H)). This implies they must each have
the same number of focus—focus points and elliptic-elliptic points. Let d € Z be the number of elliptic-elliptic points and
let ¢ € Z be the number of focus-focus points. Let U C F'(M’) be a helix neighborhood for (M’, «’, F"), which is to say it
is an open subset that can be used to construct the helix associated to (M’, @', F’) as is done above, and let g : R> — R
be a straightening map for U. This means there exists some g?) : R* — R such that g(x,y) = (x,g®(x,y))andg o Fisa
toric momentum map on F~!(U). The semitoric helix associated to (M’, o', F') is #' = (d, c, [{vi}icz]) where vy, . .., v4_1
are the inwards pointing normal vectors of the piecewise linear boundary of g(U) and v; fori < 0 and i > d is determined
by Definition 2.15 part (3) from the other vectors and the complexity.
The map ¢ descends to the map ¢ : F(M) — F'(M’) given by ¢(x, y) = (x, f(x, y)) so the following diagram commutes:

MLM/

Pl b

FM) —2 Fav)

The set?ﬁ“(U) is a helix neighborhood for (M, w, F).Letg = go?ﬁ and notice thatg is a straightening map for?ﬁ‘](U) C E(M).
Indeed, g clearly preserves the first component (it is the composition of maps which preserve the first component) and the
second component of § o F : M — R, which is g@(J, f(J, H)), has 27 -periodic Hamiltonian flow because g?)(J, f(J, H)) =
¢*(g@(J’, H")), ¢ is a symplectomorphism, and g is a straightening map for (M’, &', F') so g?)(J', H') has 27 -periodic flow.
The inwards pointing normal vectors of the piecewise linear portion of the boundary of g(¢~1(U)) generate the helix for
(M, w, F), which we denote . Thus, X = H’ because g(¢~(U)) = g(U), and since the helix constructed in this way is
unique by Lemma 4.2 the helix for (M, w, F) agrees with the helix for (M’, o', F’). O

The following result shows that to classify minimal semitoric manifolds it is sufficient to classify minimal semitoric
helices.

Lemma 4.4. Let (M, w, F) be a symplectic semitoric manifold with associated helix hIx(M, w, F). The symplectic semitoric
manifold (M’, ', F') can be obtained from (M, w, F) by a blowup if and only if the associated helix hlx(M, w, F) can be obtained
from hIx(M, w, F) by a blowup of semitoric helices. Moreover, (M’, «’, F') can be obtained from (M, w, F) by a blowdown if and
only if the associated helix hIx(M', ', F") can be obtained from hlx(M, w, F) by a blowdown of semitoric helices.

Proof. The helix is obtained as the inwards pointing normal vectors on the image of a toric momentum map on a subset of
M, and the blowups we have defined are those which produce toric blowups with respect to this momentum map. Thus, the
correspondence between toric blowups/downs of toric manifolds and blowups/downs of toric fans implies the result. O

To prove the remaining part of Proposition 3.1, that each possible semitoric helix is associated to some symplectic
semitoric manifold, we need to invoke the classification of symplectic semitoric manifolds, particularly the semitoric polygon
invariant.

4.2. Delzant semitoric polygons

Here we quickly review the definition of a Delzant semitoric polygon from [5] so we can explain the relationship between
semitoric polygons and the semitoric helix.

Let 7 : R> — R denote projection onto the first component and for any A € R let £, = 7~'(1). A weighted polygon of
complexity ¢ € Z is a triple A, = (A, (Kkj)].c:l, (ej)J?:l) where

1. A C R?is a convex, closed (possibly non-compact), rational polygon;



D.M. Kane et al. / Journal of Geometry and Physics 125 (2018) 49-74 63

2. g efXl}forj=1,...,¢
3. Ajeint(m(A))forj=1,...,c
4. h <Ay <--- <A

Let G, = {£1}¢ and § = {(T*)¥ : k € Z} where T! is the transpose of the matrix T given in Eq. (2.1). Given k € Z and any
vertical line ¢ = ¢;, A € R, define tf : R — R? by

k _ ), X< A
tex.y) = {(x, k(x —A)+y), x> A

and for il = (uj)]?:1 e Zfand A = (Aj)f_1 eRlett;; = tf: 0---0 tl”f . The group G, x G acts on a weighted polygon by

((6]{);=1, (Tt)k) (A (ekj i=1> (e])] 1) (ﬁj O(Tt)k( A), (ij)j 19 (6161)] 1)

where i = ((fréjéj)/z)j:]. A weighted polygon is called admissible if this action of G. x § preserves its convexity. Let

WPolyg, (R?) denote the set of all admissible weighted polygons of complexity ¢ € Z-. An element of WPolyg.(R?) / G, x §
is known as a semitoric polygon.

Let A, = (A, (ZA] )j 1 (g ) 1) be a weighted polygon of complexity ¢ € Z3o. Let p € A be a vertex and let v, w € 72
be the inwards pointing normal vectors to the edges adjacent to p of minimal length ordered so that det(v, w) > 0. Such
vectors exist because A is rational. The vertex p satisfies:

1. the Delzant condition if det(v, w) = 1;
2. the hidden Delzant condition if det(Tv, w) = 1;
3. the fake condition if det(Tv, w) =0

Let
IPA ={(x.y):x € (A), y = sup{yo € R: (x,y0) € A}
denote the top boundary of A.

Definition 4.5 ([5]). Let [A,] € WPolyg.(R?)/ G. x § be a semitoric polygon and suppose that A,, is a representative of the
form A, = (A4, (¢;))i=,, (+1)ji_;). Then [A, ] is a Delzant semitoric polygon if

1. AN, is either compact or empty for all A € R;

2. each point in 8P A N ¢, satisfies either the hidden Delzant or fake condition, and is hence known as a hidden or fake
corner, respectively, forj=1,...,c;

3. all other vertices of A satisfy the Delzant condition and are known as Delzant corners.

We say [A,,] is compact whenever A is compact for one, and hence all, representatives.

Every symplectic semitoric manifold determines a Delzant semitoric polygon [5,7], which is compact if the manifold is
compact.

4.3. Construction of the helix from the polygon invariant

The helix can also be constructed from the Vii Ngoc polygon associated to the symplectic semitoric manifold [7]. Here we
give a brief outline of that construction, shown in Fig. 4. Let (M, w, F) be a compact symplectic semitoric manifold.

Step 1: Construct polygon: Associated to (M, w, F) is a semitoric polygon

[Aw] :[( (ZAJ)J 1»( )J 1)]

as in [7, Theorem 3.9] and described above in Section 4.2.

Step 2: Construct semitoric fan: A is rational, so take the collection of inwards pointing integer normal vectors wy, ...,
wm—1 of minimal length to its edges (this is known as a semitoric fan, see [12]). These can be chosen so that the
corner between w;,_1 and wyq is not on any of the vertical lines ekj;

Step 3: Correct for monodromy effect: Each consecutive pair of vectors (wj, wj;1) is labeled as either fake, hidden, or
Delzant depending on the type of corner of A it corresponds to. For each j such that (wj, wj) is either hidden or
fake replace wj;1, ..., wpn—1 by

ij+1, ceey Twm,1.

Label the new list of vectors wy, ..., w; _;;
Step 4: Remove repeated vectors: Now each pair (w;, w; +1 ) either satisfies det(w;, w; +]) = Torw; = wj - For eachj such
that w = wJ 1 remove wJ 41 from the list and when all repeated vectors are removed denote the remaining vectors

by vg, ..., v4_1. Notice det(v;, vi;1) = 1foralli=0,...,d — 2;
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Step 5: Extend to helix: By condition 3. of Definition 2.15 there exists a unique helix of length d and complexity c (the
number of focus—focus points of the original symplectic semitoric manifold) with the given vy, ..., v4_1 from the

previous step.

Remark 4.6. Let [(4, ({5, €, kj)]?:l )] be a compact semitoric polygon which has no hidden corners and such that all of the

fake corners are consecutive (while traversing the boundary of A) and let vy, ..., vg_1 be the primitive integral inwards
pointing normal vectors to every edge of A which is adjacent to at least one Delzant corner. The associated semitoric helix
is the unique helix of length d and complexity ¢ with the given vy, ..., v4_1. ©

Remark 4.7. Lemma 4.3, which states that the semitoric helix is a well-defined invariant of semitoric manifolds, also
follows from the fact that the semitoric polygon invariant is an invariant of the semitoric isomorphism type and the above
construction of the helix from the semitoric polygon, but we have chosen to prove Lemma 4.3 in a way which is independent
of the existence of the semitoric polygon invariant. ©

Remark 4.8. In [16] the authors make use of what they call the defining set to classify minimal almost toric 4-manifolds
whose base is a disk. An almost toric 4-manifold is a symplectic manifold with a singular Lagrangian fibration for which all
singularities are nondegenerate and of elliptic, elliptic-elliptic, or focus—focus type. In contrast to semitoric manifolds there
is no assumption of a global S'-action. To produce the defining set a nodal trade is performed on each elliptic-elliptic fixed
point, which means that it is replaced by a focus—focus point by changing the fibration (but not the symplectomorphism type
of the symplectic manifold). After removing all of the elliptic-elliptic points in this way an affine immersion is constructed
from the base of the fibration minus a set of branch curves (curves that connect the images of the focus—focus points to the
boundary) into R? and the defining set is the inwards pointing normal vectors of the resulting image (see [16] for more
details). This is similar to the construction of the semitoric helix but there are two main differences here. First, the defining
set contains no information about the relative number of elliptic-elliptic and focus-focus singular points, since it does not
distinguish between them, while the semitoric helix does. This is because in [ 16] they are only interested in classifying the
diffeomorphism type of the manifold. Second, the defining set is only defined up to the action of GL(2, Z), since there is no
preference for any particular direction, unlike in the semitoric case. Thinking of a semitoric manifold as an example of an
almost toric manifold the defining set can be recovered from the semitoric polygon by taking the inwards pointing normal
vectors, and since a given semitoric helix is related to only a finite number of semitoric polygons the helix determines a set
of possible related defining sets. ¢

4.4. Surjectivity of the helix map

Lemma 4.9. Given any semitoric helix I there exists a symplectic semitoric manifold (M, w, F) such that hIx(M, o, F) = 3.

Proof. Let 3 = (d, c, [{vi}icz]) be a semitoric helix. Define a collection of vectors wy, . . ., wayc by w; = vifori =0, ...,d—1
and w; = T=%1yy_; fori =d, ..., d+ c. Then det(w;, wiy1) = 1fori=0,...,d — 1, det(Tw;, wir1) = det(Tw;, Tw;) =0
fori =d,...,d+ c— 1,and wg = wy,. by the periodicity requirement on the helix H. The vectors wy, ..., Wgic_1 are

arranged counter-clockwise so there exists a polygon A C R? with d 4 ¢ edges which has these as inwards pointing normal
vectors. The polygon A has d Delzant corners c¢ fake corners, and since T does not change the y-value of a vector we see that
either all of the fake corners are on the top boundary of A or all of the fake corners are on the bottom boundary of A. Let A;
be the horizontal position of the ith fake corner and we may number these so that A; < A, < --- < A since each vertical
line intersects the top and bottom boundaries at most once each. If the fake corners are on the top boundary let ¢; = +1 for
j=1,...,candotherwise let¢; = —1forj = 1,...,c.Then, A, = [(4, (&3, )]?:1, (ej)j?:l)] is a Delzant semitoric polygon
with associated semitoric helix . By [5, Theorem 4.6] there exists a symplectic semitoric manifold with [A,,] as its semitoric

polygon. O

Remark 4.10. Lemma 4.9 shows that the map hlx : 8s; — 8y is surjective by producing a right inverse, but this map is
not injective. In terms of the Pelayo-Vii Ngoc invariants this is because the helix does not encode any information about the
Taylor series invariant, the volume invariant, the twisting index, the horizontal position of the focus-focus points, or the
lengths of the edges of the semitoric polygon. <

4.5. Helix of the coupled angular momenta

The semitoric helix associated to the coupled angular momenta system (described in Section 2.3) can be recovered from
the polygons as described in Section 4.3. The helix is represented by the three vectors

a= (D)= ()= (%)
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and is minimal of type (3) from Theorem 3.6 with k = 1. This is shown in Fig. 5. Since the system has only one focus-focus
point, the helix can be obtained as the inwards pointing normal vectors of the semitoric polygon computed in [13], where
vp is chosen to be the inwards pointing normal vector of an edge adjacent to the fake corner produced by the focus-focus
point. This is because in systems with one focus—focus point the same toric momentum map that produces the semitoric
polygon also works for the construction of the semitoric helix, as described in Section 4.1 (see Remark 4.6).

5. Semitoric helices and SL,(Z)

In this Section we prove Proposition 3.3, which is the tool we use to translate questions about semitoric helices into
questions about words on letters S and T.

Lemma 5.1. Given any semitoric helix 3 = (d, c, [{vi}icz]) there exists a list of integers (aq, .. ., aq_1) € Z% such that
QimoddVit1 = Vi + Vit2 (5.1)
for alli € Z. Furthermore, given vy, vy, and (ao, . . ., ag_1) the helix can be recovered.

Proof. Let H = (d, c, [{vi}icz]). Let A; = [v;, vi+1] and write viy, in the (v;, viyq) basis as viy o = bjv; + ajviyq, for a;, b; € Z.
Thus,

0 b
Ai <1 a:) :AH—]

and since A;, Ai+1 € SLy(Z) we see the determinant of each side is 1 so b; = —1 and vj;5 + v; = a;v;41 as desired. Conversely,
given vg, vy and (ay, . . ., ag—1) the helix can be recovered by using the recurrence relation Eq. (5.1). O
Definition 5.2. The (ag, ..., a4_1) € Z? in Lemma 5.1 are the associated integers to .

—~—

Recall SL,(R) denotes the universal cover of SL,(R) with base point at the identity, so « € sz\(ﬁ) is a continuous map
a : [0,1] — SLy(R) satisfying «(0) = I. The group G (Dg@ion 2.11) is isomorphic to the preimage of SL;(Z) in SLy(R)
[12, Proposition 3.7] via the homomorphism p : G — SLy(Z) generated by its action on S and T given in Eq. (2.2). The
operation in G is concatenation of paths. If ¢, 8 € SL,(R) then «, 8 : [0, 1] — SL,(R) and we define o8 € SL,(R) by

a(2t), 0t

wpe = {a(l)ﬂ(Zf -1, l2<t<1

That is, the path af is obtained by traveling first along the path « and then along the path produced by multiplying each
element of the path 8 on the left by «(1). It turns out that the path produced by traveling first along 8 and then along «
multiplied on the right by (1) is homotopic to « 8. The next result follows from the fact that the fundamental group of a
topological group is abelian (see [26, Section 3.C, Exercise 5]), but we prove it here for completeness.

—~

Lemma 5.3. If «, B € SLy(R) then the paths in SL,(R) from I to «(1)B(1) given by

_ (B, 0<t<tp
volt) = {a(Zt — 1B, a<t<1

and

(0) [a(Zt), 0<t< 2
1

aBRt—1), 2<t<1

are homotopic.

Proof. A continuous homotopy between them is given by

a(2t), 0<t<sp
1+s
yl(t) = {BRE =), << ——
1+s
@2t - DB(1), o <<

for 0 < s < 1, which is shown in Fig. 6. Indeed, y; is continuous because ys(5/2) = «(s) since (0) = I and y,((1+s)/2) =
a(s)B(1). It is left to the reader to check that it is a homotopy from 4 to yy. O
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a(s)pf 1—s el
S0 ($)3(1) . 30
I H/—/a(s) a(l)

S

Fig. 6. The homotopy from the proof of Lemma 5.3. A point (x, y) in the above plane represents «(x)B8(y) € SLy(R).

Recall the map pr : SLy(R) — (R?)*, where (R?)* = R? \ {(0, 0)}, given by pr([vq, v2]) = v;. Since m;(SLy(R)) =
m((R?*)*) = Z and

. cos(2wt) —sin(2mwt)\ _ (cos(2mt)
Pt sin(27t) cos@2rt) ) = \sin(2rt)
for 0 < t < 1 we see pr sends a generator of 71(SL,(R)) to a generator of 71((R?)*), so pr* : m1(SLy(R)) — m1((R?)*) is an
isomorphism.

Definition 5.4. Let 6 : (R?)* — [0, 277) be the usual angle coordinate from polar coordinates on R? and let Ry : R? — R?
be rotation by the angle ¢ € [0, 27r). We say a path y : [0, 1] — (R?)* travels counter-clockwise at most one full rotation if
there exists some ¢ € [0, 27 ) such that t — 6(Rg(y(t))) is an increasing function for t € (0, 1).

Lemma 5.5. Let 3 = (d, c, [{vi}icz]) be a semitoric helix with associated integers (ay, . .., az_1) and let Ag = [vg, v1].If 0 € G
is given by

0 =¢ST% .. ST%1
then pr(Ao p(o)) is homotopic to a path from vg to vq_1 which travels counter-clockwise at most one full rotation.
Proof. Let A; = [v;, viy1]for 1 <i < d— 1andrecall A; = A;_1ST%-1. Thus,

pr(Ai_1 p(ST%1))

is a path from v; to v;;1 which is homotopic to
Tt . Tt Tt
cos | — —sin{ — ) + ta;_icos | —
< 2 > ( 2 ) ( 2 ) wt . (7t
=cos| — Jvicg+sin| — v
. wt mt . mwt 2
sSin 7 COoS 7 + tai,asln 7

2
for 0 < t < 1. The path y; travels only counter-clockwise at most one full rotation from v;_; to v; so the composition
of paths y1, ..., y4—1 travels counter-clockwise from vg to vg_;. The result follows because vy, ..., v4_1 are arranged in
counter-clockwise order. O

vi(t) =pr | Ai_q

Lemma 5.6. If the integers (ag, . .., aq_1) € Z¢ are associated to a semitoric helix of complexity ¢ > 0 then

ST .. ST%-1 = §4X~1T°X (5.2)
forsome X € G. If 3 = (d, c, [{vi}iez]) is a semitoric helix with associated integers (ay, . .., a4_1) then Ay = [vo, v1] satisfies
X =¢ Aop.

Proof. Let A; = [v;, vi;1]. By Lemma 5.1 and the fact that

0 -1\ _ g
(1 a,'>_ST

we find that Aiyq =si,(z) AiST® for all i € Z. We conclude that
Ad =SLy(7) AoSTaO o STad*l
and since T°Ag =s1,(z) Aq this implies that

ST ... ST%-1 = 2y Ay ' T Ao.
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Since S* generates the kernel of the projection G — SL,(Z) we have that
ST ... ST%-1 =; S*A T Ay

for some k € Z. This is because S? is in the center of SL,(Z) and when reducing an element of SL,(Z) we can assume that the
relation $4 =s1,(z) | is not used until the last step. Rearranging we have

AgST® .. STU-1A 1T~ = 5%, (5.3)

To complete the proof we must only show that k = 1in Eq. (5.3).
Let o, n € G be given by

0 =cST®...ST%1 and n=cAg0 A, 'T"*

so Eq. (5.3) becomes 1 =¢ §*. Since W(S*) = k, it is sufficient to show that W(n) = 1. Recall 771(SL,(R)) is abelian so the
class of a loop is well-defined without fixing the basepoint. By Lemma 2.14, n=sp,(z) implies that W(n) = wind(o(n)). By
Lemma 5.3 p(n) is homotopic to

Ay (4L, 0<t<Va
(p(o))(4t — 1))Aa ! a<t<1p

(p'(m)(6) = oA ((p(T_C))(4f - 2)), V2 <t <3a

<(,0(A0))(4t - 3)>(7A51T", 3a<t <1,
Let yp : [0, 1] — SLy(R) be the path from Aal to itself given by

((p(o))(zr))AaH 0<t<1
yo(t) = (5.4)

ohy! ((p(r—f))(Zr - 1)), a<t <.

The paths y and p’(n) are homotopic via the homotopy

(5N 0<t<s
((ﬂ(ﬂ))(fiﬁ))m Ya<t<f2
(olm) () = 2 -
GAol((p(T‘C))(z_s)) 2 <t < 45
at+s—4\ . 4-
e

for 0 < s < 1 where y; is defined as above. Thus, to complete the proof we only must show wind(yy) = 1 where yy is as
in Eq. (5.4). By Lemma 5.5, the path

PT<P(U)(2('))) 1[0, 1/2] — (R?)*
is homotopic to a path which travels counter-clockwise at most one full rotation. The path
pr(UAal p(T~)2() — 1)) D12, 1] > (R,
travels only counter-clockwise and cannot cross the line {y = 0}, so it completes at most one half-rotation. Since

aAalT*C =s1,(2) Aal, the path yp thus circles the origin an integer number of times, so we conclude that wind(pr(y,)) =
wind(yp) = 1. This completes the proof. (See Fig. 7) O

5.1. Correspondence between helices and lists of integers

Proof (Proof of Proposition 3.3). Let X = (d,c, [{vi}icz]) be a semitoric helix. The existence of associated integers
(o, . .., a4_1) € Z4 as in Definition 5.2 is guaranteed by Lemma 5.1.
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Agt = o AT

-1
oAy

I = Ay Ay' T~

Fig. 7. The loop p(n) from the proof of Lemma 5.6, which has winding number 1.

One direction of part (1) follows from Lemma 5.6. To prove the other direction suppose (dy, ..., aqs_1) € Z¢ is a list of
integers satisfying

ST ... ST%-1 =-S*X~'T~°X

for some ¢ € Z.g. Let Ag € SL,(Z) be any matrix satisfying X =g, (z) Ao and define vg, v1 € 7? so that Ay = [vo, v1]. Then

define vy, ..., v4_1 by v; = aj_pvi_1 — vi_p fori = 2,...,d — 1. Use the relationship v;; 4 = T v; to extend v, ..., V4_1
to {vi}iez. Since W(ST% ...ST%-1) = 1, the vectors v, ..., vg_1 are in counter-clockwise order and by construction
det(v;, viy1) = 1foralli € Z, so [{v;}icz] is a semitoric helix with the prescribed associated integers.

Next we prove part (2). Let (ao, . .., a4_1) € Z° be associated integers for 3 = (d, c, [{vi}icz]) defined so that gjv;; =

vi + vy and let {wilicz € [{viliez]. By Definition 2.15 there exists some k, £ € Z such that v; = T*wj,, for alli € Z so
a;vit1 = V; + vij implies that a;wit14¢ = Wiy + Wit24¢ and, denoting a; := djmodd, this implies that a;_,wiy1 = w; + wipo.
Thus, the associated integers for {w;}icz are given by (a_,, a;_, ..., ag_1_) which agrees with those integers for {v;}icz up
to cyclic permutation, as desired.

Finally, we prove part (3). If 3¢ and 3’ satisfy 5 = +3’ then they have the same associated integers since those integers
are defined by a linear equation, Eq. (5.1), which is invariant under the action of —I.

Conversely, suppose that H = (d, c, [{vi}iez]) and H' = (d, ¢, [{v}icz]) are semitoric helices of the same length,
complexity, and associated integers. Let Ag = [vg, v1] and Aj = [vy, v{] and let ay, ..., ag_; be the common associated
integers. Then

ST ... ST%1 =g ;) Ay 'T A and ST ... ST%-1 =g . (A7) 'T(Ap)

s0 Ay ' T¢Ao =s1,(z) (Ay) ™1 T¢(Ap). Thus AjA; ' commutes with T¢, so AjA; ' =s1,(z) £ T for some k € Z, and so we may assume
Ao =s1,(z) A because Tk is already included in the equivalence relation on helices. Finally, vy = +vj and vy = Fv] implies
v; = +v] by Eq.(5.1). O

6. Standard form in PSL;(Z) and the winding number
This section is devoted to proving Theorem 3.5. We start with several lemmas.
Lemma 6.1. If 0 € Z * Z is S-positive and o =psi,(z) | then W(o') > 0 where W(o') = 0 if and only if o is the empty word.

Proof. If o is the empty word then W(o) = 0 and the claim holds. Assume o is not the empty word. Since o is S-positive up

to conjugation by T, which does not change W(o ), we may write it as 0=7,;5T% ...ST%~! for some ag, . .., a4_ € Z. We
define a sequence of vectors vy, . .., vi_1 € Z? by choosing any vy, v; € Z* with det(vg, v1) = 1 and defining v,, . .., v4_1
by vy = —vi+avi fori=0,...,d—3.Lety : [0, 1] — (R?)* be a path which connects vy, .. ., v4_; in order and travels

only counter-clockwise. Then, W(o') = wind(y ) and wind(y ) > 0 because y must travel at least once around the origin to
move only counter-clockwise and return to y(0). O

Lemma 6.2. If X € PSL,(Z) then there exists some q € %Z such that w(o) > qforall o € Z*7Z which are S-positive and satisfy
0 =psL,z) X-

Proof. Since S =ps;,(z)S~' every element of PSL,(Z) has an S-positive representation. Fix some S-positive n € Z * Z such
that n :pst(Z)X_l and let ¢ = —W(n). Let o be any S-positive element of Z * Z such that o =pgy,z) X. Now o1 =s1,(z) I, S0
W(on) > 0 by Lemma 6.1. This means W(o) + W(n) > 0 so W(o) > q and the result follows because q does not depend on
the choice of 0. O
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The following is a special case of [ 12, Lemma 3.8], but for the sake of being self-contained and because of the increased
clarity of the argument in this special case, we include the proof here.

Lemma 6.3. Supposed > Oand b, aq, ..., aq_1 € Z are such that

TPST ... ST%-1 =pg, () I. (6.1)
Thend > 1.If d = 2thenag = 0and a; = —b.If d > 2 then a; € {0, =1} forsome 0 <i < d — 2.

Proof. The group PSL,(Z) acts faithfully on the extended real line R U {oo} by T(x) = x + 1, S(x) = ‘71 forx € R\ {0},
T(0) =0, S(0) = 00, T(00) = 00, and S(o0) =

If d = 1, then Eq. (6.1) states that T?ST% =ps1,(z) | which is impossible because TbST%(00) = b # 0.

If d = 2, then, after conjugating by ST, Eq. (6. ]) states that ST@1+bST% =ps,(z) | and evaluation of both sides at infinity
gives S(a; + b) = oo which implies a; = —b. Thus, S2T% =ps1,z) S0 ag = 0.

Finally, supposed > 2 and a; € {0, =1} foralli=0,...,d — 2 Conjugate Eq. (6.1) by ST%-1 to produce

STU-1¥b5T% | ST%-2 —pg 9 1. (6.2)

Lety = ST% . .. ST%-2(00) so Eq. (6.2) implies ST%-17b(y) = co. On the other hand, ST%-2(c0) = 0 and if x € R with |x| < 1
then 0 < |ST¥(x)| < 1 for any integer k ¢ {1, 0}, so
yl = |ST® ...ST%=3(0)| € (0, 1),

and thus

1
STad 1+b - 00,
v)= y+ag1+b a

forming a contradiction. O
Lemma 6.4. ST™"S =psy,(z) (TST)" forn > 0

Proof. First STS =psi,z) T~ 'ST~! implies S =psy,(z) TSTST 50 ST 'S =ps1,(z) TST since S =psi,z)S~'. Now,
ST ™" S=ps1,z)(ST~'S) =pst,(z)(TST)"

forn > 0, and if n = 0 the claim reduces to S? =psi,zy. O

6.1. Standard form for elements of PSL,(Z)

Proof of Theorem 3.5. Let o € Z* Z any S-positive word with o =pgy,(z) X. There are three steps to the reduction algorithm
we will use on o, where Reduction 2 holds by Lemma 6.4. The reductlons are:

Reduction 1 replace S? with I;
Reduction 2 replace ST~ "S with (TST)", for some n > 0;
Reduction 3 replace STS with T~1ST~1;

To reduce the word we iteratively apply Reduction 1, Reduction 2, and Reduction 3 until no more are possible. Each of
these reductions preserves the value of o in PSL,(Z) and recall that the winding number cannot decrease indefinitely by
Lemma 6.2. Reduction 1 and Reduction 2 reduce the winding number while Reduction 3 preserves the winding number but
reduces the number of times S appears in the word, which is bounded below by zero. Thus, this process must terminate and
after the reduction the word will be of the required form. )

Now we will show uniqueness. Suppose that o, n € Z* Z with o =psy,(z) n and 0 =74z TPST . ST%-1, n=7,TV'ST% . .
ST® - 1, where q;, aj > 1fori=0,...,d—2andj = 0,...,d — 2. First assume min(d, d') < 1, and in this case assume
d>d.

Ifd’ = 0 then TP=Y'ST% _ STY-1 =ps1,(z) | which contradicts Lemma 6.3 unless d = 0, in which case Tb=b' =psi,(z)] SO
b="b.1fd = 1then

TP=b'ST% | STU-17%ST0=pg; )]

50 aq—q1 — a; € {0, £1} by Lemma 6.3. Consider the cases ifd > 1.1f az_; — a; = 0 then
TP=b'sTO% | STU-282—pg) ]

which contradicts Lemma 6.3 after replacing S% by I. If ag_; — a, = —1then

TP=b'ST% | STU-28T 1S =pg, )]
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which contradicts Lemma 6.3 after replacing ST 'S by TST. Finally, if ag_; — a, = 1, then

TP=Y'sT% | STU-271ST " =pg )]
whigh contradicts Lemma 6.3 unless ag_; = 2. This process is repeated to conclude that aqg = - = az_, = 2 so
Tb*”/(STZ)dT1STS =ps,(z) [ which implies T?=0'~1ST =4 =pq; ) I. By Lemma 6.3 this cannot hold. Thus, d = 1, in which case
TP=Y'ST% %S —=pg ()], sob — b’ = 0 and ap — aj = 0 by Lemma 6.3.

Finally, assume d, d’ > 1 and assume that a;_; # a;_], otherwise cancel ST%-1 from both sides. In this case we see that

on ! =psi,z) I implies

TOST® . ST*1 "% 1ST %2 | ST™S =psy s I
and since some power of T must be in {0, £1} by Lemma 6.3, but @;,a; > 1fori =0,...,d —2,j=0,...,d — 2 since

. J
o and n are in standard form, we conclude a1 — a;,_, € {0, &1}. We have assumed a4 1 # a,_, soag 1 — a,_, = %1,

and furthermore we can assume a;_1 — a,_, = 1, otherwise exchange o and 5. Then choose maximal k € Z, such that
Gg—p = 04-3 = -+~ = A4_p—(k—1) = 2. Where k = 0ifag_, # 2.1fk < d — 1 then

o0 =psty @) TPST® . . STU-2-k(ST2)K(STS)T ¢ 2 .. ST~% ST~
LS %sT Y
=psty() TPST ... ST=2k=1§T % > 7*"1  gp—aygp—1',

=psiyy ST ... . ST%-2-k =1 (TSTKST %2

Sinceag_» « — 1> land —a),_, — k — 1 < —1 this expression cannot evaluate to the identity in PSL,(Z) by Lemma 6.3.
Otherwise, k = d — 1, in which case

o1 =pst, 2y T2(ST2) = (STS)T %2 .. ST~%ST
=psi TP (ST ST w271 ST=% ST~
=psi, TP ST w2~ sT=asT Y,

which again cannot evaluate to the identity in PSL,(Z) by Lemma 6.3. This completes the proof of uniqueness.

Lastly, we will show the standard form has minimal winding number. Let X € PSL,(Z) and suppose 1 € Zx*Zis S-positive
with 7 =psy,(z) X. Then  can be reduced to the standard form of X, denoted X € ZxZ, by following the reduction algorithm at
the beginning of the proof. Since each of Reduction 1-Reduction 3 in the algorithm either preserves or reduces the winding
number, W(X) < W(n). O

7. Minimal models of semitoric helices
The purpose of this section is to prove Theorem 3.6.
7.1. Standard forms and the winding number
Recall that given any X € PSL,(Z) we denote by X € Z x Z the standard form of X, as given in Theorem 3.5.

Lemma 7.1. If X € PSLy(Z) \ {T*}xez, then

W)+ WET) = .

Proof. Write X = T°ST“% ... ST%-1 and since X 3 T* for any k € Z, d > 0. Now, W ((X) 1) = —W(X) where
(X) ' =517 %1, s 51T,

We will reduce (_)71 to standard form using the reduction steps in the proof of Theorem 3.5 and keep track of the winding
number. Replacing each S~! by S increases the winding number by 4/2. Now replace each ST~%S with (TST)% for each even
index i which at most increases the odd indexed powers of T by 2. Since each a; > 2fori = 0, ..., d—2 we do the replacement
ST~4%+25 = (TST)%~2 forodd 0 < i < d— 3 and the replacement ST~%*1S = (TST)%~! fori = 1and the highest odd i < d—2.
Thus we have now used ST™"S = (TST)", for varying values of n > 0, a total of d — 1 times decreasing W by /2 each time.
The word produced in this way is now in standard form so it is equal to X~ and

wEr) =-wE)+ 9T w4 !

2 2 2

as desired. O
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We can now prove that in many cases the first power of T in X and the last power of T in X~ must sum to 1.

Lemma 7.2. For X € PSL,(Z) write
X=7,zTPST® . ST%-1 and X~ '=7,, T ST% .. ST 01
Then
a1 +b =dy_+b=0
if X =psi,(z) T*ST? or X =PpSLy(z T forsomek, a € Z, and
a1 +b =d,_+b=1
otherwise.

Proof. The cases of X =ps,(z "ST“ and X =psi,(z) Tk are easily checked. Suppose X is not of that form. Since X - X-1X =s1,z) |

by Lemma 6.3 some power ofT that is not at the front or end of the word must be —1, 1, or 0. Since X and X~ are in standard
form, X #ps, 2y T kST4, and X Fpsiy(z) T this means that a,_,+be{£1,0}.

lfad, ; +b=0then $2 is a subword of X—' X which can be replaced by I and ifa), | 4+ b = —1 then ST 1S is a subword
of X="X which can be replaced by TST. In either case this means that W (X~X) < W(X~') + W(X) — 1 = 0 where the
last equality is by Lemma 7.1. By Lemma 6.1 W(X X) > 0 with equality only when X = I. Since X ;é I we must have

a,_, + b = 1. The same analysis on X X—1implies thatag_1 +b =1. O

Lemma 7.3. Let X € PSLy(Z) and ¢ € Z-o. Then X—'T<X =¢ X~1TX and in particular W(X—1T<X) = W(X~'TX).

Proof. If X =pgi,(z T for some k € Z then X~ 1TCX_Z 72X~ X-1T¢ X=2.2TC so the result holds. If X =PpSL,(2) T*ST? for some

k,a € 7Z then there are two cases. If ¢ > 1 then X~1TX=z,,X~ 1T‘X:Z 2TKSTCST—* so the result holds. If c = 1 then
X 1T X =4, T*1ST~*1 while X ~1T°X=7,;T*STST* and the result still holds.
I X #psi,z) T*and X s,y (2 T"ST“ forall k, a € 7, then X—1T¢X is already in standard form for any ¢ > 0 by Lemma 7.2,

SOX 1T X=7,,X"1T°X. O

7.2. Minimal words

Definition 7.4. An S-positive word with no leading T, ST% . ..ST%-1 € Z % Z, is minimal if and only if ap, . .., ag_1 # 1.

Minimal words are those associated to minimal helices.
Lemma 7.5. Suppose o = ST ...ST%-1 € Z x Z is minimal and there exists X € G\ {S”T"}g,kez such that
o =¢S*X1T°X.
Then, after cyclically reordering ao, . . ., aq_1 if necessary, ap < 0 and one of the following hold:

(1) ap = 0 and E:Z*ZTalsTGZ . STCld,1’.
(i) ap < 0 and 5=y, (TST) 0T ST . ST%-1,

Proof. Notice W(o) = W(S*X™'T°X) = 1 — 5 while

W) = W(X-1TX) = W(X~1TX)

WX +wE) - S =L f
12 2 12
by Lemmas 7.3 and 7.1 since X #pgy, 7, T for any k € Z. Thus, W(o') # W(a) so o is not in standard form. This means that
a;j < 1for some fixedj € {0, ...,d — 2} and since o is minimal this implies a; < 0.
If g = O for some j € {0, ...,d — 2} then reorder so qg = 0 and ¢ = S?>T%ST% .. ST%-1, Notice that n =
T%ST% .. ST%-1 satisfies 1 =psi,(z) 0 SO =z.z0 and also notice W(n) = W(o ) 1/2 = W(o). All steps in the reduction

algorithm in the proof of Theorem 3.5 reduce the winding number, except for the blowdown STS — T~!ST~!, so the only
possible step to reduce 7 into standard form is a blowdown. For a blowdown to be possible we must have a; = 1 for some
je{1,...,d— 1}, contradicting the minimality of o. Thus, n=z,27 50 T=z.z7.

Otherwise, a; # O forallj € {0, ..., d — 1} so, after cyclically reordering, we may assume ao < 0. In this case let

= (TST)"%T"ST% .. .ST"
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and notice 1’ =psi,(z) 0 SO ' =z.20. Again, W(i') = W(&) so the only possible reduction move would be a blowdown, but if
a blowdown could be performed on 5’ that would contradict the minimality of o, except in the case that a; = 0, which we
have assumed does not occur. Thus, o = . O

Here we classify all words associated to minimal semitoric helices. Recall 8 from Eq. (3.2).

Lemma 7.6 (Classification of Minimal Words). Let 3 be a helix with complexity ¢ > 0. If 3 is minimal then there is an associated
word o € Z * Z which is exactly one of the following, where Ay = [vg, v1] for some {v;}icz such that 3 = (d, c, [{vi}iez]).

Type o €ZxZ c Ao

(1) o=ST'sT c=1 ST = (? :;)

(2) o =ST2sT2 c=2 ST = (? :})

(3) o =S2T9ST~"2 g #1,-3 c=1 ST*!' = (? _;1 1)
4) o = ST-IsT-1sTe! c#£2 1 = (é ?)

(5) o =STOSTST %, a # +1 c#1 ST = (? :;)

6) o=STSTa#1lc-1 c>0 | = (é ?)
(7)o =S%;'TA, c>0 A e s

where a € Z is a parameter.

Proof. Suppose that o0 =z,;ST% . ..ST%-1 is minimal and associated to a semitoric helix 3 of length d and complexity ¢ > 0.
By Lemma 5.6 there exists some X € G such that

o =cS*X7'T°X.

(7.1)

We will proceed by cases on X, and show that in each case that o is one of type (1)-(7) in the statement of the Lemma.

Case I: X =ps,(z) Tk for some k € Z. This implies that

ST% ., ST%—17¢ = g%

and so (a, ..

.,04_2,04_1 — ¢) € Z% are associated to a minimal toric fan. Such words are completely classified in

[12, Lemma 4.8] and we conclude either d = 3 and ap = a; = a; — ¢ = —1, which is minimal only when ¢ # 2, or
d =4and ag = a, = 0, a3 = ¢ — ay, which is minimal only when a # 1, c — 1. Thus o is either of type (4) or (6).

Case Il X Fpgy,(z) Tk forallk € Z.Inlight of Eq.(7.1) apply Lemma 7.5 to o and conclude that, after passing to an equivalent

helix by cyclically permuting,
0=74zST% ... ST%-1
satisfies either

1. ap = 0; or

2. gy #0forallj=0,...,d—1and gy < 0.

If ag = 0 then
o = T"ST% ..  ST%-1

and otherwise

& = (TST)"©T®™ST®% ... ST%1,

By cyclically permuting the a;, which corresponds to conjugating Eq. (7.1) by ST% for various i, we change X, but X # T* still
holds. We now have three further cases on X.

Case Ila: X =psL,(z) TXST? for k, a € Z. First assume ag = 0. If c = 1 then

X 1T X =g,z T4 1ST!

s0 o = S?T~%"1ST*! which is minimal for a # 42 and is of type (3).If ¢ # 1 then

X1TeX = T79ST°ST*

$0 o = S?T~9ST°ST“ which is minimal if a # +1 and is of type (5).
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Now suppose ay # 0. Then
& = (TST)“T“sT% .. ST%"!
andag < 0.1fc = 1theno = T~* ST 'soa = —2 and thus & = (TST)T* so o = ST~'ST~*, which is of type (1).Ifc = 2,
then @ = T~%ST2ST® which meansa = —1and ay = —2 so o = ST~2ST~2, which is of type 2. If ¢ > 2, then & = TSTST*®
which meansa = —1and gy = —1s00 = ST™IST~'ST~!, which is of type (4).
Case I1b: X #ps1, 7 Tk, T*ST? forallk,a € Z and a; # Oforalli = 0,...,d — 1.In this case aqg < 0.If d = 2, then

o = ST%ST% and & = (TST)~%T% which means (TST) % T% =5,,X~1T¢X. Since X~ 'TX starts with TS it must end with S
by Lemma 7.2 so a; = —1.Now W(o ) = 1 — ¢/12 from Eq. (7.1) and

1
W(o)=W(ST ST 1) = 5(7 +n)
son =5 — c and we have

(TSTY T '=2,2X'T°X. (7.2)

The right side of Eq. (7.2) contains T¢*! while the highest power of T on the left side is T2, so ¢ > 0 implies ¢ = 1. Thus we
obtain o = ST~4ST~! and have type (3).
Ifd > 2 then

(TST) 0 T%ST% . ST%-1=,,,X~1T°X
implies that X—1T¢X must end with S by Lemma 7.2, so ag_; = 0 which contradicts our assumption in this case.

Case llc: X #pgi,z) Tk, T*ST“ for all k, a € Z and a; = O for somei € {0, ..., d — 1}. We have already used Lemma 7.5 to
establish that eitherag = O ora; # Oforallj =0, ...,d — 1. Thus, in this case, g = 0 so

o =5% = S’X-1T°X
which is minimal if X does not end with ST and X~ does not begin with TS, and is of type (7). O

7.3. Proof of the main result
We now have all of the tools to prove the main result of the paper.

Proof of Theorem 3.6. Let 3 = (d, c, [{v;}icz]) be a minimal semitoric helix with associated integers (ay, ..., aq_1) € Z°.
Theno = ST% . ..ST%-1 is a minimal word and, passing to an equivalent helix if necessary, we conclude o must be of some
type (1)-(7) in Lemma 7.6. Types (1)-(6) for o in Lemma 7.6 correspond to types (1)—(6) for 3 in Theorem 3.6. Notice these
each have length d < 5.

Otherwise, o must be of type (7), which means there exists some X =¢ Ao, where Ay = [vp, v1] € § and

U:Z*ZSZFTCY.

Since Ag € $ notice that Ag = ST% ...ST%-1 with £ > 2, which implies that o has at least six occurrences of S, so the length
d of 3 satisfiesd > 6.

By Lemma 4.4 minimal helices are exactly those which correspond to minimal semitoric manifolds, so the proof is
complete. O

Acknowledgments

DMK is supported by NSF grant DMS-1553288. AP and JP are supported by NSF grants DMS-1055897 and DMS-1518420.
AP also received support from Severo Ochoa Program at ICMAT in Spain. Part of this work was carried out at Universidad
Complutense de Madrid and ICMAT. Finally, we are thankful to the referee for helpful suggestions.

References

[1] V. Guillemin, S. Sternberg, Convexity properties of the moment mapping, Invent. Math. 67 (1982) 491-513.

[2] M. Atiyah, Convexity and commuting Hamiltonians, Bull. London Math. Soc. 14 (1982) 1-15.

[3] T.Delzant, Hamiltoniens périodiques et image convex de I'application moment, Bull. Soc. Math. France 116 (1988) 315-339.

[4] A. Pelayo, S. Vii Ngoc, Semitoric integrable systems on symplectic 4-manifolds, Invent. Math. 177 (2009) 571-597.

[5] A.Pelayo, S. Vii Ngoc, Constructing integrable systems of semitoric type, Acta Math. 206 (2011) 93-125.

[6] M. Symington, Four dimensions from two in symplectic topology, in: Topology and geometry of manifolds (Athens, GA, 2001), in: Proc. Sympos. Pure
Math., vol. 71, Amer. Math. Soc, Providence, RI, 2003, pp. 153-208.

[7] S.Vii Ngoc, Moment polytopes for symplectic manifolds with monodromy, Adv. Math. 208 (2) (2007) 909-934.

[8] J.J. Duistermaat, On global action-angle coordinates, Comm. Pure Appl. Math. 33 (6) (1980) 687-706.


http://refhub.elsevier.com/S0393-0440(17)30313-3/sb1
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb2
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb3
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb4
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb5
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb6
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb6
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb6
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb7
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb8

74 D.M. Kane et al. / Journal of Geometry and Physics 125 (2018) 49-74

[9] JJ. Duistermaat, A. Pelayo, Reduced phase space and toric variety coordinatizations of Delzant spaces, Math. Proc. Cambridge Philos. Soc. 146 (3) (2009)

695-718.

[10] W. Fulton, Introduction to toric varieties, in: Annals of Mathematics Studies, vol. 131, Princeton University Press, 1993.

[11] T.Oda, Torus embeddings and applications, in: Tata Institute of Fundamental Research Lectures on Mathematics and Physics, vol.57, Tata Institute of
Fundamental Research, Bombay; by Springer-Verlag, Berlin-New York, 1978. Based on joint work with Katsuya Miyake.

[12] D.M.Kane, . Palmer, A. Pelayo, Classifying toric and semitoric fans by lifting equations from SL,(Z), arXiv:150207698.

[13] Y. Le Floch, A. Pelayo, Symplectic geometry and spectral properties of classical and quantum coupled angular momenta, arXiv: 160705419.

[14] D.A. Sadovskii, B.I Zhilinskii, Monodromy, diabolic points, and angular momentum coupling, Phys. Lett. A 256 (4) (1999) 235-244.

[15] Y. Karshon, Periodic Hamiltonian flows on four-dimensional manifolds, Mem. Amer. Math. Soc. 141 (672) (1999) viii+71.

[16] N.C.Leung, M. Symington, Almost toric symplectic four-manifolds, J. Symplectic Geom. 8 (2) (2010) 143-187.

[17] A.Pelayo, AR. Pires, T. Ratiu, S. Sabatini, Moduli spaces of toric manifolds, Geom. Dedicata 169 (2014) 323-341.

[18] J. Palmer, Moduli spaces of semitoric systems, ]. Geom. Phys. 115 (2017) 191-217.

[19] H. Dullin, A. Pelayo, Generating hyperbolic singularities in semitoric systems via Hopf bifurcations, J. Nonlinear Sci. 26 (3) (2016) 787-811.

[20] A. Pelayo, T. Ratiu, S. Vii Ngoc, Fiber connectivity and bifurcation diagrams of almost toric integrable systems, J. Symplectic Geom. 13 (2) (2015)
343-386.

[21] N.T.Zung, Symplectic topology of integrable Hamiltonian systems, I: Arnold-Liouville with singularities, Compos. Math. 101 (2) (1996) 179-215.

[22] L.H. Eliasson, Hamiltonian Systems with Poisson Commuting Integrals (Ph.D. thesis), University of Stockholm, 1984.

[23] J. Williamson, On the algebraic problem concerning the normal form of linear dynamical systems, Amer. J. Math. 58 (1996) 141-163.

[24] D.McDuff, D. Salamon, Introduction to symplectic topology, in: Oxford Mathematical Monographs, second ed., The Clarendon Press, Oxford University
Press, New York, 1998.

[25] A.Figalli,]. Palmer, A. Pelayo, Symplectic G-capacities and integrable systems, Ann. Sc. Norm. Super. Pisa Cl. Sci. (2018) in press. arXiv:151104499.

[26] A.Hatcher, Algebraic Topology, Cambridge University Press, Cambridge, 2002.


http://refhub.elsevier.com/S0393-0440(17)30313-3/sb9
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb9
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb9
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb10
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb11
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb11
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb11
http://arxiv.org/150207698
http://arxiv.org/160705419
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb14
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb15
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb16
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb17
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb18
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb19
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb20
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb20
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb20
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb21
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb22
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb23
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb24
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb24
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb24
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb25
http://arxiv.org/151104499
http://refhub.elsevier.com/S0393-0440(17)30313-3/sb26

	Minimal models of compact symplectic semitoric manifolds
	Introduction
	Preliminaries
	Minimal symplectic toric manifolds
	Semitoric manifolds
	Coupled angular momenta
	Toric blowups/downs for symplectic toric and semitoric manifolds
	The algebraic technique
	The semitoric helix and SL2(Z)

	Results
	Statements of main results
	Idea of proof of Theorem 3.6
	Consequences of Theorem 3.6
	A representative example of Theorem 3.6
	Relationship to [12]

	The semitoric helix
	Intrinsic construction of the helix
	Delzant semitoric polygons
	Construction of the helix from the polygon invariant
	Surjectivity of the helix map
	Helix of the coupled angular momenta

	Semitoric helices and SL2(Z)
	Correspondence between helices and lists of integers

	Standard form in PSL2(Z) and the winding number
	Standard form for elements of PSL2(Z)

	Minimal models of semitoric helices
	Standard forms and the winding number
	Minimal words
	Proof of the main result

	Acknowledgments
	References


