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1. Introduction

The relationship between Ricci curvature and space forms has been one of the most popular and highly developed
topics in Riemannian geometry. In this area, a central issue of concern is that of determining global warped product
structures from local metric properties. Of particular interest to us is the so-called Ricci curvature bounds problem
and related theorems in geometry. If a Riemannian manifold M" is immersed as a submanifold in higher dimension
Riemannian manifold M™, then various extrinsic curvature invariants are discovered for a submanifold M" in M™. For
example, the scalar-valued extrinsic curvature function £ : M" — R and the squared mean curvature have been studied
effectively in a lot of papers (see [1,17,20,24,28,29,40]). One of the most important problems in submanifold theory is
to establish the connection between the intrinsic invariant quantities and extrinsic invariant quantities of submanifolds
(see [2-8,14,15,17-20,23,30] and references therein). One important step in the study of the Riemannian manifolds was
the appearance of the Nash embedding theorem in [34], which states that every Riemannian manifold admits an isometric
immersion into a Euclidean space of sufficient high codimension. This concept becomes very useful for submanifold theory

* Corresponding author.
E-mail addresses: akali@kku.edu.sa, akramali@ufam.edu.br (A. Ali), plaurian@yahoo.com (P. Laurian-loan), ahalkhaldii@kku.edu.sa
(AH. Alkhaldi).

https://doi.org/10.1016/j.geomphys.2019.103510
0393-0440/© 2019 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.geomphys.2019.103510
http://www.elsevier.com/locate/geomphys
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2019.103510&domain=pdf
mailto:akali@kku.edu.sa
mailto:akramali@ufam.edu.br
mailto:plaurian@yahoo.com
mailto:ahalkhaldii@kku.edu.sa
https://doi.org/10.1016/j.geomphys.2019.103510

2 A. Ali, P. Laurian-loan and A.H. Alkhaldi / Journal of Geometry and Physics 146 (2019) 103510

that, every Riemannian manifold could always be regarded as Riemannian submanifold of Euclidean spaces. Inspired
by these ideas, S. Nolker [35] classifies the isometric immersion of warped product decompositions of the standard
spaces. Motivated by these results, B. Y. Chen started a new path of research in order to study immersibility and non-
immersibility of warped product submanifolds in Riemannian manifolds, especially in Riemannian space forms whose
sectional curvatures are constant in different situations (see [13,16-18]). Recently, a number of solutions of such problems
were provided by various mathematicians (see [18,24,25,28], and their reference). In 1999, Chen [15] established a new
relation between intrinsic invariant (Ricci curvature invariant) and extrinsic invariant (squared mean curvature invariant)
as follows:

Theorem 1.1. Let{: M" —> IVI’“(C) be an isometric immersion of a Riemannian n-manifold M" into Riemannian space form
M™(c).

(i) For each unit tangent vector X € T,M", we have
2 410, .
IEI’(0 2 — § RicX) = (n = 1),

where ||H||?(x) is the squared mean curvature and Ric(X) the Ricci curvature of M™ at X.

(ii) If H(x) = 0, then the unit tangent vector X at x satisfies the equality case of (i) if and only if X lies in the relative null
space Ny at x.

(iii) The equality case holds identically for all unit tangent vector at x if and only if either x is a totally geodesic point or
n = 2 and x is a totally umbilical point.

It is quite difficult to obtain Chen-Ricci inequality for the Ricci curvature and its relation to the warping functions
of warped products and is always hard to derive such relation for the product of two Riemannian manifolds. That is,
Theorem 1.1 remains an open problem and was not proven for any warped products of two Riemannian manifolds in
spheres. Therefore, the class of minimal isometric immersions became a key tool for the study of such type of results
That is, an isometric immersion ¢ : M" —> M™ of a Riemannian submanifold M" into a Riemannian manifold M™ i
called minimal if its mean curvature vector field H is identically zero everywhere on M". The study of minimal surfaces
is one of the oldest subjects in differential geometry, having its origins in the works of Euler and Lagrange. In the last
century, a series of works have been developed for the study of the properties of minimal immersions, whose ambient
space has constant sectional curvature (see [12,25,32,40]). In particular, minimal immersions in the sphere S™ play an
important role in this theory. In this respect, we have, for example, the famous paper of J. Simons [38] and also for some
other examples please see [30,31,40]. Motivated by the previous studies, a fundamental question arises in the context of
the product of two Riemannian manifolds:

Open problem:- Is it possible to derive Ricci curvature inequality theorem for warped product submanifolds to the case of
minimal isometric immersion and ambient space form, to be a sphere with constant curvature one? What are the relationships
(equations) between Ricci curvature, the main extrinsic invariants and the main intrinsic invariants of a warped product
submanifold?

Therefore, we define a partial minimal isometric immersion from a special type product Riemannian manifolds (warped
product manifolds) into another Riemannian manifold. An isometric immersion £ : M" = Np Xf N — M s said to be
partially minimal isometric immersion from a warped product manifold Nq X qu into a Rlemanman mamfold M™ if at least
one of the mean curvature vector fields H; and H, with respect to N” and Ng, vanishes. In this work, we will present
optimal general solutions to these fundamental problems by imposing minimality on warped product submanifolds. A
lot of interesting applications of these optimal general solutions will be presented in the present paper where the main
extrinsic invariant is the squared mean curvature and the intrinsic invariant contains Ricci curvature and also the squared
norm of the well-defined warping function and Laplacian of the warping function.

The theory of warped product manifolds naturally considered in Riemannian geometry and their applications are very
important to be studied. For example, the Riemannian manifold S™\S™2, that is, the standard sphere with a codimension
two totally geodesic subsphere removed, is isometric to the warped product S"{l xS! of an open hemisphere and a circle,
for warping function f € (C°°(S”+’1 )- This was the important constituent in a potential result of Bruce Solomon [39] about
a harmonic map from a compact Riemannian manifold into a sphere S™. Significantly, for the study of Einstein manifolds,
warped products are very important. An Einstein manifold is a Riemannian manifold (M, g) whose Ricci tensor satisfies
Ric = )\g for some function A € C*°(M) and such classes of manifolds come into sight in the framework of regular surfaces.
Actually, a surface of revolution is a warped product and any regular surfaces is an Einstein manifold.

From this point of view, the following optimal result provides a solution to an open problem, for the family of warped
product manifolds endowed with their warped product structure which is isometrically partially minimal immersed in a
unit sphere S™. We give now the following main result:

Theorem 1.2. Let ¢ : M" = Nf Xf Ng —> S™ be a D;-minimal isometric immersion from a n-dimensional warped product
submanifold M" into a m-dimensional unit sphere S™, then for each unit vector field & € TyN;, with i = 1ori = 2, we have
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the following Ricci curvature inequality

2 -1
Ricy(£) < %IIHIIZ + q<IIV(lnf)||2 tp+1+ pT - A(lnf)>. (1.1)

1. If H(x) = 0O, then at each x € M" there is a unit vector u which satisfies the equality case of (1.1) if and only if M" is
mixed totally geodesic and u lies in the relative null space Ny at x.
2. If M™ is N¥-minimal, then

(a) The equality case of (1.1) holds identically for all unit tangent vectors to NP at each x € M" if and only if M" is
totally geodesic and Np totally geodesic warped product submanifold into a unlt sphere S™.

(b) The equality case of(l.l) holds identically for all unit tangent vectors to Nq at each x € M" if and only if M" is
totally geodesic manifold and either a Ng -totally geodesic warped product submanifold, or M"is Ng -totally umbilical
warped product submanifold in S™ at x with dim Ng =2.

3. The equality case of (1.1) holds identically for all unit tangent vectors to M™ at each x € M" if and only if either M" is a
totally geodesic warped product submanifold, or M" is a mixed totally geodesic, totally umbilical and Nf -totally geodesic
warped product submanifold with dim Ng =2

It is interesting to notice that the second variation operator of a minimal submanifold from a Riemannian manifold,
carries information about the stability properties of the submanifold. When the ambient Riemannian manifold is a sphere,
Simons [38] characterized the totally geodesic submanifolds as the minimal submanifolds of sphere S™ either with the
lowest index or lowest nullity. Our results should be considered as an extension of such variational problems from
submanifolds to warped product submanifolds which include a positive differentiable function too. It is known that the
Ricci curvature plays an important role in general relativity, where it is the key term in the Einstein field equations [9].
Ricci curvature also appears in the Ricci flow equation, where a time-dependent Riemannian metric is deformed in the
direction of minus its Ricci curvature. This system of partial differential equations is a non-linear analog of the heat
equation and was first introduced by Richard S. Hamilton in [27] the early 1980s. Since heat tends to spread through a solid
until the body reaches an equilibrium state of constant temperature, Ricci flow may be hoped to produce an equilibrium
geometry for a manifold for which the Ricci curvature is constant. There are global results concerning manifolds on
Ricci curvature bounds. Myers’ theorem in [33] states that if the Ricci curvature is bounded from below on a complete
Riemannian manifold by (n— 1)k > 0 then the manifold is necessarily compact and has diameter < L/ These results show
that Ricci curvature bounds have strong topological consequences which find possible applications in physics. Therefore,
our result becomes a special case for upper bounds of Ricci curvature which include the Laplacian and the squared norm
of the warping functions, and open a new research path.

2. Preliminaries and notations

Let S™ denotes the sphere with constant sectional curvature ¢ = 1 > 0 and dimension (m). We use the fact that S™
admits a canonical isometric embedding in R™"! as

={X eR™! . |X|> =1}.
Thus, the Riemannian curvature tensor R of sphere S™ satisfies the following
RU,V,Z, W) =g(U,W)g(V,Z) - g(V, W)g(U, 2), 1)

forany U,V,Z, W € X(S™). This means that a unit sphere S™ is a manifold of constant sectional curvature one. Let M be
an n-dimensional Riemannian submanifold of an m-dimensional Riemannian M™ with induced metric g and V, V* are
the induced connections on the tangent bundle X(M) and normal bundle X(M*) of M", respectively. Then the Gauss and
Weingarten formulas are defined as VUV VuV+o(U,V), VUE = —AEU—i-VlS respectively for each U, V € X(M) and
£ € x(M+), where o and Ag are the second fundamental form and shape operator (corresponding to the normal vector
field N) respectively for the immersion of M" into M, and they are related as g(o(U, V), N) = g(AyU, V). Similarly, the
equations of Gauss and Codazzi are, respectively, given by

(i) R(X,Y,Z, W) =R(X, Y,Z, W)+ g (o (X, W), 5(Y, 2))
— g(o(X,2),a(Y, W)
(ii) (R(X, Y)Z)~ =(Vxa XY, Z) — (Vyo )X, 2). (2.2)

forallX,Y,Z,W € 36( ), where R and R are the curvature tensor of M™ and M", respectively. The mean curvature H of the
Riemannian submanifold M" is given by H = ;trace( ). A submanifold M" of the Riemannian manifold M™ is said to be
totally umbilical and totally geodesic if for any U, V € X(TM), we have: o(U, V) = g(U, V)H and o (U, V) = 0, respectively,
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where H is the mean curvature vector of M". Moreover, the related null space or kernel of the second fundamental form
of M™ at x is defined by

Ne={XeTM :0(X,Y)=0,foralY e M}. (2.3)

In this context, we shall define another important Riemannian intrinsic invariant called the scalar curvature of M,
and denoted at T(M™), which, at some x in M™, is given by

MM = Y Kep. (2.4)
1<a<p<m

where I?a,; =K (ea A eﬁ). It is clear that, the first equality (2.4) is congruent to the following equation which will be
frequently used in subsequent proof

M™M= Y Kap. 1<, p<n (2.5)
1<a<f<m

Similarly, the scalar curvature 7(Ly) of an L-plane is given by

)= Y Kup (2.6)
1<a<f<m
Let {eq, ..., ey} be an orthonormal basis of the tangent space T,M and if e, = (e;+1, - .., en) belong to an orthonormal

basis of the normal space T+M, then we have
n
o5y =8(0(earep).€r) and o] = Y g(o(eq. ep). o €p)) (2.7)
a,f=1
Let K4 and I?a,g be the sectional curvatures of the plane section spanned and e, at x in the submanifold M" and in the

Riemannian space form M™(c), respectively. Thus K,g and K,g are the intrinsic and extrinsic sectional curvatures of the
span {e,, eg} at x. From the Gauss equation (2.2)(i), we have

m
Kap =Rap + 3 (00085 — (01, (2.8)
r=n+1
Further, we will assume that a local field of orthonormal frame {ey, ...e,} on M", global tensor is defined as
m
SX.¥) =) {&(Rlew. Y)Y, &)}, X.Y € TM". (29)

i=1

This tensor is called Ricci tensor. If we fix a distinct integer from {ey, ...e,} on M", which is governed by &, then the
Ricci curvature is defined as:

Ric(8) =) K(ea Aey) (2.10)

at

Now we define an important Riemannian intrinsic invariant called the scalar curvature of M™ and it is denoted by
T(TyM™), as follows:

M) = Y Klea Aeg)= ch ec). (2.11)

1<a<pf<n

It is clear that the above inequality is congruent to the following equation which will be frequently used throughout
the paper from now on:

MM = ) Klew Aep)= ch ec). (2.12)

1<a<f<n

The following consequences are obtamed from (2.2) and (2.8) as follows:

Z Z ( 005 — (05 )""T(NP) (2.13)

r=n+1 1<i<j<p
Similarly, we have

Z Z (Gaa%b b)2)+?(N§’)- (2.14)

r=n+11<a<b<q
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Next, we will assume that Nf and Ng are two Riemannian manifolds endowed with the Riemannian metrics g; and g»,
respectively. Let f be a smooth function defined on Nf . Then the warped product manifold M" = Nf Xf Ng is the manifold
NP x Nj given by the Riemannian metric g = g; + fg, [10]. Assuming that the M" = N” x; Nj is a warped product
manifold, then for any X € I'(TN) and Z € I'(TN;), we find that

VzX = VxZ = (X Inf)Z. (2.15)
From [Eq. (3.3) [17]], we have
A
3 K(ey nep) = . (2.16)
a=1 B=1 f
Let {eq, ..., ey} be an local orthonormal frame of the vector field M". Then, the gradient of the function ¢ and its squared

norm are defined as:
n

Vo =) elpe: (2.17)
i=1

and

1Vel? = > ((9)er)”. (2.18)

i=1

Remark 2.1. A warped product manifold M" = Nf Xf Ng is said to be trivial or simply a Riemannian product manifold
if the warping function f is constant.

We have an important lemma for further use in our proof.

Lemma 2.1 ([18]). Let f € F(NY), then the gradient of the lift f o 7w of f to M" = N} x; N3 is the lift to M™ of the gradient of
f on N¥, where r : N x; NJ — NY is the projection map. This means that V(f o ) = Vf.
3. Proof of theorems

3.1. Proof of Theorem 1.2

First of all, we assume that the warped product submanifold M* = N} x; Nj is a N’-minimal warped product
submanifold, and we will use a similar technique for the other case. From Gauss equation (2.2)(i), we have
n|H||? = 2e(M") + o || — 2T(M"™). (3.1)

Assuming {e;...ep, ep1...e,} to be a local orthonormal frame fields of M" such that {e;...e,} are tangent to Nf and
{ep+1...e,} are tangent Ng. So, the unit tangent vector £ = e,y € {e;...ey}, can be expanded (3.1) as follows:

1 m m -
R IHI =2t M)+ 5 Y (0T o =i+ (0R) = D Y orop, — 2,
r=n+1 r=n+11<a#p<n
It is equivalent to
m
2 2
n?|H|)? =2t(M") + Y {("ﬁ ot on) + (204 — (0 + -+ o) ]
r=n+1
m m
EDIID VTS DD S B )
r=n+11<a<pf<n r=n+11<a<pf=n

Because we have considered that M" is a Nf -minimal warped product submanifold, we derive

m

2 2
n*|H||* = Z {(01:+1p+1 +ee Ur:n) + (ZOXA —(opypppr -+ Unrn)) }
r=n+1

+ 2¢(M™) + Z Z (004) — Z Z OaaOpp

r= n+1 1<a<p=n r=n+11<a<p=n

— 2T(M") + Z > (on)? + Z Yo el 2= Y > ook (3.2)

r=n+1 a 1 r=n+1 1<a<pB=<n r=n+1 1sa<p=<n
o, fF#A o, fF#A
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Eq. (2.8), can be written as:

m
DD (o - Z Y olis= > Kep— Y K.
r=n+1 1<a<B=n r=n+1 1sa<p=<n 1<a<p=n 1<a<pB=n

a,f#A a,fF#A a,f#A o, fF#A

For the NY-minimality, we have

m
Z {(Gpr+1p+l +t Unrn)z} = n’|H|>.

r=n+1

Substituting the value of Eqgs. (3.3) and (3.4) in Eq. (3.2), we derive

(3.3)

(3.4)

] _l m 2 m
SPPIEIE =20 M) + 5 Y (2000 = ©rnn + o Fom) + 2 D
r=n+1 r=n+11<a<pf=<n
m
S X k20t Y Yt Y R X K 33)
r=n+1 1<sa<pf=n r=n+1 a=1, 1<a<pB=<n 1<a<B=n
a,p#A azA «,p#A a.B#A
On the other hand, from (2.4), we define
(M") = Z K(e, A eg)
1<a<p<n
P n
=> Y Keire)+ Y Keirne)+ Y. Kl ne). (3.6)
i=1 j=p+1 1<i<k<p p+1<l<o<n
Using (2.4) and (2.16), we derive them, as follows:
n qAf Py q
(M") = + 7(N7) + ©(N;). (3.7)
From (3.5), (3.6), (3.7) and using (2.7), we derive
n Af u
2 23 ~ ~ ~
n UIHI? === = 2EMY) + ) Kap + FTND+ETND + D [ > > a;aa;ﬁ}
1<a<p=n r=n+1U1<a<f<n 1<a<p<n
a,B#A a,p#A
D IDICEIS SID D C R 10 D SN Sl CE Aty
r= n+l a= 1 r=n+11<i#j<p r=n+1p+1<s#t<n
1 — ’
3 Z (ZGIQA — (Oppapr + - +Grfn)> . (3.8)
r=n+1

Considering the unit tangent vector e,, we have two choices: e, is either tangent to the base manifold Nf or to the fiber

Ng. So, first we will prove for the primary case:

Case-I If e, is tangent to N?, then we fix a unit tangent vector from {e; ... ey} to be e,
from (2.10) and (3.8), we get:

and consider & = e4 = ey. Next,

2
. 1 qAf ~ N N 1 &
Ricu(§) <5 [E = == +28M") = 3 Kup —FND =N = 5 3 (200 = (@i -+ +07)

2<a<pf=n r=n+1
m m
r o2 r\2 2
DI INCHEED B IDNCHEID BRCAY
r=n+11<a<pf<n r=n+1 1<i<j<p p+l1<s<t<n

r=n+1 Ul<i<j<p r=n+1p+1=<s#t<n r=n+12<a<p=n

Z{ Z oo + Z Z assa“}—i- Z Z OuuOpp- (3.9)
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Using the definition of the Riemannian submanifolds, from (2.1) and (2.5), one obtains

2
RICM(é)§5n2||H||2—T+pq+n—l— oD (oul =5 (200~ (O aper o Hom)

r=n+11<a<p=n r=n+1

" i{ > e Y ) - ZiZ%ﬁZ > f’fr}

r=n+1 1<i<j<m p+1<s<t<n r=n+1 L 1<i<j<p r=n+1p+1<s#t<n
m
+ > D olos (3.10)

r=n+12<a<f<n

On the other hand, after we do some computations in the last two terms of (3.10), one obtains:
m m m p n

PRI INCH DS (a;[)z}— DY (=000 > (o) (3.11)
r=n+1‘1<i<j<p pt+1<s<t<n r=n+11<a<pf<n r=n+1a=1 =p+1
Similarly, we have

m m p n
Z Z 00+ Z Z 040h — Z aofog} = Z (Za“ Z Z 0,;0(0/;/3> (3.12)

r=n+1 U1<i<j<p r=n+1p+1<s#t<n 2<a<pf<n r=n+1 a=2 B=p+1

Replacing (3.12) in (3.10), we derive

2
) 1 qAf 1 &
Ric(§) <gn*|HI* = == +pa+p+q—1- 3 > (20{1 — (O 1pr1 +~~~+a,5n))
r=n+1
- Y (X S+ Y3 Y ) (.13
r=n+1 \a=1 B=p+1 a=2 B=p+1

As for Nf—minimal warped product submanifold M", we compute the following simplification

m p n
22D Tty = Z Z { olez, ). er) + - +g(olep. &), er)}(’éﬁ

r=n+1a=2 B=p+1 r=n+1p=p+1
= Z Z{ oler, er), er)+~--+g(o(ep,ep),er)—g(O(e1,e1),er)}o,§,3
r=n+1 f=p+1
m n
=— Z Z 011045- (3.14)
r=n+1 g=p+1

Similarly, we have

m p m
Do) ofiog=— > (ou). (3.15)

r=n+1 b=2 r=n+1

On the other hand, we deduce that

2

1 m m n m 1
o (20{1 — (Oppaprat o o,rn)) + 2 D oho =2 ) (on) + onlH. (3.16)

r=n+1 r=n+1 p=p+1 r=n+1

Using (3.14) and (3.15) in Eq. (3.13), after the evaluation of (3.16), we finally get

. 1 qAf 1 &

Riew(&) <5n NI — T2 +pgn =1 =3 3 (ofpper + -+ o)
r=n+1
m
- Z : ony Z 0110,3;3 + Ogitor1 ot Uz;n) . (3.17)
r=n+1 B=p+1
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The last term of inequality (3.17) is equal to %- ||IHI||2 and using also the Np minimality, we get:

. q f 1 m . n 2
Ricy(€) + s < n IHI? +pg+p+q—1-— 3 an;r] 209, — ﬁ;lgﬂﬁ . (3.18)

which implies the inequality (1.1). For the other case, we have

Case:-2 If e, is tangent to NJ, then we fix the unit tangent vector field from €p+1, - . . €y such that £ = e,. From (2.10) to
(3.9) using a similar approach as in the first case, one obtains:

1 . A ~ ~ ~ ~

Enz||H||2 > Ricu(€) + qf—f —28MM+ Y Kap + TN + T(NG)

1<a<p=<n-—-1

m m
+; Z (20 P+1p+1 +- O-rrn> + Z Zannaﬁﬁ

r=n+1 r=n+1 =1
m p n m p n—1
F DD = DD D GauTy (3.19)
r=n+1a=1 g=p+1 r=n+1a=1 f=p+1
After some computations, one obtains:
m 1 2 n—1
Z {2 <(U£+1P+1 N O—nrn) - 20":’1> + Z O'nrnUﬁﬁ}
r=n+1 p=n+1
m 1 2 n—1
= Z {2<U£+1p+1 4+t Gr:n) + (o8 ) — Z Unrnoﬁﬁ}. (3.20)
r=n+1 p=n+1

Since, M" is N¥-minimal, then

m p n
D D (aur=o. (321)

r=n+1a=1 f=p+1

Using a similar technique, as in (3.11), also replacing (3.20)-(3.21) in (3.19), we obtain the following inequality

1 qAf 1 & . 2
2 NI = Riew(€) + == —pg—n+1+2 3 (20;n - Uﬁﬁ) ,

f r=n+1 B=p+1

which again implies the inequality (1.1). To derive the inequality (1.1), when warped product submanifold M" is Ng-
minimal, we will use a similar method, as we applied in the first case. Hence we conclude that the inequality (1.1) holds
for both N{—minimal isometric immersion fori =1or 2 and j=p,q.

Now we will verify the equality cases in the inequality (1.1). Let us consider the relative null space N of the warped
product submanifold M" in a unit sphere S™ which is defined in Eq. (2.3). For A € {e; ...e;}, a unit tangent vector e, to
M™ at x satisfies the equality sign of the inequality (1.1), if and only if the following condition holds:

Z Z ohs =0, (ii) ZUM_O (iii), 20}, = Z o8 (3.22)
b#A

a=1 =p+1 B=p+1

such that r € {epy1..., m}. The first condition (i) implies that the M" is a mixed totally geodesic warped product
submanifold. Using the mmlmahty and combining with (ii) and (iii) of (3.22), it can be easily seen that the unit tangent
vector £ = e, lies in the relative null space Ny at x. The converse part is straightforward and hence, we complete the
proof of (1) from inequality (1.1).

Moreover, for Np -minimal isometric warped product submanifold, the equality condition in (1.1) holds if and only if:

Z Z oup =0, (ii) ZZ%_O (iii), 207, Z o8, (3.23)

a=1 g=p+1 b=1 g#}* B=n1+1
where ¢ € {1...,p}andr € {(n+1...,m}). As M" is a Nf—minimal, then from the third term of (3.23) we get that
04, =0, a €{1...,p}. So, combining these conditions with the second term (ii) of (3.23), we find that M" is a N‘l’—totally
geodesic warped product submanifold in a unit sphere S". This proves the statement (a) of (2).
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Assuming that M" is a NY-minimal, then the equality sign holds in (1.1) for all unit tangent vectors to Nj at x if and
only if the following statements, hold:

p n p n n
i) D> op=0, (i) > Y o5,=0, (iii), 20/, = Y op. (3.24)
B

a=1 p=p+1 b=1 4=t =p+1
suchthat Le{p+1...,n}andr € {n+ 1, ..., m}. Two cases arise from the third condition (iii) from (3.24), that is
h, =0, VLe{p+1...,n} & re{n+1,...,m}, or dimN,? =2. (3.25)

If the first part of (3.25) holds, then in the light of the second condition from (3.24), we get that M" is an N;’—totally
geodesic warped product submanifold in a unit sphere S™. This is the first statement of the part (b) of (2) of the theorem.
For the other part, we consider that M" is not N;’ -totally geodesic warped product submanifold and dim N;’ = 2. Then,
from (ii) of (3.24), we hypothesize that M" is sz—totally umbilical warped product submanifold in-unit sphere S™. Hence
the part (b) of (2) is proved completely. Now, we prove statement (3), using (3.23) and (3.24) together, and then we will
use part (a) and (b) of (2). Thus, let us consider that dim Ng # 2. Since, from (a) and (b) of a statement (3) respectively, we
get that M" is Nf -totally geodesic warped product submanifold in a unit sphere S™, this means that M" is totally geodesic
warped product submanifold in S™. Moreover, for the other case, we assume that the previous does not hold. Then from
parts (a) and (b) of statement (2) one obtains that M" is mixed totally geodesic and Nf -totally geodesic warped product
submanifold in S™ with dim Ng = 2. As for the last assertion to show that M" is a totally umbilical warped product
submanifold into S", it is sufficient to prove that M" is Ng—totally umbilical and is Nf -totally geodesic warped product
submanifold in S™, remaining results obtained, directly from (b) and (a), respectively. This gives the complete proof part
(3). Using a similar technique as in the above case, we can prove the theorem when M" is Ng—minimal warped product
submanifold in the unit sphere S™. This completes the proof of the theorem.

4. Geometric mechanics and applications
4.1. Harmonic function on compact warped product manifolds

In this subsection, we will consider that M" is a compact submanifold with an empty boundary dM = #. The following
famous result regarding such a manifold was proved in [11] as follows:

Lemma 4.1 (Hopf’s Lemma [11]). Let M" be compact, connected Riemannian manifold such that the Laplacian of the positive
differentiable function ¢ € C*°(M™") is non-negative, such that Ap > 0(A¢ < 0). Then ¢ is a constant function.

Applying the above lemma, we prove the following result:
Theorem 4.1. Let £ : M" = N} x; NJ —> S™, be a N¥-minimal isometric immersion from an n-dimensional connected and
compact warped product submanifold M" into an m-dimensional unit sphere S™. Then M" is a simply Riemannian product
manifold if and only if the following inequality is satisfied:
2
) n
Riew(§) = 7 IH|* +p(a+ D +q+1, (4.1)

Proof. From (1.1) and (2.16), we have

n . Af
ZIIHII > chm($)+q7 —pg—p—q+1
Assuming that Eq. (4.1) holds, then from the above result, we get:
A
Q*f <0,
f

which implies that Af < 0. Using Lemma 4.1 we conclude that the warping function f is constant. From Remark 2.1
one obtains that M" is a Riemannian product submanifold or a trivial warped product submanifold. The converse part is
straightforward from (4.1). This completes the proof of the theorem.

For any positive differentiable function ¢ € C*°(M"), the Hessian tensor of the function ¢ is a symmetric 2-covariant
tensor field on M" defined by

A = —traceH? = —traceH™ . (4.2)

Thus, from the above relation and Theorem 1.2, verifying the relations between Ricci curvature, the squared norm of mean
curvature and Hessian tensor of the warping function, one obtains the following:
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Corollary 4.1. Let ¢ : M" = Nf X5 Ng —> S™, be a Nf -minimal isometric immersion from an n-dimensional warped product
submanifold M" into a m-dimensional unit sphere S™. Thus, for each unit vector field & € T,N;, with i = 1ori = 2, we have
the following inequality:

traceH

IE* —q
f

Ricy(§) < +plg+1)+qg+1.

n2
4
4.2. An application to eigenvalue estimate

A lower bound on the Ricci curvature implies various bound on the geometric quantities. Let M" be a complete non-
compact Riemannian manifold and fix an arbitrary point x in M". Let M" be a Riemannian manifold and A;(M") denote
the first eigenvalue of the Dirichlet boundary value problem

Ap =rp in M"
¢ =0 on aM", (4.3)
where A is the Laplacian on M" and defined as A¢ = —div(V¢). From the monotonicity principle we find that r < t

which means that A;(M}') > A1(M}). Therefore, the lim,__, o, A1(D;) exists and the following definition can be given:
A(M) = lim Aq(Dy) (4.4)
r—00

The above limit is independent of choice of the center x. By using the first non-zero eigenvalue of the Laplacian operator,
Cheng [14,22] proved the eigenvalue comparison theorem which states that if M is complete and isometric to the standard
unit sphere then Ric(M) > 1 and d(M) = x. Using the proof of Cheng [21] and also the studies of Palmer [[37], Lemma 1.
p53], let us assume that ¢ is a non-constant warping function. Then the maximum (minimum) principle on the eigenvalue
A1 yields (see, for instance, [9,14])

m [ v = [ ivera. (45)
mn Mn
with equality holding if and only if the condition A¢ = A1¢, holds. We give now the following:

Theorem 4.2. Let ¢ : M" = N? x; NJ — S™, be a N¥-minimal isometric immersion from an n-dimensional compact
warped product submanifold M™ into an m-dimensional unit sphere S™. Let the warping function Inf is an eigenfunction of the
Laplacian of M™ associated to the first eigenvalue A1(M™) of the Dirichlet boundary problem (4.3), then the following inequality
holds

n? -1
Riew(©)dv < = [ [EIPAV + gy / anfPav + a(p+ 1+ 2= 1 )voim (46)
Mn 4 Jyn Mn q

The equality cases are same in Theorem 1.2.
Proof. As M" is compact, this means that M" is bounded. This implies that M" have lower and upper bounds. Let

A1 = A1(M) and ¢ be a solution of (4.3) to the corresponding A1. It seems that ¢ does not change the sign in M". Therefore,
we can rewrite (1.1) in the following form

2 —1
Ricw(®) = qIVIn I = ZIEIP +a(p+1+ = — atnf), (47)

where V is the gradient on M". Integrating the above equation along the Riemannian volume form dV, we derive

. 2 n’ 2 p—1 n
Ricy(§)dV — Q/ IV(nf)l7dV < — / IH||“dV + Q<P +1+ 7)VOI(M )- (4.8)
Mmn 4 Mmn q

Mﬂ
If A1 is an eigenvalue of the eigenfunction Inf such that Alnf = A Inf with ¢ = Inf in (4.5), then equality in (4.5) holds,

f IV Inf|2dV = A / (Inf)*dv. (4.9)
Mn mn
Using (4.9), we get
. 5 n 2 p—1 n
Ricw(E)IV — gry | (nfRdv < = [ mj2av + q(p F14 —)vm(M ). (4.10)
Mn Mn 4 Jyn q

This completes the proof of the theorem.
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4.3. Relation and classification in Poisson equation

There are many conditions when physical quantities are described by a Poisson’s equation such as the gravitational
potential in the presence of mass, the electrostatic potential in light of distribution charge and study-state temperature
in the presence of sinks as well. Similarly, the Laplacian equation describes stationary process in physics such as: the
displacement of a membrane, the gravitational potential in the absence of mass, the steady heat flow equation in the
absence of source of heat, the velocity potential for some fluids. Let D C M" be a bounded, closed set. Then a variation
of ¢ € D is a one parameter family of functions ¢(s, t) where s € (—¢, €) and t € M" such that

®(0, t) =p(t) (4.11)
(s, x) =¢(s), x e M" —{D}. (4.12)
It is denoted by the following
2¢(s, x . -
Sp(x) = ¢(5, %) ,i=1,n. (4.13)
as |s=0
Therefore the integral
I = / Ld,g, (4.14)
D
is said to be stationary under the above variation if
dl
= =0, (4.15)
ds s=0

where we denote the volume element d,; = /|g|dx!, ..., dx™ and |g| = |det(gj)|. The integral (4.14) is stationary under
any variation of ¢ if and only if the following Euler-Lagrange equations are satisfied

(oL aL . -
> —)=——.i=1n. (4.16)
= \0(@y) a(¢')
Let f, p € F(M) on a Riemannian manifold (M, g) and let us consider the Lagrangian as:
If11?
L=~ (4.17)

If we use the Euler-Lagrange equation, derived from Eq. (4.14) with the right hand side 3—} = —p, then Eq. (4.17) becomes
the Poisson’s equation:

Af = p. (4.18)
The following lemma is a useful result to obtain the solution of Poisson’s equation.
Lemma 4.2 ([11]). Let k € R, then an equation on the sphere S™ such that Af = k has a solution if and only if k = 0. In this
case solutions are constant.
Using the above result, due to Poisson’s equation (4.18), we give now, the following:
Theorem 4.3. Let ¢ : M" = NY x; N —> S™, be a NY-minimal isometric immersion from an n-dimensional compact warped

product submanifold M" into an m-dimensional unit sphere S™. If the warping function f is the solution of Poisson equation,
then M" is a Riemannian product and the following inequality holds.

. n? p—1
mw@)SZWHW+QG+ﬂ+AE—>. (4.19)

Proof. For any k € R, the equation on the sphere S™ for warped product submanifold M" is:
A(lnf) =k (4.20)

From the hypothesis of Theorem 4.3, we know that f is the solution of Poisson’s equation (4.18) and using Lemma 4.2
lead us to the conclusion that f is a solution of (4.20) if and only if k = 0. Then, one obtains:

A(lnf) = 0. (4.21)

On the other hand, Lemma 4.2 also shows that the solutions are constant. This means that f is a constant function, that
is, M" is a trivial warped product or simply Riemannian product manifold and hence, we have

IVInf|*> = 0. (4.22)
Therefore, using (4.21) and (4.22) in (1.1), we get the required result.
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As a consequence of the Poisson’s function and using Poisson’s equation (4.18), we have

Corollary 4.2. If ¢ : M" = Nf X N;’ —> S™isa Nf—minimal isometric immersion from an n-dimensional compact warped
product submanifold M™ into an m-dimensional unit sphere S™ such that the warping function f satisfies the Poisson equation,
then we have

2 _
RicM(é)-i-q(B) < "—||H||2+q(p+1+u>. (4.23)
f 4 q

where p is the Poisson’s function defined in the Poisson’s equation (4.18).

Proof. Using (4.18) in (1.1), we get the result and this completes the proof of the corollary.
4.4, Dirichlet energy and Lagrangian formalisms on warped product and their classifications

Let ¢ be positive differentiable function defined on a compact Riemannian manifold M" such that ¢ € F(M"). Then
Dirichlet energy of a function ¢ is defined in [pp. 44 [11]] as:

1
o) = / IVglav, (4.24)
Mﬂ

where dV is the volume element of M". Similarly, the Lagrangian for a function ¢ on Riemannian manifold M" is given
in [11], as follows:

1 2
L, = S 1IVoll. (425)
The Euler-Lagrange equation for the Lagrangian (4.25) is:
Ap = 0. (4.26)

If we consider M" to be a compact oriented Riemannian manifold without boundary such that dM™ = ¢, then we have a
strong result which link the relation between Dirichlet energy, Ricci curvature and the squared mean curvature as follows:

Theorem 4.4. Let ¢ : M" = Nf Xf Ng —> S™, bea Nf—minimal isometric immersion from a compact oriented warped product
submanifold M™ into the unit sphere S™. Then we have the following inequality

1 n?
Ednf) > —{ | Ricy(&)dv — = / IEIPdv — (pg+p+q - 1)V01(M”) , (4.27)
2(] Mn 4 Mn
where dV is the volume element and E(In f) denotes the Dirichlet energy of the warping function Inf with respect to dV.

Proof. Let ¢ be a positive function defined on a compact oriented Riemannian manifold without boundary. Yano-Kon
proved in [41] the following result an Agp = 0. Applying this result to the warping function Inf, we get

f A(Inf) = 0. (4.28)
M"

Integrating inequality (1.1) along the volume element dV on a compact oriented warped product submanifold M", one
obtains:

le
/ Ricy(€)dV <— [ ||H|2dV +f IV Inf]%dV + (pq +p+q-— 1)/ dv —f A(lnf)dv.
Mn 4 M” Mﬂ Mﬂ M”

Using (4.28), the above inequality, became:

. n
Ricy(£)dV <— / |H|12dV + / IV Inf|?dv + (pq +p+q— 1) / av. (4.29)
MH 4 Mn Mn Mn
Therefore, in the Dirichlet energy formula (4.24) by setting ¢ = Inf and using also (4.29), we get the required result. This
completes the proof of the theorem.

Another important result which can be obtained directly from Euler-Lagrange equation (4.26) in terms of the
Lagrangian L, is defined in (4.25) as follows:

Corollary 4.3. Let ¢ : M" = Nf Xf Ng —> S™, bea Nf—minimal isometric immersion from a compact oriented warped product
submanifold M" into the unit sphere S™ such that the warping function Inf satisfies the Euler-Lagrange equation. Then, the
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following inequality, holds:

1 . n?
Ly = 2% Ricu(§) — ZIIHII2 - (pq +p+q-— 1)} (4.30)
where Ly is the Lagrangian defined in Eq. (4.25).

Proof. Using (4.25) and (4.26) in (1.1), we get the inequality (4.30). This completes the proof of the corollary.
4.5. Relation between Ricci curvature and Hamiltonian of the warping function

In the point x € M", the Hamiltonian for a local orthonormal frame can be written (see more detail in [11]) as follows:

1 ¢ 5
H(p, x) = 3 ,-Eq ple;)”. (4.31)
If we replace p = dy in the above equation, (where d is a differentiable operator), then from (2.17), one obtains:
1w 1w 1
_ - Ry (2 2
Hidp. %) = 2 ) dele = 5 ) ele)l = 51Vl (432)

i=1 i=1

Using the above formula, we get:

Corollary 4.4. Let { : M" = Nf Xf Ng —> S™, be a Nf-minimal isometric immersion from a compact warped product
submanifold M™ into the unit sphere S™. Then the Ricci-Hamilton inequality can be written as follows:

g 0 = 5\ Ricu(€) — IR - (pa-+p+a - 1)} (43
where H(dInf, x) is the Hamiltonian of the warping function Inf.
Proof. Using (4.32) into (1.1), we get (4.33).
4.6. Some triviality results on warped products

We can give some interesting applications of Hopf's lemma assuming that M" is a compact Riemannian manifold with
boundary such that dM # . We prove the following theorem:

Theorem 4.5. Let ¢ : M" = N¥ x; NJ —> S™, be a Ni-minimal isometric immersion from a compact connected oriented
warped product submanifold M" into the unit sphere S™. If the following relation holds:

2
E(Inf) = Zlq{ Ricw(€)dV — ”Z [H2dV — (pq tp+q-— 1)VOI(M”)}, (434)

Mn Mn

then M" is a Riemannian product manifold.
Proof. Integrating in (1.1), we get:
n2
/ Ricy(£)dV 5—/ |H|12dV + (pq+p+q - 1)[ av + q/ |V Inf|2dv —/ Alnfdv. (4.35)
MYI 4 Mn Mn MT] Mn

Using (4.24) in the above equation and if (4.34) is satisfied, then from (4.35) one obtains:

—f A(lnf)dV <0 = A(Inf) > 0. (4.36)

MTI

Hence, now using Lemma 4.1 we conclude that Inf must be a constant. This means that Inf = a for any constant a which
implies that f = e“. So, we proved that the warped product submanifold M" is a usual Riemannian product manifold.

4.7. Some topological obstructions

This subsection is devoted to the work of Obata [36] which is characterized specific Riemannian manifolds by ordinary
differential equations. He derived the necessary and sufficient condition for an n-dimensional complete and connected
Riemannian manifold (M, g) to be isometric to the n-sphere S" if there exists a non-constant smooth function ¢ on M"
that satisfies the differential equation H, = —c¢g, where H,, stands for the Hessian of ¢. Then we obtain the following
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Theorem 4.6. Let £ : M" = N¥ x; NJ —> S™, be a N-minimal isometric immersion from a compact oriented warped

product submanifold M" into the unit sphere S™ with non-negative Ricci curvature and satisfying the following equality
2 3t -1
[Hesstinf)|* = = =240 i + (p+ 1+ 2= ) (4.37)
p |4 q

where A1 > 0 is a positive eigenvalue associated to eigenfunction Inf. Then, the base manifold Nf is isometric to the sphere
S”(%) with constant sectional curvature equal to %.

Proof. Let us define the following equation as

||Hess(Inf) — t Inf1||?> =||Hess(Inf)||?> + t>(Inf)?||1||*> — 2t Infe(Hess(Inf), I).

But we know that ||I||> = trace(II*) = p and g(Hess(Inf), I*) = tr(Hess(Inf)I*) = trHess(Inf). Then the proceeding

equation takes the form

|Hess(Inf) — r1nﬂ||2 = ||Hess(Inf)||? + pt?(Inf)* — 2t Inf AInf. (4.38)
Assuming XA; is an eigenvalue of the eigenfunction then Alnf = A Inf. Thus we get

2 _ 2 2 2

|Hess(Inf) — t InfT||” = ||Hess(Inf)|I* + (pt* — 2tA)(Inf ). (4.39)
On the other hand, we obtain

A¢® =29 A9 + | Vo?
Then setting ¢ = Inf, we have

A(lnf)y =2InfAlnf + |VInf|>.

or
M(nfy? =2x(Inf ) + ||V Inf]?,

which implies that
2 1 2
(Inf)" = —T||V1nf|| . (4.40)
1

It follows from (4.39) and (4.40), we find that

£2
|Hess(Inf) — tlnﬂH2 = ||Hess(Inf)||> + (Zt - %)HV Infl*. (4.41)
1
In particular, t = —%1 on (4.41) by taking integration, we get
A 2 3A
f Hess(Inf) + —11nﬂH v =/ || Hess(In f)|2dV — —1/ IV Inf?dv. (4.42)
Mmn p mn D Jun
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Again, integrating on (1.1) and involving the Green lemma, we have

n? -1
/ Ricy(&)dV < Z/ [H2dV + q/ IV(nf)2dV + q(p F14 pT>VOl(Mn). (4.43)
Mn Mn mn

From (4.42) and (4.43), we derive

1 2
1 [ Ricw(®)av < = [ jmav — 2 /
Mn 4q Mn

Mmoo
Hess(Inf) + - Infl H v
p

q Mn 34
p 2 p— 1 n
+ o= | IHessnf)Iav + (p+ 1+ P Jvolm®). (4.44)
3)\“] mn q
As we assumed that the Ricci curvature is non-negative then Ric(§) > 0, thus
A 2 3n%)
/ Hess(Inf) + = lnﬂ” av < M / IF|2dV + / [Hess(In f)]|%dV
Mn p q Jur M
3\ -1
+ 2 (p F14 L)VOl(M"). (4.45)
p q
If the following equality holds from (4.37), then
30 | n? -1
f [Hess(In f)[2dV = — =21 ri/ [EL)2dV — (p F14 L)VOI(M") . (4.46)
M p |49 Jun q
From Eq. (4.45) one obtains:
MM 2
Hess(Inf) + =L In ﬂ” v < 0. (4.47)
mn b
But it is well known that
A 2
/ Hess(Inf) + = lnﬂ” v > 0. (4.48)
Mn p
Combining Eqs. (4.47) and (4.48), we get
)\.] 2 )"1
HHess(lnf) + ; lnﬂH =0 — Hess(Inf) = —; Infl. (4.49)

Since the warping function Inf of nontrivial warped product manifold M" is non-constant, Eq (4.49), gives Obata’s [36]
differential equation with constant ¢ = %1 > 0as Ay > 0, and therefore Nf is isometric to the sphere Sp(%) with constant

sectional curvature %. This completes the proof of the theorem.

As an application to Theorem 4.6, we give now the following:

Corollary 4.5. Let ¢ : M" = Nf Xf Ng —> S™ be a minimal isometric immersion from a compact oriented warped product
submanifold M™ into the unit sphere S™ with non-negative Ricci curvature and satisfying the equality

31 1
[ Hess(In f)]|> = —71(19 F1+ T> (450)

where \q is a positive eigenvalue associated to eigenfunction Inf. Then Nf is isometric to the sphere S"(%1

sectional curvature equal to %1.

) with constant

Another consequence of Theorem 4.6 is the following:

Corollary 46. ¢ : M" = Nf Xf Ng —> S™ be a minimal isometric immersion from a compact oriented warped product
submanifold M" into the unit sphere S™ with non-negative Ricci curvature and satisfying the equality (4.50) such that A, = p.
Then NY is isometric to the sphere SP.

In [26], Rio, Kupeli and Unal characterized Euclidean sphere using a standard differential equation which is the another
version of Obata’s differential equation. If a complete Riemannian manifold M" admits a real valued non-constant function
¢ such Ag + A1 = 0 such that A; < 0, then M" is isometric to a warped product of the Euclidean line and a complete
Riemannian manifold whose warping function ¢ satisfies the equation that ‘%’ + A1¢ = 0. Using this concept, we give
now the following result:
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Theorem 4.7. Let ¢ : M" = N{’ X5 Ng —> S™ be a N{’ -minimal isometric immersion from a complete warped product
submanifold M™ into the unit sphere S™ with positive Ricci curvature and satisfying the following equality

Y L

[[Hess(In f )] o

-1
IEI + (p+ 1+ pT) , (4.51)

where A1 < 0 is a negative eigenvalue of the eigenfunction Inf. Then Nf is isometric to a warped product of the Euclidean line
and a complete Riemannian manifold whose warping function ¢ satisfies the differential equation

dZ
d—t‘f + A =0. (4.52)

Proof. In the hypothesis of the theorem, we assumed that the Ricci curvature is positive and hence, using the Myers’s
theorem which states that a complete Riemannian manifold with positive Ricci curvature is compact we conclude that
M" is a compact warped product submanifold and with free boundary. Now from (4.44), we have

2

1 . n 2 p A 2
~ | wicwEadv < = [ mPav — L= | |Hess(inf) + 2L lnﬂH v
a Jun 4q Jun 3A1 Jun p
-1
+ 2| yHess(inf2dv + (p+1+ p—)VOl(M")
3A1 Jm q
As we assumed that the Ricci curvature is positive Ric(§) > 0, then we get:
X 2 3n2)
/ Hess(Inf) + =1 lnﬂH av < M / H|2dV + / || Hess(In f)||2dV
Mmn p 4q  Jun Mmn
3 —1
+ 7] (p T14 pT)VOI(Mn) (453)
If Eq. (4.50) is satisfied, then from (4.53), we get
A 2
HHess(lnf) + g H <o,
which implies that
M 2
HHess(lnf) + r Infl H =0. (4.54)

In this case A; < 0, we invoke the result from [26], therefore Nf is isometric to a warped product of the Euclidean line
and a complete Riemannian manifold, where the warping function on R satisfies the differential equation (4.52). This
completes the proof of theorem.
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