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a b s t r a c t

The functional equation (ξ) is stable if any function g satisfying the equation (ξ) approx-
imately is near to the true solution of (ξ). A functional equation is superstable if every so-
lution satisfying the equation approximately is an exact solution of it. Using fixed point
methods, we prove the stability and superstability of J∗-homomorphisms between J∗-
algebras for the generalized Jensen-type functional equation f ( x+y2 )+ f (

x−y
2 ) = f (x).

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

By a J∗-algebrawemean a closed subspace A of a C∗-algebra such that xx∗x ∈ Awhenever x ∈ A. Many familiar spaces are
J∗-algebras [1], for example: (i) every Cartan factor of type I, i.e., the space of all bounded operators B(H, K) between Hilbert
spaces H and K ; (ii) every Cartan factor of type IV, i.e., a closed ∗-subspace A of B(H) in which the square of each operator
in A is a scalar multiple of the identity operator on H; (iii) every JC∗-algebra; (iv) every ternary algebra of operators [2].
A J∗-homomorphism between J∗-algebras A and B is defined to be a linear mapping h : A→ B such that

h(aa∗a) = h(a)h(a)∗h(a)

for all a ∈ A.
In particular, every ∗-homomorphism between C∗-algebras is a J∗-homomorphism. In [3], the stability of J∗-homo-
morphisms between J∗-algebras has been studied (see also [4,5]).
The stability of functional equations was first introduced by Ulam [6] in 1940. More precisely, he proposed the following

problem: Given a group G1, a metric group (G2, d) and a positive number ε, does there exist a δ > 0 such that if a function
f : G1 → G2 satisfies the inequality d(f (xy), f (x)f (y)) < δ for all x, y ∈ G1, then there exists a homomorphism T : G1 → G2
such that d(f (x), T (x)) < ε for all x ∈ G1? As mentioned above, when this problem has a solution, we say that the
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homomorphisms from G1 to G2 are stable. In 1941, Hyers [7] gave a partial solution of Ulam’s problem for the case of
approximate additivemappings under the assumption that G1 and G2 are Banach spaces. In 1978, Rassias [8] generalized the
theorem of Hyers by considering the stability problem with unbounded Cauchy differences. This phenomenon of stability
that was introduced by Rassias [8] is called the generalized Hyers–Ulam stability.

Theorem 1.1. Let f : E → E ′ be a mapping from a norm vector space E into a Banach space E ′ subject to the inequality

‖f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p + ‖y‖p) (1.3)

for all x, y ∈ E, where ε and p are constants with ε > 0 and p < 1. Then there exists a unique additive mapping T : E → E ′ such
that

‖f (x)− T (x)‖ ≤
2ε
2− 2p

‖x‖p (1.4)

for all x ∈ E. If p < 0 then inequality (1.3) holds for all x, y 6= 0, and (1.4) for x 6= 0. Also, if the function t 7→ f (tx) from R into
E ′ is continuous for each fixed x ∈ E, then T is R-linear.

During the last few decades several stability problems of functional equations have been investigated by many mathe-
maticians. A large list of references concerning the stability of functional equations can be found in [9–13].
Recently, Cădariu and Radu applied the fixed point method to the investigation of the functional equations. (See also

[14–19].)
In this paper, we will use the fixed point alternative of Cădariu and Radu to prove the stability and superstability of

J∗-homomorphisms between J∗-algebras for the generalized Jensen-type functional equation

f
(
x+ y
2

)
+ f

(
x− y
2

)
= f (x).

Throughout this paper assume that A, B are two J∗-algebras.

2. Main results

Before proceeding to the main results, we will state the following theorem.

Theorem 2.1 (The Fixed Point Alternative [20]). Suppose that we are given a complete generalized metric space (�, d) and a
strictly contractive mapping T : �→ � with Lipschitz constant L. Then for each given x ∈ �, either
d(Tmx, Tm+1x) = ∞ for all m ≥ 0,
or other exists a natural number m0 such that:
? d(Tmx, Tm+1x) <∞ for all m ≥ m0;
? the sequence {Tmx} is convergent to a fixed point y∗ of T ;
? y∗ is the unique fixed point of T in the set Λ = {y ∈ � : d(Tm0x, y) <∞};
? d(y, y∗) ≤ 1

1−Ld(y, Ty) for all y ∈ Λ.

Lemma 2.2 ([5]). Let f : X → Y be an additive mapping such that f (µx) = µf (x) for all x ∈ X and all µ ∈ T1, where X and Y
are linear spaces. Then the mapping f is C-linear.

Theorem 2.3. Let f : A→ B be a mapping with f (0) = 0 for which there exists a function φ : A3 → [0,∞) such that∥∥∥∥µf (x+ zz∗z + y2

)
+ µf

(
x+ zz∗z − y

2

)
− f (µx)− µf (z)f (z)∗f (z)

∥∥∥∥ ≤ φ(x, y, z) (2.1)

for all µ ∈ T := {µ ∈ C : |µ| = 1} and all x, y, z ∈ A. If there exists a constant 0 < L < 1 such that

φ(x, y, z) ≤ 2Lφ
( x
2
,
y
2
,
z
2

)
(2.2)

for all x, y, z ∈ A, then there exists a unique J∗-homomorphism h : A→ B such that

‖f (x)− h(x)‖ ≤
L
1− L

φ(x, 0, 0) (2.3)

for all x ∈ A.

Proof. It follows from (2.2) that

2−jφ(2jx, 2jy, 2jz) ≤ Ljφ(x, y, z)

for all x, y, z ∈ A and all integers j. Hence
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lim
j→∞

2−jφ(2jx, 2jy, 2jz) = 0 (2.4)

for all x, y, z ∈ A. Putting µ = 1 and y = z = 0 in (2.2), we obtain∥∥∥2f ( x
2

)
− f (x)

∥∥∥ ≤ φ(x, 0, 0) (2.5)

for all x ∈ A. Hence∥∥∥∥12 f (2x)− f (x)
∥∥∥∥ ≤ 12φ(2x, 0, 0) ≤ Lφ(x, 0, 0) (2.6)

for all x ∈ A. Consider the set X := {g | g : A→ B, g(0) = 0} and introduce the generalized metric on X:

d(h, g) := inf{C ∈ R+ : ‖g(x)− h(x)‖ ≤ Cφ(x, 0, 0) for all x ∈ A}.

It is easy to show that (X, d) is complete. Now we define the linear mapping J : X → X by

J(g)(x) =
1
2
g(2x)

for all x ∈ A. It is easy to show that d(J(g), J(h)) ≤ Ld(g, h) for all g, h ∈ X (see [20]). It follows from (2.6) that d(f , J(f )) ≤ L.
By Theorem 2.1, {Jnf } converges to a unique fixed point h of J in the set X1 := {g ∈ X : d(f , g) < ∞}. So h satisfies
h(2x) = 2h(x) and

h(x) = lim
n→∞

1
2n
f (2nx), d(f , h) ≤

1
1− L

d(f , J(f ))

for all x ∈ A. Therefore d(f , h) ≤ L
1−L . This implies the inequality (2.3). Put z = 0 in (2.1). It follows from the definition of J

and (2.4) that∥∥∥∥µh(x+ y2
)
+ µh

(
x− y
2

)
− h(µx)

∥∥∥∥ = lim
n→∞

1
2n
‖µf (2n−1(x+ y))+ µf (2n−1(x− y))− f (2nµx)‖

≤ lim
n→∞

1
2n
φ(2nx, 2ny, 0) = 0

for all x, y ∈ A. So

µh
(
x+ y
2

)
+ µh

(
x− y
2

)
= h(µx) (2.7)

for all x, y ∈ A. Putting u = x+y
2 and v =

x−y
2 in (2.7), we get

µh(u)+ µh(v) = h(µu+ µv)

for all u, v ∈ A. Since h(0) = 0, h is additive and h(µx) = µh(x) for all µ ∈ T and all x ∈ A. Hence, h is C-linear by
Lemma 2.2. Setting x = y = 0 and µ = 1 in (2.1), we have

‖h(zz∗z)− h(z)h(z)∗h(z)‖ =
∥∥∥∥2h( zz∗z2

)
− h(z)h(z)∗h(z)

∥∥∥∥
= lim
n→∞

1
8n

∥∥∥∥2f (8nzz∗z2
)
− f (2nz)f (2nz)∗f (2nz)

∥∥∥∥
≤ lim
n→∞

1
8n
φ(0, 0, 2nz) ≤ lim

n→∞

1
2n
φ(0, 0, 2nz) = 0

for all z ∈ A. Thus h : A→ B is a J∗-homomorphism satisfying (2.3), as desired. �

We prove the following generalized Hyers–Ulam stability problem for J∗-homomorphisms on J∗-algebras.

Corollary 2.4. Let p ∈ (0, 1) and δ, θ ≥ 0 be real numbers. Suppose f : A→ B satisfies f (0) = 0 and∥∥∥∥µf (x+ zz∗z + y2

)
+ µf

(
x+ zz∗z − y

2

)
− f (µx)− µf (z)f (z)∗f (z)

∥∥∥∥ ≤ δ + θ(‖x‖p + ‖y‖p + ‖z‖p)
for all µ ∈ T and all x, y, z ∈ A. Then there exists a unique J∗-homomorphism h : A→ B such that

‖f (x)− h(x)‖ ≤
2pδ
2− 2p

+
2pθ
2− 2p

‖x‖p

for all x ∈ A.
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Proof. Set φ(x, y, z) := δ + θ(‖x‖p + ‖y‖p + ‖z‖p) for all x, y, z ∈ A. Then we get the desired result by L = 2p−1 in
Theorem 2.3. �

Remark 2.5. Let f : A→ B be a mapping with f (0) = 0 for which there exists a function8 : A3 → [0,∞) such that∥∥∥∥µf (x+ zz∗z + y2

)
+ µf

(
x+ zz∗z − y

2

)
− f (µx)− µf (z)f (z)∗f (z)

∥∥∥∥ ≤ 8(x, y, z)
for all µ ∈ T and all x, y, z ∈ A. Let 0 < L < 1 be a constant such that 28(x, y, z) ≤ L8(2x, 2y, 2z) for all x, y, z ∈ A. By a
method similar to that of the proof of Theorem 2.3, one can show that there exists a unique J∗-homomorphism h : A→ B
satisfying

‖f (x)− h(x)‖ ≤
1
1− L

8(x, 0, 0)

for all x ∈ A.
For the case 8(x, y, z) := θ(‖x‖p + ‖y‖p + ‖z‖p) (where θ is a non-negative real number and p > 1), there exists a

unique J∗-homomorphism h : A→ B satisfying

‖f (x)− h(x)‖ ≤
2pθ
2p − 2

‖x‖p

for all x ∈ A.

The case in which p = 1 was excluded in Corollary 2.4 and Remark 2.5. Indeed the results are not valid when p = 1. Here
we use Gajda’s example [21] to give a counter-example.

Proposition 2.6. Let φ : C→ C be defined by

φ(x) :=
{
x for |x| < 1;
1 for |x| ≥ 1.

Consider the function f : C→ C given by the formula

f (x) :=
∞∑
n=0

2−nφ(2nx).

Let

Dµf (x, y, z) := µf
(
x+ zzz + y

2

)
+ µf

(
x+ zzz − y

2

)
− f (µx)− µf (z)f (z)f (z)

for all µ ∈ T and all x, y, z ∈ C. Then f satisfies

|Dµf (x, y, z)| ≤ 36(|x| + |y| + |z|) (2.8)

for allµ ∈ T and all x, y, z ∈ C, and the range of |f (x)−A(x)|/|x| for x 6= 0 is unbounded for each additive function A : C→ C.

Proof. It is clear that f is bounded by 2 on C. If |x| + |y| + |z| = 0 or |x| + |y| + |z| ≥ 1, then∣∣Dµf (x, y, z)∣∣ ≤ 14 ≤ 14(|x| + |y| + |z|).
Now suppose that 0 < |x| + |y| + |z| < 1. Then there exists an integer k ≥ 0 such that

1
2k+1
≤ |x| + |y| + |z| <

1
2k
. (2.9)

Therefore

2m|x+ zzz ± y|, 2m|µx|, 2m|z| < 1

for allm = 0, 1, . . . , k− 1. From the definition of f and (2.9), we have

|f (z)| ≤ k|z| +
∞∑
n=k

2−n|φ(2nz)| ≤ k|z| +
2
2k
,

|Dµf (x, y, z)| ≤ k|z|3 +
6
2k
+ |f (z)|3 ≤ (k+ k3)|z|3 +

8
2k
+
6k2 + 12k
4k

|z|

≤
k3 + 6k2 + 13k

4k
|z| +

8
2k

≤ 20|z| + 16(|x| + |y| + |z|)
≤ 36(|x| + |y| + |z|).
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Therefore f satisfies (2.8). Let A : C→ C be an additive function such that

|f (x)− A(x)| ≤ β|x|

for all x ∈ C. Then there exists a constant c ∈ C such that A(x) = cx for all rational numbers x. So we have

|f (x)| ≤ (β + |c|)|x| (2.10)

for all rational numbers x. Let m ∈ N with m > β + |c|. If x is a rational number in (0, 21−m), then 2nx ∈ (0, 1) for all
n = 0, 1, . . . ,m− 1. So

f (x) ≥
m−1∑
n=0

2−nφ(2nx) = mx > (β + |c|)x

which contradicts (2.10). �

Now we establish the superstability of J∗-homomorphisms as follows.

Theorem 2.7. Let |r| > 1, and let f : A → B be a mapping satisfying f (rx) = rf (x) for all x ∈ A. Let φ : A3 → [0,∞) be a
mapping such that

‖µf (x+ zz∗z + y)+ µf (x− y)− 2f (µx)− µf (z)f (z)∗f (z)‖ ≤ φ(x, y, z) (2.11)

for all µ ∈ T and all x, y, z ∈ A. If there exists a constant 0 < L < 1 such that φ(x, y, z) ≤ |r|Lφ( xr ,
y
r ,
z
r ) for all x, y, z ∈ A,

then f is a J∗-homomorphism.

Proof. By using equation f (rx) = rf (x) and (2.11), we have f (0) = 0 and

‖µf (x+ y)+ µf (x− y)− 2f (µx)‖ ≤ |r|−nφ(rnx, rny, 0), (2.12)

‖f (zz∗z)− f (z)f (z)∗f (z)‖ ≤ |r|−3nφ(0, 0, rnz) (2.13)

for all x, y ∈ A and all integers n. It follows from φ(x, y, z) ≤ |r|Lφ( xr ,
y
r ,
z
r ) that

lim
n→∞
|r|−nφ(rnx, rny, rnz) = 0

for all x, y, z ∈ A. Hence we get from (2.12) and (2.13) that

µf (x+ y)+ µf (x− y) = 2f (µx), f (zz∗z) = f (z)f (z)∗f (z)

for all µ ∈ T and all x, y, z ∈ A. So f is additive and f (µx) = µf (x) for all µ ∈ T and all x ∈ A. By Lemma 2.2, f is C-linear
and we conclude that f is a J∗-homomorphism. �

The following theorem gives a similar result to Theorem 2.7 and we omit its proof.

Theorem 2.8. Let 0 < |r| < 1, and let f : A→ B be a mapping satisfying f (rx) = rf (x) for all x ∈ A. Let φ : A3 → [0,∞) be
a mapping satisfying (2.11). If there exists a constant 0 < L < 1 such that |r|φ(x, y, z) ≤ Lφ(rx, ry, rz) for all x, y, z ∈ A, then
f is a J∗-homomorphism.

Corollary 2.9. Let 0 < |r| 6= 1, p ∈ (0, 1) and δ, θ ≥ 0 be real numbers. Suppose that f : A → B is a mapping satisfying
f (rx) = rf (x) for all x ∈ A and the following inequality:

‖µf (x+ zz∗z + y)+ µf (x− y)− 2f (µx)− µf (z)f (z)∗f (z)‖ ≤ δ + θ(‖x‖p + ‖y‖p + ‖z‖p)

for all µ ∈ T and all x, y, z ∈ A. Then f is a J∗-homomorphism.

Proof. Set φ(x, y, z) := δ + θ(‖x‖p + ‖y‖p + ‖z‖p) all x, y, z ∈ A. For |r| > 1, let L = |r|p−1 and for 0 < |r| < 1, let
L = |r|1−p. Then we get the desired result by Theorem 2.7 (for |r| > 1) and Theorem 2.8 (for 0 < |r| < 1). �

Corollary 2.10. Let 0 < |r| 6= 1, p > 1 and θ ≥ 0 be real numbers. Suppose that f : A → B is a mapping satisfying
f (rx) = rf (x) for all x ∈ A and the following inequality:

‖µf (x+ zz∗z + y)+ µf (x− y)− 2f (µx)− µf (z)f (z)∗f (z)‖ ≤ θ(‖x‖p + ‖y‖p + ‖z‖p)

for all µ ∈ T and all x, y, z ∈ A. Then f is a J∗-homomorphism.

Acknowledgements

The authors would like to thank the referee(s) for a number of valuable suggestions regarding a previous version of this
paper.



814 M. Eshaghi Gordji, A. Najati / Journal of Geometry and Physics 60 (2010) 809–814

References

[1] L.A. Harris, Bounded symmetric homogeneous domains in infinite-dimensional spaces, in: Lecture Notes in Mathematics, vol. 364, Springer, Berlin,
1974.

[2] L.A. Harris, Operator Siegel domains, Proc. Roy. Soc. Edinburgh Sect. A. 79 (1977) 137–156.
[3] Baak, M.S. Moslehian, On the stability of J∗-homomorphisms, Nonlinear Anal. TMA 63 (2005) 42–48.
[4] C. Park, Isomorphisms between C∗-ternary algebras, J. Math. Anal. Appl. 327 (2007) 101–115.
[5] C. Park, Homomorphisms between Poisson JC∗-algebras, Bull. Braz. Math. Soc. 36 (2005) 79–97. MR2132832 (2005m:39047).
[6] S.M. Ulam, Problems in Modern Mathematics, science ed., Wiley, New York, 1940 (Chapter VI).
[7] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941) 222–224.
[8] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978) 297–300.
[9] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, River Edge, NJ, 2002.
[10] D.H. Hyers, G. Isac, Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkhäuser, Basel, 1998.
[11] S.-M. Jung, Hyers–Ulam–Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic Press, Palm Harbor, 2001.
[12] H. Khodaei, Th.M. Rassias, Approximately generalized additive functions in several variables, Int. J. Nonlinear Anal. Appl. 1 (1) (2010) 22–41.
[13] Th.M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Appl. Math. 62 (1) (2000) 23–130.
[14] L. Cădariu, V. Radu, The fixed points method for the stability of some functional equations, Carpathian J. Math. 23 (2007) 63–72.
[15] L. Cădariu, V. Radu, Fixed points and the stability of quadratic functional equations, An. Univ. Timisoara Ser. Mat.-Inform. 41 (2003) 25–48.
[16] L. Cădariu, V. Radu, Fixed points and the stability of Jensen’s functional equation, J. Inequal. Pure Appl. Math. 4 (2003) Art. ID 4.
[17] C. Park, J.M. Rassias, Stability of the Jensen-type functional equation in C∗-algebras: A fixed point approach, Abstr. Appl. Anal. (2009) 17. Article ID

360432.
[18] V. Radu, The fixed point alternative and the stability of functional equations, Fixed Point Theory 4 (2003) 91–96.
[19] I.A. Rus, Principles and Applications of Fixed Point Theory, Ed. Dacia, Cluj-Napoca, 1979 (in Romanian).
[20] L. Cădariu, V. Radu, On the stability of the Cauchy functional equation: A fixed point approach, Grazer Math. Ber. 346 (2004) 43–52.
[21] Z. Gajda, On stability of additive mappings, Internat. J. Math. Math. Sci. 14 (1991) 431–434.


	Approximately  J* -homomorphisms: A fixed point approach
	Introduction
	Main results
	Acknowledgements
	References


