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a b s t r a c t

We extend the classical variational model for elastic curves that are circular at rest to
the hyperbolic plane H2(−1). For simplicity, we call them λ-elastica. We show that there
are three types of critical curves according to their symmetries: rotational, translational
and horocyclical type curves. By explicitly solving the Euler–Lagrange equation and giving
a closedness criterion in each case, we can show that there exists a 2-parameter family
of closed rotational λ-elastica and that there exists an ‘‘eight’’-shaped example of closed
translational λ-elastica inH2(−1). However, we prove that there are no examples of closed
λ-elastica of horocyclical type. The second variation formula is applied to study the stability
of the constant curvature solution multiple covers. As an application, we combine these
results with a Lorentzian version of the Hopf map to construct examples of closed elastic
membranes in the anti de Sitter 3-space. A numerical approach is used to gain insight
into the space of closed λ-elastica. One plausible consequence of this numerics is that the
‘‘eight’’-shaped critical curve mentioned before appears to be the only closed translational
λ-elastica and that it is also a candidate for a local minimum of elastic energy.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Imagine that we bend a thin stiff rod, with circular cross-section in the Euclidean space, which is in the shape of a straight
line when no forces act on it. Then the bent rod can be described as a regular curve γ : I → R3, whose elastic energy is
given by


γ
κ2, where κ is the curvature of γ . More generally, if the stiff rod has an arbitrary shape of curvature κo in its

undeformed state, then the bending energy can be written as

F (γ ) =

∫
γ

(κ − κo)
2. (1)

Equilibrium positions of the stiff bent rod can be studied by computing the minimizers (or, more generally, the critical
points) of (1) under the boundary conditions determined by the concrete problem that wewish to analyze [1]. If γ is a plane
curve and κo = 0, the above problem corresponds to the classical model for elastic curves proposed by D. Bernoulli around
1740. The case κo = constant ≠ 0 would correspond to the situation in which the curve is a circle at rest (alternatively, it
could be interpreted as a global measure of how far our curve is from being a circle). This geometric approach can be used
to model stiff polymers, vortices in fluids, superconductors, membranes and mechanical properties of DNA molecules (for
more details, see [2,3] and the references therein).

Of course, assuming that κ stands for the geodesic curvature, the variational problem induced by (1) can be considered
in any Riemannian manifold Mn. From now on, we restrict ourselves to the case in which κo is a constant −λ ∈ R

Lλ(γ ) =

∫
γ

(κ + λ)2, (2)
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Table 1
Values of d for which periodic solutions of (9) exist if 0 < λ < 1.

Roots of Qd I II III
0 < λ < η < 1 η = λ η < λ < 1

0 < α3 < α4 −δ2 < d ≤ −δ1 −δ2 < d < −δ1 −δ2 < d < −ξ 1
0 = α3 < α4 – d = −ξ = −δ1 d = −ξ 2
α3 < 0 < α4 – – −ξ < d ≤ −δ1 3
α1 < α2 < 0 < α3 < α4 −δ1 < d < −ξ – – 4
α1 < α2 < 0 = α3 < α4 d = −ξ – – 5
α1 < α2 < α3 < 0 < α4 −ξ < d < 0 −δ1 = −ξ < d < 0 −δ1 < d < 0 6
α1 < 0 < α4 0 < d 0 < d 0 < d 7

Table 2
Values of d for which periodic solutions of (9) exist if 1 < λ.

Roots of Qd IV V VI VII
λ = 1 1 < λ < 2 λ = 2 λ > 2

0 < α3 < α4 −δ2 < d < −ξ −δ2 < d < −ξ −δ2 < d < 0 −δ2 < d ≤ 0 1
0 = α3 < α4 d = −ξ d = −ξ d = 0 – 2
α3 < 0 < α4 −ξ < d < 0 −ξ < d ≤ 0 −− – 3
α1 < α2 < 0 < α3 < α4 – – – 0 < d < −ξ 4
α1 < α2 < 0 = α3 < α4 – – – −ξ = d 5
α1 < α2 < α3 < 0 < α4 – 0 < d < −δ1 0 < d < −δ1 −ξ < d < −δ1 6
α1 < 0 < α4 0 < d −δ1 < d −δ1 < d −δ1 < d 7

and Mn is a real space form of constant curvature c , Mn(c). Moreover, we shall focus our attention on closed critical curves
due to their special geometric significance. Then, it can be proved that closed critical curves of (2) in real space forms must
lie fully in either a 2-dimensional or a 3-dimensional totally geodesic space of Mn(c) [4,5]. Thus, we may assume from the
beginning that γ lies in either M2(c) or M3(c). If λ = 0, critical points of (2) correspond to the classical Bernoulli’s elastica
and will be called free elastica following [5]. For simplicity, critical points of (2) when λ ≠ 0 will be referred to as λ-elastica
in this paper.

Assume first that λ = 0. Classical Bernoulli’s plane elastica possible shapes were discovered by Euler [6]. There are no
closed plane free elastica, but if one admits a constraint on the length, then in addition to non-closed examples also circles
and Bernoulli’s eight-curves appear. Classical plane elastica have also been analyzed under different boundary conditions
by Linner [7]. If M2(c) is either the 2-sphere S2(1) or the hyperbolic plane H2(−1), closed free elastica have been studied
and classified by Langer and Singer in [5]. There are no closed free elastic curves in R3 (again, a penalty on the length allows
the existence of closed elastica for any torus knot type (m, n)withm > 2n [8,9]) and closed free elastica in S3(1) have been
classified in [10]. The classification of closed free elastica in H3(−1) is still open.

Now, assume that λ ≠ 0. Clearly, since the total curvature

κ is constant on a regular homotopy class of plane curves, no

examples of plane λ-elastica other than Euler’s elastica appear. On the other hand, there are no non-trivial closed λ-elastica
in R3 with constant curvature [11], but a complete analysis of non-constant curvature λ-elastica in R3 is still missing. As for
the other 2-dimensional space forms, closed λ-elastica in S2(1) have been analyzed in [12]. Hence, what remains to do is
to study closed λ-elastica in H2(−1). This will be our task in this work. We point out that this functional is affected by the
orientation of the curve: if γ (s) is a critical point of Lλ, then γ (−s) is a critical point of L−λ. Hence, we may assume λ ≥ 0.

In Section 2 we compute the first variation formula and see that restriction to the space of closed curves forces its
boundary term to vanish. Then, we can obtain a first integral of the Euler–Lagrange (EL) equation. It is a first order non-
linear ODE expressed in terms of the curvature κ of the critical curve γ , whose periodic solutions must be found. Periodic
solutions are explicitly determined and classified in terms of two parameters: λ itself and a constant of integration d. It is a
complex classificationwhich is summarized in Tables 1 and2. In Section 3weuse the symmetry of the EL equation alongwith
Langer and Singer’s techniques [5], to establish a closedness criterion for critical curves whose curvatures are given by the
periodic solutions. It turns out that the sign of d determines the symmetries of the critical curves. Accordingly, wemay have
three different kinds of critical curves: curves of rotational type, of horocyclical type, or of translational type (see Section 3
for more details). This gives raise to different closedness criteria which we use to prove that there exists a 2-parameter
family of closed critical points of rotational type (Proposition 4) and that there exists at least one closed critical point of
translational type (Proposition 7). We also prove that there are no closed critical points of horocyclical type (Proposition 5).

On the other hand, an stability analysis would require to obtain the second variation formula of Lλ(γ ). It has been
computed in [4,13], for example, but it is very difficult to handle in general. Wewill be able to partially sort out this problem
by considering critical points of constant curvature. In Section 4 we determined the multiple covers of the closed constant
curvature critical curves that are stable. Very little is known about the stability of closed critical curves with non-constant
curvature. Numerical considerations made in Section 6 suggest that the ‘‘eight’’-figure critical point found in Proposition 7
is a local minimum for this energy. Some additional numerical insight into the space of closed solutions is also made
in Section 6. This analysis reveals plausible properties which we have been able to prove in some cases, while they remain
open in others.
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In a different, yet related, context, it was around 1810 that Sophie Germain set a model for the elastic energy of a surface
S in her study of the elastic plates. By using a generalization of Germain’s energy, Canham and Helfrich [14,15], introduced
a mathematical model for the study of biological membranes. The shape energy is defined by

E(S) =

∫
S
(b(H − co)2 + c G) · dA + a

∫
S
dA + d

∫
Ω

dV , (3)

where, a, b, c, d ∈ R, co is a constant (the spontaneous curvature of S), dA is the area element of S, dV is the volume element
of the domain bounded by S and H and G are the mean and Gaussian curvature of the surface, respectively. Critical points
of (3) serve as models for elastic surfaces or membranes in R3 (which are called vesicles if S is closed). Many authors have
studied the existence of vesicles with different topological configuration in R3, especially by using numerical methods, and
confront them with experimental observations (see, for instance, [16–18]).

Of course, itmakes full sense to study the variational problemassociated to (3) in anyRiemannianmanifold and it isworth
to observe that minimal surfaces, surfaces of constant mean curvature and Willmore surfaces [19], are particular examples of
membranes for suitable choices of the parameters in (3). Actually, it can be used also to provide very attractive energy actions
in string and superstring theories and M-theory (see, [20–22] and the references given there). Many examples of vesicles
in S3(1) have been constructed using as an essential tool the Hopf map [23,24]. In order to show that the third homotopy
group of S2 is not trivial, H. Hopf introduced in 1931 the so called Hopf map from the three sphere onto the two sphere [25].
This map has been successfully apply to studymany different important problems both inMathematics as well as in Physics
(see [26] for a recent survey on the subject). There is a version of the Hopf map in the Lorentzian background. This map
(which we also called Hopf map) goes from the three anti de Sitter space onto the hyperbolic plane and can be also viewed
as a circle principal bundle (see Section 5 for more details).

If we try to analyze the EL equation induced by (3), we run into a very difficult differential equations which is hopeless to
solve. Fortunately, as an application of our results, in Section 5we are able to construct examples of closed elastic surfaces in
the anti de Sitter space AdS3(−1) by means of the Hopf map, the Palais’ symmetric criticality principle [27], and the closed
λ-elastic curves in H2(−1) previously obtained.

Finally, some long technical results are banished to the Appendix. Various tedious computations, computer programming
and numerical algorithms are not included.

2. Solutions to the Euler–Lagrange equations

We denote by ∇ , R(, ) and ⟨, ⟩ the Levi–Civita connection, the Riemannian curvature tensor and the standard inner
product of H2(−1), respectively. Let γ : I = [0, 1] −→ H2(−1) be an immersed C∞ curve. As usual, γ ′(t) will be the
tangent vector field to γ (t), and T (t), N(t) the unit tangent and unit normal vector fields respectively. Also, the speed,
oriented curvature and arclength parameter of γ (t)will be represented by v = ⟨γ ′(t), γ ′(t)⟩

1
2 , κ(t) and s, respectively.

For a fixed real number λ, we consider the functional

Lλ(γ ) :=

∫
γ

(κ + λ)2ds =

∫ 1

0
(κ + λ)2vdt, (4)

acting on the following space of curves

Ω = {γ : I → H2(−1); γ ′(t) ≠ 0, γ (0) = p, γ (1) = q, γ ′(0) = e, γ ′(1) = ẽ}, (5)

where p, q ∈ H2(−1) are fixed points, and e ∈ TpH2(−1), ẽ ∈ TqH2(−1) are fixed tangent vectors. As we have said before,
critical points of Lλ will be called λ-elastic curves. Our approach to the study of (4) is inspired by Langer and Singer [5].

For a given γ ∈ Ω , we consider a C∞ variation of γ by curves inΩ , that is a C∞ function Γ : (−ϵ, ϵ)× [0, 1] → H2(−1)
such that Γ (0, t) = γ (t) and Γ (u, t) = γu(t) ∈ Ω . Denote by W =

∂Γ
∂u (0, t) the variation field of Γ . Then using standard

arguments which involve integration by parts, the Frenet equations of γ and a technical result similar to Lemma 1.1 of [5],
one can obtain the first variation formula of this functional (when λ = 0, this formula was given in [5])

dLλ

du
(0) =

∫ L

0
⟨W , E⟩ds + B(W , γ ) |L0, (6)

where L is the length of γ and the Euler–Lagrange and boundary operators are given respectively by

E = ∇TJ + R(K, T )T ; B(W , γ ) = ⟨∇TW ,K⟩ − ⟨W ,J⟩, (7)

with K and J being vector fields along γ defined by

K = 2(κ − λ)N; J = (κ2
− λ2)T + 2κsN. (8)

The boundary operator vanishes identically under our boundary conditions. Moreover, since we are mainly interested in
closed critical points, we restrict ourselves to Ω , the space of closed curves in H2(−1). Thus we have that γ ∈ Ω is a critical
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point of Lλ, if and only if, E = 0. Hence, by using the Frenet equations we see that γ ∈ Ω is a critical point of Lλ, if and
only if, its curvature κ(s) satisfies the following Euler–Lagrange (EL) equation

2κss + (κ + λ)(κ2
− λκ − 2) = 0, (9)

where the subscript s denotes derivative with respect to the arclength parameter. Constant solutions of (9) are given by
κ = −λ or κ = (λ±

√
λ2 + 8)/2. Curves in H2(−1)with constant curvature verifying 0 ≤ ‖κ‖ ≤ 1 are geodesics (κ = 0),

or equidistant curves (0 < ‖κ‖ < 1), or horocycles (κ = 1), and they never close up. The only curves of constant curvature
which can close up in H2(−1) are those with ‖κ‖ > 1 (hyperbolic circles). Therefore, the hyperbolic circles of geodesic
curvature κ = −λ, if λ > 1; of curvature κ = (λ −

√
λ2 + 8)/2, if 0 < λ < 1; and of curvature κ = (λ +

√
λ2 + 8)/2, if

λ > 0, will be closed critical curves of Lλ.
Assume now that κ(s) is a non-constant solution of (9). Since our goal are the closed critical curves of (4), we must

investigate first the periodic solutions of (9). It is easy to see that

4κ2
s + (κ2

− λ2)2 − 4(κ + λ)2 = d, (10)

with d ∈ R, is a first integral of (9). Let us use the following notation: for any d ∈ R, Qd(x) = d − (x2 − λ2)2 + 4(x + λ)2;
Qo(x) = Qd(x) with d = 0; ηo = −λ, η1 = (λ −

√
λ2 + 8)/2, η2 = (λ +

√
λ2 + 8)/2; Qo(η1) = δ1, and Qo(η2) = δ2

(observe that Qo(ηo) = 0).
Then, writing the Euler–Lagrange equation (9) as an autonomous system

z ′
= f (z),

z = (κ, κs), (11)
f : D = R2

−→ R2,

we see that ao = (−λ, 0), a1 = (η1, 0) and a2 = (η2, 0) are equilibrium points of (11). Also, the equation of the orbits in
the phase space can be obtained from (10)

4y2 + (x2 − λ2)2 − 4(x + λ)2 = d. (12)

Thus periodic solutions of (9) would correspond to closed orbits in D. Because of the integral (10), all solutions of (11) are
bounded. Therefore, solutions are of two types: equilibrium points, and 1-dimensional submanifolds. The 1-dimensional
submanifolds are, in turn, of two subtypes: embedded circles (periodic solutions) and embedded copies of the real line.
By examining (12) one sees that limit points of the latter must be equilibrium points (x, y) where Q ′′

o (x) > 0 (saddle
point). Conversely, an equilibrium point (x, y) for which Q ′′

o (x) > 0 must be a limit point of a non-periodic solution. Finally,
centers of (11) correspond to equilibrium points for which Q ′′

o (x) < 0 and centers are surrounded by closed orbits (periodic
solutions).

One can see that if 0 < λ < 1, then Q ′′
o (ηi) < 0, i ∈ {1, 2}, and Qo(x) reaches local maxima δi at ηi, i ∈ {1, 2}. It reaches

also a local minimum 0 at ηo. Hence, a1 and a2 are centers and ao is a saddle point in this case. If λ > 1, then Q ′′
o (η1) > 0

and Q ′′
o (ηi) < 0, i ∈ {0, 2}, thus Qo(x) reaches local maxima 0 and δ2 at ηo and η2, respectively, and a local minimum δ1 at

η1. Now ao and a2 are centers and a1 is a saddle point. Finally, if λ = 1, then Qo(x) has a local maximum δ2 at η2 and a saddle
point at η1 = ηo = −1.

Closed orbits of these cases can be studied by direct analysis of their phase planes. Thus, for a given λ, the phase plane
of (11) can be draw once we know the roots of Qd(x), which obviously depend on d. After a long but straightforward
computation, one can check that all possible values of λ and d for which we can find non-constant periodic solutions of
(9) are summarized in Tables 1 and 2, where we are denoting ξ(λ) = 4λ2 − λ4 and η =


3
√
3 − 5.

All the closed orbits of (12) are obtained for the values of d ∈ R given in these tables and they correspond to the periodic
solutions of (9). Moreover, one can derive more specific information from them. For instance, we look at the first column
of Table 1. We say that a curve γ (s) is convex if κ(s) does not change its sign and it is called strictly convex if κ(s) ≠ 0, ∀s.
Otherwise, we say that γ (s) is non-convex. Then
Case I. 0 < λ < η < 1. According to Table 1, we have the following possibilities:
Case I.1. d ∈ (−δ2,−δ1].

For any d ∈ (−δ2,−δ1], the polynomialQd(x) has two simple positive roots 0 < αd
3 < αd

4 and the corresponding periodic
solution κd(s) varies between its minimum κd(s1) = αd

1 and its maximum κd(s2) = αd
2 . Also κd(s) is symmetric with respect

to s = s2 and the critical curve γd associated to κd is strictly convex.
Cases I.2. and I.3. These cases are not possible.
Case I.4. d ∈ (−δ1,−ξ).

If d ∈ (−δ1,−ξ), then Qd(x) has four simple roots satisfying αd
1 < αd

2 < −λ < 0 < αd
3 < αd

4 and there are two
periodic solutions κ̂d(s) and κ̃d(s)whose corresponding critical curves are denoted by γ̂d(s), γ̃d(s). Now κ̂d(s) varies between
its minimum κ̂d(s1) = αd

1 and its maximum κ̂d(s2) = αd
2 and is symmetric with respect to s = s2. Similarly, κ̃d(s) varies

between its minimum κ̃d(s3) = αd
3 and its maximum κ̃d(s4) = αd

4 . Also κ̃d(s) is symmetric with respect to s = s4. Both
critical curves γ̂d and γ̃d are strictly convex.
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Case I.5. d = −ξ .
This is similar to the above case, but now κ̃d(s) varies between its minimum κ̃d(s3) = 0 and its maximum κ̃d(s4) = αd

4 .
Thus, γ̂d is strictly convex and γ̃d is convex but not strictly convex.
Case I.6. d ∈ (−ξ, 0).

In this case Qd(x) has four simple roots satisfying αd
1 < αd

2 < −λ < αd
3 < 0 < αd

4 and there are two periodic solutions
κ̂d(s) and κ̃d(s)with corresponding critical curves γ̂d(s), γ̃d(s). Again, κ̂d(s) varies between its minimum κ̂d(s1) = αd

1 and its
maximum κ̂d(s2) = αd

2 . Also κ̂d(s) is symmetric with respect to s = s2 and the critical curve γ̂d associated to κ̂d is convex.
Analogously, κ̃d(s) varies between its minimum κ̃d(s3) = αd

3 and its maximum κ̃d(s4) = αd
4 , it is symmetric with respect to

s = s4 and the associated critical curve γ̃d is non-convex.
Case I.7. d > 0

If d > 0, then Qd(x) has two simple roots with different sign αd
1 < 0 < αd

4 . The discussion is similar to the above cases,
but this time the curvature changes its sign and the corresponding curve is non-convex

The remaining cases II to VII can be discussed analogously.
Actually, we can solve (10) explicitly with the aid of formulas I.3.145 and I.3.147 of [28] after some long and tedious

computations that we omit here. Assume first that we are working with those values of λ and d of the above tables which
give rise to four roots α1 < α2 < α3 < α4 of Qd(x). Then, we obtain two solutions of (10) which we denote simply by κ(s)
andκ(s) regardless of the values of λ and d. The first one is given by

κ(s) =
α2(α4 − α1)− α4(α2 − α1)cn2(rs,M)
(α4 − α1)− (α2 − α1)cn2(rs,M)

, (13)

where r =
√
(α4 − α2)(α3 − α1)/4,M =


(α4−α3)(α2−α1)
(α4−α2)(α3−α1)

and cn(rs,M) is the Jacobi Elliptic cosine. It oscillates between
α1 = κ(0) and κ(K(M)/r) = α2, K(M) being the complete elliptic integral of the first kind. The second solutionκ(s) is
obtained by interchanging 1 → 3, 2 → 4 in the right term of (13) and it oscillates between α3 =κ(0) andκ(K(M)/r) = α4.

Analogously, the solution in those cases in which the values of the parameters λ and d produce two roots α3 < α4 can
be written as

κ(s) =
(qα4 + pα3)− (qα4 − pα3) cn(rs,M)

(p + q)+ (p − q) cn(rs,M)
, (14)

with

p2 = (α4 + α3)
2
+ 2α2

4 − 2λ2 + 4; M =
1
2


(α4 − α3)2 − (p − q)2

pq
, (15)

q2 = (α4 + α3)
2
+ 2α2

3 − 2λ2 + 4; r =

√
pq
2
. (16)

Now κ(s) oscillates between α3 = κ(0) and κ(2K(M)/r) = α4.

3. Closed critical curves

So far, we have determined in (13) and (14) all possible periodic solutions to (10). They are the candidates for the
curvature of our critical curves γ (s). Given a periodic function defined by (13) or (14), there exists a unique (up to isometries)
curve in the hyperbolic plane whose curvature is given by such a function, but this curve is not closed necessarily. So we
need to establish conditions under which a curve γ (s)whose curvature is given by a periodic solution of (9) closes up.

Following the notation in the beginning of Section 2, a vector field X along a curve γ is called a Killing field along γ if
X(v) = X(κ) = 0, where v = ⟨γ ′(t), γ ′(t)⟩

1
2 , [5]. Killing vector fields along γ are the solutions, X , of the following linear

system (Lemma 1.1 of [5])

X(v) = ⟨∇TX, T ⟩ = 0, (17)

X(κ) = ⟨∇
2
T X − X,N⟩ = 0. (18)

Obviously, the restriction to γ of any Killing field of H2(−1) gives a Killing vector field along γ . The converse of this also
holds, [5]. Consequently, we have : W ∈ TγΩ is a Killing vector field along γ if and only if it extends to a Killing field (that
will be also denoted byW ) on H2(−1).

Remark 1. Assume that X is a Killing field ofH2(−1). Then, all integral curves of X are curves of constant geodesic curvature.
If X admits a geodesic α as an integral curve, and c(t) is another integral curve of the same Killing field X through a point p,
then d(c(t), α) = d(p, α), for all t and, therefore, c(t) is an equidistant curve with respect to α. Conversely, if a Killing
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field X admits an equidistant integral curve to some geodesic α, then α is also an integral curve of X . Hence, the one
parameter group of isometries determined by X corresponds to the group of translations along the geodesic α. Similarly, if X
admits a hyperbolic circle as integral curve, then all other integral curves of X must be circles with the same center and the
associated one parameter group in this case consists of rotations around the common center which is a zero of the Killing
field. Conversely, if a Killing field has a zero, its integral curves are circles with a common center. Finally, if X admits and
horocycle as integral curve, then the rest of its integral curves must be horocycles with the same point at infinity as well,
and the one parameter group associated to X consists of parallel displacements.

Hence, the following definitions make sense, [5]: a Killing field X on the H2(−1) is called translational if it has an integral
geodesic. If it has a zero, thenX is called rotational, whilehorocyclicalmeans thatX admits an integral curve being ahorocycle.
Analogously, a Killing field on a curve γ is said to be translational (respectively, rotational or horocyclical) if its extension
to H2(−1) is translational Killing field (respectively, rotational or horocyclical).

For any λ > 0 and d ∈ R satisfying the conditions of Tables 1 and 2, one gets one or two periodic solutions of (9) κλd andκλd . In order to ease the notation, any periodic solution is denoted simply by κ(s) andwe shall use γ (s) for the corresponding
curve in H2(−1) (unique up to isometries) determined by κ(s). Let us define a vector field J on γ (s) by (8). Then, we have

Proposition 2. Assume that λ > 0 and let us consider the energy Lλ acting on Ω . For any d ∈ R satisfying the conditions
of Tables 1 and 2, let κ(s) be any periodic solution to (9) corresponding to d, and let γ (s) denote the critical curve of Lλ whose
curvature is given by κ(s). Then, the vector field on γ (s) given by J = (κ2

− λ2)T + 2κsN is: (i) a rotational Killing field along
γ (s), if d < 0; (ii) a horocyclical Killing field along γ (s), if d = 0; and (iii) a translational Killing field along γ (s), if d > 0.
Proof. Since γ (s) is a solution of the Euler–Lagrange equation for Lλ, its curvature function satisfies (9) and so ∇TJ =

2(κ+λ)N and ∇
2
T J = −2κ(κ+λ)T + 2κsN . Consequently, by using (9), (17) and (18), we see that J is a Killing vector field

along γ . As we have mentioned before, it can be extended to a Killing field on the whole hyperbolic plane, which we also
denote by J.

Now, assume that po = γ (so) and that so is a local maximum of κ(s). Then κs(so) = 0 and J is tangent to γ (s) at po. If the
curvature at so satisfies κ(so)2 = λ2, then (10) gives that d ≤ 0. Moreover, d = 0 can only happen if κ(so) = −λ. But in such
a case, by analyzing Qo(x) and the phase plane of (11), one would have that either λ ≤ 1, in which case the non-constant
corresponding solutions of (9) would be non-periodic, contradicting our assumption on the periodicity of κ(s), or λ > 1,
and the non-constant corresponding periodic solutions of (9) would satisfy −λ < λ− 2 ≤ κ(s) ≤ λ+ 2, which contradicts
κ(so) = −λ. Thus, the case d = 0 is not possible at a local maximum of κ(s), so, where κ(so)2 = λ2, and we must have
d < 0. But then, J(so) = 0, and having the Killing field J a zero we conclude that it must be of rotational type as pointed
out in Remark 1.

Now, assume that so is a local maximum of κ(s) where κ(so)2 ≠ λ2. Let β be the integral curve of J passing through
γ (so) = po at time to. According to Remark 1, β has constant curvature, say κβ . Denote by T the unit tangent vector to β .
Using (8) we see that d‖J‖

2/ds = 8κsκss + 4(κ2
− λ2)κκs, which means that d‖J‖/ds = d‖J‖

−1/ds = 0 at so. Combining
this and the Euler–Lagrange equation (9) we get

(∇TT ) (po) =


D
dt

J

‖J‖


(to) =

1
‖J‖


D
ds

J


(so) =

2
(κ(so)− λ)

N(so), (19)

and, therefore, the curvature of β is κβ = 2/(κ(so)− λ). Moreover, for any λ > 0 we have that: (i) if d < 0, then the roots
of Qd(x) lie in the interval (λ− 2, λ+ 2), which implies in turn λ− 2 < κ(s) < λ+ 2. Consequently, ‖κβ‖ > 1; (ii) if d = 0,
the roots of Qd(x) are −λ, λ− 2 and λ+ 2. In this case, while −λ corresponds to a constant solution κ(s), the non-constant
periodic solutions satisfy λ − 2 ≤ κ(s) ≤ λ + 2, which means that ‖κβ‖ = 1; (iii) Finally, if d > 0, the roots of Qd(x) are
outside of the interval [λ − 2, λ + 2] and then, extremals of κ(s) are outside of [λ − 2, λ + 2] as well. Thus, now we have
‖κβ‖ > 1. Yet again, in all three cases the conclusion is drawn from Remark 1. �

According to the three different cases of the above statement, we distinguish the following possibilities

3.1. Rotational case: d < 0

We take coordinates x(u, θ) = (sinh u cos θ, sinh u sin θ, cosh u) in the hyperboloid’s upper sheet model of H2(−1),
with metric coefficients g11 = 1, g12 = 0, g22 = sinh2 u. Let γ (s) = x(u(s), θ(s)) be a critical point of the energy Lλ (under
arbitrary boundary conditions) and choose J so that bJ = xθ . Denote by T (s) the unit tangent to γ (s) and take the unit
normal N(s), so that {T (s),N(s)} is positively oriented. Imagine that κ(s), the curvature of γ (s), reaches a local maximum
at so and let β be the integral curve of J through γ (so). From (19) we have κβ = 2/(κ(so)− λ). On the other hand, it can be
seen that ‖xθ‖ = 1/(κ2

β − 1). Therefore, we can combine these two last equations with bJ = xθ and (10) to conclude that
b2d = −1. Moreover, using the definition of J given in Proposition 2 and since ‖T (s)‖ = 1, we get

(u′)2 + (θ ′)2 sinh2 u = 1, (20)

θ ′ sinh2 u = ⟨xθ , T ⟩ = ⟨bJ, T ⟩ = b(κ2
− λ2), (21)

u′ sinh u = ⟨xθ ,N⟩ = ⟨bJ,N⟩ = 2bκs. (22)
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From (22) we have cosh u = 2 b(κ + λ)+ µ, but using again (10), bJ = xθ and bd2 = −1 one gets µ = 0, hence

cosh u = 2 b(κ + λ), (23)

which combined with (21) gives

θ ′(s) =
√

−d
κ2

− λ2

4(κ + λ)2 + d
. (24)

Finally, the parametrization of γ in this coordinate system of H2(−1)will be

γ (s) =


4(κ + λ)2 + d

−d


cos


√

−d
∫

κ2
− λ2

4(κ + λ)2 + d


, sin


√

−d
∫

κ2
− λ2

4(κ + λ)2 + d


,

2(κ + λ)
4(κ + λ)2 + d


. (25)

Now, for any d satisfying −δ2 < d < 0, let κ be the corresponding periodic solution of (9) with period hd. Let γd denote the
curve in H2(−1)whose curvature is given by κ and define the angular change of γd in one period of the curvature by

Λd :=
√

−d
∫ hd

0

(κ2
− λ2)

d + 4(κ + λ)2
. (26)

Hence, from (25) and (26) we have

Proposition 3. Fix a real value λ > 0. Then for any d satisfying −δ2 < d < 0, the curve γd is a closed λ-elastic curve, if and
only if, its angular change in one period of the curvatureΛd is a rational multiple of π .

Thus, in order to prove the existence of closed critical curves we must analyze the range of variation ofΛd as dmoves in
(−δ2, 0). For a given λ, the polynomial Qd(x) with d ∈ (−δ2, 0) may have either two real roots α1 ≤ α4 or four real roots
α1 ≤ α2 ≤ α3 ≤ α4. In the latter case, we only will consider the solution κ(s) which moves between α3 and α4 and define
Λλ : (−δ2, 0) → R byΛλ(d) = Λd, whereΛd is given in (26). Then using (10),Λλ(d) turns out to be

Λλ(d) =

∫ α4

α3

√
−d

(κ2
− λ2)

(d/4 + (κ + λ)2)
√
Qd(κ)

dκ . (27)

We see thatΛλ(d)moves continuously as dmoves in (−δ2, 0)with two exceptions: those values in which d gives rise to
multiple roots of Qd(κ); and when d = −16λ2. Multiple roots of Qd(κ) affect the integrability of (27) but we have seen that
these values of d do not give rise to periodic solutions of (10). Anyway, Qd(κ) does not have multiple roots when λ > 0 and
d ∈ (−δ2, 0). On the other hand, if d = −16λ2 then we have that α3 = λ is a root of Qd(κ). Hence κ(K(M)/r) = α3 = λ
and κs(K(M)/r) = 0. Thus J given by (8) vanishes at s3 = K(M)/r , so that when the arclength parameter takes the value
s = s3, the corresponding curve γ (s)will pass through the hyperboloid model’s lowest point. Therefore d = −16λ2 causes
a gap of length 2π inΛλ(d).

As before, for a given λ we denote η1 = (λ −
√
λ2 + 8)/2, η2 = (λ +

√
λ2 + 8)/2 and ψ = −16λ2. We also define

Λ1 = Λλ(ψ). Then, we will prove in Appendix that
Remember that if d ∈ (−δ1, 0) we have two periodic solutions of (10) and that, in this case, we are only considering

the one satisfying α3 ≤ κ ≤ α4 in the definition of Λλ(d). For these values of d, the angular change corresponding to the

solution verifying α1 ≤ κ ≤ α2 satisfies limd→−δ+1
Λλ(d) = −2πη1/


η21 + 2. Hence, we have

Proposition 4. For any λ > 0, d ∈ (−δ2, 0), the angular change Λλ(d) moves continuously in (−δ2, ψ)

(ψ, 0) and,

therefore, there exist infinitely many closed critical curves of Lλ in the hyperbolic plane of rotational type. More concretely,
for any m, n ∈ Z satisfying

1. 2πm
n ∈ (−π,Λ1 − π)


(π,

−2πη1√
η21+2

)

(Λ1 + π,

2πη2√
η22+2

), if 0 < λ < 1; or

2. 2πm
n ∈ (Λ1 − π, 0)


(Λ1 + π,

2πη2√
η22+2

), if 1 < λ,

there exists a closed critical point γm,n of Lλ in the hyperbolic plane of rotational type, which closes up after n periods of its
curvature and m trips around the center of the disk model for the hyperbolic plane.

The shape of rotational type closed critical points can be deduced from the above considerations. For instance, fix
0 < λ < 1 and choose d ∈ (−δ1, 0). For this value of d, consider κ(s) the periodic solution of (10) satisfying α1 < κ(s) < α2.
Assume that condition 1 of Proposition 4 is satisfied and therefore that κ(s) gives rise to a closed critical curve γ (s). Take a
point so such that κs(so) = 0. From (8) and (10) we have (d‖J‖

2/ds)(so) = 0 and (d2‖J‖
2/ds2)(so) = 8(κ + λ)κss(so), but

from (9) we have κss(so) = −8(κ + λ)(κ − (λ−
√
λ2 + 8)/2)(κ − (λ+

√
λ2 + 8)/2)(so). Since κs(so) = 0, we must have

either κ(so) = α1 or κ(so) = α2. Imagine that κ(so) = α1, that is, κ(s) reaches a minimum at so, then γ (s) is tangent to the
circleΣ1 of curvature 2/(α1 −λ) as we said before. Moreover, since α1 < (λ−

√
λ2 + 8)/2 in this case we have κss(so) > 0

and (d2‖J‖
2/ds2)(so) < 0, i.e. γ (s) reaches the farthest points from the hyperboloid’s bottom at the minima (maxima, in

absolute value) of its curvature. Doing a similar discussion if κs(so) = 0 and κ(so) = α2, we see that γ (s) oscillates between
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Fig. 1. Rotational type convex critical point for λ = 0.2.

Fig. 2. Two rotational type solutions for the same value of d when λ = 0.2.

two circles Σ1 and Σ2 of curvatures 2/(α1 − λ) and 2/(α2 − λ) respectively, touching them tangentially at the points in
which the curvature of γ (s) reaches its minima and maxima respectively. Analogous arguments can be made for the other
admissible values of λ, d (see Figs. 1–6).

3.2. Horocyclical case: d = 0

This time we proceed to selecting coordinates

x(u, w) =


2ue2w

u2e2w + 4
,

4ew

u2e2w + 4


,

in the upper semiplane model of H2(−1), with metric coefficients given by g11 = e2w/4, g12 = 0, g22 = 1. Let
γ (s) = x(u(s), w(s)) be a critical point of the energy Lλ (under arbitrary boundary conditions) and choose J so that
bJ = xw . Imagine that κ(s) reaches a local maximum at so and let β = x(u, wo) be the integral horocycle of J through
γ (so). Then, combining κ(so) = λ+ 2, g11 and the definition of J, one has b = ±

e2wo

8(λ+1) .
Now, consider T (s) the unit tangent to γ (s) and take the unit normalN(s), so that {T (s),N(s)} is positively oriented. Then

N(s) = −v′(s) 2
ev xu + u′(s) e

v

2 xw and

u′
e2w

4
= ⟨xu, T ⟩ = ⟨bJ, T ⟩ = b(κ2

− λ2),

−w′
ew

2
= ⟨xu,N⟩ = ⟨bJ,N⟩ = 2bκs.
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Fig. 3. Rotational type non-convex critical point for λ = 0.6.

Fig. 4. Two rotational type solutions for the same value of d when λ = 0.6.

Fig. 5. Rotational type convex solution for λ = 1.5.
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Fig. 6. Rotational type non-convex solution for λ = 1.5.

Table 3
Behavior of the angular change for λ > 1.

limΛλ(d)

d → −δ+

2
2πη2√
η22+2

d → ψ± Λ1 ∓ π

d → 0± 0
d → −δ1 −∞

d ≫ 0 O( 1
4√d
) > 0

From the second equationwe get ew
2 = −2b(κ+λ)+η.Wemay assume b < 0, then the above equation and b = −

e2wo

8(λ+1)

imply η = 0. Hence u′(s) =
κ−λ

4b(κ+λ) .

Therefore, if κ is a periodic solution of (9) with period hd for d = 0, then the corresponding critical point γ (s) closes up,
if and only if,

Λd :=

∫ hd

0

κ − λ

4b(κ + λ)
ds, (28)

vanishes. According to Table 3 one can expect to find periodic solutions κ(s) of (10) only if 1 < λ. In this case, κ(s)moves
between its minimum λ − 2 and its maximum λ + 2. But Qd(κ) =

1
4 (κ + λ)2(4 − (λ − κ)2) and using (10) and formula

2.269 of [28] we have

Λd(λ) = 2
∫ λ+2

λ−2

du
dκ

dκ

= −
1
b

∫ 2λ+2

2λ−2

(κ − 2λ)dκ

κ2

4 − (κ − 2λ)2

=
1

b(λ2 − 1)

∫ 2λ+2

2λ−2

dκ

κ

4 − (κ − 2λ)2

=
1

b(λ2 − 1)


1

−4(1 − λ2)
arcsin


8(1 − λ2)+ 4λκ

κ
√
16

2λ+2

2λ−2

= (λ2 − 1)−
3
2
π

2b
.

Therefore

Proposition 5. There exist no closed critical curves of Lλ in the hyperbolic plane of horocyclical type for any λ > 0.

Fig. 7 shows a non-closed critical point of horocyclical type.

3.3. Translational case: d > 0

We take coordinates x(u, θ) = (eu cos θ, eu sin θ) in the upper semiplane model of H2(−1). The metric coefficients now
are g11 = g22 = 1/ sin2 θ , g12 = 0. Let γ (s) = x(u(s), θ(s)) be a critical point of the energy Lλ (under arbitrary boundary
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Fig. 7. Non-closed horocyclical type solution, d = 0.

conditions) and choose J so that bJ = xu. Denote by T (s) the unit tangent to γ (s) and take the unit normal N(s), so that
{T (s),N(s)} is positively oriented. Imagine that κ(s) reaches a local maximum at so and let β be the integral curve of J
through γ (so). From (19) we have κβ = 2/(κ(so)− λ). On the other hand, it can be seen that ‖xu‖ = 1/(1− κ2

β). Therefore,
we can combine these two last equations with bJ = xu and (10) to conclude that b2d = 1. Moreover, since γ is arclength
parameterized ‖T (s)‖ = 1, we get

(u′)2 + (θ ′)2 = sin2 θ, (29)

u′
1

sin2 θ
= ⟨xu, T ⟩ = ⟨bJ, T ⟩ = b(κ2

− λ2), (30)

−θ ′
1

sin2 θ
= ⟨xu,N⟩ = ⟨bJ,N⟩ = 2bκs. (31)

From (31) we have cosh u = 2 b(κ + λ)+ µ, but using again (10) bJ = xθ and bd2 = 1 one gets µ = 0, hence

cot θ = 2b(κ + λ), (32)

which combined with (30) gives

u′(s) =
√
d

κ2
− λ2

4(κ + λ)2 + d
. (33)

Hence, in this parametrization a critical point γ (s) can be written as

γ (s) = e
√
d


κ2−λ2

4(κ+λ)2+d


2(κ + λ)

4(κ + λ)2 + d
,


d

4(κ + λ)2 + d


. (34)

Thus, if κ is a periodic solution of (9) with period hd for d > 0, and we denote by γ (s) the corresponding critical curve, we
have

Proposition 6. Fix a real value λ > 0. Then for any d satisfying 0 < d, the curve γ is a closed λ-elastic curve, if and only if, its
angular change in one period of the curvatureΛd is 0, i.e.

Λd :=
√

−d
∫ hd

0

(κ2
− λ2)

d + 4(κ + λ)2
= 0. (35)

Therefore, using Table 3, we have

Proposition 7. For any λ > 1 the angular changeΛλ(d)moves continuously in (0,−δ1) ∪ (−δ1,∞) and crosses the x-axis in
the second interval. Therefore, there exist a closed critical curve of Lλ in the hyperbolic plane of translational type.

Fig. 8 shows a ‘‘eight’’-shaped curve which is a closed critical point of translational type.
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Fig. 8. Translational type closed solution, d > 0.

4. Second variation formula

Given a closed critical point γ ofLλ, we say that γ is stable if d2Lλ
du2

(γ ) =
d2Lλ
du2

(0) ≥ 0. Denote its curvature by κ and take
a normal variation of γ with variation normal fieldW = φN . Then, from (6) one can compute the second variation formula
at γ

d2Lλ

du2
(0) =

∫
γ

< W ,∇WE > ds

=

∫
γ

{(3κ2
− λ2 − 2)φW (κ)+ 2φW (κss)}ds,

whereW (κ) = φss + φ(κ2
− 1) and W (κss) = φssss + φss(κ

2
− 1)+ 5κκsφs + (3κ2

s + 4κκss)φ.
Now, using the Euler–Lagrange equation and integrating by parts, we get

d2Lλ

du2
(0) =

∫
γ

(2φ2
ss + Bφφs + Aφ2)ds, (36)

where A = 6κ2
s − κ4

+ 3(λ2 + 1)κ2
+ 8λκ + 2 + λ2 and B = 5κ2

− λ2 − 4.
Case 1. λ > 1.

In this case we denote by ϵmo and ϵm2 the m-multiple covers of the curves with constant curvature ηo = −λ and
η2 = (λ+

√
λ2 + 8)/2, respectively. They are circles in H2(−1) which are critical points for Lλ. By substitution of κ = ηo

in (36) we obtain

d2Lλ

du2
(0) = 2

∫
γ

(φss + (λ2 − 1)φ)2ds ≥ 0, (37)

therefore, as one would have been expected from the beginning, we have

Proposition 8. Given any λ > 1, εmo is stable for every m.

Now, evaluating (36) at γ = ϵm2 , we obtain

d2Lλ

du2
(0) =

∫
γ

(2φ2
ss + Bφφs + Aφ2) ds, (38)

where A = 4 + 17λ2/2 + λ4 + (7λ
√
λ2 + 8)/2 + λ3

√
λ2 + 8 and B = 6 + 3λ2/2 + (5λ

√
λ2 + 8)/2. On the other hand, φ

must have a Fourier series of the form ao/2 +
∑

∞

n=1 an cos(ns/mp)+ bn sin(ns/mp)where p is determined in terms of λ by
p = sinhϑ and cothϑ = η2. Therefore, from (38) one obtains

d2Lλ

du2
(0) = πmp


Aa2o
2

+

∞−
n=1

(a2n + b2n)


n2

m2p2
− µ2


n2

m2p2
− δ2


, (39)
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where 1 < µ2 < δ2 are the roots of 2x2 − Bx + A. So, for a given m, the stability problem for ηm2 reduces to searching for a
natural number n such that µ2 < n2/(m2p2) < δ2. On the other hand one may check that µ2p2 = 1 and that A and B are
non-negative, therefore

Proposition 9. Assume that λ > 1 and let εm2 be the m-cover of the circle with constant curvature η2. Then, εm2 is stable, if and
only if, ‖m‖ < 1/(δp − 1), where δ2p2 = (8 + λ2 + 3λ

√
λ2 + 8)/(4 + 2λ2 + 2λ

√
λ2 + 8).

Moreover, since 1/(δp − 1) increases monotonically from 2/(
√
6 − 2) as λmoves from 1 to ∞, we get

Corollary 10. ε12 is always stable for any λ > 1.

Case 2. 0 < λ < 1.
In this case we denote by εm1 and εm2 them-multiple covers of the curves with constant curvature η1 = (λ−

√
λ2 + 8)/2

and η2 = (λ +
√
λ2 + 8)/2, respectively. They are circles in H2(−1) which are critical points for Lλ. The proof of the

following proposition is similar to that of Proposition 8 and its corollary (in this case, 1/(δp − 1) decreases monotonically
from 1/(

√
2 − 1) and 2/(

√
6 − 2) as λmoves from 0 to 1)

Proposition 11. Assume that 0 < λ ≤ 1 and let εm2 be the m-cover of the circle with constant curvature η2. Then, εm2 is stable,

if and only if,< 1/(δp − 1), where now δ2p2 =
8+λ2−3λ

√
λ2+8

4+2λ2−2λ
√
λ2+8

. In particular, ε12 is always stable.

Finally, evaluating (36) at γ = ϵm1 , we obtain again formulas (38) and (39), where now A = 4 + 17λ2/2 + λ4 −

7λ
√
λ2 + 8/2 − λ3

√
λ2 + 8 and B = 6 + 3λ2/2 − (5λ

√
λ2 + 8)/2. Also, one may check that µ2p2 = 1 and that A and

B are non-negative, therefore by similar computations

Proposition 12. Assume that 0 < λ ≤ 1 and let εm1 be the m-cover of the circle with constant curvature η1. Then,

1. If 0 ≤ λ < 1/
√
10 the only stable m-covers are ε11;

2. If 1/
√
10 ≤ λ ≤ 1, then in addition to ε11 the only stable m-cover is ε21 .

5. Hopf vesicles in the anti de Sitter 3-space

TheHopfmap from the anti de Sitter space to the hyperbolic can be described as follows (formore details, see,for instance,
[20]). Let us consider the complex plane C2 endowedwith the semi-Riemannianmetric< z, w >= Real(z1w̄1 − z2w̄2). The
hyperquadric< z, z >= −r2 can be naturally identified with the anti de Sitter space AdS3(−1/r2) of curvature −1/r2. The
restriction to AdS3(−1/r2) of the map π : C2

→ C2 defined by

π(z1, z2) =
1
2r
(z̄1z1 − z̄2z2, 2z2z̄1), (40)

sends the anti de Sitter space to H2(−4/r2), the hyperbolic plane of curvature (−4/r2). This restriction

π : AdS3(−
1
r2
) → H2


−

4
r2


, (41)

is known also as the Hopf map and it is semi-Riemannian submersion.
Now, take any Frenet curve γ in H2(−4/r2). Then, the complete lift of γ via π , denoted by Tγ = π−1(γ ), is a Lorentzian

flat surface which is called the Hopf tube shaped on γ . If γ is closed, then Tγ = π−1(γ ) is a Lorentzian flat torus. These
tori are embedded when the associated curves have no self-intersections. Moreover if γ is an immersed closed curve in
H2(−4/r2) of length L and enclosing an area A, then its Hopf torus Tγ = π−1(γ ) is isometric to the Lorentzian flat torus
L2/Γ , where Γ is the lattice in L2 generated by (2πr, 0) and (2A, L), [20].

The Hopf map can also be regarded as principal fiber bundle with structure group S1. This group acts by isometries on
AdS3(−1/r2), eiθ (z1, z2) = (eiθ z1, eiθ z2), so that the orbit space is H2(−4/r2).

On the other hand, it is not difficult to check that the S1-invariant surfaces of AdS3(−1/r2) are precisely the Lorentzian
Hopf tubes Tγ which we have just defined.

Wewant to construct examples of elastic surfaces (that is critical points of the elastic energy (3)) inAdS3(−1/r2).Without
loss of generality we assume from now on that r = 1 and, for simplicity, we eliminate the constraints on the area and
enclosed volume on the energy functional. In other words, we take a = 0 = d in (3). Thus, we consider the elastic energy

E(S) =

∫
S
(H − µ)2dA + η

∫
S
G dA, (42)

acting on the space of immersions of a surface in AdS3(−1). We obtain,

Proposition 13. A Hopf torus Tγ is an elastic surface in AdS3(−1), that is a critical point of (42), if and only if, γ is a closed
critical point of


γ
(κ − 2µ)2 in the hyperbolic plane H2(−4).
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Fig. 9. Angular change for λ < 1. We show the graphics corresponding to λ = 0.2 and λ = 0.4. As we see they practically overlap for d >> 0.

Proof. Let us denote by M = {f : T → AdS3(−1); f is an immersion} the manifold of immersions of a torus T = S1
× S1

into AdS3(−1). Obviously, the elastic energy (42) is invariant under the action of S1 on AdS3(−1). We consider the energy
functional E acting on M and denote by MS1 the subspace of M formed by the S1-invariant immersions. As we have
pointed out previously, MS1 is nothing but the family of Hopf tori. Let us denote by K and by KS1 the sets of critical
points of E : M → R and E : MS1 → R, respectively. Then, we can apply the Palais’ symmetric criticality principle [27]
obtaining K


MS1 = KS1 . Hence, in order to find the critical Hopf tori for E it is enough to consider the critical points of

E : MS1 → R.
Now, the Hopf fibration π : AdS3(−1) → H2(−4) is a Riemannian submersion with geodesic fibers. Then given

γ : [0, L] → H2(−4) a unit parameterized closed curve and its corresponding Hopf torus on Tγ , one can use the O’Neill
formulas to see that the mean curvature of Tγ , denoted by H(t, s), and the geodesic curvature of γ , κ(s), are related by
H(t, s) = κ(s)/2,where t is the fiber parameter. Thus, by substitution in (42) and using theGauss Bonnet theorem,we obtain

E(Tγ ) =

∫
Tγ
(H − µ)2dA =

∫ ∫ 
κ(s)
2

− µ

2

ds · dt =
π

2

∫ L

0
(κ(s)− 2µ)2ds, (43)

which proves the statement. �

Combining Propositions 4 and 13, one obtains plenty of examples of Hopf vesicles in AdS3(−1). For instance,

Corollary 14. For any pair of integer numbers m, n ∈ Z satisfying condition (i) (respectively, condition (ii)) of Proposition 4 if
−1/2 < µ < 0 (respectively, if µ < −1/2), there exits a Hopf torus in AdS3(−1) which is a closed critical point of the elastic
energy (42).

Observe that ifµ > −2 then the absoluteminimum of (42) is zero and it is reached at the Hopf torus with constant mean
curvature µ shaped on the circle of H2(−4) with constant curvature 2µ. Moreover, by using (13), (14), (25) and (40) one
can give explicit parameterizations of these critical points (up to one quadrature) and, therefore, obtain explicit solutions to
the EL equation associated to the elastic energy (42) in AdS3(−1).

6. Numerical approach

For a given λ > 0, the angular change Λλ(d) behavior as d approaches to the ends of its intervals of continuity will
computed in Appendix. This has been used in Section 3 to show the existence of closed critical points. In order to gain
some insight into the space of closed critical points, in this section we develop some numerical experiments concerning
the angular change Λλ(d) and the energy Eλ(d) of a closed critical curve. They give us both qualitative and quantitative
information on the behavior of this space of curves.

First, we have checked the monotonicity of Λλ(d) numerically which is shown here in Figs. 9 and 10 for several signi-
ficative cases. As for the critical points of rotational type, for any λ > 0, pictures corresponding to d < 0 of Figs. 9 and 10
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Fig. 10. Angular change for λ > 1. The picture corresponds to λ = 4. The inset shows the graphics for small values of d.

Fig. 11. Variation of the energy in one period of the curvature for λ < 1. The inset points to the ‘‘eight’’-shaped figure as a local minimizer.

suggest that, for any pair m, n ∈ Z with gcd(m, n) = 1 and satisfying the conditions of Proposition 4, the associated closed
critical point γm,n is unique.

In contrast, pictures corresponding to d > 0 of Figs. 9 and 10 insinuate that there is no uniqueness of closed critical
points of translational type, for a given pair m, n ∈ Z with gcd(m, n) = 1. That is, in this case we might have geometrically
different closed critical curves (i.e., with different curvature functions) corresponding to the same pair (m, n). However, we
have not found any closed critical curve of translational type when λ < 1, and, if λ > 1, we have found only one closed
critical point of translational type, d > 0 (see Proposition 7). It corresponds to the ‘‘eight’’- shaped Fig. 8. The second row of
Fig. 9 and the right side of Fig. 10 indicate that there are no more closed critical points of translational type.

On the other hand, evaluation of the second variation formula for the non-constant curvature critical points is extremely
difficult. In order to get some extra information about the candidates for local minima, one may try to analyze the energy’s
behavior in one period of the curvature. The energy of a closed critical point in one period of its curvature is denoted by
Eλ(d). When two solutions appear for the same value of λ and d, the energy of both curves is represented by Eλ(d) and
Ẽλ(d), respectively.

As it was mentioned before, although one can obtain explicit formulas for the energy in one period of the curvature in
terms of elliptic functions and nice relations between Eλ(d) and Ẽλ(d) (see the Appendix), they are so complicated in general
that any qualitative property we could draw would require a huge amount of computations. Rather than doing so, we have
used such formulas to make a numerical study. In Figs. 11 and 12, the behavior of Eλ(d) and Ẽλ(d) is shown for different
values of λ.

If λ < 1, then Fig. 11 seems to contradict our Propositions 11 and 12. In fact, hyperbolic circles with curvatures η1 and
η2 are reached as d approaches to −δ1 and −δ2 respectively, and they look like local maxima for the energy instead of local
minima. However, we should be aware that the picture corresponds to Eλ(d) and Ẽλ(d)which are the energies in one period
of the curvature and that, in the ‘‘proximity’’ of the constant curvature closed critical points (that is for values of d close to
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Fig. 12. Variation of the energy in one period of the curvature for λ > 1. Again, it suggests that the ‘‘eight’’-shaped figure as a local minimizer.

−δ1 and −δ2) other closed critical points needmore than one period of their curvature to be able to close up (see Figs. 9 and
10). It also appears that there is a local minimum for certain d > 0 (Fig. 11). But we have not found closed critical points of
translational type when λ < 1. So we have not detected closed local minima other than the circles with curvatures η1 and
η2 in this case (Propositions 11 and 12).

If λ > 1, Fig. 12 suggests that, in addition to the rotational type local minimawith constant curvature that we have found
in Propositions 8 and 9, there exists another non-constant curvature local minimum corresponding to a certain do > 0
(translational type). Numerical computations indicates that this local minimum corresponds to the ‘‘eight’’-shaped critical
curve (see, Fig. 8). It is the only translational type closed critical point that we have detected numerically.
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Appendix

A.1. Angular change

Case 1. λ < 1. We have that −δ2 < −δ1 < 0 in this case.
Case 1.1. If d ∈ (−δ1, 0), then we obtain two solutions of (10) for each value of d. The first solution moves between
α1 ≤ κ(s) ≤ α2 while the second one varies in α3 ≤ κ(s) ≤ α4, where α1, α2, α3, α4, are the four roots of Qd(x). Since
d < 0, the angular change is

Λλ(d) =
√

−d
∫ ρ

0

(κ2
− λ2)

d + 4(κ + λ)2
,

which will be denoted by Λa and Λb for the first and second solution respectively. Then, an algebraic manipulation of the
integrand combined with formulas 3.147 and 3.151 of [28] give

Λa
=

√
−d

∫ α2

α1


1 −

λ+

√
−d
4

κ + λ+

√
−d
2

−
λ−

√
−d
4

κ + λ−

√
−d
2


dκ

√
Qd(κ)

=
2
√

−d
√
(α4 − α2) (α3 − α1)


1 −

λ+

√
−d
4

α3 + λ+

√
−d
2

−
λ−

√
−d
4

α3 + λ−

√
−d
2


K(M)

−


λ+

√
−d
4


(α3 − α2)

α3 +

√
−d
2 + λ

 
α2 +

√
−d
2 + λ

Π(υa
1,M)

−


λ−

√
−d
4


(α3 − α2)

α3 −

√
−d
2 + λ

 
α2 −

√
−d
2 + λ

Π(υa
2,M)


, (44)
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and

Λb
=

√
−d

∫ α4

α3


1 −

λ+

√
−d
4

κ + λ+

√
−d
2

−
λ−

√
−d
4

κ + λ−

√
−d
2


dκ

√
Qd(κ)

=
2
√

−d
√
(α4 − α2)(α3 − α1)


1 −

λ+

√
−d
4

α2 + λ+

√
−d
2

−
λ−

√
−d
4

α2 + λ−

√
−d
2


K(M)

+


λ+

√
−d
4


(α3 − α2)

α3 +

√
−d
2 + λ

 
α2 +

√
−d
2 + λ

Π(υb
1,M)

+


λ−

√
−d
4


(α3 − α2)

α3 −

√
−d
2 + λ

 
α2 −

√
−d
2 + λ

Π(υb
2,M)


, (45)

whereM2
=

(α4−α3)(α2−α1)
(α4−α2)(α3−α1)

, K(M) is the complete elliptic integral of first kind of modulusM ,Π(υ,M) the complete elliptic
integral of third kind of modulusM , and

υa
1 =

(α2 − α1)

α3 + λ+

√
−d
2


(α3 − α1)


α2 + λ+

√
−d
2

 , υa
2 =

(α2 − α1)

α3 + λ−

√
−d
2


(α3 − α1)


α2 + λ−

√
−d
2

 , (46)

υb
1 =

(α4 − α3)

α2 + λ+

√
−d
2


(α4 − α2)


α3 + λ+

√
−d
2

 , υb
2 =

(α4 − α3)

α2 + λ−

√
−d
2


(α4 − α2)


α3 + λ−

√
−d
2

 . (47)

Since λ < 1 we have α2 < −λ < α3, hence υ
a,b
1 and υa,b

2 are negative. Then, we arrive to the following two options for the
relationship betweenΠ and the Heuman Lambda functionΛo:

Π(υ,M) =
1

1 − υ
K(M)+

πυ[Λo(β,M)− 1]

2

υ(1 − υ)(υ − M2)

, (48)

Π(υ,M) =
M2

M2 − υ
K(M)−

πυΛo(ψ,M)

2

υ(1 − υ)(υ − M2)

, (49)

where β = arcsin(1/
√
1 − υ) and ψ = arcsin(


υ/(υ − M2)).

Observe that, if λ ≥ 0 and d < 0,−Qd


−λ−

√
−d
2


=

√
−d


λ+

√
−d
4


, (50)

and

−Qd


−λ+

√
−d
2


=


−

√
−d


λ−

√
−d
4


, d < −16λ2,

√
−d


λ−

√
−d
4


, d > −16λ2.

(51)

Hence, using (46)–(48), (50) and (51), we have

Λa
=

2
√

−d
√
(α4 − α2)(α3 − α1)

(α2
1 − λ2)

(α1 + λ)2 +
d
4

K(M)−Λo(β
a
1,M)π

+


Λo(β

a
2,M)π, d < −16λ2,

2π −Λo(β
a
2,M)π, d > −16λ2.

(52)
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Analogously, using (46), (47) and (49)–(51), we have

Λb
=

2
√

−d
√
(α4 − α2)(α3 − α1)

(α2
1 − λ2)

(α1 + λ)2 +
d
4

K(M)−Λo(ψ
b
1 ,M)π

+


Λo(ψ

b
2 ,M)π, d < −16λ2,

−Λo(ψ
b
2 ,M)π, d > −16λ2.

(53)

Since υa
1υ

b
1 = M2

= υa
2υ

b
2 , we obtain ψb

2 = βa
2 . Analogously, we have ψb

1 = βa
1 . Therefore, comparing (52) and (53), we

finally obtain

Λa
−Λb

=


0, d < −16λ2,
2π, d > −16λ2.

(54)

As before, we use the following notation η1 = (λ −
√
λ2 + 8)/2 and η2 = (λ +

√
λ2 + 8)/2. Now, if d → −δ1, then

M → 0; υa
i → 0; βa

i → π/2; α1 → η1; α2 → η1; α3 → −η1 +
2
η1


2 − η21 and α4 → −η1 −

2
η1


2 − η21 . Therefore

using (10), one gets

lim
d→−δ1

Λa
= −

2πη1
(η21 + 2)

, (55)

which combined with (54) gives

lim
d→−δ1

Λb
= −

2πη1
η21 + 2

−


0, d < −16λ2

2π, d > −16λ2.
(56)

If d → −δ2, then Qd has only two roots and we do not have an explicit expression for the angular change. Nevertheless,
one can see that the period of the curvatures in this area is ρ = 4K(M)/r , where r =

√
pq/2. As d → −δ2, then M → 0

(η2 > 0) and r →
1
η2


(η22 − 1)(η22 + 2). Hence, looking at (10) again and noticing that the limit curve would correspond

to the curve with constant curvature η2 and period ρ =
2πη2√

(η22−1)(η22+2)
, one can see that

lim
d→−δ2

Λλ(d) =
2πη2
(η22 + 2)

. (57)

The analysis when d → ±ψ is very much like the corresponding case in [12].
Now, assume that d → 0−. Then (α2 + λ) → 0 and (α3 + λ) → 0. Denote (α3 + λ) by ϵ. From the definition of Qd(κ),

we obtain

d = −4(1 − λ2)ϵ2 − 4λϵ3 + ϵ4 ≈ −4(1 − λ2)ϵ2. (58)
By using the derivative of Qd(κ), one can see that −ϵ − o(ϵ2) < (α2 + λ) < −ϵ. In other words (α2 + λ) ≈ −ϵ, which
means that

lim
d→0−

(α2 + λ)

(α3 + λ)
= −1. (59)

Hence, (α3 − α2) ≈ 2ϵ. On the other hand,M2
=

(α4−α3)(α2−α1)
(α4−α2)(α3−α1)

→ 1 as d → 0−, therefore,

1 − M2
=

(α4 − α1)

(α4 − α2)(α3 − α1)
(α3 − α2) = o(ϵ). (60)

Combining (60) with the well known fact that, whenM → 1, K(M) behaves asymptotically as 1
2 ln(16/(1−M2)), we obtain

K(M) = O(ln(1/ϵ)). Using this along with (58) and (60) we have that

lim
d→0−

2
√

−d
√
(α4 − α2)(α3 − α1)

(α2
1 − λ2)

(α1 + λ)2 +
d
4

K(M) = 0, (61)

which takes care of the first part of formula (52). As for the remaining parts, we observe that M → 1 as d → 0− and that
Λo(x, 1) = 2x/π . Thus,

lim
d→0−

Λo(β
a
1,M) =

2
π

lim
d→0−

βa
1, lim

d→0−
Λo(β

a
2,M) =

2
π

lim
d→0−

βa
2 . (62)

Combining (46) with formulas (58) to (60) one sees that υa
1 ≈

(1+
√

1−λ2)ϵ

(−1+
√

1−λ2)ϵ
and υa

2 ≈
(1−

√
1−λ2)ϵ

(−1−
√

1−λ2)ϵ
, which combined in

turn with the definition of β , βa
i = arcsin (1/


1 − υa

i ), i ∈ {1, 2}, implies that sin2(limd→0− βa
1) + sin2(limd→0− βa

2)
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= (1 −
√
1 − λ2)/2 + (1 +

√
1 − λ2)/2 = 1. Therefore,

lim
d→0−

{βa
1 + βa

2} =
π

2
. (63)

Finally, (52) and (61)–(63) give

lim
d→0−

Λa(d) = 2π − lim
d→0−

{Λo(β
a
1,M)π +Λo(β

a
2,M)π} (64)

= 2π − 2 lim
d→0−

{βa
1 + βa

2} = π, (65)

and, as a consequence of formula (54), we also have

lim
d→0−

Λb(d) = −π. (66)

Case 1.2. If d > 0, we observe first from (65) and (66) that

lim
d→0+

Λλ(d) = 0. (67)

On the other hand, for d large enough the polynomial

Qd(κ) = (κ − α1)(α4 − κ) ((κ − m)2 + n2),

has only two roots, denoted here by α1 and α4, and where d = −α1α4(m2
+ n2), m = −(α1 + α4)/2 < 0 and

n2
= 3m2

− α1α4 − 4 − 2λ2.
We decompose the angular change into three parts,

Λλ(d) = 2
∫

−λ

α1

ϕ(κ)dκ +

∫ λ

−λ

ϕ(κ)dκ +

∫ α4

λ

ϕ(κ)dκ

, (68)

denoted respectively byΛ(α1,−λ), Λ(−λ,λ) andΛ(λ,α4), where

ϕ(κ) =
√
d

κ2
− λ2

(d + 4(κ + λ)2)
√
Qd(κ)

. (69)

The function ϕ(κ) is negative only if κ ∈ (−λ, λ). Therefore, Λ(α1,−λ) and Λ(λ,α4) are always positive while Λ(−λ,λ)
is always negative. We wish to prove that they have the following asymptotic behavior with respect to d: Λα1,−λ =

O(1/ 4√d), Λ(−λ,λ) = O(1/d) andΛλ,α4 = O(1/ 4√d).
1. Assume first that κ ∈ (−λ, λ), then ϕ(κ) is bounded below by

|ϕ(κ)| ≥

√
d(λ2 − κ2)

(d + 16λ2)
√
Qd(λ)

. (70)

On the other hand, since λ < 1 one has

|ϕ(κ)| ≤
λ2 − κ2

√
dQd(−λ)

. (71)

Therefore, from (70) the angular change in this case satisfies

|Λ(−λ,λ)| ≥
8
√
dλ3

3

(d + 16λ2)3

= O(
1
d
). (72)

Moreover, we have from (71) that |Λ(−λ,λ)| ≤
8λ3
3d = O( 1d ) .

2. Assume now that κ ∈ (α1,−λ). Similar considerations can be made if κ ∈ (λ, α4). Observe now that

|ϕ(κ)| ≤


α2
1 − λ2

d

 √
d

(κ − α1)(α4 + λ)((−λ− m)2 + n2)
. (73)

Since λ < 1 we obtain

|ϕ(κ)| ≥

√
d(κ2

− λ2)

(d + 4(α1 + λ)2)
√
Qd(η1)

. (74)

Moreover, from


−λ

α1
dκ

√
(κ−α1)

= 2
√

−λ− α1, we find using (73) the following upper bound

|Λ(α1,−λ)| ≤


4(α2

1 − λ2)
√

−λ− α1
d(α4 + λ)((−λ− m)2 + n2)


. (75)
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Table 4
Behavior of the angular change for 0 < λ < 1.

limΛλ(d)

d → −δ+

2
2πη2√
η22+2

d → ψ± Λ1 ∓ π

d → 0−
−π

d → 0+ 0
d ≫ 0 O( 1

4√d
) > 0

Analogously, from (74) we obtain for λ < 1 (δ1 > 0, here)

|Λ(α1,−λ)| ≥
2(λ2(3α1 + 2λ)− α3

1)

3(d + 4(α1 + λ)2)


d

d + δ1
.

Notice thatm → 0, α4/α1 −→ −1 and n2/α2
1 → 1 as d → +∞. Hence, one may conclude thatΛ(α1,−λ) = O(1/ 4√d).

Finally, since

lim
d−→+∞

4√dΛλ(d) = lim
d−→+∞

4√d(Λ(α1,−λ) +Λ(−λ,λ) +Λ(λ,α4))

= lim
d−→+∞

4√d(Λ(α1,−λ) +Λ(λ,α4)) = C > 0,

we conclude that the angular change is positive as d → ∞. This finishes the proof of Table 4.
Case 2.
Case 2.1. If λ > 1 and d ∈ (−δ2, 0)


(0,−δ1 + 1), the analysis is very similar to the one made in the spherical case, [12].

Case 2.1. If λ > 1 and d ≫ 0. In this case the polynomial Qd has also two roots and the analysis is totally parallel to that
of case 1.2.
1. When κ ∈ (−λ, λ) formulas (70) and (72) still hold, while since λ > 1 one gets

|ϕ(κ)| ≤
λ2 − κ2

√
dQd(η1)

, (76)

from which we see that |Λ(−λ,λ)| ≤
8λ3

3
√
d(d+δ1)

= O( 1d ) (notice that δ1 < 0 in this case).
2. If κ ∈ (α1,−λ) (or κ ∈ (λ, α4)), the analysis is also similar to case 1.2. Formulas (73) and (75) remain valid, but now

since λ > 1 we have

|ϕ(κ)| ≥

√
d(κ2

− λ2)

(d + 4(α1 + λ)2)
√
Qd(−λ)

, (77)

from where one has

|Λ(α1,−λ)| ≥
2(λ2(3α1 + 2λ)− α3

1)

3(d + 4(α1 + λ)2)
. (78)

Againm → 0, α4/α1 −→ −1 and n2/α2
1 → 1 as d → +∞, what implies thatΛ(α1,−λ) = O(1/ 4√d).

Proceeding as in the previous case, one can obtain Table 3.

A.2. Computations of the energy

For any value of λ and d given in Tables 1 and 2, we denote by Eλ(d) the energy of the corresponding critical point in one
period of its curvature. We want to analyze in this section how Eλ(d) behaves. We use the following notation

Eλδi = −
8(−1)i(η2i − 1)2π

ηi


(η2i + 2)(η2i − 1)

, i ∈ {1, 2}; Eλ0 = 8(1 − λ2)1/2 + 8λ

arcsin (λ)−

π

2


.

Assume for the moment that 0 < λ < 1. We compute first limd→−δ2 Eλ(d). In this case the polynomial Qd has two roots and
it can be written in the following way

Qd(κ) = (α3 − κ)(κ − α4)((κ − m)2 + n2),

where

m = −
(α3 + α4)

2
, n2

= 3m2
− α3α4 − 4 − 2λ2. (79)
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Table 5
Behavior of the energy for λ < 1.

d → −δ2 d → −δ1 d → 0− d → 0+ d ≫ 0

lim Eλ(d) Eλδ2 Eλδ1 + 8λπ Eλ0 + 8λπ 2Eλ0 + 8λπ O( 4√d)
lim Ẽλ(d) Eλδ1 Eλ0

Table 6
Behavior of the energy for λ > 1.

d → −δ2 d → 0− d → δ±

2 d ≫ 0

lim Eλ(d) Eδ2 8πλ ∞ O( 4√d)
lim Ẽλ(d) 0 ∞

If d → −δ2, the curvatures of this family approach to the constant η2 and the different parameters defined in (15), (16)
and (79) approach to

α3 = α4 = η2, M = 0, n2
= −2λη1 = 4

λ

η2
= 4 −

8
η22
,

m = −η2, ρ =
2π
r
, r =

1
η2


(η22 + 2)(η22 − 1).

Therefore limd→−δ2 Eλ(d) =
 ρ
0 (η2 + λ)2 = Eλδ2 .

Now we compute limd→−δ+1
Eλ(d). If d → −δ+

1 , we are working in the zone where two critical curves appear for each

value of d, so that we have two families of solutions. As d → −δ+

1 the first family, corresponding to the solutions whose
curvature functions vary between the roots α1 and α2 of the polynomialQd, approaches to the curvewith constant curvature
κ = η1, which has the following values for the parameters given in (15) and (16)

M = 0, α1 = α2 = η1, α3 = −η1 +
2
η1


2 − η21,

α4 = −η1 −
2
η1


2 − η21, r = −

1
2η1


(η21 + 2)(η21 − 1).

Then, denoting by Ẽλ(d) the energy of a critical point of this family in one period of its curvature, we have limd→−δ+1
Ẽλ(d) =

Eλδ1 .
The second family corresponds to the solutions whose curvature functions vary between the roots α3 and α4 of the

polynomial Qd. Their curvatures are given by (13) which in this case satisfy

lim
d→−δ+1

κ(s) = α2 +
(α4 − α2) (α3 − α2)

(α3 − α2)+ (α4 − α3) cos2(r s)
.

Now, taking into account formulas 2.563 of [28] and using the following notation

E1(x) = −


(α4 − α2)(α3 − α2) arctan


(α4 − α2)

(α3 − α2)
cot (x)


,

E2(x) = −
1
2

(α4 + α3 − 2α2)
√
(α3 − α2)(α4 − α2)

arctan


(α4 − α2)

(α3 − α2)
cot (x)


−

1
2

(α4 − α3) sin x cos x
(α3 − α2)+ (α4 − α3) cos2 x

,

and

E(x) =
1
r
{(α2 + λ)2x + 2(α2 + λ)E1(x)+ (α4 − α2)(α3 − α2)E2(x)},

we obtain that

lim
d→−δ+1

Eλ(d) = E(π)− E(0) = Eλδ1 + 8λπ.

Similar arguments can be used in the remaining cases and after long (and usuallymuchmore complicated) computations
one gets Table 5 (see also Fig. 11).

Dealing with the case λ > 1 in an analogous manner, one can prove also that Table 6 holds (see also Fig. 12).
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