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SYMMETRIES AND CONSERVATION LAWS OF
A NONLINEAR SIGMA MODEL WITH GRAVITINO

JURGEN JOST, ENNO KESSLER, JURGEN TOLKSDORF, RULJUN WU, MIAOMIAO ZHU

ABSTRACT. We study the symmetries and invariances of a version of the action functional of the
nonlinear sigma model with gravitino, as considered in [12]. The action is invariant under rescaled
conformal transformations, super Weyl transformations and diffeomorphisms. In particular
cases the functional possesses a degenerate supersymmetry. The corresponding conservation
laws lead to a geometric interpretation of the energy-momentum tensor and supercurrent as
holomorphic sections of appropriate bundles.

1. INTRODUCTION

The main motivation for the introduction of the two-dimensional supersymmetric nonlinear
sigma model in quantum field theory, or more specifically supergravity and superstring theory,
are its symmetries, see for instance [2, 5, 6, 10]. Furthermore, as argued in [14], the functional is
determined by its symmetries together with suitable bounds on the order of its Euler—Lagrange
equations. While supersymmetric models are usually formulated using anticommuting variables,
in [12] an analogue of the two-dimensional nonlinear supersymmetric sigma model using only
commuting variables was introduced. Here we would like to give a detailed geometric account of
the symmetries of this purely commutative model.

We briefly recall the two-dimensional nonlinear sigma model constructed in [12]. Let M
be a Riemann surface and let (N,h) be a Riemannian manifold. In the classical nonlinear
sigma model, the action functional is given by the Dirichlet energy functional which is defined
for a map ¢: M — N and a Riemannian metric g on M. In our model we need to take also
their superpartners into consideration. These superpartners are geometrically formulated via
suitable spinor fields. To be more precise, given the Riemannian metric g, we fix a spin structure
€: Pspin(M, g) = Pso(M, g). An irreducible representation of the Clifford algebra Cly» induces
the real spin representation u: Spin(2) — GL(V'), where V is a representation space of real
dimension four. The associated spinor bundle S; = Pspin(M, g) %, V is equipped with the
canonical spinor metric gs and the spin connection V* induced by the Levi-Civita connection on
TM. Choosing an isomorphism between the vector spaces V' and Cly o we get a Clifford map
v: TM — End(S,) which satisfies the Clifford relation

VXN (Y) 1Y)y (X) = =29(X,Y), VXY e I(TM).

Sections of S, will be referred to as (pure) spinors, which describe matter fields with half-integer
spins in physics. The spin Dirac operator @, == v(e,) V5 : ['(Sy) — ['(S,) is a first-order elliptic
differential operator, which is self-adjoint if M is closed.
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The superpartner of the map ¢ is given by a section ¢ € I'(S, ® ¢*T'N) known as a vector
spinor, while the superpartner of the Riemannian metric ¢ is given by a section x € I'(S, @ T M)
called a gravitino. Note that on the twisted vector bundle S, ® ¢*T'N there is an induced
metric gs ® ¢*h and an induced metric connection denoted by V. Moreover, it also admits a
Clifford multiplication by tangent vectors acting on the spinorial part. Then S; ® ¢*T'N is
turned into a Dirac bundle by the canonically defined Dirac operator ng. The action functional
of our two-dimensional nonlinear sigma model with gravitino then is

Al 9,%) = / [d8Poagen + () Byiaosen
1) m

1
— 41 ® 6.)(QN)s Vi — QX gl ggon — 5 R () dvol,,

where ¢V stands for the dual metric on the cotangent bundle 7% M, the operator Q: S, ® TM —
S, ® TM is a projection and RY (1)) is an abbreviation for

R (9) (v, 4% (7, 9"y

in local coordinates {y'} of N, with ¢y = ¢' ® ¢*(d,:). Here and in the sequel, we use the
Einstein summation convention. In the action functional (1), the first term is the Dirichlet
energy for the map ¢ and the second term is the Dirac action for a spinor field ¢/ along the map.
Both of them involve the metric g. The next two terms bring in the gravitino y and couple it
with the other fields. The last term is a contraction of the vector spinor with the curvature
tensor RV of the target manifold N.

Let (eq) be a local g-orthonormal frame on M. Then the Euler-Lagrange equations for the
map and the vector spinor are

0= EL(6) = 7(8) — 5 R (7 (ea))bca + 5 SYRY ()
+ (<v25(7(6a)7(65)xa>7¢> + <7(6a)7(eB)Xaa ﬁeﬁ@ ) :

(b)) 0= BL() = Dy — 1Qx* — 35R() —2(1@ 6.)Qx

Here 7(¢) is the tension field of the map ¢ and SR(v) is a term involving the curvature of the
target and is of third order in 1. The term SV R(¢)) involves derivatives of RY and is of fourth
order in 1. For the precise form of the curvature terms we refer to [12].

As symmetries play a very important role in applications, we want to study them in detail in
this paper. Analogously to the models studied in physics, we expect conformal invariance, super
Weyl invariance (an analogue of conformal invariance affecting the gravitino) and diffeomorphism
invariance. We will show that this is indeed the case. The major difficulty in the study of those
symmetries arises from the metric dependence of the spinors. In order to express the variation
of the spinors in terms of the variation of the metric we employ the methods developed in [1]. In
contrast to the original physical model, which involves anticommuting variables, here we stay in
the context of commuting variables and therefore, the functional studied here possesses only a
“degenerate supersymmetry” in special cases. Nevertheless, the origin of the action functional (1)
in quantum field theory will strongly inspire our mathematical treatment. In turn, we hope our
mathematical approach can also shed new light on some structure of quantum field theory.

By Noether’s principle, a differentiable family of symmetries yields a conservation law of
the system. Here the conservation laws corresponding to those four symmetries are expressed
in terms of the energy-momentum tensor 7" and the supercurrent J, which are the variation

(2a)
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of the action with respect to the Riemannian metric g and the gravitino x respectively. We
show that rescaled conformal invariance and super Weyl invariance lead to algebraic constraints
on T and J, while diffeomorphism invariance and degenerate supersymmetry yield equations
for the divergences of T" and J. All four symmetries together allow for an identification of T
and J with holomorphic sections of appropriate bundles. This is completely analogous to the
supergeometric setting, where 7" and J constitute tangent vectors to the moduli space of the
so-called super Riemann surfaces, see [11, 13].

The article is organized as follows: In Section 2, we study the behavior of the functional A
under rescalings of the metric and certain transformations of the gravitino. In Section 3,
we derive the energy-momentum tensor 7" and the supercurrent J of A and show that Weyl
invariance and super Weyl invariance yield algebraic constraints for 7" and J. Diffeomorphism
invariance of A, studied in Section 4, yields a coupled divergence equation for 7" and J. This
coupled divergence equation is uncoupled in the case that A possesses degenerate supersymmetry
as is shown in Section 5. The appendix gathers several formulas concerning the g-divergence
and its analogue, the y-divergence.

2. WEYL AND SUPER WEYL INVARIANCE

Recall that the Dirichlet energy defined for maps ¢: M — N by

B(6:9) = [ d0fqer dvol,
M
stays invariant under conformal transformations: for any u € C*°(M),

E(¢;9) = E(é;¢™g).
This is known as the conformal invariance of the Dirichlet energy functional in dimension two.
Hence the Dirichlet energy depends only on the conformal class of g and the functional E can
thus be used to study the Teichmiiller space, see [17, 18, 9|.

However, when studying the Weyl invariance of the action A, we observe that one cannot keep
the spinorial fields 1) and x fixed while varying the metric, because the spin structure depends
on the metric and so do the spinor bundle S, and the Dirac operator ng. Fortunately they can
be transformed covariantly such that the action functional (1) stays invariant.

We first recall some preliminaries from [1, 16, 8]. For any two metrics g and ¢’ on M, there is a
unique self-adjoint automorphism H € Aut(7'M) such that ¢/(-,-) = g(H-, ). The automorphism

b=1b? =H ' e Aut(TM)
is then an isometry from (7'M, g) to (T'M,¢’); that is, ¢’ (b(-),b(-)) = g(+,-). Since b is SO(2)-
equivariant, it defines an isomorphism of principle bundles b: Pso(M, g) — Pso(M, g') which
can be lifted to an isomorphism b: Pspin(M, g) = Pspin(M, g'). Here it is important to assume

that Ps,in(M, ¢") corresponds to the same topological spin structure as Pepin(M, g). Let S,
and Sy be spinor bundles associated to Psyin(M, g) and Psyin (M, g') respectively via the same

representation p: Spin(2) — SO(V'). Being Spin(2)-equivariant, b induces an isometry between
the spinor bundles as Riemannian vector bundles which is denoted by

BE/B;Z Sg — Sg/,

ie., gs(-,-) = g.(B(-), B(-)). Furthermore, note that for a vector v € TM and a spinor o € S,
over the same basepoint, we have

B(y(w)o) =7 (b(v))B(0),
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where 7/ denotes the Clifford map with respect to the metric ¢'.
In particular, consider ¢’ = e*g for some u € C*°(M). Note that in general the conformal
invariance does not hold:

(3) Ao, (B L)y, (BRb)X) # A, 159,X) -

Instead the Weyl invariance takes another form as stated below. Recall from [8, Prop. 1.3.10],
with notation as above, that for any pure spinor field o € I'(S,),

0y500) =5 (B0 + " gradw) ).

Moreover, if we rescale the spinor by e_%“, then the Dirac operator transforms homogeneously:

3

dy8(e 7 0) = e 2"B(0,0).
Proposition 1. The model has the following rescaled conformal invariance: for any u € C*(M),
(4) A (g e B LYy e B bY) = A6, i9.).

Proof. Under the conformal transformation g’ = e?“g, the volume form transforms as dvoly =
e** dvol,. We check that the integrands will give rise to a factor e " to cancel the scaling from
the volume form. From the theory of harmonic maps we know that the energy density for the
map has the expected scaling. So we start with the Dirac term:

Doy (e 1B 1))
=y (30 @0 (505 )+ B a0 w0 (VD).

Note that here the map b is nothing but a scaling by e™*. Therefore,

(o da (oon),
gt (e 4B, 0y (¢4 B(1)) ) his(0)
4 (280 7 Ot 500) 100) (. N )
=g, (738", €735 (,(01) ) his(0)

‘ ; 0 . 0
g, (300,800 (i) o) 1, VL )

| | ' . 0 «rn O
g0 0,0 0) + . (82 e t!) 1) (5 VTS
:6721‘ <2/J7 mgw>gs®¢*h )
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For the third term it holds:
—4{(1® ¢.)Qe (B @ b)x, e 2(8 @ 1Y) grapen

e <~/<b<eﬁ>>v'<b<ea>>/a<xﬁ> ®blea), (W) ® &7 (aa )>¢

=2 <5(7(65)7(ea)xﬁ)®( ea)s BW) © ¢° ( )> -

=27 <7(€B)V(€a)Xﬁ ® €a; ¢>gs®¢*h
= —4e (1 ® ¢.)QX, V) g.wpeh-

Here ) denotes the projection operator corresponding to the rescaled metric ¢’. The remaining
terms can be checked in a similar way, using the fact that b and § are isometries. 0

In contrast with the rescaled conformal invariance, super Weyl invariance affects only the
gravitino. Let (e,) be a local g-orthonormal frame of M and write y = x* ® e,, then the Q-
projection operator and its orthogonal complement P = Id —() can be expressed as

1 1
Qx = —57(ea)v(ep)X” ® es, Px = —57(ep)r(ea)x” @ ep.
As only Qx enters into the action functional, we have
(5) Alp, 19, x + ) = Ao, 99, X)

for any ¢ € I'(S, ® T'M) with ¢ € ker Q). The property (5) is known as super Weyl invariance of
the model.

We now take the opportunity to recall some properties of the bundle S; ® T'M and of the
projections P and @), which have been presented in detail in [12]. The Riemann surface M
possesses an almost complex structure Jy such that ¢g(JyX,Y) = dvol,(X,Y) for all vector
fields X and Y. Left multiplication of spinors by the negative volume form —w = —e; - €5 €
Cl(M,—g) yields an almost complex structure on S, that is compatible with Jy, that is

(JMX)S = —y(X)ws for all spinors s. The decomp051t10n of Sy in the even and the odd
part yields S, = ¥ @ X, where both summands are isomorphic as associated vector bundles
to Pspin(M,g). The almost complex structure w restricts to ¥ and the restriction will be
denoted by Js. For the complex line bundle W = (X, Jx) it holds that W ®c W = T*M
and W is actually holomorphic. With this preparation we can now identify the summands in
Sy @TM =ker@ ®Im( to be

kerQ=S,=WaoW ImQ=S5,0TM=(W®cW"®@cW")® (W ®cW"@c W)

Hence both ker @ and Im @) are naturally holomorphic vector bundles. Applying metric dualiza-
tion, we obtain

(6) Sg@T"M=WaeWaed(WecWecW)d (W cW cW).

3. THE CONSERVED QUANTITIES: SUPERCURRENT AND ENERGY-MOMENTUM TENSOR

The supercurrent is the variation of the action with respect to the gravitino. As the gravitino
enters the action only algebraically, computation of the supercurrent is straightforward. Fix (¢, 1)
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as well as the metric g and vary the gravitino via X(t) = X*(t) ® e, € I'(S, ® TM) with
X (0) = x and

d
X(t) = ¢°.

t=0

Then

2
Qs®g|¢

2
2.+ dvoly.

A, 1hig, X (1))

t=0

4 :% . /M —4{(1 @ 6.)(QX (1)), ) guon — |QX (1)

This can be computed as follows.

d
/ 2y (ca)y(es) X @ duess ) gsoen dvol,
t=0J M

dt,_
d
:/ 2 <fy(ea)fy(eg) (EXQ) ®¢*65,1/)> dvol,
M 9s@¢*h

- /M ’ < (%Xa) , (bues, 7(65)7(6a)w>¢*h>gs dvol,
_ /M 2%, (Baes, Y(es)1(ea)Bgn) . dvoly,

t=0

t=0

d

dt

56 stentenxe,

- [{(8x) ,v(ea>v<eﬁ>xa>gs 912 o dvoly|
_ /M (6P, ¥(ea)y(es) XYy 6

Hence setting the supercurrent to be J = J* ® e, € I'(S, ® T M) with

2
(& |gs®¢*h dvoly

2
gewe+n dvolg.

J* = 2(dve,v(es)V(ea))gen + [V (es)v(ea) X7,
we obtain

d

- A(¢,w;g,X(t))=/M<C,J>g5®gdvozg.

The conservation law associated to the super Weyl symmetry is obtained as follows. For
any ¢ € I'(S, ® TM), we have QP(¢ = 0 and hence

d

= G| @+ tPO = [ (P60 = [ 6Py duol,
M M

Since ¢ can be arbitrary, we conclude that J satisfies

PJ =0,

t=0

0

t=0

and hence J € I'(Im Q).

Remark. Note that for a section ( = (* ® e, € I'(S, ® TM), the following equations are
equivalent:

PC=0 & Ae)*=0 & C=q(ea)v(e)® <« & =—yle)v(e)
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which in turn are equivalent to ¢ = (* ® e, lying in Im Q = (S,, Jx & Jx) @c T'M, where Jy, is
the complex structure on . Note that the bundle Im @) is a holomorphic vector bundle over the
Riemann surface M.

We will also calculate the variation formula of the action functional with respect to the
Riemannian metric. To this end we need a parametrized version of the metric dependence
of the spinors. Let (g;), be a smooth family of Riemannian metrics parametrized by ¢ in a
small neighborhood of zero in R such that gy = g. The t-derivative at ¢ = 0 is a smooth
symmetric 2-form, say k € I'(Sym(T*M ® T*M)). As before, there is a unique family of
self-adjoint endomorphisms (H;), C End(T'M) such that g;(-,-) = g(H;-,-). We put b; = b9,
and f; = 39,1 Sy — Sg,. Notice that

d

dt|,_,
where K is the endomorphism associated to k& by metric dualization, which is also the t-derivative
of H, at t = 0.

Transport the Dirac operator @, : '(S,,) — ['(Sy,) via the isometry f; to obtain a differential
operator on I'(S,):

1
b= —5K € End(TM)

By 1= B 0 By 0 5y T(Sy) > T(S,),
It is shown in [1] that

d = 1 s 1 :
AT o @gt = _§7<ea)vK(ea) + Z’Y (grad(Trg T) - d1vg(k)ﬁ> .
With the transformation behavior of the Dirac operator at hand, it is straightforward to calculate
that
d 1 0gt
— A 1)vy; b = —— - T ) dvol
dt o (¢7 (ﬁt & )¢7 ) (ﬁt XK t)X) 9 /M < 875 t=O7 > Vo g

where the inner product under the integral is the induced one on symmetric covariant two-tensors
and T = T,ze* ® €’ with

1 ~ ~
Taﬁ = 2<¢*€a7 ¢*eﬁ>¢*h + 5 <¢7’7(€a)ve[gw + 7(65)veaw>g 06 h
+ <’Y(€n)7(€a)X" ® duep + 7(617)’7(65)9(7) ® Putas ¢>gs®¢*h

— (1400 o+ () — 401 © 690, — [QXFIVF = GRY()) g

Arising from the variation of a symmetric two-tensor, T is clearly symmetric.

The energy-momentum tensor is in general not traceless, due to the fact that the action
functional is not invariant under conformal transformations on g, see (3), but only invariant
under rescaled conformal transformations (4). Furthermore, the conservation law corresponding
to the rescaled conformal invariance prescribes the trace of the energy-momentum tensor. Indeed,

1At e 1 e (B B b))

"l
/ 1 1 1
= [ 2 <——u1/), EL(¢)> — = (2ug, T) + <——ux, J> dwol,,
o\ 2 2 2

= — [ w(Tey(T) + (0, BLW)) + = (x, 7)) dwol,,
[, 1)
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As the integral has to vanish for all functions u, we conclude

Toy(T) = — (1, BL() — 5 (6. 7),

where F'L(1)) denotes the Euler-Lagrange equation for ¢, given in (2b). The right hand side is
due to the additional rescaling on the spinorial fields compared to only conformal transformations.
Notice, if the Euler-Lagrange equation for 1 is satisfied and either if x or J vanishes, then 7" is
actually traceless. In that case T' can be identified with a smooth section of T*M ®¢ T M, that
is, a quadratic differential.

4. DIFFEOMORPHISM INVARIANCE

While diffeomorphism invariance of the model may seem obvious at first glance, its precise
geometric formulation is not entirely trivial due the presence of spinors. Here we want to indicate
how spinors transform under diffeomorphisms and obtain the resulting invariance of the action A
for closed manifolds and the corresponding conservation law.

Let f be a smooth diffeomorphism of M. The pullback metric g; on T'M and the differential
map 7T'f fit into the following commutative diagram:

T
(TM,g;) =5 (TM, g)

| |

M—f s p

This induces a map on the orthonormal frame bundles, which is also denoted by T f. As T f
is SO(2)-equivariant, there exists a unique spin structure Pspin(M,gr) — Pso(M, gs) such
that T'f lifts to the corresponding principal Spin(2)-bundles. Indeed, as explained in [15,
Theorem I1.1.7|, the spin structures on M are in one-to-one correspondence to elements of
HY(M,Zs) and Psyin(M, gy) is given by the pullback of the cohomology class corresponding to
Pspin(M, g). Hence, in general, the topological spin structures corresponding to Pspin(M, ¢g) and
Pspin(M, g5) do not need to coincide. The situation is summarized the following commutative
diagram on the left:

Tf
PSpin<Magf) — PSpin(Mvg) (ngagg) L) (Sg’gs)

| |

T
Pso(M, gy) 7, Pso(M, g)

l l |

M / s M M— sy

An irreducible spin representation p: Spin(2) — SO(V') will give rise to spinor bundles associated
to the above principal Spin(2)-bundles and the isomorphism T\}" induces an isometry F' of the
corresponding spinor bundles, as shown in the commutative diagram above on the right.

In particular, since F' is an isometry we have for any y € M with f(y) = 2 € M and for any
01,09 € (Sg)

x?

gs|m(017 02) = gf‘y (-F|;10'1, .FI;1(72> .



SYMMETRIES AND CONSERVATION LAWS 9

As a result, the Dirac operators @g on S, and (?g ; on S, are the “same” up to the isometry F'in
the sense that

(7) (@), = Fy o (agf)y © F\;l

Remark. The formula (7) holds because F' is induced by the isometry f: (M,gs) — (M,g).
Then T'f preserves the Levi-Civita connection and hence F' preserves the spin connection. For
comparison, although the morphism g constructed in the previous section is also an isometry, it
will not preserve the Dirac operator. Indeed, the map b preserves the metric, but not the Lie
bracket (this can be seen already in the case of a conformal perturbation of the Riemannian
metric), hence b does not preserve the Levi-Civita connection and consequently S does not
necessarily preserve the spin connection.

Proposition 2. Let f € Diff(M). With the notation as above, consider the following diffeo-
morphism transformation:

¢ =¢o f
_‘*8 e 1o o*i
®) Y=9'®¢ (@)Hw =F " od/of®(¢of) (8yj>’
94 =g,

X=X"®ea> X =F ox o fa(Tf)  ea.
The model possesses diffeomorphism invariance in the sense that

A(¢ V' g X)) = Ao, ¥ 9, %)-

Proof. Suppose that under the diffeomorphism f we have y — x = f(y). Then as in the
harmonic map case

\ d¢’|§/V®¢’*h(y) = ’d¢|EV®¢*h(x)-

For those terms involving spinors, we note that for any spinor o € I'(S),

9) F_l(’Y(ea)U)f(y) = '7/((Tf);1€a)F_1(0>f(y)

where 7" denotes the Clifford multiplications with respect to the metric ¢’ = g¢. From this we
will see that the other terms are also invariant:

(i) First consider the Dirac term
0
Byt () = @), F, (W5 o f), ® " (a_yk)
0
AT o 0 o, ()

= FNd,) 0 (@) @ ¢” <a_yk) + I, (v(ea)d(2)) © Vg, (a%k) '
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Thus
<7//7 lpg'¢/> (y)

=l (F 07 0 1)y ) 04 (0) ) B0 ()5
-1 1 —1 k a TN 6
+ 95 ly (F] (W © f)yv Ey (7(611)1/) (LE))> h|¢'(y) (6_3/]’ quS(ea)a_yk)
= gupp (V(2), (8,),04(2)) h((x),,

| . 9 0
+ gspe (7 (2),7(ea) V™ (@) hig(a) (a = VId(ea) (ay ))
= <¢,]Dgi/)>($>
Moreover,
W g en =01y (F 7 0 )y W 0 1), ) (& (),
=gape (¢ (2), 0" (2)) h(()),,
=[()|;

gs®p*h

and
RN(Y),, = Riju(¢' ()l (F|;1(W o f)y F@l(wk ° f)y>
x gl (B '@ 0 P, (0o £),)
= RM((@)) 30951 (¢ (), (8,) 0" (@) 951 (¥ (), (J,) 0" ()
= RN(¢),,.
(ii) For the gravitino, from (9) it follows that
QX' (y) = F, (v(ea)(es)X™) iy ® (Tf) e

Hence we have

QX W),

Js ®gt

= |Qx(2)[2

9s®g*
For the mixed term, note that

(1@ )N (W) =7 ((TF), ea)y (TF), es) F, X (f(y) ® ¢L(Tf) e

- F\;(ly) (7(604)’7(65»(&)][@) & (b*eg.
Then it is immediate that

(L@ Q)X W) ¥' W)yt ager, = (1@ $)QX(2), ¥(2)) guoeh-

Therefore, by the change of variables formula, the diffeomorphism invariance of A is confirmed.
O

To obtain the corresponding conservation law, we take a (local) one-parameter group of
diffeomorphisms (f;) of M with f, = Idy, and

d

— =Xel(TM).

dt|,_, J (TM)
For example, the flow generated by X is such a family; the flow is actually global since M is
assumed to be compact. Write M; = f; (M) = f_,(M) and denote the pullback metrics on
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M by g = gy,. The differential T'f, is again an isometry and hence can be viewed as a map
between the principal SO(2)-bundles. Note that M; = M and hence g is also a Riemannian
metric on T'M;. These two metrics can be related by an isometry b, = bgt : (TMy, g) — (TMy, gt)
as before and can be lifted to the corresponding principal Spin(2)-bundles. In order to construct
the lift, we notice that a diffeomorphism homotopic to the identity preserves the topological
spin structure. Therefore we have the following commutative diagram:

b T,
PSpin(Ma g) — PSpin(Mtagt) — PSpin(M7 g)

J

Pso(M, g) N Pso(My, gt) — Pso(M, g)

| | !

M Id N M ft R
7 t 7

y ——— Id(y) =y —— 2= fi(y)

The bottom line exhibits the pointwise behavior of the maps on the base manifolds. Note that
in this diagram all the horizontal maps are diffeomorphisms or isomorphisms. The associated
commutative diagram of spinor bundles is given by

(Sgs 9s) —2 (Sgy 9o (1)) —— (Sys gs)

| ! |

M Id s M, f . M

The fields (¢, v, g, x) are transformed to (¢, 1, g;, X¢) by the Equations (8) induced by f;. Then

A, Vs ge, xe) = Ao, Y59, X)
for each t. Thus,

d
= & . A(¢t7 U G Xt)

), <% P EL<¢>>> F2(VrT (57 @ 1)
M t=0

L )
w2 \dt|,_ % dt

= | —2(0.(X) BL()) + 2 (50(X), ELW) — 5 (£xa.T) + (€3 x. T) duol,

(10) 0

, EL(¢)> dvol,

Xt J> dvol,,
t=0

Note that for the vector spinor we have to take the covariant derivative to obtain the variation
field which is abbreviated as (X)) in the last formula, which is the same as the approach taken
in [12|. Here the Lie derivative on S, ® T'M is the one defined in [1]; that is, under a local
orthonormal frame (e, ), for x = x* ® e,

d —
M= 4| BUET o f) @b (Th)  eao i),
t=0
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Notice that on the vector part of y the above t-derivative will not result in the ordinary Lie
derivative on tangent vectors, see also [1]. Using the formal divergence operator defined in
Section 6 one knows that

/ (Lxg,T) dvol, = —2/ (X, divy(T)) dvol,,
M M
and

/M<£}q(g®TMx, J) dvolg:/M(X,divX(J)>dvolg.

Therefore, along solutions of the Euler-Lagrange equations (2), the following identity holds:
divy(T) 4+ divy(J) = 0.

Remark. If the gravitino vanishes, then from (10) we know that, along solutions of the Euler—
Lagrange equations,

1
0:/ ——<L‘Xg,T>dvolg:/ (X, div, T') dvol,,.
M 2 M

This tells us that T' is divergence-free and hence the energy-momentum tensor corresponds to a
holomorphic quadratic differential.

5. DEGENERATE SUPERSYMMETRY

The action functional (1) is motivated by the action functional of two-dimensional supersym-
metric sigma models [2] also called the superconformal action functional in [11|. The major
reason for the introduction of those models was supersymmetry. As was argued in [14] super-
symmetry requires anticommuting variables. Hence a full supersymmetry cannot be expected
for the action functional (1). Surprisingly, the following special case of supersymmetry, which
we will call degenerate supersymmetry, persists:

Proposition 3. Let q be a section of S;. Assume x = 0 and the following holds:

1) [ 6(0 R ((0.0)y s0nea) A(eat) + (STRW) (00),,)
— 4 (SR(), y(grad ¢)q) dvol, = 0.

Then the action functional (1) is invariant under the following infinitesimal transformations

6 = (q,v),, 0 = —v(grad @)q
0g =0 ox = (V°q),

where (V°q), =V ¢® e, € I'(Sy @ TM).
The condition (11) is in particular fulfilled if the target manifold N is flat.

Remark. In the special case at hand the degenerate supersymmetry transformations of Propo-
sition 3 coincide up to the sign of §i) and dy with the supersymmetry transformations given
in [13] for the superconformal action functional. The sign difference is necessary to compensate
for the use of the opposite Clifford algebra in this work. Again, in contrast to [13], all variables,
including the supersymmetry parameter ¢, are usual, commuting variables.
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Remark. We use here the Lagrange formalism common in the calculus of variations and physics,
see |7]. For example the expression d¢ is to be read as % ‘ 1o @ where ¢ depends implicitly on
an additional parameter ¢. Similarly, 0A(¢,1; g, x) is to be read as the derivative with respect
to t at the point ¢ = 0 and can be evaluated using the chain rule. Hence, JA(¢,v; g, x) is a
linear functional in d¢, 01, dg and dy.

Proof. The variation of A(¢,v; g, x) is given by

OA (D, 15 9,x) = /M2g"ﬁ¢*h (VO™ (g, ), ees) = (¥(€a)q ® buea, PO)
— (D, (1(ea)a ® duea) + BY ({8, 0),,  duca) Y(ea)tt)
+2(1(ea)1(e) V2,0 ® dues, )

— é <<SVR(¢)7 {4, w>gs> — 4 (SR(), v(grad ¢)q>) dvol,.

Here we have used

0 (D9¢) = wg (69) + RY (60, Pu€a) V(€a)?,
§ (RN () = (SVR(¥),6¢) + 4 (SR(), 5¢) ,

compare |12, Section 4.1, (2) and (5)|. If we now use (11), the variation of the action reduces to:

SA(, b19,x) = /M 297N (V.. (0, 0) , bres) = (7 (€a) 4 ® bucar By0)
— (¥ Dy (7 (ea) 4@ duea)) +2 (7 (ea) 7 (e5) Vi, 4 ® ¢ues, v) dvol,
= oh AV «€3, * a%e a x 04765
/M29 (< 4@ dueg, ) + <q®¢> es a¢>) + <'7(€/3>’V(6 )q ® Py B¢>
- <’y (es) <7 (Ves€a) 4@ duea +7(€a) Vi, @ dua + 7 (€a) 4@ Veﬁqﬁ*ea) ,z/z>
+2 (7 (ea) ¥ (e) Vi.q @ ¢rep, 1) dvol,
= [M - <7 (65) Y (6a) Vzaq & ¢*eﬁ) ¢> - <’7 (65) Y (€a> q & veagb*eﬂ; T/J>
< ( ) (6 )Q®¢*€B>6eaw> - <’7 (6,3 (Veﬁea)Q®¢*63,¢>
+(7(e8) 7 (€a) g ® (Vendues — Ve,0uea) 1) dvol,
= /M —€a < <€ﬁ Y (ea) q ® Puep, ¢> + << (Veaeﬂ) Y (ea) +7 (65) Y (Veaea)> q @ P.eg, Q/’)

)
— (7(e8) 7 (Vey€a) 4@ dues, ¥) + (7 (€5) 7 (€a) ¢ ® (Ve dues — Ve, 01e4) ,00) dvol,
=0.

Here in the last step we have used the torsion-freeness of the connection V. O

Theorem 1. Suppose as in Proposition 3 that x = 0 and condition (11) is fulfilled. In addition
we assume that ¢ and v fulfill the Euler-Lagrange equations (2). Then div, J = 0. In particular,
the supercurrent J can be identified with a holomorphic section of S, ®c T*M by metric duality.
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Proof. In the particular case that ¢ and ¢ fulfill the Euler—Lagrange equations, we know that
for all spinors g:

0=0A(p,v;9,x) = /M (0x, J) dvol = /M <(Vsq)ﬁ, J> dvol = — /M (q,div, J) dvol.

With respect to the oriented orthonormal basis e,, the super current can be written as J = J*®e,.
Let J = J* ® e” be its metric dual. From P.J = 0 it follows that .J is a section of S; ® T*M, see
Equation (6) and div, J = 0 translates into holomorphicity of J as explained in Section 6. O

In the remainder of this subsection we give an application of the degenerate supersymmetry
to the action functional of Dirac-harmonic maps, with or without curvature term. Recall that
the functional of Dirac-harmonic maps with curvature term in [4] can be obtained from the
functional (1) by setting the gravitino to zero. It is a corollary of Proposition 3 that the
functional of Dirac-harmonic maps with or without curvature term may also have a degenerate
supersymmetry.

Corollary 1 (Degenerate supersymmetry of the functional of Dirac-harmonic maps with
curvature term). Let g € I'(S,) be a twistor spinor. The functional of Dirac-harmonic maps
with curvature term is invariant under the following infinitesimal transformations

00 = (q,v),, 0 = —v(grad @)q
provided that the curvature condition (11) holds.

Proof. The calculation proceeds as in the proof of Proposition 3 with the additional condition
that the term that describes the variation of the gravitino needs to be zero. The term of
0A(¢,1; g, x) that arises from the variation of the gravitino is

/M 2 (7 (ea) 7 (€5) V5. q ® dues, ) dvoly = — /M 2 <<2V§Bq 4y (e5) agq) ® dues, ¢> dvol,.

This term vanishes if ¢ is a twistor spinor, i.e. for all vector fields X it holds

1
Vxq+ §V(X)3gq =0. O

Remark. Recall that we have equipped the bundle S, with the complex structure Jy, @ Jx, arising
from the Clifford multiplication by —w. One can check that twistor spinors are holomorphic
sections of S;. Hence, Corollary 1 does not come as a surprise, as also for super Riemann
surfaces a supersymmetry with holomorphic parameter ¢ leaves the %—part of the gravitino
invariant, see [13, Chapter 11.1|. On the other hand, it is shown in [8, Proposition A.2.1 and
Note A.2.2| that the only surfaces admitting twistor spinors are the sphere and the torus.

Recall that the Dirac-harmonic map functional in [3] does not include the curvature term of
the target manifold. But note that a curvature term will arise when taking variations.

Corollary 2 (Degenerate supersymmetry of the Dirac-harmonic map functional). Let ¢ € T'(.S,)
be a twistor spinor. The functional of Dirac-harmonic maps is invariant under the following
infinitesimal transformations

00 = (q,%),, 0 = —v(grad @)q
provided that the following curvature condition
(12) 0 R (0006160 (€)ool =
M

holds.



SYMMETRIES AND CONSERVATION LAWS 15

In [3] two seemingly unrelated Dirac-harmonic maps have been constructed: The trivial
solution (¢, 0), where ¢: M — N is a harmonic map and the twistor spinor solution (¢, ¥)) where
1 = —7(€q)q ® ¢seq is constructed from a twistor spinor ¢ € I'(S,) and the harmonic map ¢.
While the construction of the trivial solution and the twistor spinor solution was presented in [3]
only for M = S? it can be carried out for every Riemann surface M admitting twistor spinors
and arbitrary target N. We will now show that those two solutions are related via degenerate
supersymmetry.

Consider the family defined on the time interval [0, 1] given by

¢t = ¢7 77th = _t/y(ea)q & ¢*ea~

The family (¢, ;) interpolates between the trivial and the twistor spinor solution via a family
of degenerate supersymmetries. Indeed for every ¢t = 7 we have

d d

=N ¢t:O:<Q7¢T>7 a
t=r1

P Py = —(€a)q ® dreq = —y(grad ¢)q.
t=T1

The condition (12) is fulfilled along this family and hence we conclude that (¢, ;) is critical for
all ¢ € [0,1]. Consequently, we have a critical family of degenerate supersymmetries and the
twistor spinor solution should be considered equivalent to the trivial solution.

We expect that more non-trivial critical Dirac-harmonic maps can be constructed with the
help of supersymmetry. The difficulty lies in the construction of suitable families (¢, ).

6. APPENDIX

As we frequently use the divergence operators on various fields, we review them in this
appendix and explain their relation to Lie derivatives.

Recall that on a Riemannian manifold (M, g) the divergence of a vector field X is a function
on M that can be expressed with the help of the Levi-Civita covariant derivative as

divg(X) = Try(VX) € C™(M).

Furthermore, the divergence operator is the negative L2-adjoint operator of the gradient operator:
for any f € C>°(M) and any X € I'(T'M),

/(X,grad(f))dvolg:/ (—div, X, f) dvol,,.
M M

The divergence operator on symmetric two-tensors is defined in a similar way. Let k €
I(Sym(T*M @ T*M)), the divergence operator on k is the one-form given by

dim M
divg k= Try(Vk) = Y (Ve k) (€a,-) € T(T*M),

a=1
where (e,) is a local orthonormal frame. Then, for any vector field X € I'(T'M),
/ (Lxg,k)dvol, = —2/ (div, k)(X) dvol,,.
M M

Note that a symmetric, traceless and divergence-free two-tensor corresponds to a holomorphic
quadratic differential on a Riemann surface, see e.g. [18, Section 2.4].
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Now we consider the divergence operators on spinor fields. In [1], the Lie derivative of a
spinor o € I'(S,) in the direction X € I'(T'M), is defined by

L0 =

61‘/_1Ft_1(0- © ft)7

t=0

dt

using the notation from the Section 4. This spinor Lie derivative £7 is related to the spin
connection V?* via

1
LYo = Vo — Z’y(de)o,

where X’ denotes the dual one-form of the vector field X and the 2-form dX® acts via Clifford
multiplication. From now on consider an oriented closed Riemannian surface (M, g), with almost
complex structure Jy; € Aut(TM). For a spinor field p € I'(S;), define the divergence of p with
respect to o by

) s 1
(13) iva(p) = (V0. p)y + 3w swad ((2()c p)) € DT,
where w stands for the volume element in the Clifford bundle.

Lemma 1. With notation as above, for any vector field X € T'(T'M), it holds that
/ (LS50, p) dvol, = / (X, div,(p)) dvol,.
M M

Proof. Take local isothermal coordinates (z*) and write X = X352, Then X’ = X®g,5da” =
X dx”. Note that

0X, 00Xy 1
/M<7(dX*’)a, p) dvol, = < ( 52 ) \/mfy(w)a, p> v/ det gdx
0Xs
Ozt

~ [ Gt - G o) do
0 0
— [ Xz (0o + X155 () ) da
- /M (T X, grad((y(w)a, p))) dvol,
- /M (X, = grad((y(w)a p))) dvol,.

Therefore,

1
/ (LS50, p)dvol, = / (V0. p) — = (v(dX")o, p) dvol,,
M M 4

_ /M (X, (Vo p>ﬂ+}1JMgrad(<’y(w)a, ) dol,. O

Next consider the divergence operators defined on S; @ TM. Let ¢ = ¢p* ® e, € ['(S, ® TM)
be a gravitino. In a local orthonormal frame (e, ), the g-divergence operator is

divy(p) = Tr, <§<,0> = Z <§ea% €a> € I'(Sy),
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where we use V to denote the connection of Sy ® TM. For any spinor field ¢ € I'(S,), using
integration by parts,

/ (q,divy p) dvol, = / <q, <§eacp, ea>> dvol, = / <q ® eq, $€a¢> dvol,
M M M
= —/ (V3 q® eq,p)dvoly = —/ <(Vsq)ﬁ,g0> dvol,,.
M M

Recall that Py = 0 implies that ¢ is a section of the complex vector bundle S; ®c T'M.
If in addition div,¢ = 0, then ¢ = ¢p* ® e* € I'(S, ®c T*M) is a holomorphic section.
Indeed, holomorphicity can be verified by a local computation and for both summands of
Sy @c T*M = (W& W) @c T*M separately. We can assume that e’ = e*dz? for some
coordinates x!, #? which are the real and imaginary parts of a holomorphic coordinate z = x!+ix?.
Furthermore, let s* = €“/?t* be a local oriented orthogonal frame for W and t = t' + it® a
holomorphic frame, such that t ® t = dz. Using those frames, the condition Py = 0 for some
© € W®cTM is given in terms of ¢ = pqst?®@daz? by 11 = —pap and 19 = 9. Consequently,
¢ can be identified with ¢ = % (p11 — ip12) t ® dz. The divergence equation div, ¢ = 0 reads in
that basis

0= tl (8m19011 + ax2§012> + t2 (8113012 - anQDH) .

Hence the divergence equation yields the Cauchy—Riemann equations for ¢.
Given a gravitino y, we define the x-divergence of ¢ to be

. 1 1
divy () = (V7 )y + 7 grad ((v(w) @ Tran)x, ) + 5Ju grad ((Ls @ y(w)x, ).

Lemma 2. For any x,¢ € I'(S, ® TM) and any X € T'(T'M), it holds that

/ (L ™My, ) dvoly = / (X, div, o) dvol,,,
M M

Proof. With respect to a local orthonormal frame (e, ), write Y = x® ® €4, ¢ = ¢” ® e5. Then
for any X € I'(T'M), by the Leibniz rule we have

LETMx = (L5X%) @ ea + X" @ (L5 en),
and hence

/M <£§(®TMx, <p> dvol, = /M <£§X‘l, g0a> + <Xa, 4,05> <£§Mea, €5> dwol,,.

The metric Lie derivative £ differs from the classical Lie derivative £ by

1
LMY = LxY + 5(.cxg)#Y, VX,Y € T(TM),

see |1, Proposition 14|. Expressing the Lie derivative in terms of the Levi-Civita covariant
derivative one obtains

(LMY, Z) = (LY. Z) + %(ﬁxg) (Y, 2) = g(VxY. Z) + %(g(Y, VzX) = 9(Vy X, 2))

for all vector fields X, Y and Z on M. The term (g(Y,VzX) — g(Vy X, Z)) is tensorial and
anti-symmetric in Y and Z. Therefore we can write it as

(9(Y,V2zX) —g(Vy X, Z)) = kdvoly(Y, Z) = rg(JuY, Z)
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for some k € C*°(M) because dim M = 2. Letting (e,) be a local orthonormal frame as before,
we have for Y = e; + ey and Z = Jy Y

2k = kg(Jp (el + e2), —e1 + €2)
=gle1+ e, Vg e, X) = 9(Veype, X, —€1 + €2)
= g(Juler + €2), Inu(V-cie, X)) = 9(Jnt(Ver 16, X), S (—e1 + €2))
=g(—e1te2, Ve re,(JuX)) + 9(Verter (JuX), €1+ €3)
=2Tr, (V(JuX)) = 2div,(JuX).

Therefore

/ (X, "W LM ey, e5) dvol, :/
M

1 .
M<Xa’ (pﬁ> <<VX60”65> + ég(JMea, es) d1vg(JMX)> dvol,

1
= / <X, (x*, ") g(Vea, es)y + §JM grad ({x*, oVg(Jaea, €B>)> dwol,,.
M

Combining this with (13) we get the conclusion. O
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