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1. Introduction

The purpose of this paper is to analyze the discrete wavelet structure of the form {DyTx¢}acu(n),kely N CN, where D, and Ty
are dilation and translation operators on CV, respectively and ¢ € CV. Of course, there is an extensive literature on wavelet
frames for L%(RY) and for some special types of function spaces and it is impossible to give complete references; let us at
least mention some [1-7]. The main contributions of this paper are as follows: Firstly, we present a necessary condition
for discrete wavelet frames for CN in terms of a series associated with the Fourier transform of the window function, see
Theorem 3.2. It is observed that the necessary condition given in Theorem 3.2 is also a sufficient condition for discrete
wavelet frames in C and C?, see Proposition 3.3. Theorem 3.6 provides a sufficient condition for a family of vectors of the
form {D,Tx¢}seu(n) kely to be a frame for CN. Chui and Shi proved in [8] that the canonical dual of a wavelet frame for L*(R)
need not have a wavelet structure. The situation is different for discrete wavelet frames for CN. More precisely, the canonical
dual of a discrete wavelet frame for CN has the same structure, see Theorem 3.10.

Frames are redundant building blocks which provide a series representation (not necessarily unique) for each vector in
the space. Duffin and Schaeffer [9] in 1952, introduced the concept of frame in the context of nonharmonic Fourier series.
Throughout, CN will denote an N-dimensional complex separable Hilbert space with inner product (., .). A family of vectors
F= {<j>k}ﬁ/':1 in CV is called a frame (or Hilbert frame) for CV if there exist constants 0 < a, < b, < oo such that

M
a |IxI1? Z [{x, ¢} > < bollx||* forallx € CN.

* Corresponding author.
E-mail addresses: dpmmehra@gmail.com (Deepshikha), lalitkvashisht@gmail.com (LK. Vashisht).

http://dx.doi.org/10.1016/j.geomphys.2017.03.005
0393-0440/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.geomphys.2017.03.005
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2017.03.005&domain=pdf
mailto:dpmmehra@gmail.com
mailto:lalitkvashisht@gmail.com
http://dx.doi.org/10.1016/j.geomphys.2017.03.005

Deepshikha, L.K. Vashisht / Journal of Geometry and Physics 117 (2017) 134-143 135

The numbers a, and b, are called lower and upper frame bounds, respectively. If it is possible to choose a, = b,, then we say
that F is tight. If F is a frame for CV, the frame operator S : CN — CN given by

M

Sx =) (X ¢, xe C"

k=1
is a bounded, linear, positive and invertible operator on CV. Thus, each x € CN has the expansion
M M

x=S5"Tx =Y "(STX. ) = »_(x. 5 Bl

k=1 k=1

The scalars {(S~'x, ¢)} are called frame coefficients of the vector x € CN. The representation of f in the reconstruction
formula need not be unique. Thus, frames allow each element in the space to be written as a linear combination of
frame elements, where linear independence of frame elements is not required. Finite frames have potential applications
in quantum mechanics [10,11]. Pfander studied Gabor frames on finite-dimensional complex vector spaces in [12]. Very
recently, Deepshikha and Vashisht [ 13] discussed frame properties of a system of the form {Tx¢} ey, in CN. Thirulogasanthar
and Bahsoun [14] discussed methods for constructing continuous, discrete and finite frames. They presented a method
to obtain frames on fractals, by using a distance function. By using the iterated function systems (IFS), Thirulogasanthar
and Bahsoun [14] obtained continuous and discrete frames, living on fractal sets, of both finite and infinite dimensional
separable abstract Hilbert spaces. For more details about the link between frames and iterated function systems, we
refer [15-17]. Discrete frames on a finite dimensional right quaternion Hilbert space were studied by Khokulan et al. in [18]
(also see [19]). Application of frames in applied mathematics with different directions can be found in the books of Casazza
and Kutyniok [10], Christensen [20,21], Daubechies [2], Han, Kornelson, Larson, and Weber [22] and Okoudjou [23].

2. Basic tools

We follow notations and definitions given in [ 12]. The symbol C will denote the set of complex numbers ; Z the set of all
integers and N a positive integer. An arbitrary element x in the unitary space CV is represented by ((x(0), x(1), ..., x(N—1))T,
where x(n) is the (n + 1)th component of the column vector x and x” denotes the transpose of x.

That is

cN = [(x(O),x(l),...,x(N— )Y :x(i)eC, iely=1{0,1,...,N - 1}}.

An element p € Iy is called a unit in Iy if it has a multiplicative inverse in Iy, that is, if there exists q € Iy such that p.q = 1,
where multiplication is over modulo N. The set of units in Iy is denoted by U(N). By @(N) we denote the number of units in

IN.
We consider the following linear operators on Iy. For k € Iy, the translation operator T, : CN — CN is given by

Te(x(0), x(1), ..., x(N — 1))T = (x(0 — k), (1 — k), ..., x((N — 1) — k))T,

where subtraction is over modulo N.
For | € Iy, the modulation operator M; : CN — CN is defined as

Mi(x(0), x(1), ..., x(N — 1)) = (e?"1/Nx(0), e*"11/Nx(1), ..., ¥ IN=D/Ny(N — 1)),
Let a € U(N). The dilation operator D, : CN — CV is given by
Da(x(0), %(1), ..., x(N — 1)) = (x(a.0), x(a.1), ..., x(a.(N — 1)) )T,

where multiplication is over modulo N.
The dilation operator D, is a unitary operator. Indeed, for all x, y € CV, we have

N—-1 N—-1
(Dox, y) = Y x(an)y(n) =y _ x(m)y(a~".n) = (x, D-1y).
n=0 n=0
Therefore, D} = D,-1.

Furthermore
DiDgx = Dji( x(a.0), x(a.1), ..., x(a.(N — 1)) )"
(x(a '.a.0),x(a ".a.1),...,x(a .a (N = 1))
(x(0), x(1), ..., x(N — 1))
=x forallx e CV.

Hence the dilation operator D, is unitary.
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The Fourier transform F on CV is given pointwise as follows (see [12, p. 196]):

N-1

=3X(m) = Zx(n)e’Z”im”/N, m=0,1,...,N— 1.

n=0

One of the major properties of the Fourier transform are the Fourier inversion formula and the Parseval-Plancherel formula:

Theorem 2.1 ([12], p. 197). The normalized harmonics ﬁez”"m(')/"’, m=20,1,...,N — 1 form an orthonormal basis of CN
and, hence, we have

N—-1
- Z’x\(rn)eZJ'[irrl(o)/N7 P= (CN,
W m=0

and

1
= N(iﬂ, X,y e cn.

It is proved in [12] that MAlx = Tix. In case of dilation, we have Ija\x = D,-1x. Indeed, for any x € CN, a € U(N), m € Iy, we
compute

N-1 N—1
D/G\X(m) — ZDax(n)e—Zn’imn/N — Zx(a.n)e—ZJTimn/N
= n=0
_ Zx(n —2wima~'. n/N
_’Ta .m) = D,_1X(m).

Similarly we can show that ka = M,kq&.
In matrix notation, the Fourier transform is represented by the Fourier matrix given by

Wy = (0 ™)V, where @ = e*™/N,

r,s=0°
For example
1 1 ] 1 1
Wi = [1], W, = |:1 p—2mil/2 [ = |:1 _1}
_1 .l 1
11 1 -1-iV/3 -1+iV3
Wy = |1 e @B 223 _ 1 2 2
1 e4mil/3  p—4mi2/3 —1+iv/3 —-1-iJ3
L 2 2

The following lemma will be used in Example 3.4.

Lemma 2.2. For any positive integer N, we have

e~ Zmim/N 4 o=47im/N £ 0 forallm € .

Proof. Assume e~ 27iM/N 4 e=47im/N — 0 for some m € Iy. Then, we have

me/N + ef4mm/N

() (52 o 5) - 5))

This gives cos (%) + cos (*%) = 0 and — sin (%
Therefore

2mrm 4mrm 4mrm
cos| — |)=—-cos{— ) =cos|m—— ).
N N N

=
\s
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That is

2mm 4mrm 2rm 4mrm
— =2+ |r———)or— =2nr — (7 — —— ) forn € Z.
N N N N
Therefore, m = ¥(2n+ 1)orm = 5*(2n — 1) forn € Z.
Similarly by using — sin (%) — sin (*) = 0, we can show that

7"’ if nis an odd integer

N e . .
gn, if n is an even integer.

The following cases arise:

— =N

2”‘

(I) Ifnisodd, thenm = %(Zn 4+ 1)and m = ’TNn is not possible simultaneously. Similarly, if m = ’TN(Zn —-1)

thenm = _TN which is absurd since m € Iy.

(Il) If nis even, then m = %(Zn 4+ 1)and m = %n is not possible simultaneously. Similarly, m cannot take the values
=¥(2n — 1) and &n at the same time.

Hence we must have

either cos 2mm + cos dmm #0 or sin 2mm sin dmm #0
1 —_— — - — ) = — .
N N N N

Therefore, e=27m/N  e=47im/N £ 0 forallm € Iy. O

The following theorem provides necessary and sufficient conditions for a family of vectors {fi};L; C CN to be a frame
for CN.

Theorem 2.3 ([21], p. 4). A family of vectors {fi};L; C CN is a frame for CN if and only if spanf{filiL, = CN.

3. Discrete wavelet frames for C¥

Definition 3.1. Let ¢ € CN. A family of vectors {DaTyplacunykery in CN is a discrete wavelet frame (in short, DWF) for CN if
there exist positive scalars A < B < oo such that

AlXI? = 37> [(DaTidp. X)1* < Bix||? forall x € CV.

acU(N) kely

We call ¢ a window function (or scaling function) for the DWF.
The following theorem gives a necessary condition for DWF for CN in terms of an estimate of series associated with the
Fourier transform of the window function.

Theorem 3.2. Let ¢ € CN and suppose {DTy}acuny,kely is a DWF for CN with frame bounds A and B. Then,
A< ipml + > [plam)’ <Bforall mely. (3.1)

acU(N)\{1}

Proof. For any x € CN, by using the Parseval-Plancherel formula, we compute

N> > [(DaTig, )

acU(N),kely

=N > (DaTiep, X)(DTih, X)
acU(N),kely

= ) (DiTig, R (DTih, R)
acU(N),kely

= ) (DM 16, R)(De-1M 16, )
acU(N),kely

= > (M@, DRX)(M $,DeR)

acU(N),kely
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_ -1
Z a(n)e‘z”"”k/”x an) Z A(rrl)ez”"mk/”')?(a.m):|

_ [m@mlfw@m@mlwww
N
N

N
ul
O
=
=
=
—_——

=N D )

acU(N) kely

=N 3 [¢DA]"

acU(N)

=N Z Z|¢mﬂam

aEUN)m 0

=N )" st L)

anN)m 0

=N Z Zlq&amﬂm

acU(N) m=0

ru
N
2
o
=
=
4
—~——

This gives

Z [{(DaTigp, X) — Z Z|¢ (@m®m)|> forall x e CV. (3.2)

acU(N),kely an(N m=0

For any m’ € Iy, choose x € CN such thatx(m) = 0 for m # m’ andX(m) = 1 for m = m'. Then, by using (3.2) and lower
frame inequality of DWF {D,Ti@}ecu(n),kery» We have

A =AR|® = AN|Ix’
<N Y [DJTug, 0

acU(N),kely

N-1
33 [Blamiim)

acU(N) m=0

> Glam)?

acU(N)

Thus, we have

A< > Bam’=gm’ + Y

acU(N) acU(N)\{1}

?¢;(a.m)|2 forallm € Iy.

The lower estimate is proved.

Next we provze upper inequality in (3.1) by contradiction method. Assume there exists a m” € Iy such that
> scumlotam”)|” > B.

Choose x € CN such thatx(m) = 0 for m # m” and x(m) = 1form = m".

Then, by using (3.2), we compute

N-1
1 P —
D DT 0P = = 3 D Idlam)k(m)]
acU(N),kely acU(N) m=0
1 —~ JEE——
=5 2 [d(a.m" W)
acU(N)

1 ~
=5 2 [am"y’

acU(N)
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B B 2
> — = —|[x||© = BJ|x||%,
= 3 RIP = Bilxl

which is a contradiction.
Hence

~ ~ 2 ~ 2
B + Y (glam)’ = Y [plam)’ <Bforallm e ly.
acU(N)\{1} acU(N)
This completes the proof. O
For N > 3, the condition given in Theorem 3.2 may not be sufficient, see Example 3.4. The situation is different for

N = 1, 2. More precisely, condition (3.1) given in Theorem 3.2 is not only necessary but also sufficient for C and C2. This is
given in the following proposition.

Proposition 3.3. Let ¢ € CN (N = 1 or 2). A family {DoTk®}acu(ny kery is @ DWF for CN, provided condition (3.1) holds.

Proof. First we prove the result for N = 1. Let ¢ = (&) € C be such that

-~

A< |¢(m)|2 + Z |?5(a.m)|2 = |$(m)|2 < Bforall mel.
acU(\{1}

Then, |a|? = |?§(0)|2 > A > 0.This gives ¢ = (a) # 0. Hence {DyTi¢}acu(1),ker, = {¢} is a DWF for C.
Let N = 2 and let ¢ = (v, 8)7 € C2. Assume that there exist A, B > 0 such that

-~

A< |qb(m)|2 + Z I?qg(a.m)l2 <B forallm € L. (3.3)
acU(2)\{1}

Since
1

P0)=D pme ™ = + B

n=0
and

1
B(1) =) pme " = $(0) + (e ™ = & — B,
n=0

applying (3.3) form = 0, 1, we get

0<A<[PO)N+ > [Ha0)’ =I[p0) =+ pP
acU2)\{1}

0<A<[+ > Idlan) =) =l —pI.
acU2)\{1}

This gives @ — 8, « + B # 0 and hence o® # B2. Therefore, by the Cramer’s rule the family of vectors {DaTid}acu2) kel =
{(a, B)T, (B, )"} is linearly independent and hence spans C2. Thus, by Theorem 2.3 the family of vectors {DqTk¢}acu(2) kel
is a DWF for C2. The proposition is proved. O

We now demonstrate by a concrete example that condition (3.1) given in Theorem 3.2 is not sufficient.

Example 3.4. Choose N = 4and ¢ = (0, 1, 1,0) € C* Then, for each m € I, by Lemma 2.2, we have

3
a(m) _ Z(]ﬁ(n)e’z”i’““/“ — e 2mimI/4 | o=2mim2/4 _ o=2mim/4 | o—drim/4 L o

n=0
This gives
Z |?¢;(a.m)|2 = |$(m)|2 + Z |?¢;(a.m)|2 > 0 forallm € I.
acU(4) acU(4)\{1}

Thus, there exist positive scalars A, B such that
A< gml+ > [@lam)’ < B forall mel,
acU(4)\{1}

Therefore, condition (3.1) in Theorem 3.2 is satisfied.
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But {D Tk }acuay.ker, = {(0. 1,1,0), (0,0, 1, 1),(1,0,0,1),(1, 1, 0, 0)} is not a DWF for C*. Indeed, let {Dy Tk }acu(4) kel
be a frame for C*. Then, by using the fact that a spanning set of C with exactly N elements is linearly independent, the
family of vectors {DyTi¢}acu(a) kel, is linearly independent, which is a contradiction. Hence {DyTi¢}acu(a) kei, is not a DWF
for C*.

The following example gives an application of Theorem 3.2.

Example 3.5. Suppose N > 3 is odd. Choose ¢ = (1, —1,1, -1, ..., —2,1) e CN.
We compute

N—-1
— Z¢(n)€72ﬂion/N
n=0
N-1
=Y ¢(n)
n=0

ST (DT~ 4 (-2 41
_(N+1) (N4

2 2
=0.

Therefore, for m = 0, we have

)+ Y| =Y dao)’ =Y 190)° =

acU(N)\{1 ] acU(N) acU(N)

Hence there is no positive real number A such that

A< |?¢;(m)|2 + Z I?¢§(a.m)|2 forallm € Iy.
acU(N)\{1}

Therefore, condition (3.1) in Theorem 3.2 is not satisfied. Thus, {DqTx¢}acuny,kery 1S NOt a DWF for cN.

Next theorem provides a sufficient condition for DWF in CN. A similar result for affine frames can be found in [2].

Theorem 3.6. Let ¢ € CN. Assume that

A=inf | > [gan)* = > [dmn—-k)|| > 0. (3.4)

acU(N) kely\{0}

Then, {DqTi¢ }acu(n) kely is @ DWF for CN with frame bounds A and N®(N)||¢ |12

Proof. For any x € CN, by using Theorem 2.1, we compute

Z Z| (DaTy b, X))

acU(N) kely

1 ~
=5 2 2 |IPeM g R

acU(N) kely

=$zz

acU(N) kely

- DID>

acU(N) kely

Ty

acU(N) kely <

== > 13DAP

an(N)

=% Z Z|¢nﬂan

an(N nely

Z ¢ 72m'a*1. nk/Nﬁ

n=0

X_: g(n)e—znmk/tvm

n=0

2

2

zm(.)k/N>
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1 1 ~ ~
> 2 D [ I’ FROP =530 > R (@ — kg
acU(N) nely nely kely\{0}
1 ~ ~
=5 2R (> e = Y7 [én — kig(n)|
nely acU(N) kely\{0}
1 ~ ~
= SR | Y [Ban]’ = 3 [~ kidm)
nely acU(N) kely\{0}
A 2
> N Z [x(n)|
= IR
= Allx|)*.

This gives a lower frame bound for {D;Ti@}ecu(n), kely-
For the upper frame inequality, by using Cauchy-Schwarz inequality we have

DD DT X < YD IDaTig I X1

acU(N) kely acU(N) kely

=IxI* > > IDaTiall?

acU(N) kely
= [N@(N)ll¢[1*] lIx||* for all x € C".

Hence {Dy Ty }acunykery i @ DWF for CN with desired frame bounds. O

Remark 3.7. One may observe that condition (3.4) given in Theorem 3.6 reduces to |$(O)|2 > 0in case of C. That is, (3.4) is
both a necessary and sufficient condition for DWF for C.

The following example shows that condition (3.4) given in Theorem 3.6 is not necessary for N > 2.

Example 3.8. Choose ¢ = (1,0,0,...,0)" € CV,where N > 2.Then, {D,Tk¢ }acu(n),kely is a DWF for CV. Indeed, the family of
N vectors {(1,0,0,...,0)7,(0,1,0,...,0),...,(0,0,0,..., D'} € {DeTk@}acun)kely and span{(O, 0,0, ., \1{_/, L0
ithplace
1 <i < N{ = C".Therefore, by Theorem 2.3, {DyTx¢}acun)kely is @ DWF for CN.
Next we show that condition (3.4) in Theorem 3.6 is not satisfied. By definition of the Fourier transform, we have

¢ = Wyo = Wy(1,0,0,...,0)0 =(1,1,...,1).

Using this we compute

A=inf [ 3 [gan)|’ = Y [@n—kg(n)

nel,

acU(N) kely\{0}
- [ — 3" 180 - kg0 - Y =k, ...,
kely\{0} kely\{0}
> |$((N—1)—k)$uv—1)|}
kely\{0}

—®(N)—(N—1) <0 (asq>(N)§N—1 foerZ).
Hence condition (3.4) in Theorem 3.6 is not satisfied.

Application of Theorem 3.6. Choose ¢ € C3 such that ¢ = (4, 1,5)".
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We compute
A= _

inf[ 3 Bam)’ — 3 [B0m— k) )|]
acU(3) kel3\{0}

=inf[ Y (@0 - Z|¢ — PO, D B’ = Y 1B - ke,
aeU(3) kel3\{0 aeU(3) kel3\{0}

3 ida2)’ - Z|¢2—k |}

aeU(3) kel3\{0}

= inf{216(0)1° — [BIBO)| BN, [FI* + B — [FOFDI-IFD,

BRI+ B — BB BB}
=inf{8,17, 1}
=1>0.

By Theorem 3.6, the family {D;Ti¢}seu(3)ker; is @ DWF for 3.

The following theorem gives a sufficient condition for a window function associated with a DWF for CN in terms of the
Fourier transform. One may observe that the lower frame bound given in the following theorem is different from the lower
frame bound given in Theorem 3.6.

Theorem 3.9. Let ¢ € CN. Assume that
A= inf [g(n)|* > 0.

nely

Then, {DaTk¢}acu).kery i @ DWF for CN with frame bounds ®@(N)A and N®(N)| ¢ ||>.

Proof. Similar to the proof of Theorem 3.6. O

To conclude the paper, we discuss the canonical dual of a discrete wavelet frame for CV. First we recall that the dual of a
frame F = {¢y}M , for CV is a frame G = {y }M., for CV satisfying
M
x=Y (x, Y)¢y forallx e CV.
k=1
Let S be the frame operator associated with the frame . Then, there exists at least one dual frame {S 1¢k . whichis called
the canonical dual of F. If F is a tight frame, then F has a dual of the form vy, = C¢;, for some constant C > 0.If Fis a tight
frame with frame bounds A = B = 1, then we can take v/, = ¢ and elements of C" have representation of the form
M
x= Y (x, p)oxforallx e CN.
k=1
Thus, each vector in the space has (possibly, infinitely many) representations with respect to the frame but it also has one
natural representation given by the frame coefficients. For more details about dual of a frame and its applications, we refer
to [10,21]. It is well known that the canonical dual frame of a wavelet frame for L>(R) need not be of the same wavelet

structure, see [8] (also see, Example 12.1.1 of [20]). But the situation regarding the canonical dual of discrete wavelet frames
for CV is different, which is given in the following theorem.

Theorem 3.10. Let {DqTi¢}acu(n)kely be a DWF for CN with frame operator S. Then, the family {DoTiS ™' ¢ }acuiny kely iS the
canonical dual DWF of {DqTy¢}acuny,kely- That is, the canonical dual of a discrete wavelet frame for CN has the same structure.

Proof. First we show that the frame operator S commutes with composition of dilation and translation operators. Let 5 ech,
d € U(N), k e Iy be arbitrary. We compute

SDaTgp(n) = Y > (DaTyh, DaTeep) DaTih(n)

acU(N) kely

> DD #l@i —pai — Kygp(an — k)

acU(N) kely Tiely

Z Z Z (M)p(a(@ (7 + k) — k)p(an — k)

acU(N) kely Tiely
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Z Z Zqﬁ(n p(aa—"n + aa-—1k — k)p(an — k)

acU(N) kely Tiely

3 ST Be(an + ak — k)g(adn — k)

acU(N) kely Tely

Z Z 247 p(ar — k)¢p(ddn — ak — k)

acU(N) kely Tely

33> Gt — kg (a(a‘n “B- k)

acU(N) kely Tely

> > (@, DaTueh) DTiDyTieh(m)

acU(N) kely
=DaTy Y Y (&, DaTi¢p)DaTip(n)
acU(N) kely
= DET;S?&(H), nely.

This gives S™'DTy¢p = D TS~ '¢ foralla € U(N), k € Iy. Hence the canonical dual frame of {DaTyPlacunykery 1S given by
{ST'DaTigtacuny ety = {DaTiS™ '@ }acuiny.kely- The result is proved. O
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