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Laplace-Beltrami operator

1. Introduction

Noncommutative tori are among the most well known examples of noncommutative spaces. For instance, noncom-
mutative 2-tori arise from actions on circles by irrational rotations. Following seminal work of Connes-Tretkoff [7] and
Connes-Moscovici [6], a very active current trend in noncommutative geometry is the building of a differential geometric
apparatus on noncommutative tori that take into account the non-triviality of their modular automorphism groups (see,
e.g., [5-8,10-16,23-25,30]). So far the main focus has been mostly on conformal deformations of the flat Euclidean metric
or products of such metrics. There is a general notion of general metric on noncommutative tori due to Rosenberg [30]. In
particular, the analogue of Levi-Civita theorem holds (see [30]). Numerous important results in Riemannian geometry and
spectral geometry arise from the analysis of the Laplace-Beltrami operator acting on functions on a closed Riemannian
manifolds. Therefore, it seems only timely to construct Laplace-Beltrami operators associated with arbitrary Riemannian
metrics. This is precisely the main goal of this article.

We refer to Section 9 for the full details of the construction of the Laplace-Beltrami operators on noncommutative
tori. The construction is actually carried out for arbitrary Hermitian metrics and positive densities on noncommutative
tori, which is a bit more general. Anyway, the point is that the Laplace-Beltrami operators on noncommutative tori
satisfy the main classical properties of Laplace-Beltrami operators on closed manifolds. In particular, they are selfadjoint
elliptic differential operators (see Propositions 9.3 and 9.12). As a result, they enjoy the usual elliptic regularity properties
(Proposition 9.11). At the spectral level, the spectra are unbounded discrete sets that consist of eigenvalues with finite
multiplicities (see Proposition 9.12) and we have orthonormal bases of smooth eigenvectors (Proposition 9.14). We also
describe the transformation of Laplace-Beltrami operators under conformal changes of metrics (see Proposition 9.8). In
particular, in dimension 2 we obtain a conformal covariance which is the very analogue of the well known conformal
covariance of the Laplace-Beltrami operator on Riemannian surfaces.

Denoting by .4, the (smooth) noncommutative torus associated with a skew-symmetric n x n matrix 6, the corre-
sponding space of vector fields 25 is the left Ay-module generated by the canonical derivations 9, ..., d, of Ay. The
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Hermitian metrics on 23 are in one-to-one correspondence with positive invertible element matrices h = (h;;) in M,(Ag).
A Riemannian metric is given by such a matrix g = (g;) with the further requirement that its entries and those of its
inverse g~! = (g¥) are selfadjoint. A class of Riemann metrics of special interest consists of the self-compatible metrics
g = (gj) for which the entries g; mutually commute with each other. This includes the conformal deformations of the
Euclidean flat metric considered by many authors and the functional metrics of [18]. We refer to Section 4 for a more
detailed account on Riemannian metrics on noncommutative tori.

As mentioned above the Laplace-Beltrami operators on noncommutative tori enjoy the main properties of their
counter-parts on ordinary manifolds. However, their constructions bear a few differences due to the noncommutativity of
noncommutative tori. The main influx of this noncommutativity concerns the construction of the relevant inner products
involved in the definition of the Laplace-Beltrami operators. In the commutative case the relevant inner products are
constructed out of Hermitian metrics and positive densities. The latter are given by integration against positive functions.
Analogously, a positive density on 4 is given by a positive invertible element v € Ay and its associated weight,

pu(u) = 2r)'tluvl,  u € A, (1.1)

where 7 is the (standard) normalized trace of .4y. This allows us to carry out the GNS construction and get a
k-representation of 4y in the Hilbert space 7, that arises from the completion of .44 with respect to the inner product,

(ulv), = @,(vu) = T(uvv®), U, v € Ag.

Due to the noncommutativity of Ay, the weight ¢, is not a trace (unless v is a scalar). As a result the right multiplication
of Ay does not provide us with a x-representation on %, of the opposite algebra .49, i.e., we have a non-trivial group of
modular automorphisms. As in [6,7] this is fixed by using the inner automorphism,

1 1
o,(u)y=vzuv~ 2, ueA.

In other words, we obtain a *-representation of .47 in the Hilbert space % given by the completion with respect to the
inner product,

()} = @o(uv*) = (o, (V)lov(v)),, U v € A (1.2)

In particular, A(u) = 02(u) = vuv~! and J(u) = o,(u*) are the modular operator and anti-linear involution provided by
Tomita-Takesaki theory. In some sense, the bulk of the construction of the Laplace-Beltrami operators is the accounting
of the modular automorphism group. In fact, this accounting is necessary in order to obtain Laplace-Beltrami operators
that are differential operators.

The space of differential forms .Q; on Ay is defined as the dual module of the module of vector fields 2j. As 25 is a
left Ag-module, we obtain a right .45-module and the canonical derivations 91, .. ., 9, give rise to a dual basis 61, ..., 6"
of 2. The differential d : Ay — £, is then given by

du=0"9u)+ -+ 6™9,(u), uE A,.

By duality any Hermitian metric h = (h;) gives rise a Hermitian metric (h=')' = (k') on £2,. In addition, the basis
01, ...,0" gives rise to a left .Ay-module structure on 99] (see Section 8). Given any positive density v € Ay, this allows
us to lift the modular inner automorphism o, to 5291 Much in the same way as in (1.2), we then can equip .Qé} with the
inner product,

(@0, =@ [(ov(@), 0u(E)], ©,¢ € £2.

There is a natural notion of divergence of vector fields in 25 associated with the positive density v (see Section 8). By
duality this gives rise to a divergence operator § : .Qg] — Ay. As usual, the divergence operator yields the formal adjoint
of the differential d on .Q(}; in our setting this is with respect to the inner products (-|-)J and ('|'>2,u described above (see
Proposition 8.12). The Laplace-Beltrami operator Ay, : A9 — Ay is then defined by

Apyu = =8(du), ue Ay. (1.3)

This is the usual definition of the Laplace-Beltrami operator (up to the sign convention). It can be further shown (cf.
Proposition 9.3) that we have

A= =" Y 3V Svoiw),  ue A, (1.4)

1<ij<n

This is the usual formula for the Laplace-Beltrami operator, except for the replacement of the term hiv by /vhi./v,
which accounts for the noncommutativity of Ay.

In order to define the Laplace-Beltrami operator associated with a Riemannian metric we only need to define the
analogue of the Riemannian density. If g = (g;(x)) is a Riemannian metric on an ordinary torus, or more generally on
any ordinary manifold, the Riemannian density is given vg(x) = +/det(g(x)). Thus, in order to define the analogue of the
Riemannian density for .4y we need a notion of determinant for positive invertible elements of M,(Ag). As Ay is not a
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commutative ring, we cannot define the determinant in the usual way. Following the approach of Fuglede-Kadison [17],
we define the determinant of a positive invertible matrix h = (h;) in Mn(A4p) by

det(h) = exp (Tr[logh])

where logh € M,(Ay) is defined by holomorphic functional calculus and Tr : M,(Ag) — Ay is the usual matrix “trace” on
M, (Ap). This defines a positive invertible element of .4y. When h is self-compatible we recover the usual determinant (see
Corollary 6.6). We refer to Section 6, for a description of the main properties of this determinant. We stress that, due to
the noncommutativity of Ay, the matrix trace Tr is not actually a trace, and so this determinant cannot be multiplicative
(compare [17]). However, we still have some instances of multiplicativity (see Propositions 6.9 and 6.10).

Given any Riemannian metric g = (gj) on Ay, its determinant det(g) is a positive element of .4y. This allows us to
define the Riemannian density by

v(g) := +/det(g).

As in (1.1) this gives rise to a weight ¢ := @, (g), called Riemannian weight. The Riemannian volume then is

Volg(Ag) = (1) = (27)"7 [v(g)].

We refer to Section 7 for the main properties of Riemannian densities and Riemannian volumes and the computations of
a few examples.

Given a Riemannian metric g = (g;) on Ay, its Laplace-Beltrami operator Ag : A9 — Ay is the Laplace-Beltrami
operator Ay, given by (1.3)-(1.4) with h¥ = g¥ and v = v(g), where g¥ are the entries of g~'. In particular, when g is a
self-compatible metric, it can be shown that we have

Agu=—v(g)™" Y a(gv@aw),  ue

1=<ij<n

This is the full analogue of the usual formula for the Laplace-Beltrami operator on a Riemannian manifold. When
n = 2 and g is a conformal deformation of the Euclidean flat metric we recover the conformally deformed Laplacian
of Connes-Tretkoff [7] up to unitary equivalence (see Example 9.6).

As mentioned above, the Laplace-Beltrami operators on noncommutative tori enjoy the main properties of Laplace-
Beltrami operators on ordinary Riemannian manifolds. Therefore, it stands for reason to expect that many of well-known
spectral geometry results related to Laplace-Beltrami operators on Riemannian manifolds should have analogues for
noncommutative tori. Instances of such results are analogues for noncommutative tori of Weyl’ law and its local and
microlocal versions (see [26] and Remark 9.15). In addition, it would be important to extend the definition of the
differential d and the Laplace-Beltrami operator to operators on differential forms of any degree. That is, we seek for a de
Rham complex and Hodge Laplacians on noncommutative tori so as to have a full Hodge theory on noncommutative tori.
Note that, here again, the noncommutativity of noncommutative tori prevent us form defining higher degree differential
forms in the usual way.

This paper is organized as follows. In Section 2, we review the main definitions regarding noncommutative tori. In
Section 3, we review some facts on positive elements and Hermitian modules in the setting of smooth x-algebras. In
Section 4, after setting up the definition of a Riemannian metric for noncommutative tori, we exhibit a few examples and
introduce a notion of conformal equivalence for such metrics. In Section 5, after discussing the noncommutative analogues
of positive densities on noncommutative tori, we explain how this enables us to define Hermitian inner products on
Hermitian modules over noncommutative tori. In Section 6, we define the determinant of positive invertible matrices in
M;,(Ayp), establish some of its properties, and compute some examples. In Section 7, we introduce Riemannian densities
and Riemann volumes for arbitrary Riemannian metrics on noncommutative toris and check their main properties. In
Section 8, we describe the bimodule of differential 1-forms on noncommutative toris and introduce a divergence operator
on this bimodule. In Section 9, we define and study the main properties of Laplace-Beltrami operators associated with
arbitrary Hermitian metrics and positive densities on noncommutative tori.

2. Noncommutative tori

In this section, we recall the main definitions and properties of noncommutative tori. We refer to [4,20,27,28] and the
references therein for a more comprehensive account.

Throughout this chapter, we let & = (j) be a real anti-symmetric n x n-matrix (n > 2). Let T" = R"/(27Z)" be the
ordinary n-torus and L*(T") the Hilbert space of L>-functions on T" equipped with the inner product,

() = 2n)"/s T, £.n € (T, 2.1)

Forj=1,...,nlet Uj: [%(T") — L*(T") be the unitary operator given by
(U) (x) = €% (x +m6), & e X (T,
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where 6 is the jth column vector of 6. We then have the relations,
UUj = 2 Uity,  jk=1,...,n.

The noncommutative torus Ay is the C*-algebra generated by the unitaries Uy, ..., U,.
A dense subspace of Ay is the span Ag of the unitaries,

Uk=Uf U k=(ky . k) € 20

When 6 = 0 each unitary U; is simply the multiplication by e, Thus, in this case Ag is the space of trigonometric
polynomials and Ay is precisely the C*-algebra of continuous functions on T".
The action of R" on T" by translation yields a unitary representation s — V; of R" given by

(V&) (x) = E(x +5), & e[*(T"), seR".
We then get an action (s, T) — a,(T) of R" on £(L*(T")) given by
as(T) = VTV, Y, T e £(IX(T"), s e R™.
In particular, we have
ag(UX) = e*Uk,  kez" (2.2)

This last property implies that the C*-algebra A, is preserved by the action of R". In fact, the induced action on Ay is
continuous, and so the triple (Ag, R", @) is a C*-dynamical system.

The smooth noncommutative torus Ay is the sub-algebra of smooth elements of the C*-dynamical system (Aq, R", «).
That is,

Ag = {u € Ag; a5(u) € C(R"; Ag)} .

In particular, all the unitaries U¥, k € Z", are contained in .49. When 6 = 0 we recover the algebra of smooth function on

T". The action of R" on Ay is infinitesimally generated by the canonical derivations 91, ..., 9, given by
0j(u) = dso5(u)ls=0, U € Ay,
In terms of the generators Uy, ..., U, we have
9j(Uj)=1U; and  9;(Ux) = 0 whenj # k. (2.3)
Moreover, we have
3i(u*) = 9;(u)", ue Ay. (2.4)
The derivations 9y, ..., d; commute with each other. For a € Nj set 0% = 8;” .-+ 0p™. The semi-norms u — ||0%(u)||

generate a locally convex space topology on Ay. This turns Ay into a Fréchet x-algebra. This is even a good Fréchet algebra
in the sense that the set of invertible elements is open and the inverse map u — u~! is continuous. As a result A, is
closed under holomorphic functional calculus. This is even a pre-C*-algebra in the sense of [19], and so all the matrix
algebras M;,(Ay) are closed under holomorphic functional calculus as well.

Let 7 : £(L?(T")) — C be the state defined by the constant function 1, i.e.,

o(T) = (T1]1) = (271)*"[ (T1)(x)dx, T eL£(l*(T").
n
In particular, we have
(1)=1,  t(U*) =0 whenk #£0.
This induces a tracial state on the C*-algebra Ay. Moreover (see, e.g., [29]), for j =1, ..., n, we have
t[w)] =0 Vue A,
T [ugi(v)] = =t [gu]  Vu,v e 4.
Let (-|-) be the sesquilinear form on Ay defined by
() =7 (vu), uveh. (2.7)

The family {U¥; k € Z"} is orthonormal with respect to this sesquilinear form, and so we obtain a pre-inner product on
the dense subspace Ag. The Hilbert space Hy is the completion of Ag with respect to this pre-inner product. Moreover,
the multiplication of Ag uniquely extends to a continuous bilinear map Ay x Hy — Hp which provides us with a unital
k-representation of Ay into £(H,). This is precisely the GNS representation of Ay associated with .
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As {U*; k € 7"} is an orthonormal (Hilbert) basis, for every u € Hy, we have a unique series decomposition in Hy,
u= Z w U, w= (ulUY) = <[(UN ). (2.8)
kezh

When 6 = 0 we recover the usual Fourier series decomposition in [*(T"). The inclusion of A2 into Hy uniquely extends
to continuous inclusions of A, and Ay into Hy. In terms of the series decomposition (2.8) the elements of A, are exactly
the elements of H, for which the sequence of coefficients (uy)xezn has rapid decay. This gives a very concrete description
of Ag.

3. Positivity and Hermitian modules

In this section, we review some facts on positive elements and Hermitian modules in the setting of smooth algebras.
This also includes a discussion of Hermitian free modules over noncommutative tori.

3.1. Positivity and holomorphic functional calculus

In what follows we let A be a unital x-subalgebra of some C*-algebra A such that A is closed under holomorphic
functional calculus (e.g., A is a pre-C*-algebra in the sense of [19]). This implies that the invertible group .A~" of A agrees
with A= N 4, and so for all x € A, we have

Spx)={AeC; x—A €A ={reC;, x—Ar g A1) (3.1)
Let A* be the cone of positive elements of A, i.e., selfadjoint elements with non-negative spectrum. Recall that
At = {x*x; x €A} = {x*; x € A, X* =x}.
As usual, given x, y € A, we shall write x > y when x —y € A™. In particular, x > 0 iff x € A*. More generally, if c € R,

then x > c iff x is selfadjoint and its spectrum is contained in [c, c0).
In what follows we denote by A™™ the set of positive elements of .4 that are invertible. Thus, in view of (3.1), we have

ATt = AT NAT = {(x e A4; x* =x and Sp(x) C (0, 00)}. (3.2)

Lemma 3.1. Let x be a normal element of A.

(i) If f(z) is any given holomorphic function near Sp(x) such that f(Sp(x)) C (0, oo), then f(x) € A™T.
(ii) Assume that Sp(x) C (c1, ¢2), ¢; € R. Then there are y, and y, in A such that

1 +Yiyi=x=c— Y3

Proof. Let f(z) be a holomorphic function near Sp(x) such that f(Sp(x)) C (0, co). Then f(x) is normal and has positive
spectrum. Moreover, f(x) € A since A is closed under holomorphic functional calculus. It then follows from (3.2) that
f(x) € A**. This proves (i).

Suppose that Sp(x) C (c1, ¢2). Then Sp(x—c¢;) C (0, o), and so the function z — /Z is holomorphic near Sp(x—c;) and
maps Sp(x — ¢1) to (0, oo). Thus, by the first part y; := /X — ¢; is an element of A™™. In particular, this is a selfadjoint
element of A such that x — ¢; = (y1)? = ¥iy1, and hence x = c¢; + yjy1. Likewise, as Sp(c, — x) C (0, o0), if we set
y2 =4/ —x, theny, e At and ¢; —x = (y,)? = ¥5¥2. Thus, x = ¢, — y5y». The proof is complete. O

In this paper we will make use of the following consequence of Lemma 3.1.

Lemma 3.2. Let x € A. Then the following are equivalent:

(i) x e AT,
(ii) There is ¢ > 0 such that x > c.
(iii) There are y € A and ¢ > 0 such that x = y*y + c.

Proof. As (ii) precisely means that x is selfadjoint and has positive spectrum, the equivalence of (i) and (ii) is an immediate
consequence of (3.2). It is also immediate that (iii) implies (ii). Conversely, if x > ¢ with ¢ > 0, then x is selfadjoint and
its spectrum is contained in [c, co). Therefore, by Lemma 3.1 there are y € A and ¢ > 0 such that x = y*y + c. Thus (ii)
implies (iii). The proof is complete. O

Remark 3.3. It follows from (ii) that, if x € A", thenx+y € A*" forally € 4,y > 0.

Remark 3.4. It follows from (iii) that A*" does not depend on the embedding of A into A. Moreover, as the proof above
shows, in (iii) we may take y to be in A+,
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3.2. Hermitian modules
Let £ be a left module over A. The dual £* := Hom4(&, A) inherits a right action £* x A 3 (w, X) > wx € £, where
wx is defined by
(wx,§) = {w,§)x, E€E. (3.3)

It will be convenient to think of £* as a left module over the opposite algebra .A°. That is, the vector space .A equipped
with the opposite product,

Xoy = yx, X,y € A

The involution of A is an anti-linear anti-automorphism of 4° as well, and so A° is a x-algebra. Moreover, .A° is closed
under holomorphic functional calculus in the opposite C*-algebra A°. In what follows, we denote by (x, ) — x°w the
left-action of A° corresponding to the right-action (3.3). That is,

(X°w, &) = (wx, &) = (0, E)x =x0 (0, ).

Definition 3.5. A Hermitian metric on a left .A-module € is a map (-, -) : £ x & — A satisfying the following properties:

(i) It is A-sesquilinear, i.e., (x§,yn) =x(§,n)y* forall&,n € £and x,y € A.
(ii) It is positive, i.e., (§,&) > 0forall £ € £.
(iii) It is non-degenerate, i.e., the map £ > &€ — (-, &) € £* is an anti-linear isomorphism.

Remark 3.6. The conditions (i) and (ii) imply that
m & =(E,np*  forallé, nec&.

Remark 3.7. Anti-linearity in (iii) is meant in the following sense. Given & € £ set&* := (-, &) € £*,sothat (§*, ) = (, &)
for all n € £. Then, we have

() = &"x* = (x*)°€*  forallx € A.
Definition 3.8. A Hermitian module over A is a left module £ over A equipped with a Hermitian metric.

Example 3.9. Given any m > 1, the free module .A™ is a Hermitian module with respect to canonical Hermitian metric,

Em= Y &  E=(&). n=. (34)

1<j<m

By construction this is a positive sesquilinear map. It is also non-degenerate, since the map & — (-, £) sends the canonical
basis of A™ to its dual basis.

Let (&, (-, -)) be a Hermitian .A-module. Given & € £ set £* = (-, §) € £*. As above we regard £* as a left .4°-module.
By assumption § — £* is an anti-linear isomorphism from £ onto £*. Thus, given any w € £*, there is a unique &, € &
such that @ = &*. Let (-, )’ : £* x £* — A be the map defined by

(@,0) = (&. &), w,{ €& (3.5)
Equivalently, we have

(En") =& m*  forallg,nee.
Lemma 3.10. (&, (-, -)") is a Hermitian A°-module.

Proof. We just need to check that (-, -)" is a Hermitian metric. The sesquilinearity of (-, -) and the anti-linearity of the
map w — &, imply that (-, -) is A°-sesquilinear. Indeed, as &y, = x*&,, for all w, ¢ € £ and x, y € A, we have

(X0, 5°¢) = (E0w Eoc)” = (¢80 y'E) "
As (X*E,, ' &) = X" (50, &) Y = X*[(@, O)'T'Y = [y* (0, {)' X]*, we see that
(X°0,5°¢) =y (@, 0) x =x0 (@, ¢) oy".

This shows that (-, -) is .A°-sesquilinear. Moreover, the positivity of (-, -) implies that, for all w € £*, we have (0, @) =
(w» £0)" = (Ew, £,) > 0. That is, (-, -)' is positive.
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It remains to show that (-, -)’ is non-degenerate. Let £** = Hom 40(£*, A°) be the bidual. This is a left module over A
with respect to the action A x £ 3 (x, {) — x¢ € £ given by

(x¢, w) = (¢, w) ox =x({, w), w € &,

Given any w € £* we set o* == (-, w)’ € £**. We need to show that the map ¥ : w — w* is an anti-linear isomorphism
from £* onto £**. To see this let us denote by @ the isomorphism & — &* from &£ onto £* defined by (-, -). By duality we
get an anti-linear transpose map @' : £** — £* given by

() m) = (¢, @) = (¢, 0*)",  ¢e& nec.

By functoriality we get an anti-linear isomorphism with inverse the transpose of ®~1.
Bearing this in mind, let @ € £* and n € £. Then we have

(@ o w@) 1) =o', ) = [(r.0) | = (& &) = 0.8 = (&5, ) = (" n).

This shows that ®‘ o ¥ = id, and so ¥ = (®!)~!. Thus, ¥ is an isomorphism, and hence (-, -)’ is non-degenerate. It then
follows that (-, -)’ is a Hermitian metric. The proof is complete. O

Remark 3.11. A standard elaboration of the arguments of the proof above shows that ¥ o @ agrees with canonical map
from £ to £**, and so £ and its bidual are isomorphic left modules.

3.3. Free Hermitian modules over Ay

Given m > 2 let M,(Ap) be the x-algebra of m x m-matrices with entries in Ay. The %-action of A4y on Hy naturally
gives to a unitary action of My (Ag) on the Hilbert space Hy' = Hy @ - - - @ Hg (m-summands). Equivalently, #y' is just
the completion of AJ' with respect to the pre-inner product,

Em = > (&)=Y tlam]=1lE ). &neAl (36)
1<i<m 1<i<m

where (-, -) is the canonical Hermitian metric (3.4). All this allows us to regard M,,(.Ag) as a x-subalgebra of the C*-algebra
L(H™). In addition, My,(.Ag) is closed under holomorphic calculus (see, e.g., [19, Proposition 3.39]).

We what follows we denote by GL;(.4¢) the invertible group of M;;(.4¢) and by GL;(A(;) the set of invertible positive
elements. As M,(Ag) is closed under holomorphic calculus (see, e.g., [ 19, Proposition 3.39]), Lemma 3.2 provides us with
characterizations of GL;! (Ay).

Note also that matrix multiplication gives rise to a right action (£, a) — &a of My;,(Ay) on the free Ag-module A7,
i.e., we get a left-action of the opposite algebra M,;(Ag)°. Namely, given any & = (&) € A} and a = (a;) € Mp(A4y), we
have

fa= (Z giaff)lgism'
i
If we let a* = (a;‘}) be the adjoint matrix of a, then, for all £, n € Af', we have
(a,n) = Z &iayn; = Z Z nja;) = (€, na*).
1<i,j<n 1<i<n 1<j<n
In particular, we see that
a=a" < (a,n) = (&,na) forall &, n € Ay.

In what follows we denote by (¢, ..., €5) the canonical basis of A7'. Any Hermitian metric (-, -); on A7 is uniquely
determined by its coefficient matrix h = (h;), where h; = (¢, ¢;), 1 < i,j < m. Indeed, by sesquilinearity, for all £ = (&)
and n = (»;) in A}, we have

Enh= Y (Gemeh= Y &l = Y &y =Ehn). (37)

1<i,j<m 1<i,j<m 1<i,j<m

Proposition 3.12. Let (-, -); be a Hermitian metric on Aj'. Then its coefficient matrix is in GL;(AH). Conversely, any
he GL;(AQ) defines a Hermitian metric (-, -), on A} given by

E o= GEhom = Y &g, £ =(&), n=(n). (38)

1<ij=n

This gives a one-to-one correspondence between GL;(AH) and Hermitian metrics on Aj'.
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Proof. Let (-,-); be a Hermitian metric on Aj' and h = (hyj) its coefficient matrix, with h; = (e, ¢;)1. Note that
hii = (g5, &)1 = (&1, )] = h;’; and so h* = h, i.e, h is selfadjoint. In addition, let £ = (&) be in A}, and set £* = (§). By
using (3.6)-(3.7) and the fact that 7 is a trace we get

(h&18) = Tl(hg, Ml =t[Y_ hggT] =t[)_ & hyg] = [ (¢, &7)]-
i.j i.j
The positivity of (-, -); and 7 then ensures us that (h&|&) > 0. Combining this with the density of .47 in #Hj' shows that
(h&|&) > 0 for all £ € Hy'. That is, h is positive.
Let us denote by ¥ the anti-linear isomorphism A}’ 3 § — (-, £); € (A}')* defined by the Hermitian metric (-, -);. We
also denote by @ the canonical isomorphism & — &* = (-, &). As h is selfadjoint, given any & and 5 in A}, we have

(W) n) = (n.§), =(nh,§) = (n,Eh) = (®(£h), n). (3.9)
Thus, if we denote by h° the right action of h on Ag, then ¥ = ® o h°, ie, h° = qﬁ‘} oW, In particular, h° is an invertible
left module map, and so h is invertible in M,,(44) with inverse h~! = (h¥), where h¥ := (lll‘1 o ®(&), ej), iLj=1,...,m

This shows that h is invertible and positive, i.e., it lies in GL (A).
Conversely, let h € GL;(AH). It is immediate that the map (-, -), defined by (3.8) is .4y-sesquilinear. Moreover, by
Lemma 3.2 there are ¢ > 0 and b € M,;(Ag) such that h = bb* + c. Thus, given any & € M;;(Ay), we have

(6,6)y = (6h, &) = (§bb*, &) 4+ (§,6) = (§b,£b) +c (5, 6) = c(§,§) = 0. (3.10)

In particular, this shows that (-, -), is positive.
Let us now show that (-, -), is non-degenerate. Given £ € A], set & = (-, £) € (A]')*. In the same way as in (3.9), for
all n € A}, we have

(&x m) = (0, &) = (nh, &) = (n, hg) = ((Eh)*, ). (3.11)

This shows that the map £ — £ is the composition of the right action by h on A7 with the anti-linear isomorphism
& — &*. The right action by h is an invertible left module map, since h is invertible. Therefore, the map & — &, is an
isomorphism, and so (-, -), is non-degenerate. As this is a positive sesquilinear map, we see that (-, -), is a Hermitian
metric. The proof is complete. O

Corollary 3.13. Let (-, -); be a Hermitian metric on Af.
(i) There are c; > 0 and ¢, > 0 such that
15,8 <(Eh =k & VieA. (3.12)
(ii) (5,801 € AT forallE e C™\ 0.
Proof. Let h = (h;) be the coefficient matrix of the Hermitian metric (-, -);. We know by Proposition 3.12 that h € GL;(Ay).
That is, h is selfadjoint and has positive spectrum. In particular, Sp(h) C (c1, ¢) with 0 < ¢; < ¢;. Thus, by Lemma 3.1

there are b; € Mi(Ag), i = 1, 2, such that ¢; + b1b} = h = ¢c; — byb;. Let & € A]'. The equality h = ¢; 4+ b;b] implies that
we have

(6,601 = (h &) =c1 (&) + (§bib7, §) = 1 (€,8) + (b1, b)) = 1 (5, 8) . (3.13)

Likewise, by using the equality h = ¢, — byb; we get (§,&); = (§h, &) = (§,8) — (§by, &by), and so (§,8)1 < ¢ (€, 8).
This gives (3.12).

In order to get (ii) we just note that if £ € C™ \ 0, then (3.13) gives (£, £); > c1 (£, &) = c1]&|% As ¢1|€|*> > 0 it then
follows from Lemma 3.2 that (£, &); € A} . The proof is complete. O

Given any left module € over 4y, we shall say that two Hermitian metrics (-, -); and (-, -), on £ are equivalent when
there are constants ¢; > 0 and ¢, > 0 such that

1,61 <&, 8,50, 8, VEee.
For instance, the first part of Corollary 3.13 asserts that all Hermitian metrics on A]' are equivalent to the canonical
Hermitian metric (3.4). More generally, we have the following.

Corollary 3.14. Assume that € is a finitely generated left module over Ay. Then all Hermitian metrics on £ are equivalent.

Proof. Without any loss of generality we may assume that & = Aj'e, with e € Mn(Ag), e’ = e, m > 1. It is then enough
to observe that every Hermitian metric on .Af'e is the restriction of a Hermitian metric on .Af', and hence is equivalent to
the restriction of the canonical Hermitian metric. The proof is complete. O
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4. Riemannian metrics on noncommutative tori

In this section, we recall the definition of Riemannian metrics on noncommutative tori by Rosenberg [30]. Our
definition slightly differs from Rosenberg’s original definition. We also present a few examples and introduce a notion of
conformal equivalence of Riemannian metrics.

4.1. Riemannian metrics

The left action of Ay on itself gives rise to a left action on the algebra £(.Ay) of continuous endomorphisms on Ay. This
allows us to regard £(.Ap) as a left Ay-module. Note that the canonical derivations a1, ..., d, are linearly independent in
£(Ap). Indeed, if Zjaiaj = 0 with @ € Ay, then (2.3) ensures us that, for j = 1,...,n, we have 0 = Y, d'§,(U;) = idU;,
and hencea' =-.- =a" = 0.

Definition 4.1 ([30]). 25 is the free left 4y-module generated by the derivations a4, ..., dy.
We shall think of 23 as the module of vector fields on Ay. The coordinate system on .2 defined by 94, ..., 9, gives
rise to an Ag-module isomorphism A} ~ 23 under which (91, ..., d,) corresponds to the canonical basis of .4j. Under

this identification we have a one-to-one correspondence between Hermitian metrics on Aj' and 2j. Combining this with
Proposition 3.12 we then obtain a one-to-one correspondence between GL:(.AQ) and Hermitian metrics on 25. Namely,
any Hermitian metric (-, ) is uniquely determined by its coefficient matrix h = (h;), with h; = (Bi, Bj), so that, for all
X =Y X9 andY =) ,Y9 in 2;, we have

X, Y) =YX (3 ) (V) = > Xhy(¥))". (4.1)
ij ij

The coefficient matrix h is an element of GL,T(Ag ). Conversely, any h € GL,T(.Ag) defines this way a Hermitian metric (-, -)j
on Zy.

On an ordinary manifold M a Riemannian metric on a given manifold M is a Hermitian metric (-, -) on the complexified
tangent space TcM that takes real values on real vector fields. Equivalently, in any local coordinates, the coefficients
(3, dy;) are real-valued.

The analogue of the above condition for a Hermitian metric (-, -) on 2 is requiring the coefficients (8,~, 8,») to be
selfadjoint. That is, the matrix of the Hermitian metric has selfadjoint entries. This yields the definition of a Riemannian
metric in [30]. There is a slight issue with this condition since we would like the inverse matrix to satisfy the same
condition, so as to have a dual Hermitian metric on forms to have selfadjoint values on “real” 1-forms (see Section 8).
As it turns out, the inverse of a positive invertible matrix with selfadjoint entries need not have selfadjoint entries. For
instance, consider a 2 x 2-matrix of the form,

h_la*la_l a
—\o b 0 b)) \a +0p)°

where a and b are selfadjoint elements of Ay and b is invertible. Then h has inverse

I 1+ab~2a —ab
“\ —-b%a b2

In particular, the off-diagonal entries of h~! cannot be selfadjoint when [a, b] # 0.
In what follows we denote by A7 the real subspace of selfadjoint elements of 4y and denote by My (AF), m > 2, the
real space of m x m matrices with entries in A%.

Definition 4.2. GLm(A§), m > 2, consists of matrices h € GL,(Ag) such that h and h™! both have selfadjoint entries.
Definition 4.3. GL;(A%), m > 2, consists of matrices in GL;(A¥) that are positive.

Remark 4.4. Ifa = (a;) € Mm(A]E) and a is selfadjoint, then a;; = a;;. = ay, i.e., the matrix a is symmetric. In particular,
all the elements of GL(A%) are symmetric matrices.

Definition 4.5 (Compare [30]). A Riemannian metric on 4y is any Hermitian metric on 23 whose coefficient matrix is in
GLf (A7)

We have a one-to-one correspondence between GL,T(AH(}) and Riemannian metrics on A4y given by (4.1). As above, given
any g € GL,T(AE), we shall denote by (-, -) the corresponding Riemannian metric, i.e.,

X V) =y Xg(¥)y, X=X v=) v
ij i i

We shall use this correspondence to identify Riemannian metrics and their matrices.
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On an ordinary manifold M two Riemannian metrics g and g are conformally equivalent when they define same angles
between vectors in each tangent space TyM, x € M. Equivalently, there is a function k(x) € C*°(M) such that § = k(x)’g.

Definition 4.6. We say that two Riemannian metrics with respective matrices g = (g;) and & = (g;) are conformally
equivalent when there is k € AZ* such that & = kgk = (kgjk).

4.2. Examples
Let us now look at some examples of Riemannian metrics.

Conformal deformations of flat metrics
The Euclidean metric is g = 6;;. Connes-Tretkoff [7] considered conformal deformations of this metric, i.e., metrics of
the form,

gi =K, ke AlT. (4.2)

Such metrics have been considered in various subsequent papers as well (see, e.g., [6,10-16,23-25]). As in [18] we may
also consider conformal deformations of more general flat metrics,

g =kgj. (g)) eGLI(R), keA'r (4.3)

Product metrics
A product metric is of the form,

(1)
I 0 {) + (4R
g = < 0 g(z)> ) g € GLmj(Ag )-
A special class of such metrics are products of conformal deformations of Euclidean metrics,
_ (Kn, O ++
g= ( 0 I<§Im2 , kie Ay™, ki #ka.

Here Iy, is the m; x m;-identity matrix. Similar kind of metrics have been considered in [5,8,10,22].

Self-compatible Riemannian metrics

Definition 4.7. Two matrices a = (a;;) € Mp(Ag) and b = (by) € My(Ap) are compatible when each entry of a commutes
with every entry of b, i.e,, [aj, byl =0fori,j=1,...,pand k,I=1,...,q. Amatrix a € My(Ag) is self-compatible when
it is compatible with itself.

Lemma 4.8. Let a = (a;) € My(Ag) and b = (by) € My(Ag) be compatible. Then, for every holomorphic function f; near
Sp(a) and every holomorphic function f, near Sp(b), the matrices fi(a) and f>(b) are compatible.

Proof. By assumption [a, by] = 0 for k,I =1, ..., p. Thus, given any holomorphic function f; near Sp(a), the coefficients
by also commute with the matrix fi(a), i.e., fi(a) and b are compatible. Substituting b for a and fi(a) for b also shows that,
given any holomorphic function f, near Sp(b), the matrices f,(b) and f;(a) are compatible. The proof is complete. O

Lemma 4.9. Let g € GL}(Ag) N Mn(A%) be self-compatible. Then g € GL/(A%).

Proof. Set g~! = (g¥) and h = (g~'). As g is selfadjoint, its inverse g~ is selfadjoint, and so the (i, j)-entry of h is

hj = g = (g¥)*. Moreover, as g is self-compatible, it follows from Lemma 4.8 that g and g~! are compatible, and so g
and h are compatible as well. In addition, by Remark 4.4 the fact that g is selfadjoint and has selfadjoint metrics implies
that g is symmetric. Bearing all this mind we see that the (i, j)-entry of gh is equal to

> mhg= ) hgge= Y "gui= 23

1<k<m 1<k<m 1<k<m

Thus, gh = 1, and so h = g~'. As h; = (g¥)*, this shows that the entries of g~' are selfadjoint, and hence g € GL/(A%).
The proof is complete. O

We mention the following consequence of Lemma 4.9.

Lemma 4.10. Let g € GL(A®) and u € GLiy(Ag) N Mp(AY) be compatible and self-compatible. Then u‘gu € GL; (AX).
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Proof. Set h = u‘gu. As u has selfadjoint entries, its adjoint is u‘, and so h = u*gu is both invertible and positive,
ie, u‘gu € GLI(A). The (i, j)-entry of h is h; = Zk,, ukiguuy. The assumption that g and u are compatible self-compatible
matrices then ensures us that h is self-compatible. Moreover, as the entries of g and u are selfadjoint, we also have

*
E3
hg=( E ukigklulj) = E U8k = E Urigrly = hy;.

1<k,I<m 1<k,I<m 1<k,I<m
Therefore, we see that h is a self-compatible element of GL;(AQ) N Mm(A“(}). It then follows from Lemma 4.9 that
h e GL;(AH(,{). The proof is complete. O

Definition 4.11. A self-compatible Riemannian metric is a Riemannian metric whose matrix is self-compatible.

Remark 4.12. As it follows from Lemma 4.9, a Hermitian metric on 2j is a self-compatible Riemannian metric if and
only if its matrix has selfadjoint entries and is self-compatible.

Example 4.13. Conformal deformations of flat metrics as in (4.2)-(4.3) are self-compatible Riemannian metrics.

Example 4.14. The functional metrics introduced in [18] are also examples of self-compatible Riemannian metrics. They
are metrics of the form,

g = gy(h),

where h € 4, and t — (g;(t)) is a smooth map from a neighborhood of Sp(h) in R to GL}(R). This construction uses the
observation that Ay is closed under the C*-calculus of its selfadjoint elements.

Taking conformal deformations of self-compatible metrics and products of such metrics provides us with further
examples of Riemannian metrics. These metrics are of the form,

kg,
g = t. . ,
k[g(l)k[

where kj € Af" and gV € GL;;],(A(,) N My, (Ag) is self-compatible. All the previous examples of Riemannian metrics of
this section are of this form.

5. Densities and inner products on Hermitian modules

In this section, after discussing the noncommutative analogues of densities on .44, we explain how this enables us to
define Hermitian inner products on Hermitian modules over A4.

5.1. Densities on noncommutative tori

On the ordinary torus T" a positive density (in the sense of differential geometry) is given by the integration against
a positive function. The analogous notion on the noncommutative torus A, is given by elements in A@H and the
corresponding weights. Namely, any v € A" defines a weight ¢, : Ay — C by

(X)) = (27 )"t(xv),  x € Ag. (5.1)

This is a weight since ¢,(x*x) = t(x*xv) = T[(x4/v)*(x4/V)] > 0. In the terminology of [6,7] such a weight is called a
conformal weight.

Example 5.1. Suppose that & = 0. In this case densities are positive elements of .A4q = C*°(T"), i.e., positive C*°-functions
on T". In addition, (277 )"t agrees with the integration with respect to the Lebesgue measure of T". Thus, given any
v € C®(T"), v > 0, for all f in Ag = C(T"), we have
@(f) = 2n)'z[fv] = / f(x)v(x)dx. (5.2)
Tn

Therefore, we recover the usual notion of smooth densities on C*°-manifolds.

Lemma 5.2. For all x € A, we have

() < 27)"eu (1) < lIvllTx). (5:3)
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Proof. As v is invertible and positive, this is a selfadjoint element whose spectrum is contained in [|jv="||"1, ||v||], and
so [[v7 1|7 < v < ||v|. Let x € Ay. Then ||[v1||~xx* < xvx* < ||v||xx*. As T is a positive, the second inequality implies
that we have

lvliz(x*x) = lIv[lT(xx™) = z(xvx™) = t(x*xv) = (27) ", (x*x)

Likewise, we have ||[v=1||~1z(x*x) < (27 ) "¢, (x*x). This shows that the inequalities (5.3) hold for any positive element of
A/ The proof is complete. [

We let #, be the Hilbert space given by the completion of .4y with respect to the pre-inner product,
(ulv), = 27 )¢, (v*u) = t(v uv) = t(uvv*), U, v € Ag.

This inner product is a scalar multiple of the inner product obtained from the GNS construction for the state ¢,(a) :=
ﬁgﬂv(a) = ﬁr(av), a € Ay. In particular, the multiplication law of 4, uniquely extends to a left action of .44 on H, by
bounded operators. In addition, it follows from Lemma 5.2 that, for all u € Ay, we have

=117 ulu) < (ulu), < (vl ulw) .

Therefore, the completions with respect to the pre-inner products (-|-) and (-|-), give rise to the same locally convex space.
An explicit unitary isomorphism from #, onto #, is given by the right-multiplication by /v, since, for all u, v € Ay, we
have

(ulv), = r[(/V)Vv)] = (uvvlvv/v).
We also denote by #9 the completion of Ag with respect to the “opposite” pre-inner product,
(ulv)y == @,(v* ou) = t(W* cu o v) = t(vuv*) = r(v*vu), U, v € Ag.

This inner product is a constant multiple of the inner product that arises from the GNS construction for the state ¢,
and the opposite algebra 43. As above #{ and its locally convex topology do not depend on v and an explicit unitary
isomorphism from #° onto H, is given by the left-multiplication by /v (i.e., the right-multiplication with respect to the
opposite product).

Let 0, : Ay — Ay be the inner automorphism given by

1 1
oy(x) =v2xv~2, X € Ay,

Then it follows from the discussion above that, for all u and v in Ay, we have
1 1 1 1 1 1
(ulv)) = <v7u|v7v> = <v7uv‘f |v7vv_7> = (0, (u)|o,(v)), -
v
Therefore, we arrive at the following statement.

Proposition 5.3. The inner automorphism o, uniquely extends to a unitary isomorphism from M onto H,. In particular,
composing the right x-action of Ay on H with o, gives rise to a right x-action of Ay on H,.

. . 1s . . 1 1
Remark 5.4. The unitary anti-linear involution J,(a) = o,(a*) = v2a*v~2 and the operator A(a) = o2(a) = vav~! are
the respective Tomita involution and modular operator of the GNS construction associated with the state ¢,. In particular,
we have J,a*], = o,(a) for all a € Ay.

5.2. Inner products on Hermitian modules

Given v € Af’, let (&, (-, )) be a Hermitian finitely generated projective (left) module over Ay. Define the map
(I}, : ExE— Chy

<$|v>v =(2ﬂ)7n(pv[(gv 77)] =T[(€!n) U], 5»77 ES' (54)
Lemma 5.5. (|-), is a pre-inner product on £.

Proof. The positivity of the weight ¢, and the sesquilinearity and positivity of the Hermitian metric (-, -) ensure us that
(-]-) is a positive sesquilinear map. It only remains to show that (-|-) is definite.

Without loss of generality we may assume that £ = e Aj! with e € My (Ap), e? = e. We know by Corollary 3.14 that the
Hermitian metric is equivalent to the restriction of the canonical Hermitian metric of 47, and so we may further assume
that the latter is actually the Hermitian metric of & = eA}". In this case (-|-) is just the restriction of the inner product of
', and so it is positive definite. This completes the proof. O

Definition 5.6. 7,(&) is the Hilbert space completion of £ with respect to the pre-inner product {:|-}),.
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Lemma 5.7. #,(&) and its locally convex topology depend neither on v, nor on the Hermitian metric of .

Proof. Let us denote by (-|-) the pre-inner product on £ associated with v = 1, i.e,, (§|n) = t[(§&, )] = t[(&, n)]. &, n € €.
Let (-, -); be another Hermitian metric on £ and denote by (|-), , the pre-inner product (5.4) associated with v and (-, -);.
Thanks to Corollary 3.14 there are constants ¢c; > 0 and ¢; > 0 such that

16,86 <, 861 =c(5,8) forall§ e&. (5.5)
Let £ € £. Combining (5.5) with the positivity of ¢, gives

cgl(§. 61 = 2m) "pul(§. 6)1] = e[, §)].

Combining this with Lemma 5.2 we get

' at[E 6] < e[E 6] < IvlieT[E. )]
As t[(£,8)] = (£1€) and ¢, [(&, &),] = (£|£),,,, we see that there are ¢| > 0 and ¢ > 0 such that
¢y (E1&) < (£1€)1, < c; (E1%) forall§ € €.

It then follows that the completions of £ with respect to the pre-inner products {(-|-) and (-|-); , give rise to the same
locally convex topological vector space. This proves the result. O

6. Determinant

The aim of this section is to introduce a notion of determinant on GL;(A4). This will be used in the next section to
define the volume of .44 with respect to an arbitrary Riemannian metric.

It will be convenient to work more generally with a unital involutive subalgebra A of a unital C*-algebra A such that
A and all the matrix algebras M,(A), m > 2, are closed under holomorphic functional calculus. For instance, we may take
A = Ay, or more generally we may take A to be any pre-C*-algebra.

To define the determinant we shall essentially follow the approach of Fuglede-Kadison [17]. Recall if h € GL},(C), then
its determinant is given by

det(h) = exp[Tr(log h)]. (6.1)

As in [17], we shall use this formula to define the determinant for matrices in GL/,(A).
The exponential map exp : A — A is defined by means of the holomorphic functional calculus or, equivalently, by
using the usual power series expansion,

=1
exp(x) = Z k—‘x", x € A.
k=0

In particular, by using this power expansion and the binomial formula it can be shown that
exp(x +y) = exp(x) exp(y) whenever [x, y] = 0. (6.2)

In addition, as A is closed under holomorphic functional calculus, log(x) € .A when x € A. Moreover, if x € A is selfadjoint,
then exp(x) is selfadjoint and has positive spectrum, and so it belongs to A**. Thus, if we denote by AR the real subspace
of selfadjoint elements of A4, then

exp(x) e ATt forall x € A%,

Leth € GL;(A). Then log h is a normal element of A with real spectrum, and hence it is selfadjoint. Moreover, as M;(.A)
is closed under holomorphic functional calculus, we see that logh € M;;(.A). Thus, logh is a selfadjoint element of M;,(.A).
In addition, we mention the following additivity property of the logarithm on GL; (A).

Lemma 6.1. Let h, i’ € GL{(A) be such that [h, h'] = 0. Then hh’ € GL/,(.A) and we have
log(hh') = log(h) + log(h"). (6.3)

Proof. It is well known that as h and h’ are positive and commute, their product hh’ is positive, since in this case
hi = h2W'h3 = (h2(h')2 . As hit is invertible, we then see that hit € GL(.4).

Bearing this in mind, let B be the unital Banach algebra generated by h and h’. As h and h’ are selfadjoint this is actually
a C*-algebra. Moreover, as [h, '] = 0 we see that B is a commutative. In particular, the identity map is a trace. The
formula (6.3) then follows from [3, Appendix, Lemma 5] and [9, Lemme 1-(a)] (see also [17]). The proof is complete. O

As we have just seen, if h € GL(.A), then logh is a selfadjoint element of M,,(.A). This implies that the trace Tr[log h]
is a selfadjoint element of .4, and so by taking the exponential we obtain an element of AT,
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Definition 6.2. The determinant det : GL}(A) — A" is defined by
det(h) = exp[Tr(log h)], h € GL}(A).

Remark 6.3. The value of det h depends only on the holomorphic functional calculus closure of the algebra generated by
the entries of h.

Proposition 6.4. The following holds.
(1) We have
det(kln) = k™  Vke AT, (6.4)
(2) Let h € GL/.(A). Then

det(th) = t™det(h)  Vt > 0,
det(h®) = (deth)’ Vs eR.

Proof. Let k € AT, As Tr[log(kl,;)] = Tr[(log k)I,;] = mlogk, we have
det(kl,,) = exp(mlogk) = (exp(logk))" = k™.
Leth e GL;(A) and t > 0. As log(tz) = logt + log z, we see that log(th) = logt + logh, and so we have
det(th) = exp(Tr[log(th)]) = exp(mlogt + Tr[logh]).
As exp(mlogt + z) = t™ exp(z) for all z € C, we also have
exp(mlogt + Tr[log h]) = t™ exp(Tr[log h]) = t™ det(h).

It then follows that det(th) = t™ det(h).
Let s € R. As log(z®) = slogz we have log(h’) = slogh. In addition, as exp(sz) = (exp(z)) for all z € C, we have
exp(sx) = (expx)® for all x € A. Thus,

det(h*) = exp(Tr[log(h*)]) = exp(s Tr[log h]) = [exp(Tr{loghl)]’ = (deth)".

The proof is complete. O

Proposition 6.5. Suppose that A is commutative. Then, for all h = (h;) € GL/(A), we have

det(h) = > &(0)h11) - * Bmo(m)» (6.5)
oeGny
where G, is the permutation group of {1, ..., m}.

Proof. As A is a commutative unital C*-algebra, we may assume that A = C(X) for some compact Hausdorff topological
space. In that case My,(C(X)) = C(X, Mn(C)) and GL/(C(X)) = C(X, GLE(C)). If h(x) = (hy(x)) is in C(X, GL(C)), then
(log h)(x) = log[h(x)]. Thus, by using (6.1) we get

(deth)(x) = exp (Tr[log(h(x))]) = detlh(X)] = Y &(0)1o(1)(X)* - - hmg(m)(x).
ey
This proves the result. O

We define notions of compatibility and self-compatibility of matrices with entries in A in the same was way as in
Definition 4.7. All the properties of these matrices proved in Section 4 hold verbatim in the setting of matrices with
entries in A.

Corollary 6.6. Let h € GL/ (.A) be self-compatible. Then det(h) is given by (6.5).

Proof. Let B be the unital algebra generated by the entries h; of h. The fact that h is selfadjoint means that h;; = h;.

Therefore, the sub-algebra 5 is involutive and its closure B = B is a commutative unital C*-algebra. It then follows from
Proposition 6.5 that det(h) is given by (6.5). The proof is complete. O

Lemma 6.7. Let h € GL,(4) and ' € GL} (A) be compatible. Then [det(h), det(h’)] = 0.

Proof. As h and h’ are compatible, we know by Lemma 4.8 that log(h) and log(h’) are compatible. This means that
each entry of log(h) commutes with every entry of log(h’). This implies that [Tr[log(h)], Tr[log(h')]] = 0. It then follows
from (6.2) that det(h) = exp(Tr[log(h)]) and det(h’) = exp(Tr[log(h’)]) commute with each other. The lemma is proved. O
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Proposition 6.8. Leth € GL;(A) be block-diagonal, i.e.,
AW 0
h= . WP ecLy ().
0 h®
Assume further that h') and hY) are compatible for i # j. Then
det(h) = det(h")- - - det(h'¥).
Proof. It is enough to prove the result when ¢ = 2, since once this case is proved the general result follows by induction.
Assume that £ = 2. Then

log h 0 1 2
frloghl =1t ( 0 logh® ) = Trllogh] + Tr[log h].

Therefore, we have det(h) = exp(Tr[log h]) = exp(Tr[log h'"]+ Tr[log h'®1]). As KV and h® are compatible, we know from
the proof of Lemma 6.7 that Tr[log h"'] and Tr[log h'®)] commute with each other. Thus, by using (6.2) we get

det(h) = exp(Tr[log h'"]) exp(Tr{log h®']) = det(h)) det(h®). (6.6)
This completes the proof. O

Because Tr is not a trace on My(.A) unless A is commutative, we cannot expect the determinant on GL}(.A) to be
multiplicative in general (compare [17]). Nevertheless, we have the following results.

Proposition 6.9. Suppose that h, ' € GL}(A) are compatible and commute with each other. Then hh' € GL/.(.A) and we
have

det(hh") = det(h)det(h") = det(h’) det(h).

Proof. As h and h’ are compatible, we know by Lemma 6.7 that det(h)det(h’) = det(h’)det(h). Moreover, as [h, '] = 0
Lemma 6.1 ensures us that hh' € GL;(.A) and log(hh') = log(h) + log(h'). Thus, det(hh’) = exp(Tr[log h] + Tr[log h']). In
addition, as h and h’ are compatible in the same way as in (6.6) we get

det(hh') = exp(Tr[log h]) exp(Tr[log h']) = det(h) det(h’).
The proof is complete. O

Proposition 6.10. Let h € GL!(A) and u € GLy(.A) be compatible and self-compatible. Assume further that u and u* are
compatible with each other. Then

det(u*hu) = det(u*u) det(h).

Proof. Let B be the unital algebra generated by the entries of h, u and u*. We observe that these entries form an involutive
generator set, since h is selfadjoint and the entries of u* (resp., u) are the adjoints of the entries of u (resp., u*). By
assumption h and u are self-compatible. Note that the self-compatibility of u implies that u* is self-compatible as well.
By assumption u is compatible with h and u*. As h is selfadjoint we also see that h and u* are compatible. It then follows
that the entries of h, u and u* form a commutative involutive generator set of B. Therefore, the unital subalgebra 3 is
involutive and commutative, and so its closure B := B is a commutative C*-algebra. We then know by Proposition 6.5
that the restriction to GL;(B) of the determinant agrees with the usual determinant on a commutative ring. In particular,
it enjoys all the standard properties of the determinant on commutative rings, including multiplicativity. Thus,

det(u*hu) = det(u*) det(h) det(u) = det(u*) det(u) det(h) = det(u*u) det(h).
This proves the result. O

As an immediate consequence of Proposition 6.10 we get the following unitary invariance result.

Corollary 6.11. Let h € GL/(A) and u € GLy(A) be compatible and self-compatible. Assume further that u is unitary,
ie, u*u = uu* = 1. Then

det(u*hu) = det(h).
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7. Riemannian densities and Riemannian volume

In this section, we introduce a notion of Riemannian densities and Riemann volume on 4y for arbitrary Riemannian
metrics.

Recall that if g = (g;(x)) is a Riemannian metric on an ordinary manifold M", then its Riemannian density is given by
the integration against +/det(g(x)). When M is compact, its volume with respect to g is defined by

Vol (M) := det(g(x))d"x.
¢ M

let g € GL:(AE) be a Riemannian metric on A4y. As defined in the previous section, the determinant det(g) =
exp(Tr[logg]) is an element of A;*. As explained in Section 5, elements v € .A(;H and their associated weights ¢, given
by (5.1) are the analogues of (smooth) densities on ordinary manifolds. This leads us to the following.

Definition 7.1. The Riemannian density of g is

v(g) = y/det(g) = exp (% Tr[logg]) e AT

The Riemannian weight of g is the weight ¢, = ¢.(), i.e,,
pe(u) = 2n)'t[uv(g)],  ue Ay.
This allows us to define the Riemannian volume as follows.

Definition 7.2. The Riemannian volume of A, with respect to g is
Volg(Ag) i= gg(1) = (27)"t [v(g)] .

Example 7.3. If g = §; is the flat Euclidean metric, then v(1) = 1, and so Volg(Ag) = (2 )*t[1] = 27)" = |[T"|.

Example 7.4. 1f g = k8, k € Ag *, is a conformal deformation of the Euclidean metric, then by (6.4) we have

v(g) = vdet(k3l,) = vk = k". (7.1)
Proposition 7.5. Let g be a product metric of the form,
g(l) 0
g= . gV eGLy (4D,
0 g
where gV, ..., g'© are mutually compatible. Then, we have

v(g) = v(g™")---v(g").

Proof. We know by Proposition 6.8 that det(g) = det(g(")- - - det(g(®). As det(g("), ..., det(g®)) mutually commute with
each other (cf. Lemma 6.7), we get

v(g) = v/det(gM)- - - det(g®) = y/det(gM) - - - /det(g®) = v(gV) - -- v(g"¥). (7.2)

The result is proved. O

Example 7.6. Let g be a product of conformal deformations of the Euclidean metric, i.e.,

(K3, 0 —
g= ( 0 Kl kie Ay

If [k1, ko] = 0, then by using Proposition 7.5 and (7.1) we get

v(g) = v(kilm, W(K3hm,) = K7 k3.
Proposition 7.7. Let g € GL(AF) and k € A" be such that [k, g] = 0. Then, we have
v(k*g) = k"v(g) = v(g)k".

Proof. As [k, g] = 0 the matrices k?I, and g satisfy the assumptions of Proposition 6.9. Combining this with (6.4) we get
det(k?g) = det(k*I,) det(g) = k*" det(g).
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Note that [k, det(g)] = 0 (¢f. Lemma 6.7). Therefore, in the same way as in (7.2) we have
v(k’g) = k2" det(g) = k"\/det(g) = k"v(g).

The proof is complete. O

Proposition 7.8. Let g € GL(A¥) and u € GL,(A%) be compatible and self-compatible. Then,

v(u'gu) = v(u'u)v(g) = v(g)v(u'w).
If we further assume u to be orthogonal, i.e., uu = uu® = 1, then we have

v(u‘gu) =v(g) and  Volyg(Ag) = Volg(Ap).
Proof. We know by Lemma 4.10 that u‘u and u‘gu are both elements of GL,J{(A?}). Moreover, as g is compatible with u, it is
also compatible with u‘u, and so Lemma 6.7 ensures us that [det(u‘u), det(g)] = 0. In addition, as u* = u* the assumptions
of Proposition 6.10 are satisfied, and so we have det(u‘gu) = det(u'u) det(g), and hence v(u‘gu) = v(u‘u)v(g) = v(g)v(utu).

Assume further that u is orthogonal. Then u‘u = 1, and so v(u‘u) = /det(1) = /1 = 1. Thus v(u‘gu) = v(g), and
hence Vol,tg,(Ag) = Volg(Ay). The proof is complete. O

Remark 7.9. When (&, (-, -)) is a Hermitian module over Ag, we shall simply denote by #(€) the Hilbert space #,4)(€).
8. Differential 1-forms and divergence operator

In this section, we describe the bimodule of differential 1-forms on the noncommutative torus A, and introduce a
divergence operator on this bimodule.

As we think of the module 23 as the module of vector fields on .4y, we define 1-forms as elements of the dual of 25.

Definition 8.1. £ is the dual module Hom 4,( %5, Ajp).

By definition .Q(} is a right module over Ay. This is a free module; a basis is provided by the dual basis (', ..., 8") of
the basis (91, ..., 9,) of 2%. That is,
0. 9)=28; ij=1,....n

Thus, any w € .Q(} has a unique decomposition w = Zeiwi with w; = (w, 9;). We also have a left-action of 4y on .Q(}
given by

aw = Z 0'(awy), ae Ay, w= Z@iwi €2,

1<i<n

This left action is compatible with the right action of 4y, and so this turns .Qf into an Ay-bimodule. Note also that with
respect to this left action we have a6' = 0'a, a € Ay. Thus, for any w € 991 we have

w= Z Olw; = Z wif', w; = (o, 0;) .

1<i<n 1<i<n

Definition 8.2. The differential of any u € Ay is
du:= )" 0'9(u) € 2,.
1<i<n
Proposition 8.3. The following holds.
(1) Leibniz Rule: for all u, v € Ay, we have
d(uv) = (du)v + u(dv).
(2) Let u € Ay. Then du = 0 if and only if u € C. That is, kerd = C.

Proof. Let u, v € Ay. We have d(uv) = Z@iai(uv). As 91, ..., 0, are derivations of the algebra .44, we have
dwv) = " 0'@up + Y 0'u(dw) = (du)v + u(dv).
1<i<n 1<i<n

It remains to show that kerd = C. We have d(1) = 0, and so C C kerd. Conversely, let u € kerd, i.e., Zj Gfaj(u) =0.
As 61, ...,6" form a basis of the right module 2!, we see that dilu)y =0forj=1,...,n. Setu = Zk u U, Then
0=29u) =5, ikjukU", and so u; = 0 whenever k; # 0. As this holds for j = 1, ..., n, we deduce that u, = 0 whenever
k # 0. That is, u = ug € C. Therefore, we see that kerd = C. The proof is complete. O
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In the same way as on 2, any h € GL:(AQ) defines a Hermitian metric (-, -), on .Q; Namely, given w = Z@iwi and
¢ =) 6'¢in £2}, we have

* * * %k
(w, {)h = Z wj o h,‘j o fj = Z {j hijw,- = Z ;i hijwj
1<ij<n 1<ij<n 1<i,j<n

where we have used the fact that h; = hﬁ' to get the last equality. Conversely, any Hermitian metric on .Q; is of this form.
Let h € GL™(A4y). The nondegeneracy of the Hermitian metric (-, -), on 23 means that, for every 1-form w e 991 there
is a unique vector field X" € 2; such that

(.Y)=(v.X}), forallY e 2.
The dual Hermitian metric (-, -);, on .(2; is then given by
(@ O = (X[ X0),, ote) (8.1)
Set h~1 = (hY). Note that h~! € GL;(A4y).

Lemma 84. Forallw =Y ;0'w; and ¢ = Y",6'¢; in 2}, we have
Xb= )" o, (8.2)
1<ijj<n
(@, O = (@, Oy = Y hay. (8.3)

1<i,j<n

Proof. Let us denote by & the anti-linear isomorphism 25 > X — (-, X) € Qg defined by the Hermitian metric (-, -).
Lletw =Y ,0'w; € 9(} By definition, we have

Xt = =Y o (0lw)= > wjo'(0). (8.4)

1<i<n 1<i<n
Fori=1,...,n, we have
o)=Y (@), 0)= > 0 0.8),= ) Oh
1<j<n 1<j<n 1<j<n

It then follows that @~'(6") = Y_" | h¥3;. Indeed, as h is selfadjoint, we have
D(Y W) = Y oY = X etht =0
1<j<n 1<j<n 1<j,k<n
By using (8.4) we then get
Z wf P~ Z a)*h”B Z wfftjiai.
1<i<n 1<i,j<n 1<ij<n
This gives (8.2).
Let ¢ =) 0'¢; € 2. In view of (8.1) we have
(@, O = (X XD), = Y (Xihy(XD);-
1<ij=n
Therefore, by using (8.2) we see that (w, ¢)}, is equal to
> Y GImein) = Y Y G = Y g
1<ij<n1<k,<n 1<k,l<n 1<ij<n 1<k,l<n
This proves (8.3). The proof is complete. O

From now on we let v € Aj*. As mentioned above the lack of unitarity of the right action of .4y on #H? is corrected

by means of the inner automorphism o, (x) = v2xv~2. This inner automorphism makes sense on any bimodule over A4,
including £} and M,(Ag). For instance, for any 1-form w = 3" 6'w;, we have

1

ou(@) = viev i =Y fviop I, (8.5)
In what follows, we let (~|~)h,u be the pre-inner product on .(291 defined by

(@I0)5, = po[(Ov(@), 0o (O N-1y]. @, ¢ € £25.
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Lemma 8.5. Forall o =Y 0'w; and { = Y 0'¢; in 2}, we have
1,5 1
(), = Y r[gvihivie). (8.6)
1<ijj<n

Proof. By definition (w|¢)}, , = ¢,[(0,(w), (&N p-1y] = tllov(®), 3,(E)) -1y v]. In view of (8.3) and (8.5) we have

(@), ooy v = 3 (vigw™2) K
1<i,j<n

= Z vf%(gi*v%hijv%wj)v%.

1<ij=n

1
VZwjpT2)v

As 7 is a trace we obtain
1

(e, = Z t[vf%(fi*v%hiju%wj)vf]: Z T[{i*v%hijv%wj].

1<i,j<n 1<ij<n

The lemma is proved. O

Definition 8.6. Hg’v(Q;) is the completion of $2; with respect to the inner product (wl{)z’u.

Remark 8.7. In the same way as with Lemma 5.7 it can be shown that ’Hﬁ'v(.Q(}) and its locally convex space structure
do not depend on v or h.

Remark 8.8. When g € GL/(A%) we denote by (-I-)g the inner product (-|-)g ). We shall also denote by Hg(£2)) the
Hilbert space 43 ,(£25)-

Let us now construct the divergence operator on .le.

Definition 8.9. The divergence (with respect to v) of any X = foal- € 2y is

div,(X) = Y g(Xv)v~".
1<i<n
Proposition 8.10. The following holds.

(1) @u(div,(X)) = 0 for all X € 2. A
(2) Leibniz Rule: For all u € Ag and X =), X'9; € 25, we have

div,(uX) = Vu - X 4+ udiv,(X),
where we have set Vu-X =), Ai(u)X'.

Proof. Let X = ), X'9; € 2;. By using (2.5) we get
pu(div, (X)) = Y r[a(Xv)v"v] = Y t[a(Xv)] =o0.
1<i<n 1<i<n

In addition, let u € Ag. We have div,(uX) = >, d;(uX'v)v=". As d;(uX'v)v~1 = 9;(w)X" + ud(X'v)v~!, we get

div,(uX) = Y X + Y ud(Xv)p~" = Vu- X + udivy(X).

1<i<n 1<i<n

The proof is complete. O

Definition 8.11. The divergence operator § : £2) — Ay is the linear operator defined by
sw=v"1 3 a(vibivie),  w= ) fwcl (8.7)
1<i,j<n 1<i<n

The fact that § is the analogue on (23 of the divergence operator on 1-forms on ordinary manifolds stems from the
following result.

Proposition 8.12. The following holds.
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(1) The operator —§ is the formal adjoint of the differential d : A; — 2, with respect to the inner products (-|-); and
()5, That is, we have

(—Sw|u)? = (w|du)y,  forall o € 2y and u € Aq. (8.8)
(2) Forall o =Y 0'w; in 2}, we have
Sw = [divy(X"")]",  where X" = Zw;u%mfu-%a,».
i
In particular, §o = [div,(X")]* when [h, v] = 0.
Proof. Let w =) 0'w; € 2} and u € Ay. As du = Y 6'9;(u), by using (8.6) we get
(ldw), = > t[@uyvipivie].

1<i,j<n

It follows from (2.4) and (2.6) that we have
r[(aiu)*v%hijv%wj] = r[ai(u*)v%hijv%a)j] = —r[u*ai(v%hijv%wj)].
As by definition 8w = v™! > aj(V%hijV%(Uj), we see that, for all u € A4y, we have
R I:u*ai(v%hijv%a)j):l = —[uv(dw)] = (—dwlu)° .
1<ij<n

This shows that —4§ is the formal adjoint of d. Note that the unicity of the formal adjoint is a consequence of the density
of Ag in HY.
We also observe that (dw)* is equal to

> [atinvia)] v = 3 afefviedy vl

1<i,j<n 1<ij<n
= Z Bi(wfv%hﬁvf% . u)v’l.
1<ij<n
Thus, if we set XV = 3. wj?‘v%ft"iv’% d;, then (Sw)* = div,(X""), i.e,, o = [div,(X")]*. Furthermore, if [v, h] = 0, then
by using (8.2) we get X" = > wj‘hifai = X", and hence s = [div,(X")]*. The proof is complete. O

9. Laplace-Beltrami operators

In this section, we define and study the main properties of Laplace-Beltrami operators associated with arbitrary
Hermitian metrics and densities on 4.

9.1. Definition and examples

In what follows we let h € GL,T(A(,) andv € .A(;H. We also let § : .Qé} — Ay be the divergence operator (8.7) associated
with (h, v).

Definition 9.1. The Laplace-Beltrami operator Ay, : Ay — Ay is defined by
Ap(u) = —4(du), ue Ag. (9.1)

Remark 9.2. When g € GL!(AY) we shall denote by A, the operator Ag ). This is the Laplace-Beltrami operator
associated with the Riemannian metric g.

Recall that in the terminology of [2] a differential operator of order m is any linear operator P : Ay — Ay of the form,

P= Z A, 0%, ay € Ag.

lae|<m

The symbol of P is p(&) := ngm a,il*lg%, £ € R™. This is a polynomial map on R" with coefficients in .44 of degree m.
The degree m component pp,(§) == Z\alzm a,im&” is called the principal symbol of P.

We say that P is elliptic when the principal symbol p,(£) is invertible for all £ € R" \ 0. In this case p,(§)~! €
C*®(R™\ 0; Ap) and P admits a parametrix in the class of Connes’ pseudodifferential operators on 4y (see [1,2,20,21]). We
refer to these references for general properties of elliptic operators on noncommutative tori.
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Proposition 9.3. The following holds.
(1) We have
(Anoulv)) = (duldv)y . uvE A

(2) For all u € Ay, we have

Appt = —v~ Z i(Voh! vdj(u))
1<ij<n
=- > V=22 33 (u) — v > ai(Vvhiyv)g, (9.2)
1<i,j<n 1<ij<n

1

(3) Ap,y is an elliptic 2nd order differential operator with principal symbol p,(§) = v~ 2(&, &)1 V2,

Proof. Let u, v € Ay. It follows from (8.8) that

(Apyulv)) = (=8(du)[v)? = (duldv);, . (9.3)
Moreover, as du = Z 0'9;(u), by using (8.7) we get
Apyu = —§(du) = Z fhffa(u)
1<ij<n

As 3i(/VhY /vdi(u)) = /YA /v3;9;(u) + 3;(v/VhY/1);(u), we get
Apu=-— Y 2RIy d(u) — v D a(Vvh ) i),
1<ij<n 1<ij<n

In particular, we see that Ay , is a 2nd order differential operator with principal symbol,

> vEIRIvIgg = VTR E)vl.

1<ij<n

Let § € R"\ 0. As h™! € GLt(A44), we know by Corollary 3.13 that (£, £),-1 is in A;“J“. In particular, it is invertible, and so
p2(&) = v‘%(é, &)1 V2 is invertible as well. This shows that Ap,, is elliptic. The proof is complete. O

Remark 94. Let g € GL,T(ADS). When v = v(g) the formulas (9.2) give
Agu=—v(g)" D a(Vv@eV @),  ue A, (9.4)
1<ij<n

Assume further that g is self-compatible. Its determinant belongs to the commutative unital C*-algebra generated by
its entries. Then 1/v(g) belongs to this C*-algebra as well, and so [/v(g), g] = 0. This implies that [/v(g),g~!] = 0,
i.e., +/v(g) commutes with the entries of g~!. Thus, in this case we can rewrite (9.4) in the form,

Agu = «/W Z det(g)gd;(u)), ueA. (9.5)

1<ij<n

Here det(g) is given by (6.5), since g is self-compatible (cf. Corollary 6.6). Therefore, we recover the standard formula for
the Laplace-Beltrami operator associated with a Riemannian metric.

Example 9.5. Let g = §; be the Euclidean metric. Then det(g) = 1 and g¥ = &Y. Thus, in this case (9.5) gives
— > sl =— ) a2
1<i,j<n 1<i<n
Therefore, we recover the usual Laplace operator A := —812 — .- — 02 on A.

Example 9.6. Let g; = k%5, k € AS™, be a conformal deformation of the Euclidean metric. Then g = k=287 and we
know by Proposition 6.4 that det(g) = k*". Thus, by using (9.5) we get

Agu=—k™" 3" G(Kk 05 w) = —k " Y 8k 0i(w)).

1<i,j<n 1<i<n

As di(k"28;(u)) = k"232(u) + 3;(k"2)d;(u), we obtain

u=—k2 Y R — > kTHK ) =k Au— Y kT"d(k")oi(u).

1<i<n 1<i<n 1<i<n
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Suppose that n = 2. In this case k"2 = 1, and so 3;(k"2) =0 fori =1, ..., n. Thus, we get
Ag = kA,

Here v(g) = k?, and so the left-multiplication by k gives rise to a unitary isomorphism from *Hg onto Hy. Therefore, A,
is unitary equivalent to the operator,

kAk™ =kt Ak™!

Thus, up to unitary equivalence, we recover the conformally deformed Laplacian k~'Ak~! of Connes-Tretkoff [7]. This
operator was also considered in several subsequent papers (see, e.g., [6,10-16,23-25]).

Example 9.7. Suppose that n = 2 and g is a product metric of the form,

k> 0
g = <( 6) (k2)2>? ijAéH_

We have

-1 _ k;z 0
£ _(0 k?):

Assume further that [kq, ko] = 0. In this case det(g) = (k;)?(k2)? = (k1k,)?. Thus, by using (9.5) we get
1 )
~Agu=—— Y B(kikogly
g kiky e 1( 128 }(U))

=ih k (1 [kaky ' 01(w)] + B2[kaky '0a(u)])

= k297 (u) + ky %92 (u) + O [kaky M ]01(u) + B2 kiky '] 9a(w)) .

ol
kiky
Proposition 9.8. Let g € GL(A%) and k € A" be such that [k, g] = 0. Set § = kgk = kg. Then

Agu = k=2 Agu — v(g) k™ (qu S@)dk™?) 2)g_1, ue Ay
In particular, when n = 2 we have

Ay = k2 A,. (9.6)

Proof. Let u € Ay. As [k,g] = 0 we have g = k‘zg‘s, ie, 89 = k™%gl. We also know by Proposition 7.7 that
v(g) = k"v(g) = v(g)k", and so /v(g) = k2./v(g) = /v(g)kz. Combining this with (9.4) then gives

Agu=—kTu(g) Y a[Vvlgk2k2gk2 \/u(g)d(u)]

1<ijj<n
=—kT(@) " Y Ak Vugg Vv(@)ow)]
1<i,j<n
=—k%u(g)"! Z a[Vv(g)g" v/ v(g)d(u)]
1<ijj<n
— k@)™ Y (k) v(@le Vv(g)dw)
1<ij<n

k2 Ag(u) — v(g) k" (w/v(g)du, Jv(g)d(l("’z))g_] .

When n = 2, in the same way as with Example 9.6, we have d(k"~2) = d(1) = 0, and so we simply get Azu = k‘zAgu.
This completes the proof. O

Remark 9.9. Example 9.6 is a special case of Proposition 9.8 with g; = §;.

Remark 9.10. The transformation law (9.6) is the version for noncommutative 2-tori of the conformal covariance of the
Laplace-Beltrami operator on Riemann surfaces.
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9.2. Elliptic regularity properties

Let Aj be the topological dual of 4. We equip it with its strong dual topology. We think of .4j, as the space of
distributions on .4y. We note there is a natural inclusion of Ay into .4j, induced by the natural pairing,

(,u) =rtlou],  u,ve A. (9.7)

More precisely, (v, -) € Aj and v — (v, -) is a continuous embedding from .4y into 4. This allows us to identify .4, with
its image in .4j under this embedding. Note that every v € Aj is sum of its Fourier series in .4j. Namely,

V= Z v UK, Vg = (v, (Uk)*>, (9.8)
kezn

where the series converges in 4; (see, e.g.,, [21,32]). In particular, this implies that 4, is dense in 4j. In addition, every
differential operator P : Ay — Ay uniquely extends to a continuous linear operator P : A, — A, (see, e.g., [21]). In
particular, for any o € Nj, we have

(v, u) = (=D (v, 8%u),  ve A4, ue A.
Given any s € R the Sobolev space 7{(5) is defined by
HY = {v €Ay Y (1+ kY |ul? < oo}.

kezZM

This is a Hilbert space with respect to the Hilbert norm,

1
2
lolls = (Z(l + |k|2)5|vk|2) . ven

kezn

For s = 0 we recover the Hilbert space Hy. More generally, given any m € N, we have
Hg") = {u € Ho; 8%u € Hy for |a| < m}.

Let seR.Ifve HS), then its Fourier series (9.8) actually converges in HQ This shows that 4y is a dense subspace of
s) (s)

HG In addition, the natural pairing (9.7) on Ay X Ay uniquely extends to a contmuous bilinear pairing on H,, ~ X He
This pairing is non-degenerate, and so we have a canonical isomorphism (?—L )’ ~ He
We also have an analogue of Sobolev’s embedding theorem. If t > s, then the inclusion Hm C HS) is compact.

Moreover, we have

= 1y and U H =
seR seR

In fact, at the topological level, the Sobolev norms || - ||5, s € R, generate the topology of .4y. Moreover, the strong topology
of Aj is the direct limit of the || - ||s topologies.

We refer to [21,31,32] for more complete accounts on Sobolev spaces on noncommutative tori, including proofs for
the results mentioned above.

Leth e GL;(AG) and v € .A(;H. As the Laplace-Beltrami operator Ay, is a differential operator, it uniquely extends to
a continuous linear operator Ay, : A — Ajy. In fact, by Proposition 9.3 this is an elliptic 2nd order operator, and so the
elliptic regularity results for such operators in [21] apply. We summarize them in the following statement.

Proposition 9.11. The following holds.

+2) (s)

(1) For every s € R, the operator Ay, uniquely extends to a continuous linear operator Ay, : Hg — Hy'.

(2) Let s € R. For any u € Aj, we have

Apu € HY = uenSH?. (9.9)
(3) The operator Ay, is hypoelliptic, i.e., for any u € Aj, we have

Ap Ul € Ag <= U € Ayp.

9.3. Spectral theory

Let us now turn to the spectral theory of Ay, ,,. As 7 is the same locally convex space as Hy = 7—[9 , the pairing (9.7)
gives rise to a non-degenerate pairing on #%. This pairing is related to the inner product (-|-)} as follows. Given any
u, v € Ay, we have

(u,v) = 7[vu] = t[(vilv*)*vu] = <u|1f11)*)o .

v
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Combining this with the density of 4y in 7, we deduce that
(w,v) = {up~"v*)°  forallu,veH. (9.10)

Bearing this in mind, by Proposition 9.11 the operator Ay, maps continuously H(QZ) to #9 and 7—[(92) is a maximal domain
for Ay, on #H). We actually have the following result.

Proposition 9.12. The following holds.

(1) Ap, is selfadjoint when we regard it as an operator on H9 with domain 7-1(92).
(2) The spectrum of Ap,, is an unbounded discrete subset of [0, co) that consists of eigenvalues with finite multiplicity.
(3) Every eigenspace of Ay, is a finite dimensional subspace of Ay.

Proof. Let us first show that A, is selfadjoint. We regard it as an operator on #; with domain 7—[5)2). It follows from (9.3)
that Aj,, is formally selfadjoint with respect to the inner product (-|-)9. Namely, for all u, v € Ay, we have

(Anulv)) = (duldv)) , = (dv|du)j , = (Ap,vlu), = (u|Ap,v) . (9.11)

Combining this with the density of A, in Héz) and the fact that A, maps continuously Hff) to HJ, we deduce that

(Ah,vulu)z = <u|Ah,vv): forallu, v € Héz).
That is, Ap,, is symmetric, i.e., Ay, C 4} .
Letu € dom(A} ). In addition, let (u¢)e>0 C A be a sequence such that u, — u in 7). It follows from Proposition 9.11
that A, maps continuously HJ = 7—[(90) to Hsz). Thus, Ay, u; — Ap,uin 7—1272), and hence A ,u; — Apuin Aj.
Let v € A4}, and set § = v~1v*. Then by (9.10) and (9.11) we have

(Ahyvug, U) = (Ah,l,u”f))j = (u4|Ah,v5)3 —> (U|Ah,\,f)>3 .

Note that as u € dom(4j ), we have (u[A;,0)) = (4} ulv)} = (Aj u,v). Therefore, we see that (Ap,ue, v) —
(A;,Uu, v) for all v € Ay, ie, Ap,up — A;Vu weakly in Aj. As we also know that A, ,u, — Ap,u strongly in Ay,

we deduce that Ay ,u = A} u. In particular, Ap,u is contained in #)) = Hgo), and so by (9.9) u must be contained in ng).

This shows that dom(A;; ) C Héz) = dom(Ap,). As Ap, C A}, it then follows that Ay, = Ay, |, i.e., Ay, is selfadjoint.

Recall that Ay, is an elliptic differential operator. Moreover, the very fact that A, is sélfadjoint implies that its
spectrum is real. In particular, Sp(Ap,) # C. It then follows from the results of [21] that Sp(Aj,,) is an unbounded
discrete set that consists of eigenvalues with finite multiplicity. Moreover, all its eigenspaces are contained in .44. We
further observe that (9.3) implies that <Ah,vu|u)3 > 0 for all u € Ay. Thus, Ay, cannot have negative eigenvalues, and so

its spectrum must be contained in [0, co). The proof is complete. O

Proposition 9.13. We have
ker Ap,, = kerd = C.

Proof. We know by Propositions 8.3 and 9.12 that kerd = C and ker A, C Ay. Moreover, if du = 0, then by (9.1) we
have Ay ,u = —48(du) = 0. Thus, kerd C ker Ay ,. In addition, if u € ker Ay, then u € A4y, and by (9.3) we have

(duldu)p , = (Ap,ulu)’ = 0.

As <'|'>g,v is an inner product, it then follows that du = 0. Thus, ker A, C kerd. It then follows that ker A, , = kerd = C.
The proof is complete. 0O

By Proposition 9.12 the spectrum of Ap, is an unbounded discrete set consisting of non-negative eigenvalues with
finite multiplicities. Moreover, by Proposition 9.13 the zero-eigenvalue has multiplicity 1. Therefore, we can organize the
spectrum of A, as a non-decreasing sequence,

0 =2o(Anv) < A1(Any) < A(Apy) < -+ < Aj(Apy) < -+ -,

where each eigenvalue is repeated according to multiplicity. The unboundedness of Sp(Ay ,) implies that A,(Ap,) = o0
as £ — oo. Moreover, as Ay, is selfadjoint and all its eigenspaces are contained in .4y we obtain the following result.

Proposition 9.14. There is an orthonormal basis (e;);>o of HS such that, for all £ > 0, we have

Ah,veg = )\((Ahyv)eg and e, € Ay.
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Remark 9.15 ([26]). We have a Weyl law for the distribution of the eigenvalues A,(Ap,,). Namely,

E1IN)

Ae(Any) ~ (c fh)) as £ — oo, (9.12)

where we have set

1 -
at =7 [ eDERTIEE el = VB =[S,

In fact, when g is a self-compatible Riemannian metric, we have

1

= E(zn)*"|s"*1| Volg(Ag) = (2r)"B"| Volg(Ap).

Thus, in this case we have the usual form of Weyl’s law. In particular, when n = 2 and g is a conformal deformation of
the Euclidean metric this agrees with the Weyl Law of [ 14]. We refer to [26] for a more detailed account, including local
and microlocal versions of the Weyl law (9.12).
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