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a b s t r a c t

In this paper, we construct Laplace–Beltrami operators associated with arbitrary Rie-
mannian metrics on noncommutative tori of any dimension. These operators enjoy the
main properties of the Laplace–Beltrami operators on ordinary Riemannian manifolds.
The construction takes into account the non-triviality of the group of modular auto-
morphisms. On the way we introduce notions of Riemannian density and Riemannian
volumes for noncommutative tori on noncommutative tori.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Noncommutative tori are among the most well known examples of noncommutative spaces. For instance, noncom-
mutative 2-tori arise from actions on circles by irrational rotations. Following seminal work of Connes–Tretkoff [7] and
Connes–Moscovici [6], a very active current trend in noncommutative geometry is the building of a differential geometric
apparatus on noncommutative tori that take into account the non-triviality of their modular automorphism groups (see,
e.g., [5–8,10–16,23–25,30]). So far the main focus has been mostly on conformal deformations of the flat Euclidean metric
or products of such metrics. There is a general notion of general metric on noncommutative tori due to Rosenberg [30]. In
particular, the analogue of Levi-Civita theorem holds (see [30]). Numerous important results in Riemannian geometry and
spectral geometry arise from the analysis of the Laplace–Beltrami operator acting on functions on a closed Riemannian
manifolds. Therefore, it seems only timely to construct Laplace–Beltrami operators associated with arbitrary Riemannian
metrics. This is precisely the main goal of this article.

We refer to Section 9 for the full details of the construction of the Laplace–Beltrami operators on noncommutative
tori. The construction is actually carried out for arbitrary Hermitian metrics and positive densities on noncommutative
tori, which is a bit more general. Anyway, the point is that the Laplace–Beltrami operators on noncommutative tori
satisfy the main classical properties of Laplace–Beltrami operators on closed manifolds. In particular, they are selfadjoint
elliptic differential operators (see Propositions 9.3 and 9.12). As a result, they enjoy the usual elliptic regularity properties
(Proposition 9.11). At the spectral level, the spectra are unbounded discrete sets that consist of eigenvalues with finite
multiplicities (see Proposition 9.12) and we have orthonormal bases of smooth eigenvectors (Proposition 9.14). We also
describe the transformation of Laplace–Beltrami operators under conformal changes of metrics (see Proposition 9.8). In
particular, in dimension 2 we obtain a conformal covariance which is the very analogue of the well known conformal
covariance of the Laplace–Beltrami operator on Riemannian surfaces.

Denoting by Aθ the (smooth) noncommutative torus associated with a skew-symmetric n × n matrix θ , the corre-
sponding space of vector fields Xθ is the left Aθ -module generated by the canonical derivations ∂1, . . . , ∂n of Aθ . The
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Hermitian metrics on Xθ are in one-to-one correspondence with positive invertible element matrices h = (hij) in Mn(Aθ ).
A Riemannian metric is given by such a matrix g = (gij) with the further requirement that its entries and those of its
inverse g−1

= (g ij) are selfadjoint. A class of Riemann metrics of special interest consists of the self-compatible metrics
g = (gij) for which the entries gij mutually commute with each other. This includes the conformal deformations of the
Euclidean flat metric considered by many authors and the functional metrics of [18]. We refer to Section 4 for a more
detailed account on Riemannian metrics on noncommutative tori.

As mentioned above the Laplace–Beltrami operators on noncommutative tori enjoy the main properties of their
counter-parts on ordinary manifolds. However, their constructions bear a few differences due to the noncommutativity of
noncommutative tori. The main influx of this noncommutativity concerns the construction of the relevant inner products
involved in the definition of the Laplace–Beltrami operators. In the commutative case the relevant inner products are
constructed out of Hermitian metrics and positive densities. The latter are given by integration against positive functions.
Analogously, a positive density on Aθ is given by a positive invertible element ν ∈ Aθ and its associated weight,

ϕν(u) = (2π )nτ [uν], u ∈ Aθ , (1.1)

where τ is the (standard) normalized trace of Aθ . This allows us to carry out the GNS construction and get a
∗-representation of Aθ in the Hilbert space Hν that arises from the completion of Aθ with respect to the inner product,

⟨u|v⟩ν := ϕν(v∗u) = τ (uνv∗), u, v ∈ Aθ .

Due to the noncommutativity of Aθ , the weight ϕν is not a trace (unless ν is a scalar). As a result the right multiplication
of Aθ does not provide us with a ∗-representation on Hν of the opposite algebra Ao

θ , i.e., we have a non-trivial group of
modular automorphisms. As in [6,7] this is fixed by using the inner automorphism,

σν(u) = ν
1
2 uν−

1
2 , u ∈ Aθ .

In other words, we obtain a ∗-representation of Ao
θ in the Hilbert space Ho

ν given by the completion with respect to the
inner product,

⟨u|v⟩
o
ν := ϕν(uv∗) = ⟨σν(v)|σν(v)⟩ν , u, v ∈ Aθ . (1.2)

In particular, ∆(u) = σ 2
ν (u) = νuν−1 and J(u) = σν(u∗) are the modular operator and anti-linear involution provided by

Tomita–Takesaki theory. In some sense, the bulk of the construction of the Laplace–Beltrami operators is the accounting
of the modular automorphism group. In fact, this accounting is necessary in order to obtain Laplace–Beltrami operators
that are differential operators.

The space of differential forms Ω1
θ on Aθ is defined as the dual module of the module of vector fields Xθ . As Xθ is a

left Aθ -module, we obtain a right Aθ -module and the canonical derivations ∂1, . . . , ∂n give rise to a dual basis θ1, . . . , θn

of Ω1
θ . The differential d : Aθ → Ω1

θ is then given by

du = θ1∂1(u) + · · · + θn∂n(u), u ∈ Aθ .

By duality any Hermitian metric h = (hij) gives rise a Hermitian metric (h−1)t = (hji) on Ω1
θ . In addition, the basis

θ1, . . . , θn gives rise to a left Aθ -module structure on Ω1
θ (see Section 8). Given any positive density ν ∈ Aθ , this allows

us to lift the modular inner automorphism σν to Ω1
θ . Much in the same way as in (1.2), we then can equip Ω1

θ with the
inner product,

⟨ω|ζ ⟩
o
h,ν = ϕν [(σν(ω), σν(ζ ))] , ω, ζ ∈ Ω1

θ .

There is a natural notion of divergence of vector fields in Xθ associated with the positive density ν (see Section 8). By
duality this gives rise to a divergence operator δ : Ω1

θ → Aθ . As usual, the divergence operator yields the formal adjoint
of the differential d on Ω1

θ ; in our setting this is with respect to the inner products ⟨·|·⟩
o
ν and ⟨·|·⟩

o
h,ν described above (see

Proposition 8.12). The Laplace–Beltrami operator ∆h,ν : Aθ → Aθ is then defined by

∆h,νu = −δ(du), u ∈ Aθ . (1.3)

This is the usual definition of the Laplace–Beltrami operator (up to the sign convention). It can be further shown (cf.
Proposition 9.3) that we have

∆h,νu = −ν−1
∑

1≤i,j≤n

∂i
(√

νhij√ν∂j(u)
)
, u ∈ Aθ . (1.4)

This is the usual formula for the Laplace–Beltrami operator, except for the replacement of the term hijν by
√

νhij√ν,
which accounts for the noncommutativity of Aθ .

In order to define the Laplace–Beltrami operator associated with a Riemannian metric we only need to define the
analogue of the Riemannian density. If g = (gij(x)) is a Riemannian metric on an ordinary torus, or more generally on
any ordinary manifold, the Riemannian density is given νg (x) =

√
det(g(x)). Thus, in order to define the analogue of the

Riemannian density for Aθ we need a notion of determinant for positive invertible elements of Mn(Aθ ). As Aθ is not a
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commutative ring, we cannot define the determinant in the usual way. Following the approach of Fuglede–Kadison [17],
we define the determinant of a positive invertible matrix h = (hij) in Mn(Aθ ) by

det(h) = exp
(
Tr

[
log h

])
,

where log h ∈ Mn(Aθ ) is defined by holomorphic functional calculus and Tr : Mn(Aθ ) → Aθ is the usual matrix ‘‘trace’’ on
Mn(Aθ ). This defines a positive invertible element of Aθ . When h is self-compatible we recover the usual determinant (see
Corollary 6.6). We refer to Section 6, for a description of the main properties of this determinant. We stress that, due to
the noncommutativity of Aθ , the matrix trace Tr is not actually a trace, and so this determinant cannot be multiplicative
(compare [17]). However, we still have some instances of multiplicativity (see Propositions 6.9 and 6.10).

Given any Riemannian metric g = (gij) on Aθ , its determinant det(g) is a positive element of Aθ . This allows us to
define the Riemannian density by

ν(g) :=

√
det(g).

As in (1.1) this gives rise to a weight ϕg := ϕν(g), called Riemannian weight. The Riemannian volume then is

Volg (Aθ ) := ϕg (1) = (2π )nτ [ν(g)] .

We refer to Section 7 for the main properties of Riemannian densities and Riemannian volumes and the computations of
a few examples.

Given a Riemannian metric g = (gij) on Aθ , its Laplace–Beltrami operator ∆g : Aθ → Aθ is the Laplace–Beltrami
operator ∆h,ν given by (1.3)–(1.4) with hij

= g ij and ν = ν(g), where g ij are the entries of g−1. In particular, when g is a
self-compatible metric, it can be shown that we have

∆gu = −ν(g)−1
∑

1≤i,j≤n

∂i
(
g ijν(g)∂j(u)

)
, u ∈ Aθ .

This is the full analogue of the usual formula for the Laplace–Beltrami operator on a Riemannian manifold. When
n = 2 and g is a conformal deformation of the Euclidean flat metric we recover the conformally deformed Laplacian
of Connes–Tretkoff [7] up to unitary equivalence (see Example 9.6).

As mentioned above, the Laplace–Beltrami operators on noncommutative tori enjoy the main properties of Laplace–
Beltrami operators on ordinary Riemannian manifolds. Therefore, it stands for reason to expect that many of well-known
spectral geometry results related to Laplace–Beltrami operators on Riemannian manifolds should have analogues for
noncommutative tori. Instances of such results are analogues for noncommutative tori of Weyl’ law and its local and
microlocal versions (see [26] and Remark 9.15). In addition, it would be important to extend the definition of the
differential d and the Laplace–Beltrami operator to operators on differential forms of any degree. That is, we seek for a de
Rham complex and Hodge Laplacians on noncommutative tori so as to have a full Hodge theory on noncommutative tori.
Note that, here again, the noncommutativity of noncommutative tori prevent us form defining higher degree differential
forms in the usual way.

This paper is organized as follows. In Section 2, we review the main definitions regarding noncommutative tori. In
Section 3, we review some facts on positive elements and Hermitian modules in the setting of smooth ∗-algebras. In
Section 4, after setting up the definition of a Riemannian metric for noncommutative tori, we exhibit a few examples and
introduce a notion of conformal equivalence for such metrics. In Section 5, after discussing the noncommutative analogues
of positive densities on noncommutative tori, we explain how this enables us to define Hermitian inner products on
Hermitian modules over noncommutative tori. In Section 6, we define the determinant of positive invertible matrices in
Mm(Aθ ), establish some of its properties, and compute some examples. In Section 7, we introduce Riemannian densities
and Riemann volumes for arbitrary Riemannian metrics on noncommutative toris and check their main properties. In
Section 8, we describe the bimodule of differential 1-forms on noncommutative toris and introduce a divergence operator
on this bimodule. In Section 9, we define and study the main properties of Laplace–Beltrami operators associated with
arbitrary Hermitian metrics and positive densities on noncommutative tori.

2. Noncommutative tori

In this section, we recall the main definitions and properties of noncommutative tori. We refer to [4,20,27,28] and the
references therein for a more comprehensive account.

Throughout this chapter, we let θ = (θjk) be a real anti-symmetric n × n-matrix (n ≥ 2). Let Tn
= Rn/(2πZ)n be the

ordinary n-torus and L2(Tn) the Hilbert space of L2-functions on Tn equipped with the inner product,

⟨ξ |η⟩ = (2π )−n
∫
Tn

ξ (x)η(x)dx, ξ , η ∈ L2(Tn). (2.1)

For j = 1, . . . , n let Uj : L2(Tn) → L2(Tn) be the unitary operator given by(
Ujξ

)
(x) = eixjξ

(
x + πθj

)
, ξ ∈ L2(Tn),
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where θj is the jth column vector of θ . We then have the relations,

UkUj = e2iπθjkUjUk, j, k = 1, . . . , n.

The noncommutative torus Aθ is the C∗-algebra generated by the unitaries U1, . . . ,Un.
A dense subspace of Aθ is the span A0

θ of the unitaries,

Uk
:= Uk1

1 · · ·Ukn
n , k = (k1, . . . , kn) ∈ Zn.

When θ = 0 each unitary Uj is simply the multiplication by eixj . Thus, in this case A0
θ is the space of trigonometric

polynomials and Aθ is precisely the C∗-algebra of continuous functions on Tn.
The action of Rn on Tn by translation yields a unitary representation s → Vs of Rn given by

(Vsξ) (x) = ξ (x + s), ξ ∈ L2(Tn), s ∈ Rn.

We then get an action (s, T ) → αs(T ) of Rn on L(L2(Tn)) given by

αs(T ) = VsTV−1
s , T ∈ L(L2(Tn)), s ∈ Rn.

In particular, we have

αs(Uk) = eis·kUk, k ∈ Zn. (2.2)

This last property implies that the C∗-algebra Aθ is preserved by the action of Rn. In fact, the induced action on Aθ is
continuous, and so the triple (Aθ ,Rn, α) is a C∗-dynamical system.

The smooth noncommutative torus Aθ is the sub-algebra of smooth elements of the C∗-dynamical system (Aθ ,Rn, α).
That is,

Aθ :=
{
u ∈ Aθ ; αs(u) ∈ C∞(Rn

; Aθ )
}
.

In particular, all the unitaries Uk, k ∈ Zn, are contained in Aθ . When θ = 0 we recover the algebra of smooth function on
Tn. The action of Rn on Aθ is infinitesimally generated by the canonical derivations ∂1, . . . , ∂n given by

∂j(u) = ∂sjαs(u)|s=0, u ∈ Aθ ,

In terms of the generators U1, . . . ,Un we have

∂j(Uj) = iUj and ∂j(Uk) = 0 when j ̸= k. (2.3)

Moreover, we have

∂j(u∗) = ∂j(u)∗, u ∈ Aθ . (2.4)

The derivations ∂1, . . . , ∂n commute with each other. For α ∈ Nn
0 set ∂α

= ∂
α1
1 · · · ∂

αn
n . The semi-norms u → ∥∂α(u)∥

generate a locally convex space topology on Aθ . This turns Aθ into a Fréchet ∗-algebra. This is even a good Fréchet algebra
in the sense that the set of invertible elements is open and the inverse map u → u−1 is continuous. As a result Aθ is
closed under holomorphic functional calculus. This is even a pre-C∗-algebra in the sense of [19], and so all the matrix
algebras Mm(Aθ ) are closed under holomorphic functional calculus as well.

Let τ : L(L2(Tn)) → C be the state defined by the constant function 1, i.e.,

τ (T ) = ⟨T1|1⟩ = (2π )−n
∫
Tn
(T1)(x)dx, T ∈ L

(
L2(Tn)

)
.

In particular, we have

τ (1) = 1, τ (Uk) = 0 when k ̸= 0.

This induces a tracial state on the C∗-algebra Aθ . Moreover (see, e.g., [29]), for j = 1, . . . , n, we have

τ
[
∂j(u)

]
= 0 ∀u ∈ Aθ , (2.5)

τ
[
u∂j(v)

]
= −τ

[
∂j(u)v

]
∀u, v ∈ Aθ . (2.6)

Let ⟨·|·⟩ be the sesquilinear form on Aθ defined by

⟨u|v⟩ = τ
(
v∗u

)
, u, v ∈ Aθ . (2.7)

The family {Uk
; k ∈ Zn

} is orthonormal with respect to this sesquilinear form, and so we obtain a pre-inner product on
the dense subspace A0

θ . The Hilbert space Hθ is the completion of A0
θ with respect to this pre-inner product. Moreover,

the multiplication of A0
θ uniquely extends to a continuous bilinear map Aθ × Hθ → Hθ which provides us with a unital

∗-representation of Aθ into L(Hθ ). This is precisely the GNS representation of Aθ associated with τ .
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As {Uk
; k ∈ Zn

} is an orthonormal (Hilbert) basis, for every u ∈ Hθ , we have a unique series decomposition in Hθ ,

u =

∑
k∈Zn

ukUk, uk :=
⟨
u|Uk⟩

= τ
[
(Uk)∗u

]
. (2.8)

When θ = 0 we recover the usual Fourier series decomposition in L2(Tn). The inclusion of A0
θ into Hθ uniquely extends

to continuous inclusions of Aθ and Aθ into Hθ . In terms of the series decomposition (2.8) the elements of Aθ are exactly
the elements of Hθ for which the sequence of coefficients (uk)k∈Zn has rapid decay. This gives a very concrete description
of Aθ .

3. Positivity and Hermitian modules

In this section, we review some facts on positive elements and Hermitian modules in the setting of smooth algebras.
This also includes a discussion of Hermitian free modules over noncommutative tori.

3.1. Positivity and holomorphic functional calculus

In what follows we let A be a unital ∗-subalgebra of some C∗-algebra A such that A is closed under holomorphic
functional calculus (e.g., A is a pre-C∗-algebra in the sense of [19]). This implies that the invertible group A−1 of A agrees
with A−1

∩ A, and so for all x ∈ A, we have

Sp(x) = {λ ∈ C; x − λ ̸∈ A−1
} = {λ ∈ C; x − λ ̸∈ A−1

}. (3.1)

Let A+ be the cone of positive elements of A, i.e., selfadjoint elements with non-negative spectrum. Recall that

A+
= {x∗x; x ∈ A} = {x2; x ∈ A, x∗

= x}.

As usual, given x, y ∈ A, we shall write x ≥ y when x − y ∈ A+. In particular, x ≥ 0 iff x ∈ A+. More generally, if c ∈ R,
then x ≥ c iff x is selfadjoint and its spectrum is contained in [c, ∞).

In what follows we denote by A++ the set of positive elements of A that are invertible. Thus, in view of (3.1), we have

A++
= A−1

∩ A+
= {x ∈ A; x∗

= x and Sp(x) ⊂ (0, ∞)}. (3.2)

Lemma 3.1. Let x be a normal element of A.

(i) If f (z) is any given holomorphic function near Sp(x) such that f (Sp(x)) ⊂ (0, ∞), then f (x) ∈ A++.
(ii) Assume that Sp(x) ⊂ (c1, c2), ci ∈ R. Then there are y1 and y2 in A such that

c1 + y∗

1y1 = x = c2 − y∗

2y2.

Proof. Let f (z) be a holomorphic function near Sp(x) such that f (Sp(x)) ⊂ (0, ∞). Then f (x) is normal and has positive
spectrum. Moreover, f (x) ∈ A since A is closed under holomorphic functional calculus. It then follows from (3.2) that
f (x) ∈ A++. This proves (i).

Suppose that Sp(x) ⊂ (c1, c2). Then Sp(x−c1) ⊂ (0, ∞), and so the function z →
√
z is holomorphic near Sp(x−c1) and

maps Sp(x − c1) to (0, ∞). Thus, by the first part y1 :=
√
x − c1 is an element of A++. In particular, this is a selfadjoint

element of A such that x − c1 = (y1)2 = y∗

1y1, and hence x = c1 + y∗

1y1. Likewise, as Sp(c2 − x) ⊂ (0, ∞), if we set
y2 =

√
c2 − x, then y2 ∈ A++ and c2 − x = (y2)2 = y∗

2y2. Thus, x = c2 − y∗

2y2. The proof is complete. □

In this paper we will make use of the following consequence of Lemma 3.1.

Lemma 3.2. Let x ∈ A. Then the following are equivalent:

(i) x ∈ A++.
(ii) There is c > 0 such that x ≥ c.
(iii) There are y ∈ A and c > 0 such that x = y∗y + c.

Proof. As (ii) precisely means that x is selfadjoint and has positive spectrum, the equivalence of (i) and (ii) is an immediate
consequence of (3.2). It is also immediate that (iii) implies (ii). Conversely, if x ≥ c with c > 0, then x is selfadjoint and
its spectrum is contained in [c, ∞). Therefore, by Lemma 3.1 there are y ∈ A and c > 0 such that x = y∗y + c. Thus (ii)
implies (iii). The proof is complete. □

Remark 3.3. It follows from (ii) that, if x ∈ A++, then x + y ∈ A++ for all y ∈ A, y ≥ 0.

Remark 3.4. It follows from (iii) that A++ does not depend on the embedding of A into A. Moreover, as the proof above
shows, in (iii) we may take y to be in A++.
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3.2. Hermitian modules

Let E be a left module over A. The dual E∗
:= HomA(E,A) inherits a right action E∗

× A ∋ (ω, x) → ωx ∈ E∗, where
ωx is defined by

⟨ωx, ξ⟩ := ⟨ω, ξ⟩ x, ξ ∈ E. (3.3)

It will be convenient to think of E∗ as a left module over the opposite algebra Ao. That is, the vector space A equipped
with the opposite product,

x ◦ y := yx, x, y ∈ A.

The involution of A is an anti-linear anti-automorphism of Ao as well, and so Ao is a ∗-algebra. Moreover, Ao is closed
under holomorphic functional calculus in the opposite C∗-algebra Ao. In what follows, we denote by (x, ω) → xoω the
left-action of Ao corresponding to the right-action (3.3). That is,⟨

xoω, ξ
⟩
= ⟨ωx, ξ⟩ = ⟨ω, ξ⟩ x = x ◦ ⟨ω, ξ⟩ .

Definition 3.5. A Hermitian metric on a left A-module E is a map (·, ·) : E × E → A satisfying the following properties:

(i) It is A-sesquilinear, i.e., (xξ, yη) = x (ξ , η) y∗ for all ξ, η ∈ E and x, y ∈ A.
(ii) It is positive, i.e., (ξ , ξ) ≥ 0 for all ξ ∈ E .
(iii) It is non-degenerate, i.e., the map E ∋ ξ → (·, ξ) ∈ E∗ is an anti-linear isomorphism.

Remark 3.6. The conditions (i) and (ii) imply that

(η, ξ) = (ξ , η)∗ for all ξ, η ∈ E.

Remark 3.7. Anti-linearity in (iii) is meant in the following sense. Given ξ ∈ E set ξ ∗
:= (·, ξ) ∈ E∗, so that ⟨ξ ∗, η⟩ = (η, ξ)

for all η ∈ E . Then, we have

(xξ )∗ = ξ ∗x∗
= (x∗)oξ ∗ for all x ∈ A.

Definition 3.8. A Hermitian module over A is a left module E over A equipped with a Hermitian metric.

Example 3.9. Given any m ≥ 1, the free module Am is a Hermitian module with respect to canonical Hermitian metric,

(ξ , η) =

∑
1≤j≤m

ξjη
∗

j , ξ = (ξj), η = (ηj). (3.4)

By construction this is a positive sesquilinear map. It is also non-degenerate, since the map ξ → (·, ξ) sends the canonical
basis of Am to its dual basis.

Let (E, (·, ·)) be a Hermitian A-module. Given ξ ∈ E set ξ ∗
= (·, ξ) ∈ E∗. As above we regard E∗ as a left Ao-module.

By assumption ξ → ξ ∗ is an anti-linear isomorphism from E onto E∗. Thus, given any ω ∈ E∗, there is a unique ξω ∈ E
such that ω = ξ ∗

ω . Let (·, ·)′ : E∗
× E∗

→ A be the map defined by

(ω, ζ )′ :=
(
ξζ , ξω

)
, ω, ζ ∈ E∗. (3.5)

Equivalently, we have(
ξ ∗, η∗

)′
= (ξ , η)∗ for all ξ, η ∈ E.

Lemma 3.10. (E∗, (·, ·)′) is a Hermitian Ao-module.

Proof. We just need to check that (·, ·)′ is a Hermitian metric. The sesquilinearity of (·, ·) and the anti-linearity of the
map ω → ξω imply that (·, ·)′ is Ao-sesquilinear. Indeed, as ξxoω = x∗ξω , for all ω, ζ ∈ E∗ and x, y ∈ A, we have(

xoω, yoζ
)′

=
(
ξxoω, ξyoζ

)∗
=

(
x∗ξω, y∗ξζ

)∗
.

As
(
x∗ξω, y∗ξζ

)
= x∗

(
ξω, ξζ

)
y = x∗

[(ω, ζ )′]∗y = [y∗ (ω, ζ )′ x]∗, we see that(
xoω, yoζ

)′
= y∗ (ω, ζ )′ x = x ◦ (ω, ζ )′ ◦ y∗.

This shows that (·, ·) is Ao-sesquilinear. Moreover, the positivity of (·, ·) implies that, for all ω ∈ E∗, we have (ω, ω)′ =

(ξω, ξω)∗ = (ξω, ξω) ≥ 0. That is, (·, ·)′ is positive.
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It remains to show that (·, ·)′ is non-degenerate. Let E∗∗
= HomAo (E∗,Ao) be the bidual. This is a left module over A

with respect to the action A × E∗∗
∋ (x, ζ ) → xζ ∈ E∗∗ given by

⟨xζ , ω⟩ = ⟨ζ , ω⟩ ◦ x = x ⟨ζ , ω⟩ , ω ∈ E∗.

Given any ω ∈ E∗ we set ω∗
:= (·, ω)′ ∈ E∗∗. We need to show that the map Ψ : ω → ω∗ is an anti-linear isomorphism

from E∗ onto E∗∗. To see this let us denote by Φ the isomorphism ξ → ξ ∗ from E onto E∗ defined by (·, ·). By duality we
get an anti-linear transpose map Φ t

: E∗∗
→ E∗ given by⟨

Φ t (ζ ), η
⟩
:= ⟨ζ , Φ(η)⟩∗ =

⟨
ζ , η∗

⟩∗
, ζ ∈ E∗∗, η ∈ E.

By functoriality we get an anti-linear isomorphism with inverse the transpose of Φ−1.
Bearing this in mind, let ω ∈ E∗ and η ∈ E . Then we have⟨

Φ t
◦ Ψ (ω), η

⟩
=

⟨
ω∗, η∗

⟩∗
=

[(
η∗, ω

)′
]∗

=
(
ξη∗ , ξω

)
= (η, ξω) =

⟨
ξ ∗

ω, η
⟩
=

⟨
ω∗, η

⟩
.

This shows that Φ t
◦ Ψ = id, and so Ψ = (Φ t )−1. Thus, Ψ is an isomorphism, and hence (·, ·)′ is non-degenerate. It then

follows that (·, ·)′ is a Hermitian metric. The proof is complete. □

Remark 3.11. A standard elaboration of the arguments of the proof above shows that Ψ ◦ Φ agrees with canonical map
from E to E∗∗, and so E and its bidual are isomorphic left modules.

3.3. Free Hermitian modules over Aθ

Given m ≥ 2 let Mm(Aθ ) be the ∗-algebra of m × m-matrices with entries in Aθ . The ∗-action of Aθ on Hθ naturally
gives to a unitary action of Mm(Aθ ) on the Hilbert space Hm

θ = Hθ ⊕ · · · ⊕ Hθ (m-summands). Equivalently, Hm
θ is just

the completion of Am
θ with respect to the pre-inner product,

⟨ξ |η⟩ =

∑
1≤i≤m

⟨ξi|ηi⟩ =

∑
1≤i≤m

τ
[
ξiη

∗

i

]
= τ [(ξ , η)] , ξ , η ∈ Am

θ , (3.6)

where (·, ·) is the canonical Hermitian metric (3.4). All this allows us to regard Mm(Aθ ) as a ∗-subalgebra of the C∗-algebra
L(Hm). In addition, Mm(Aθ ) is closed under holomorphic calculus (see, e.g., [19, Proposition 3.39]).

We what follows we denote by GLm(Aθ ) the invertible group of Mm(Aθ ) and by GL+

m(Aθ ) the set of invertible positive
elements. As Mm(Aθ ) is closed under holomorphic calculus (see, e.g., [19, Proposition 3.39]), Lemma 3.2 provides us with
characterizations of GL+

m(Aθ ).
Note also that matrix multiplication gives rise to a right action (ξ, a) → ξa of Mm(Aθ ) on the free Aθ -module Am

θ ,
i.e., we get a left-action of the opposite algebra Mm(Aθ )o. Namely, given any ξ = (ξj) ∈ Am

θ and a = (aij) ∈ Mm(Aθ ), we
have

ξa =
(∑

i

ξiaij
)
1≤i≤m.

If we let a∗
= (a∗

ji) be the adjoint matrix of a, then, for all ξ, η ∈ Am
θ , we have

(ξa, η) =

∑
1≤i,j≤n

ξiaijη∗

j =

∑
1≤i≤n

( ∑
1≤j≤n

ηja∗

ij

)
= (ξ, ηa∗).

In particular, we see that

a = a∗
⇐⇒ (ξa, η) = (ξ , ηa) for all ξ, η ∈ Aθ .

In what follows we denote by (ϵ1, . . . , ϵm) the canonical basis of Am
θ . Any Hermitian metric (·, ·)1 on Am

θ is uniquely
determined by its coefficient matrix h = (hij), where hij = (ϵi, ϵj), 1 ≤ i, j ≤ m. Indeed, by sesquilinearity, for all ξ = (ξi)
and η = (ηi) in Am

θ , we have

(ξ, η)1 =

∑
1≤i,j≤m

(ξiϵi, ηjϵj)1 =

∑
1≤i,j≤m

ξi(ϵi, ϵj)1η∗

j =

∑
1≤i,j≤m

ξihijη
∗

j = (ξh, η) . (3.7)

Proposition 3.12. Let (·, ·)1 be a Hermitian metric on Am
θ . Then its coefficient matrix is in GL+

m(Aθ ). Conversely, any
h ∈ GL+

m(Aθ ) defines a Hermitian metric (·, ·)h on Am
θ given by

(ξ , η)h := (ξh, η) =

∑
1≤i,j≤n

ξihijηj, ξ = (ξj), η = (ηj). (3.8)

This gives a one-to-one correspondence between GL+

m(Aθ ) and Hermitian metrics on Am
θ .
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Proof. Let (·, ·)1 be a Hermitian metric on Am
θ and h = (hij) its coefficient matrix, with hij = (ϵi, ϵj)1. Note that

hji = (εj, εi)1 = (εi, εj)∗1 = h∗

ij, and so h∗
= h, i.e., h is selfadjoint. In addition, let ξ = (ξi) be in Am

θ , and set ξ ∗
= (ξ ∗

i ). By
using (3.6)–(3.7) and the fact that τ is a trace we get

⟨hξ |ξ⟩ = τ [(hξ, η)] = τ
[∑

i,j

hijξjξ
∗

i

]
= τ

[∑
i,j

ξ ∗

i hijξj
]

= τ
[(

ξ ∗, ξ ∗
)]

.

The positivity of (·, ·)1 and τ then ensures us that ⟨hξ |ξ⟩ ≥ 0. Combining this with the density of Am
θ in Hm

θ shows that
⟨hξ |ξ⟩ ≥ 0 for all ξ ∈ Hm

θ . That is, h is positive.
Let us denote by Ψ the anti-linear isomorphism Am

θ ∋ ξ → (·, ξ )1 ∈ (Am
θ )

∗ defined by the Hermitian metric (·, ·)1. We
also denote by Φ the canonical isomorphism ξ → ξ ∗

= ⟨·, ξ⟩. As h is selfadjoint, given any ξ and η in Am
θ , we have

⟨Ψ (ξ ), η⟩ =
(
η, ξ

)
1 = (ηh, ξ ) = (η, ξh) = ⟨Φ(ξh), η⟩ . (3.9)

Thus, if we denote by ho the right action of h on Am
θ , then Ψ = Φ ◦ ho, i.e., ho

= Φ−1
◦ Ψ . In particular, ho is an invertible

left module map, and so h is invertible in Mm(Aθ ) with inverse h−1
= (hij), where hij

:=
(
Ψ −1

◦ Φ(εi), εj
)
, i, j = 1, . . . ,m.

This shows that h is invertible and positive, i.e., it lies in GL+

m(Aθ ).
Conversely, let h ∈ GL+

m(Aθ ). It is immediate that the map (·, ·)h defined by (3.8) is Aθ -sesquilinear. Moreover, by
Lemma 3.2 there are c > 0 and b ∈ Mm(Aθ ) such that h = bb∗

+ c. Thus, given any ξ ∈ Mm(Aθ ), we have

(ξ , ξ)h = (ξh, ξ) =
(
ξbb∗, ξ

)
+ c (ξ , ξ) = (ξb, ξb) + c (ξ , ξ) ≥ c(ξ, ξ ) ≥ 0. (3.10)

In particular, this shows that (·, ·)h is positive.
Let us now show that (·, ·)h is non-degenerate. Given ξ ∈ Am

θ , set ξ ∗

h = (·, ξ) ∈ (Am
θ )

∗. In the same way as in (3.9), for
all η ∈ Am

θ , we have⟨
ξ ∗

h , η
⟩
= (η, ξ)h = (ηh, ξ) = (η, hξ) =

⟨
(ξh)∗, η

⟩
. (3.11)

This shows that the map ξ → ξ ∗

h is the composition of the right action by h on Am
θ with the anti-linear isomorphism

ξ → ξ ∗. The right action by h is an invertible left module map, since h is invertible. Therefore, the map ξ → ξ ∗

h is an
isomorphism, and so (·, ·)h is non-degenerate. As this is a positive sesquilinear map, we see that (·, ·)h is a Hermitian
metric. The proof is complete. □

Corollary 3.13. Let (·, ·)1 be a Hermitian metric on Am
θ .

(i) There are c1 > 0 and c2 > 0 such that

c1 (ξ , ξ) ≤ (ξ, ξ )1 ≤ c2 (ξ , ξ) ∀ξ ∈ Am
θ . (3.12)

(ii) (ξ, ξ )1 ∈ A++

θ for all ξ ∈ Cm
\ 0.

Proof. Let h = (hij) be the coefficient matrix of the Hermitian metric (·, ·)1. We know by Proposition 3.12 that h ∈ GL+

m(Aθ ).
That is, h is selfadjoint and has positive spectrum. In particular, Sp(h) ⊂ (c1, c2) with 0 < c1 < c2. Thus, by Lemma 3.1
there are bi ∈ Mm(Aθ ), i = 1, 2, such that c1 + b1b∗

1 = h = c2 − b2b∗

2. Let ξ ∈ Am
θ . The equality h = c1 + b1b∗

1 implies that
we have

(ξ, ξ )1 = (ξh, ξ) = c1 (ξ , ξ) +
(
ξb1b∗

1, ξ
)

= c1 (ξ , ξ) + (ξb1, ξb1) ≥ c1 (ξ , ξ) . (3.13)

Likewise, by using the equality h = c2 − b2b∗

2 we get (ξ, ξ )1 = (ξh, ξ) = c2 (ξ , ξ) − (ξb2, ξb2), and so (ξ, ξ )1 ≤ c2 (ξ , ξ).
This gives (3.12).

In order to get (ii) we just note that if ξ ∈ Cm
\ 0, then (3.13) gives (ξ, ξ )1 ≥ c1 (ξ , ξ) = c1|ξ |

2. As c1|ξ |
2 > 0 it then

follows from Lemma 3.2 that (ξ, ξ )1 ∈ A++

θ . The proof is complete. □

Given any left module E over Aθ , we shall say that two Hermitian metrics (·, ·)1 and (·, ·)2 on E are equivalent when
there are constants c1 > 0 and c2 > 0 such that

c1 (ξ , ξ)1 ≤ (ξ , ξ)2 ≤ c2 (ξ , ξ)1 ∀ξ ∈ E.

For instance, the first part of Corollary 3.13 asserts that all Hermitian metrics on Am
θ are equivalent to the canonical

Hermitian metric (3.4). More generally, we have the following.

Corollary 3.14. Assume that E is a finitely generated left module over Aθ . Then all Hermitian metrics on E are equivalent.

Proof. Without any loss of generality we may assume that E = Am
θ e, with e ∈ Mm(Aθ ), e2 = e, m ≥ 1. It is then enough

to observe that every Hermitian metric on Am
θ e is the restriction of a Hermitian metric on Am

θ , and hence is equivalent to
the restriction of the canonical Hermitian metric. The proof is complete. □
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4. Riemannian metrics on noncommutative tori

In this section, we recall the definition of Riemannian metrics on noncommutative tori by Rosenberg [30]. Our
definition slightly differs from Rosenberg’s original definition. We also present a few examples and introduce a notion of
conformal equivalence of Riemannian metrics.

4.1. Riemannian metrics

The left action of Aθ on itself gives rise to a left action on the algebra L(Aθ ) of continuous endomorphisms on Aθ . This
allows us to regard L(Aθ ) as a left Aθ -module. Note that the canonical derivations ∂1, . . . , ∂n are linearly independent in
L(Aθ ). Indeed, if

∑
j a

j∂j = 0 with aj ∈ Aθ , then (2.3) ensures us that, for j = 1, . . . , n, we have 0 =
∑

l a
lδl(Uj) = iajUj,

and hence a1 = · · · = an = 0.

Definition 4.1 ([30]). Xθ is the free left Aθ -module generated by the derivations ∂1, . . . , ∂n.

We shall think of Xθ as the module of vector fields on Aθ . The coordinate system on Xθ defined by ∂1, . . . , ∂n gives
rise to an Aθ -module isomorphism An

θ ≃ Xθ under which (∂1, . . . , ∂n) corresponds to the canonical basis of An
θ . Under

this identification we have a one-to-one correspondence between Hermitian metrics on Am
θ and Xθ . Combining this with

Proposition 3.12 we then obtain a one-to-one correspondence between GL+

n (Aθ ) and Hermitian metrics on Xθ . Namely,
any Hermitian metric (·, ·) is uniquely determined by its coefficient matrix h = (hij), with hij =

(
∂i, ∂j

)
, so that, for all

X =
∑

i X
i∂i and Y =

∑
i Y

i∂i in Xθ , we have

(X, Y ) =

∑
i,j

X i (∂i, ∂j) (Y j)∗ =

∑
i,j

X ihij(Y j)∗. (4.1)

The coefficient matrix h is an element of GL+

n (Aθ ). Conversely, any h ∈ GL+

n (Aθ ) defines this way a Hermitian metric (·, ·)h
on Xθ .

On an ordinary manifold M a Riemannian metric on a given manifold M is a Hermitian metric (·, ·) on the complexified
tangent space TCM that takes real values on real vector fields. Equivalently, in any local coordinates, the coefficients(
∂xi , ∂xj

)
are real-valued.

The analogue of the above condition for a Hermitian metric (·, ·) on Xθ is requiring the coefficients
(
∂i, ∂j

)
to be

selfadjoint. That is, the matrix of the Hermitian metric has selfadjoint entries. This yields the definition of a Riemannian
metric in [30]. There is a slight issue with this condition since we would like the inverse matrix to satisfy the same
condition, so as to have a dual Hermitian metric on forms to have selfadjoint values on ‘‘real’’ 1-forms (see Section 8).
As it turns out, the inverse of a positive invertible matrix with selfadjoint entries need not have selfadjoint entries. For
instance, consider a 2 × 2-matrix of the form,

h =

(
1 a
0 b

)∗ (
1 a
0 b

)
=

(
1 a
a a2 + b2

)
,

where a and b are selfadjoint elements of Aθ and b is invertible. Then h has inverse

h−1
=

(
1 + ab−2a −ab−2

−b−2a b−2

)
In particular, the off-diagonal entries of h−1 cannot be selfadjoint when [a, b] ̸= 0.

In what follows we denote by AR
θ the real subspace of selfadjoint elements of Aθ and denote by Mm(AR

θ ), m ≥ 2, the
real space of m × m matrices with entries in AR

θ .

Definition 4.2. GLm(AR
θ ), m ≥ 2, consists of matrices h ∈ GLm(Aθ ) such that h and h−1 both have selfadjoint entries.

Definition 4.3. GL+

m(A
R
θ ), m ≥ 2, consists of matrices in GLm(AR

θ ) that are positive.

Remark 4.4. If a = (aij) ∈ Mm(AR
θ ) and a is selfadjoint, then aji = a∗

ij = aij, i.e., the matrix a is symmetric. In particular,
all the elements of GL+

m(A
R
θ ) are symmetric matrices.

Definition 4.5 (Compare [30]). A Riemannian metric on Aθ is any Hermitian metric on Xθ whose coefficient matrix is in
GL+

n (A
R
θ ).

We have a one-to-one correspondence between GL+

n (A
R
θ ) and Riemannian metrics on Aθ given by (4.1). As above, given

any g ∈ GL+

n (A
R
θ ), we shall denote by (·, ·)g the corresponding Riemannian metric, i.e.,

(X, Y )g =

∑
i,j

X igij(Y j)∗, X =

∑
i

X i∂i, Y =

∑
i

Y i∂i.

We shall use this correspondence to identify Riemannian metrics and their matrices.
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On an ordinary manifold M two Riemannian metrics g and ĝ are conformally equivalent when they define same angles
between vectors in each tangent space TxM , x ∈ M . Equivalently, there is a function k(x) ∈ C∞(M) such that ĝ = k(x)2g .

Definition 4.6. We say that two Riemannian metrics with respective matrices g = (gij) and ĝ = (ĝij) are conformally
equivalent when there is k ∈ A++

θ such that ĝ = kgk = (kgijk).

4.2. Examples

Let us now look at some examples of Riemannian metrics.

Conformal deformations of flat metrics
The Euclidean metric is gij = δij. Connes–Tretkoff [7] considered conformal deformations of this metric, i.e., metrics of

the form,

gij = k2δij, k ∈ A++

θ . (4.2)

Such metrics have been considered in various subsequent papers as well (see, e.g., [6,10–16,23–25]). As in [18] we may
also consider conformal deformations of more general flat metrics,

gij = k2g0
ij , (g0

ij ) ∈ GL+

n (R), k ∈ A++. (4.3)

Product metrics
A product metric is of the form,

g =

(
g (1) 0
0 g (2)

)
, g (j)

∈ GL+

mj
(AR

θ ).

A special class of such metrics are products of conformal deformations of Euclidean metrics,

g =

(
k21Im1 0
0 k22Im2

)
, kj ∈ A++

θ , k1 ̸= k2.

Here Imj is the mj × mj-identity matrix. Similar kind of metrics have been considered in [5,8,10,22].

Self-compatible Riemannian metrics

Definition 4.7. Two matrices a = (aij) ∈ Mp(Aθ ) and b = (bkl) ∈ Mq(Aθ ) are compatible when each entry of a commutes
with every entry of b, i.e., [aij, bkl] = 0 for i, j = 1, . . . , p and k, l = 1, . . . , q. A matrix a ∈ Mm(Aθ ) is self-compatible when
it is compatible with itself.

Lemma 4.8. Let a = (aij) ∈ Mp(Aθ ) and b = (bkl) ∈ Mq(Aθ ) be compatible. Then, for every holomorphic function f1 near
Sp(a) and every holomorphic function f2 near Sp(b), the matrices f1(a) and f2(b) are compatible.

Proof. By assumption [a, bkl] = 0 for k, l = 1, . . . , p. Thus, given any holomorphic function f1 near Sp(a), the coefficients
bkl also commute with the matrix f1(a), i.e., f1(a) and b are compatible. Substituting b for a and f1(a) for b also shows that,
given any holomorphic function f2 near Sp(b), the matrices f2(b) and f1(a) are compatible. The proof is complete. □

Lemma 4.9. Let g ∈ GL+

m(Aθ ) ∩ Mm(AR
θ ) be self-compatible. Then g ∈ GL+

m(A
R
θ ).

Proof. Set g−1
= (g ij) and h = (g−1)t . As g is selfadjoint, its inverse g−1 is selfadjoint, and so the (i, j)-entry of h is

hij = g ji
= (g ij)∗. Moreover, as g is self-compatible, it follows from Lemma 4.8 that g and g−1 are compatible, and so g

and h are compatible as well. In addition, by Remark 4.4 the fact that g is selfadjoint and has selfadjoint metrics implies
that g is symmetric. Bearing all this mind we see that the (i, j)-entry of gh is equal to∑

1≤k≤m

gikhkj =

∑
1≤k≤m

hkjgik =

∑
1≤k≤m

g jkgki = δji.

Thus, gh = 1, and so h = g−1. As hij = (g ij)∗, this shows that the entries of g−1 are selfadjoint, and hence g ∈ GL+

m(A
R
θ ).

The proof is complete. □

We mention the following consequence of Lemma 4.9.

Lemma 4.10. Let g ∈ GL+

m(A
R
θ ) and u ∈ GLm(Aθ ) ∩ Mm(AR

θ ) be compatible and self-compatible. Then utgu ∈ GL+

m(A
R
θ ).
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Proof. Set h = utgu. As u has selfadjoint entries, its adjoint is ut , and so h = u∗gu is both invertible and positive,
i.e., utgu ∈ GL+

m(Aθ ). The (i, j)-entry of h is hij =
∑

k,l ukigklulj. The assumption that g and u are compatible self-compatible
matrices then ensures us that h is self-compatible. Moreover, as the entries of g and u are selfadjoint, we also have

h∗

ij =
( ∑
1≤k,l≤m

ukigklulj
)∗

=

∑
1≤k,l≤m

uljgkluki =

∑
1≤k,l≤m

ukigklulj = hij.

Therefore, we see that h is a self-compatible element of GL+

m(Aθ ) ∩ Mm(AR
θ ). It then follows from Lemma 4.9 that

h ∈ GL+

m(A
R
θ ). The proof is complete. □

Definition 4.11. A self-compatible Riemannian metric is a Riemannian metric whose matrix is self-compatible.

Remark 4.12. As it follows from Lemma 4.9, a Hermitian metric on Xθ is a self-compatible Riemannian metric if and
only if its matrix has selfadjoint entries and is self-compatible.

Example 4.13. Conformal deformations of flat metrics as in (4.2)–(4.3) are self-compatible Riemannian metrics.

Example 4.14. The functional metrics introduced in [18] are also examples of self-compatible Riemannian metrics. They
are metrics of the form,

gij = gij(h),

where h ∈ Aθ and t → (gij(t)) is a smooth map from a neighborhood of Sp(h) in R to GL+

n (R). This construction uses the
observation that Aθ is closed under the C∞-calculus of its selfadjoint elements.

Taking conformal deformations of self-compatible metrics and products of such metrics provides us with further
examples of Riemannian metrics. These metrics are of the form,

g =

⎛⎜⎝k1g (1)k1
. . .

kℓg (ℓ)kℓ

⎞⎟⎠ ,

where kj ∈ A++

θ and g (j)
∈ GL+

mj
(Aθ ) ∩ Mmj (Aθ ) is self-compatible. All the previous examples of Riemannian metrics of

this section are of this form.

5. Densities and inner products on Hermitian modules

In this section, after discussing the noncommutative analogues of densities on Aθ , we explain how this enables us to
define Hermitian inner products on Hermitian modules over Aθ .

5.1. Densities on noncommutative tori

On the ordinary torus Tn a positive density (in the sense of differential geometry) is given by the integration against
a positive function. The analogous notion on the noncommutative torus Aθ is given by elements in A++

θ and the
corresponding weights. Namely, any ν ∈ A++

θ defines a weight ϕν : Aθ → C by

ϕν(x) = (2π )nτ (xν), x ∈ Aθ . (5.1)

This is a weight since ϕν(x∗x) = τ (x∗xν) = τ [(x
√

ν)∗(x
√

ν)] ≥ 0. In the terminology of [6,7] such a weight is called a
conformal weight.

Example 5.1. Suppose that θ = 0. In this case densities are positive elements of A0 = C∞(Tn), i.e., positive C∞-functions
on Tn. In addition, (2π )nτ agrees with the integration with respect to the Lebesgue measure of Tn. Thus, given any
ν ∈ C∞(Tn), ν > 0, for all f in A0 = C(Tn), we have

ϕν(f ) = (2π )nτ [f ν] =

∫
Tn

f (x)ν(x)dx. (5.2)

Therefore, we recover the usual notion of smooth densities on C∞-manifolds.

Lemma 5.2. For all x ∈ A+

θ , we have

∥ν−1
∥

−1τ (x) ≤ (2π )−nϕν(x) ≤ ∥ν∥τ (x). (5.3)
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Proof. As ν is invertible and positive, this is a selfadjoint element whose spectrum is contained in [∥ν−1
∥

−1, ∥ν∥], and
so ∥ν−1

∥
−1

≤ ν ≤ ∥ν∥. Let x ∈ Aθ . Then ∥ν−1
∥

−1xx∗
≤ xνx∗

≤ ∥ν∥xx∗. As τ is a positive, the second inequality implies
that we have

∥ν∥τ (x∗x) = ∥ν∥τ (xx∗) ≥ τ (xνx∗) = τ (x∗xν) = (2π )−nϕν(x∗x)

Likewise, we have ∥ν−1
∥

−1τ (x∗x) ≤ (2π )−nϕν(x∗x). This shows that the inequalities (5.3) hold for any positive element of
A+

θ . The proof is complete. □

We let Hν be the Hilbert space given by the completion of Aθ with respect to the pre-inner product,

⟨u|v⟩ν := (2π )nϕν(v∗u) = τ (v∗uν) = τ (uνv∗), u, v ∈ Aθ .

This inner product is a scalar multiple of the inner product obtained from the GNS construction for the state ϕ̃ν(a) :=
1

ϕν (1)
ϕν(a) =

1
τ (ν)τ (aν), a ∈ Aθ . In particular, the multiplication law of Aθ uniquely extends to a left action of Aθ on Hν by

bounded operators. In addition, it follows from Lemma 5.2 that, for all u ∈ Aθ , we have

∥ν−1
∥

−1
⟨u|u⟩ ≤ ⟨u|u⟩ν ≤ ∥ν∥ ⟨u|u⟩ .

Therefore, the completions with respect to the pre-inner products ⟨·|·⟩ and ⟨·|·⟩ν give rise to the same locally convex space.
An explicit unitary isomorphism from Hν onto Hθ is given by the right-multiplication by

√
ν, since, for all u, v ∈ Aθ , we

have

⟨u|v⟩ν = τ
[
(u

√
ν)(v

√
ν)∗

]
=

⟨
u
√

ν|v
√

ν
⟩
.

We also denote by Ho
ν the completion of Aθ with respect to the ‘‘opposite’’ pre-inner product,

⟨u|v⟩
o
ν := ϕν(v∗

◦ u) = τ (v∗
◦ u ◦ ν) = τ (νuv∗) = τ (v∗νu), u, v ∈ Aθ .

This inner product is a constant multiple of the inner product that arises from the GNS construction for the state ϕ̃ν

and the opposite algebra Ao
θ . As above Ho

ν and its locally convex topology do not depend on ν and an explicit unitary
isomorphism from Ho

ν onto Hθ is given by the left-multiplication by
√

ν (i.e., the right-multiplication with respect to the
opposite product).

Let σν : Aθ → Aθ be the inner automorphism given by

σν(x) = ν
1
2 xν−

1
2 , x ∈ Aθ ,

Then it follows from the discussion above that, for all u and v in Aθ , we have

⟨u|v⟩
o
ν =

⟨
ν

1
2 u|ν

1
2 v

⟩
=

⟨
ν

1
2 uν−

1
2 |ν

1
2 vν−

1
2

⟩
ν

= ⟨σν(u)|σν(v)⟩ν .

Therefore, we arrive at the following statement.

Proposition 5.3. The inner automorphism σν uniquely extends to a unitary isomorphism from Ho
ϕ onto Hϕ . In particular,

composing the right ∗-action of Aθ on Ho
ν with σν gives rise to a right ∗-action of Aθ on Hν .

Remark 5.4. The unitary anti-linear involution Jν(a) = σν(a∗) = ν
1
2 a∗ν−

1
2 and the operator ∆(a) = σ 2

ν (a) = νaν−1 are
the respective Tomita involution and modular operator of the GNS construction associated with the state ϕ̃ν . In particular,
we have Jνa∗Jν = σν(a) for all a ∈ Aθ .

5.2. Inner products on Hermitian modules

Given ν ∈ A++

θ , let (E, (·, ·)) be a Hermitian finitely generated projective (left) module over Aθ . Define the map
⟨·|·⟩ν : E × E → C by

⟨ξ |ν⟩ν = (2π )−nϕν

[
(ξ , η)

]
= τ

[
(ξ , η) ν

]
, ξ , η ∈ E. (5.4)

Lemma 5.5. ⟨·|·⟩ν is a pre-inner product on E .

Proof. The positivity of the weight ϕν and the sesquilinearity and positivity of the Hermitian metric (·, ·) ensure us that
⟨·|·⟩ is a positive sesquilinear map. It only remains to show that ⟨·|·⟩ is definite.

Without loss of generality we may assume that E = eAm
θ with e ∈ Mm(Aθ ), e2 = e. We know by Corollary 3.14 that the

Hermitian metric is equivalent to the restriction of the canonical Hermitian metric of Am
θ , and so we may further assume

that the latter is actually the Hermitian metric of E = eAm
θ . In this case ⟨·|·⟩ is just the restriction of the inner product of

Hm
θ , and so it is positive definite. This completes the proof. □

Definition 5.6. Hν(E) is the Hilbert space completion of E with respect to the pre-inner product ⟨·|·⟩ν .
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Lemma 5.7. Hν(E) and its locally convex topology depend neither on ν, nor on the Hermitian metric of E .

Proof. Let us denote by ⟨·|·⟩ the pre-inner product on E associated with ν = 1, i.e., ⟨ξ |η⟩ = τ [(ξ , η)] = τ [(ξ , η)], ξ, η ∈ E .
Let (·, ·)1 be another Hermitian metric on E and denote by ⟨·|·⟩1,ν the pre-inner product (5.4) associated with ν and (·, ·)1.
Thanks to Corollary 3.14 there are constants c1 > 0 and c2 > 0 such that

c1 (ξ , ξ) ≤ (ξ , ξ)1 ≤ c2 (ξ , ξ) for all ξ ∈ E. (5.5)

Let ξ ∈ E . Combining (5.5) with the positivity of ϕν gives

c1ϕν[(ξ , ξ)] ≤ (2π )−nϕν[(ξ , ξ)1] ≤ c2ϕν[(ξ , ξ)].

Combining this with Lemma 5.2 we get

∥ν−1
∥

−1c1τ
[
(ξ , ξ)

]
≤ ϕν

[
(ξ , ξ)1

]
≤ ∥ν∥c2τ

[
(ξ , ξ)

]
.

As τ [(ξ , ξ)] = ⟨ξ |ξ⟩ and ϕν[(ξ , ξ)1] = ⟨ξ |ξ⟩1,ν , we see that there are c ′

1 > 0 and c ′

2 > 0 such that

c ′

1 ⟨ξ |ξ⟩ ≤ ⟨ξ |ξ⟩1,ν ≤ c ′

2 ⟨ξ |ξ⟩ for all ξ ∈ E.

It then follows that the completions of E with respect to the pre-inner products ⟨·|·⟩ and ⟨·|·⟩1,ν give rise to the same
locally convex topological vector space. This proves the result. □

6. Determinant

The aim of this section is to introduce a notion of determinant on GL+

m(Aθ ). This will be used in the next section to
define the volume of Aθ with respect to an arbitrary Riemannian metric.

It will be convenient to work more generally with a unital involutive subalgebra A of a unital C∗-algebra A such that
A and all the matrix algebras Mm(A), m ≥ 2, are closed under holomorphic functional calculus. For instance, we may take
A = Aθ , or more generally we may take A to be any pre-C∗-algebra.

To define the determinant we shall essentially follow the approach of Fuglede–Kadison [17]. Recall if h ∈ GL+

m(C), then
its determinant is given by

det(h) = exp
[
Tr(log h)

]
. (6.1)

As in [17], we shall use this formula to define the determinant for matrices in GL+

m(A).
The exponential map exp : A → A is defined by means of the holomorphic functional calculus or, equivalently, by

using the usual power series expansion,

exp(x) =

∞∑
k=0

1
k!
xk, x ∈ A.

In particular, by using this power expansion and the binomial formula it can be shown that

exp(x + y) = exp(x) exp(y) whenever [x, y] = 0. (6.2)

In addition, as A is closed under holomorphic functional calculus, log(x) ∈ A when x ∈ A. Moreover, if x ∈ A is selfadjoint,
then exp(x) is selfadjoint and has positive spectrum, and so it belongs to A++. Thus, if we denote by AR the real subspace
of selfadjoint elements of A, then

exp(x) ∈ A++ for all x ∈ AR.

Let h ∈ GL+

m(A). Then log h is a normal element of A with real spectrum, and hence it is selfadjoint. Moreover, as Mm(A)
is closed under holomorphic functional calculus, we see that log h ∈ Mm(A). Thus, log h is a selfadjoint element of Mm(A).
In addition, we mention the following additivity property of the logarithm on GL+

m(A).

Lemma 6.1. Let h, h′
∈ GL+

m(A) be such that [h, h′
] = 0. Then hh′

∈ GL+

m(A) and we have

log(hh′) = log(h) + log(h′). (6.3)

Proof. It is well known that as h and h′ are positive and commute, their product hh′ is positive, since in this case
hh′

= h
1
2 h′h

1
2 = (h

1
2 (h′)

1
2 )2. As hh′ is invertible, we then see that hh′

∈ GL+

m(A).
Bearing this in mind, let B be the unital Banach algebra generated by h and h′. As h and h′ are selfadjoint this is actually

a C∗-algebra. Moreover, as [h, h′
] = 0 we see that B is a commutative. In particular, the identity map is a trace. The

formula (6.3) then follows from [3, Appendix, Lemma 5] and [9, Lemme 1-(a)] (see also [17]). The proof is complete. □

As we have just seen, if h ∈ GL+

m(A), then log h is a selfadjoint element of Mm(A). This implies that the trace Tr[log h]
is a selfadjoint element of A, and so by taking the exponential we obtain an element of A++.
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Definition 6.2. The determinant det : GL+

m(A) → A++ is defined by

det(h) = exp
[
Tr(log h)

]
, h ∈ GL+

m(A).

Remark 6.3. The value of det h depends only on the holomorphic functional calculus closure of the algebra generated by
the entries of h.

Proposition 6.4. The following holds.

(1) We have

det(kIm) = km ∀k ∈ A++, (6.4)

(2) Let h ∈ GL+

m(A). Then

det(th) = tm det(h) ∀t > 0,
det(hs) = (det h)s ∀s ∈ R.

Proof. Let k ∈ A++. As Tr[log(kIm)] = Tr[(log k)Im] = m log k, we have

det(kIm) = exp
(
m log k

)
=

(
exp(log k)

)m
= km.

Let h ∈ GL+

m(A) and t > 0. As log(tz) = log t + log z, we see that log(th) = log t + log h, and so we have

det(th) = exp
(
Tr[log(th)]

)
= exp

(
m log t + Tr[log h]

)
.

As exp(m log t + z) = tm exp(z) for all z ∈ C, we also have

exp
(
m log t + Tr[log h]

)
= tm exp

(
Tr[log h]

)
= tm det(h).

It then follows that det(th) = tm det(h).
Let s ∈ R. As log(zs) = s log z we have log(hs) = s log h. In addition, as exp(sz) = (exp(z))s for all z ∈ C, we have

exp(sx) = (exp x)s for all x ∈ A. Thus,

det(hs) = exp
(
Tr[log(hs)]

)
= exp

(
s Tr[log h]

)
=

[
exp

(
Tr[log h]

)]s
= (det h)s.

The proof is complete. □

Proposition 6.5. Suppose that A is commutative. Then, for all h = (hij) ∈ GL+

m(A), we have

det(h) =

∑
σ∈Sm

ε(σ )h1σ (1) · · · hmσ (m), (6.5)

where Sm is the permutation group of {1, . . . ,m}.

Proof. As A is a commutative unital C∗-algebra, we may assume that A = C(X) for some compact Hausdorff topological
space. In that case Mm(C(X)) = C(X,Mm(C)) and GL+

m(C(X)) = C(X,GL+

m(C)). If h(x) = (hij(x)) is in C(X,GL+

m(C)), then
(log h)(x) = log[h(x)]. Thus, by using (6.1) we get

(det h)(x) = exp
(
Tr

[
log(h(x))

])
= det[h(x)] =

∑
σ∈Sm

ε(σ )h1σ (1)(x) · · · hmσ (m)(x).

This proves the result. □

We define notions of compatibility and self-compatibility of matrices with entries in A in the same was way as in
Definition 4.7. All the properties of these matrices proved in Section 4 hold verbatim in the setting of matrices with
entries in A.

Corollary 6.6. Let h ∈ GL+

m(A) be self-compatible. Then det(h) is given by (6.5).

Proof. Let B be the unital algebra generated by the entries hij of h. The fact that h is selfadjoint means that h∗

ij = hji.
Therefore, the sub-algebra B is involutive and its closure B = B is a commutative unital C∗-algebra. It then follows from
Proposition 6.5 that det(h) is given by (6.5). The proof is complete. □

Lemma 6.7. Let h ∈ GL+

m(A) and h′
∈ GL+

m′ (A) be compatible. Then
[
det(h), det(h′)

]
= 0.

Proof. As h and h′ are compatible, we know by Lemma 4.8 that log(h) and log(h′) are compatible. This means that
each entry of log(h) commutes with every entry of log(h′). This implies that [Tr[log(h)], Tr[log(h′)]] = 0. It then follows
from (6.2) that det(h) = exp(Tr[log(h)]) and det(h′) = exp(Tr[log(h′)]) commute with each other. The lemma is proved. □
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Proposition 6.8. Let h ∈ GL+

m(A) be block-diagonal, i.e.,

h =

⎛⎜⎝h(1) 0
. . .

0 h(ℓ)

⎞⎟⎠ , h(j)
∈ GL+

mj
(A).

Assume further that h(i) and h(j) are compatible for i ̸= j. Then

det(h) = det(h(1)) · · · det(h(ℓ)).

Proof. It is enough to prove the result when ℓ = 2, since once this case is proved the general result follows by induction.
Assume that ℓ = 2. Then

Tr[log h] = Tr
(
log h(1) 0

0 log h(2)

)
= Tr

[
log h(1)]

+ Tr
[
log h(2)].

Therefore, we have det(h) = exp(Tr[log h]) = exp(Tr[log h(1)
]+Tr[log h(2)

]). As h(1) and h(2) are compatible, we know from
the proof of Lemma 6.7 that Tr[log h(1)

] and Tr[log h(2)
] commute with each other. Thus, by using (6.2) we get

det(h) = exp
(
Tr[log h(1)

]
)
exp

(
Tr[log h(2)

]
)

= det(h(1)) det(h(2)). (6.6)

This completes the proof. □

Because Tr is not a trace on Mm(A) unless A is commutative, we cannot expect the determinant on GL+

m(A) to be
multiplicative in general (compare [17]). Nevertheless, we have the following results.

Proposition 6.9. Suppose that h, h′
∈ GL+

m(A) are compatible and commute with each other. Then hh′
∈ GL+

m(A) and we
have

det(hh′) = det(h) det(h′) = det(h′) det(h).

Proof. As h and h′ are compatible, we know by Lemma 6.7 that det(h) det(h′) = det(h′) det(h). Moreover, as [h, h′
] = 0

Lemma 6.1 ensures us that hh′
∈ GL+

m(A) and log(hh′) = log(h) + log(h′). Thus, det(hh′) = exp(Tr[log h] + Tr[log h′
]). In

addition, as h and h′ are compatible in the same way as in (6.6) we get

det(hh′) = exp
(
Tr[log h]

)
exp

(
Tr[log h′

]
)

= det(h) det(h′).

The proof is complete. □

Proposition 6.10. Let h ∈ GL+

m(A) and u ∈ GLm(A) be compatible and self-compatible. Assume further that u and u∗ are
compatible with each other. Then

det(u∗hu) = det(u∗u) det(h).

Proof. Let B be the unital algebra generated by the entries of h, u and u∗. We observe that these entries form an involutive
generator set, since h is selfadjoint and the entries of u∗ (resp., u) are the adjoints of the entries of u (resp., u∗). By
assumption h and u are self-compatible. Note that the self-compatibility of u implies that u∗ is self-compatible as well.
By assumption u is compatible with h and u∗. As h is selfadjoint we also see that h and u∗ are compatible. It then follows
that the entries of h, u and u∗ form a commutative involutive generator set of B. Therefore, the unital subalgebra B is
involutive and commutative, and so its closure B := B is a commutative C∗-algebra. We then know by Proposition 6.5
that the restriction to GL+

m(B) of the determinant agrees with the usual determinant on a commutative ring. In particular,
it enjoys all the standard properties of the determinant on commutative rings, including multiplicativity. Thus,

det(u∗hu) = det(u∗) det(h) det(u) = det(u∗) det(u) det(h) = det(u∗u) det(h).

This proves the result. □

As an immediate consequence of Proposition 6.10 we get the following unitary invariance result.

Corollary 6.11. Let h ∈ GL+

m(A) and u ∈ GLm(A) be compatible and self-compatible. Assume further that u is unitary,
i.e., u∗u = uu∗

= 1. Then

det(u∗hu) = det(h).
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7. Riemannian densities and Riemannian volume

In this section, we introduce a notion of Riemannian densities and Riemann volume on Aθ for arbitrary Riemannian
metrics.

Recall that if g = (gij(x)) is a Riemannian metric on an ordinary manifold Mn, then its Riemannian density is given by
the integration against

√
det(g(x)). When M is compact, its volume with respect to g is defined by

Volg (M) :=

∫
M

√
det(g(x))dnx.

Let g ∈ GL+

n (A
R
θ ) be a Riemannian metric on Aθ . As defined in the previous section, the determinant det(g) =

exp(Tr[log g]) is an element of A++

θ . As explained in Section 5, elements ν ∈ A++

θ and their associated weights ϕν given
by (5.1) are the analogues of (smooth) densities on ordinary manifolds. This leads us to the following.

Definition 7.1. The Riemannian density of g is

ν(g) :=

√
det(g) = exp

(
1
2
Tr[log g]

)
∈ A++

θ .

The Riemannian weight of g is the weight ϕg := ϕν(g), i.e.,

ϕg (u) = (2π )nτ [uν(g)] , u ∈ Aθ .

This allows us to define the Riemannian volume as follows.

Definition 7.2. The Riemannian volume of Aθ with respect to g is

Volg (Aθ ) := ϕg (1) = (2π )nτ [ν(g)] .

Example 7.3. If g = δij is the flat Euclidean metric, then ν(1) = 1, and so Volg (Aθ ) = (2π )nτ [1] = (2π )n = |Tn
|.

Example 7.4. If g = k2δij, k ∈ A++

θ , is a conformal deformation of the Euclidean metric, then by (6.4) we have

ν(g) =

√
det(k2In) =

√

k2n = kn. (7.1)

Proposition 7.5. Let g be a product metric of the form,

g =

⎛⎜⎝g (1) 0
. . .

0 g (ℓ)

⎞⎟⎠ , g (j)
∈ GL+

mj
(AR

θ ),

where g (1), . . . , g (ℓ) are mutually compatible. Then, we have

ν(g) = ν
(
g (1))

· · · ν
(
g (ℓ)).

Proof. We know by Proposition 6.8 that det(g) = det(g (1)) · · · det(g (ℓ)). As det(g (1)), . . . , det(g (ℓ)) mutually commute with
each other (cf. Lemma 6.7), we get

ν(g) =

√
det(g (1)) · · · det(g (ℓ)) =

√
det(g (1)) · · ·

√
det(g (ℓ)) = ν

(
g (1))

· · · ν
(
g (ℓ)). (7.2)

The result is proved. □

Example 7.6. Let g be a product of conformal deformations of the Euclidean metric, i.e.,

g =

(
k21Im1 0
0 k22Im2

)
, kj ∈ A++

θ .

If [k1, k2] = 0, then by using Proposition 7.5 and (7.1) we get

ν(g) = ν(k21Im1 )ν(k
2
2Im2 ) = km1

1 km2
2 .

Proposition 7.7. Let g ∈ GL+

n (A
R
θ ) and k ∈ A++

θ be such that [k, g] = 0. Then, we have

ν(k2g) = knν(g) = ν(g)kn.

Proof. As [k, g] = 0 the matrices k2In and g satisfy the assumptions of Proposition 6.9. Combining this with (6.4) we get

det(k2g) = det(k2In) det(g) = k2n det(g).
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Note that [k, det(g)] = 0 (cf. Lemma 6.7). Therefore, in the same way as in (7.2) we have

ν(k2g) =

√
k2n det(g) = kn

√
det(g) = knν(g).

The proof is complete. □

Proposition 7.8. Let g ∈ GL+

n (A
R
θ ) and u ∈ GLn(AR

θ ) be compatible and self-compatible. Then,

ν(utgu) = ν(utu)ν(g) = ν(g)ν(utu).

If we further assume u to be orthogonal, i.e., utu = uut
= 1, then we have

ν(utgu) = ν(g) and Volut gu(Aθ ) = Volg (Aθ ).

Proof. We know by Lemma 4.10 that utu and utgu are both elements of GL+

n (A
R
θ ). Moreover, as g is compatible with u, it is

also compatible with utu, and so Lemma 6.7 ensures us that [det(utu), det(g)] = 0. In addition, as ut
= u∗ the assumptions

of Proposition 6.10 are satisfied, and so we have det(utgu) = det(utu) det(g), and hence ν(utgu) = ν(utu)ν(g) = ν(g)ν(utu).
Assume further that u is orthogonal. Then utu = 1, and so ν(utu) =

√
det(1) =

√
1 = 1. Thus ν(utgu) = ν(g), and

hence Volut gu(Aθ ) = Volg (Aθ ). The proof is complete. □

Remark 7.9. When (E, (·, ·)) is a Hermitian module over Aθ , we shall simply denote by Hg (E) the Hilbert space Hν(g)(E).

8. Differential 1-forms and divergence operator

In this section, we describe the bimodule of differential 1-forms on the noncommutative torus Aθ and introduce a
divergence operator on this bimodule.

As we think of the module Xθ as the module of vector fields on Aθ , we define 1-forms as elements of the dual of Xθ .

Definition 8.1. Ω1
θ is the dual module HomAθ

(Xθ ,Aθ ).

By definition Ω1
θ is a right module over Aθ . This is a free module; a basis is provided by the dual basis (θ1, . . . , θn) of

the basis (∂1, . . . , ∂n) of Xθ . That is,⟨
θ i, ∂j

⟩
= δij, i, j = 1, . . . , n.

Thus, any ω ∈ Ω1
θ has a unique decomposition ω =

∑
θ iωi with ωi = ⟨ω, ∂i⟩. We also have a left-action of Aθ on Ω1

θ

given by

aω =

∑
1≤i≤n

θ i(aωi), a ∈ Aθ , ω =

∑
θ iωi ∈ Ω1

θ .

This left action is compatible with the right action of Aθ , and so this turns Ωθ
1 into an Aθ -bimodule. Note also that with

respect to this left action we have aθ i
= θ ia, a ∈ Aθ . Thus, for any ω ∈ Ω1

θ , we have

ω =

∑
1≤i≤n

θ iωi =

∑
1≤i≤n

ωiθ
i, ωi = ⟨ω, ∂i⟩ .

Definition 8.2. The differential of any u ∈ Aθ is

du :=

∑
1≤i≤n

θ i∂i(u) ∈ Ω1
θ .

Proposition 8.3. The following holds.

(1) Leibniz Rule: for all u, v ∈ Aθ , we have

d(uv) = (du)v + u(dv).

(2) Let u ∈ Aθ . Then du = 0 if and only if u ∈ C. That is, ker d = C.

Proof. Let u, v ∈ Aθ . We have d(uv) =
∑

θ i∂i(uv). As ∂1, . . . , ∂n are derivations of the algebra Aθ , we have

d(uv) =

∑
1≤i≤n

θ i(∂iu)v +

∑
1≤i≤n

θ iu(∂iv) = (du)v + u(dv).

It remains to show that ker d = C. We have d(1) = 0, and so C ⊂ ker d. Conversely, let u ∈ ker d, i.e.,
∑

j θ
j∂j(u) = 0.

As θ1, . . . , θn form a basis of the right module Ω1
θ , we see that ∂j(u) = 0 for j = 1, . . . , n. Set u =

∑
k ukUk. Then

0 = ∂j(u) =
∑

k ikjukUk, and so uk = 0 whenever kj ̸= 0. As this holds for j = 1, . . . , n, we deduce that uk = 0 whenever
k ̸= 0. That is, u = u0 ∈ C. Therefore, we see that ker d = C. The proof is complete. □



18 H. Ha and R. Ponge / Journal of Geometry and Physics 150 (2020) 103594

In the same way as on Xθ , any h ∈ GL+

n (Aθ ) defines a Hermitian metric (·, ·)h on Ω1
θ . Namely, given ω =

∑
θ iωi and

ζ =
∑

θ iζi in Ω1
θ , we have

(ω, ζ )h =

∑
1≤i,j≤n

ωi ◦ hij ◦ ζ ∗

j =

∑
1≤i,j≤n

ζ ∗

j hijωi =

∑
1≤i,j≤n

ζ ∗

i h
∗

ijωj.

where we have used the fact that hij = h∗

ji to get the last equality. Conversely, any Hermitian metric on Ω1
θ is of this form.

Let h ∈ GL+(Aθ ). The nondegeneracy of the Hermitian metric (·, ·)h on Xθ means that, for every 1-form ω ∈ Ω1
θ , there

is a unique vector field Xh
ω ∈ Xθ such that

⟨ω, Y ⟩ =
(
Y , Xh

ω

)
h for all Y ∈ Xθ .

The dual Hermitian metric (·, ·)′h on Ω1
θ is then given by

(ω, ζ )′h =
(
Xh

ζ , Xh
ω

)
h
, ω, ζ ∈ Ω1

θ . (8.1)

Set h−1
= (hij). Note that h−1

∈ GL+

n (Aθ ).

Lemma 8.4. For all ω =
∑

i θ
iωi and ζ =

∑
i θ

iζi in Ω1
θ , we have

Xh
ω =

∑
1≤i,j≤n

ω∗

j h
ji∂i, (8.2)

(ω, ζ )′h = (ω, ζ )(h−1)t =

∑
1≤i,j≤n

ζ ∗

i h
ijωj. (8.3)

Proof. Let us denote by Φ the anti-linear isomorphism Xθ ∋ X → (·, X)h ∈ Ω1
θ defined by the Hermitian metric (·, ·)h.

Let ω =
∑

i θ
iωi ∈ Ω1

θ . By definition, we have

Xh
ω = Φ−1(ω) =

∑
1≤i≤n

Φ−1(θ iωi
)

=

∑
1≤i≤n

ω∗

i Φ
−1(θ i). (8.4)

For i = 1, . . . , n, we have

Φ(∂i) =

∑
1≤j≤n

θ j ⟨Φ(∂i), ∂j
⟩
=

∑
1≤j≤n

θ j (∂j, ∂i)h =

∑
1≤j≤n

θ jhji.

It then follows that Φ−1(θ i) =
∑n

j=1 h
ij∂j. Indeed, as h is selfadjoint, we have

Φ
( ∑
1≤j≤n

hij∂j
)

=

∑
1≤j≤n

Φ(∂j)(hij)
∗

=

∑
1≤j,k≤n

θ khkjhji
= θ i.

By using (8.4) we then get

Xh
ω =

∑
1≤i≤n

ω∗

i Φ
−1(θ i)

=

∑
1≤i,j≤n

ω∗

i h
ij∂j =

∑
1≤i,j≤n

ω∗

j h
ji∂i.

This gives (8.2).
Let ζ =

∑
θ iζi ∈ Ω1

θ . In view of (8.1) we have

(ω, ζ )′h =
(
Xh

ζ , Xh
ω

)
h

=

∑
1≤i,j≤n

(Xh
ζ )ihij(Xh

ω)
∗

j .

Therefore, by using (8.2) we see that (ω, ζ )′h is equal to∑
1≤i,j≤n

∑
1≤k,l≤n

(
ζ ∗

k h
ki)hij

(
ω∗

l h
lj)∗

=

∑
1≤k,l≤n

∑
1≤i,j≤n

ζ ∗

k h
kihij(hlj)

∗
ωl =

∑
1≤k,l≤n

ζ ∗

k h
klωl.

This proves (8.3). The proof is complete. □

From now on we let ν ∈ A++

θ . As mentioned above the lack of unitarity of the right action of Aθ on H0
ν is corrected

by means of the inner automorphism σν(x) = ν
1
2 xν−

1
2 . This inner automorphism makes sense on any bimodule over Aθ ,

including Ω1
θ and Mn(Aθ ). For instance, for any 1-form ω =

∑
θ iωi, we have

σν(ω) = ν
1
2 ων−

1
2 =

∑
θ iν

1
2 ωiν

−
1
2 . (8.5)

In what follows, we let ⟨·|·⟩
o
h,ν be the pre-inner product on Ω1

θ defined by

⟨ω|ζ ⟩
o
h,ν = ϕν

[
(σν(ω), σν(ζ ))(h−1)t

]
, ω, ζ ∈ Ω1

θ .
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Lemma 8.5. For all ω =
∑

θ iωi and ζ =
∑

θ iζi in Ω1
θ , we have

⟨ω|ζ ⟩
o
h,ν =

∑
1≤i,j≤n

τ
[
ζ ∗

i ν
1
2 hijν

1
2 ωj

]
. (8.6)

Proof. By definition ⟨ω|ζ ⟩
o
h,ν = ϕν[(σν(ω), σν(ζ ))(h−1)t ] = τ [(σν(ω), σν(ζ ))(h−1)t ν]. In view of (8.3) and (8.5) we have

(σν(ω), σν(ζ ))(h−1)t ν =

∑
1≤i,j≤n

(
ν

1
2 ζiν

−
1
2
)∗

hij(ν 1
2 ωjν

−
1
2
)
ν

=

∑
1≤i,j≤n

ν−
1
2
(
ζ ∗

i ν
1
2 hijν

1
2 ωj

)
ν

1
2 .

As τ is a trace we obtain

⟨ω|ζ ⟩
o
h,ν =

∑
1≤i,j≤n

τ
[
ν−

1
2
(
ζ ∗

i ν
1
2 hijν

1
2 ωj

)
ν

1
2
]

=

∑
1≤i,j≤n

τ
[
ζ ∗

i ν
1
2 hijν

1
2 ωj

]
.

The lemma is proved. □

Definition 8.6. Ho
h,ν(Ω

1
θ ) is the completion of Ω1

θ with respect to the inner product ⟨ω|ζ ⟩
o
h,ν .

Remark 8.7. In the same way as with Lemma 5.7 it can be shown that Ho
h,ν(Ω

1
θ ) and its locally convex space structure

do not depend on ν or h.

Remark 8.8. When g ∈ GL+

n (A
R
θ ) we denote by ⟨·|·⟩

o
g the inner product ⟨·|·⟩

o
g,ν(g). We shall also denote by Hg (Ω1

θ ) the
Hilbert space Ho

g,ν(g)(Ω
1
θ ).

Let us now construct the divergence operator on Ω1
θ .

Definition 8.9. The divergence (with respect to ν) of any X =
∑

X i∂i ∈ Xθ is

divν(X) :=

∑
1≤i≤n

∂i
(
X iν

)
ν−1.

Proposition 8.10. The following holds.

(1) ϕν(divν(X)) = 0 for all X ∈ Xθ .
(2) Leibniz Rule: For all u ∈ Aθ and X =

∑
i X

i∂i ∈ Xθ , we have

divν(uX) = ∇u · X + u divν(X),

where we have set ∇u · X =
∑

i ∂i(u)X
i.

Proof. Let X =
∑

i X
i∂i ∈ Xθ . By using (2.5) we get

ϕν(divν(X)) =

∑
1≤i≤n

τ
[
∂i

(
X iν

)
ν−1

· ν
]

=

∑
1≤i≤n

τ
[
∂i

(
X iν

)]
= 0.

In addition, let u ∈ Aθ . We have divν(uX) =
∑

i ∂i(uX
iν)ν−1. As ∂i(uX iν)ν−1

= ∂i(u)X i
+ u∂i(X iν)ν−1, we get

divν(uX) =

∑
1≤i≤n

∂i(u)X i
+

∑
1≤i≤n

u∂i(X iν)ν−1
= ∇u · X + u divν(X).

The proof is complete. □

Definition 8.11. The divergence operator δ : Ω1
θ → Aθ is the linear operator defined by

δω = ν−1
∑

1≤i,j≤n

∂i
(
ν

1
2 hijν

1
2 ωj

)
, ω =

∑
1≤i≤n

θ iωi ∈ Ω1
θ . (8.7)

The fact that δ is the analogue on Ω1
θ of the divergence operator on 1-forms on ordinary manifolds stems from the

following result.

Proposition 8.12. The following holds.
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(1) The operator −δ is the formal adjoint of the differential d : Aθ → Ω1
θ with respect to the inner products ⟨·|·⟩

o
ν and

⟨·|·⟩
o
h,ν . That is, we have

⟨−δω|u⟩oν = ⟨ω|du⟩oh,ν for all ω ∈ Ω1
θ and u ∈ Aθ . (8.8)

(2) For all ω =
∑

θ iωi in Ω1
θ , we have

δω =
[
divν(Xh,ν

ω )
]∗

, where Xh,ν
ω =

∑
i

ω∗

j ν
1
2 hjiν−

1
2 ∂i.

In particular, δω = [divν(Xh
ω)]

∗ when [h, ν] = 0.

Proof. Let ω =
∑

θ iωi ∈ Ω1
θ and u ∈ Aθ . As du =

∑
θ i∂i(u), by using (8.6) we get

⟨ω|du⟩oh,ν =

∑
1≤i,j≤n

τ
[
(∂iu)∗ν

1
2 hijν

1
2 ωj

]
.

It follows from (2.4) and (2.6) that we have

τ
[
(∂iu)∗ν

1
2 hijν

1
2 ωj

]
= τ

[
∂i(u∗)ν

1
2 hijν

1
2 ωj

]
= −τ

[
u∗∂i

(
ν

1
2 hijν

1
2 ωj

)]
.

As by definition δω = ν−1 ∑
i,j ∂i(ν

1
2 hijν

1
2 ωj), we see that, for all u ∈ Aθ , we have

⟨ω|du⟩oh,ν = −

∑
1≤i,j≤n

τ

[
u∗∂i

(
ν

1
2 hijν

1
2 ωj

)]
= −τ

[
u∗ν(δω)

]
= ⟨−δω|u⟩oν .

This shows that −δ is the formal adjoint of d. Note that the unicity of the formal adjoint is a consequence of the density
of Aθ in Ho

ν .
We also observe that (δω)∗ is equal to∑

1≤i,j≤n

[
∂i

(
ν

1
2 hijν

1
2 ωj

)]∗

ν−1
=

∑
1≤i,j≤n

∂i
(
ω∗

j ν
1
2 (hij)∗ν

1
2
)
ν−1

=

∑
1≤i,j≤n

∂i
(
ω∗

j ν
1
2 hjiν−

1
2 · ν

)
ν−1.

Thus, if we set Xh,ν
ω =

∑
i,j ω

∗

j ν
1
2 hjiν−

1
2 ∂i, then (δω)∗ = divν(Xh,ν

ω ), i.e., δω = [divν(Xh,ν
ω )]∗. Furthermore, if [ν, h] = 0, then

by using (8.2) we get Xh,ν
ω =

∑
i,j ω

∗

j h
ij∂i = Xh

ω , and hence δω = [divν(Xh
ω)]

∗. The proof is complete. □

9. Laplace–Beltrami operators

In this section, we define and study the main properties of Laplace–Beltrami operators associated with arbitrary
Hermitian metrics and densities on Aθ .

9.1. Definition and examples

In what follows we let h ∈ GL+

n (Aθ ) and ν ∈ A++

θ . We also let δ : Ω1
θ → Aθ be the divergence operator (8.7) associated

with (h, ν).

Definition 9.1. The Laplace–Beltrami operator ∆h,ν : Aθ → Aθ is defined by

∆h,ν(u) = −δ(du), u ∈ Aθ . (9.1)

Remark 9.2. When g ∈ GL+

n (A
R
θ ) we shall denote by ∆g the operator ∆g,ν(g). This is the Laplace–Beltrami operator

associated with the Riemannian metric g .

Recall that in the terminology of [2] a differential operator of order m is any linear operator P : Aθ → Aθ of the form,

P =

∑
|α|≤m

aα∂α, aα ∈ Aθ .

The symbol of P is ρ(ξ ) :=
∑

|α|≤m aα i|α|ξα , ξ ∈ Rn. This is a polynomial map on Rn with coefficients in Aθ of degree m.
The degree m component ρm(ξ ) :=

∑
|α|=m aα imξα is called the principal symbol of P .

We say that P is elliptic when the principal symbol ρm(ξ ) is invertible for all ξ ∈ Rn
\ 0. In this case ρm(ξ )−1

∈

C∞(Rn
\0;Aθ ) and P admits a parametrix in the class of Connes’ pseudodifferential operators on Aθ (see [1,2,20,21]). We

refer to these references for general properties of elliptic operators on noncommutative tori.
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Proposition 9.3. The following holds.

(1) We have⟨
∆h,νu|v

⟩o
ν

= ⟨du|dv⟩
o
h,ν , u, v ∈ Aθ .

(2) For all u ∈ Aθ , we have

∆h,νu = −ν−1
∑

1≤i,j≤n

∂i
(√

νhij√ν∂j(u)
)

= −

∑
1≤i,j≤n

ν−
1
2 hijν

1
2 ∂i∂j(u) − ν−1

∑
1≤i,j≤n

∂i
(√

νhij√ν
)
∂j(u). (9.2)

(3) ∆h,ν is an elliptic 2nd order differential operator with principal symbol ρ2(ξ ) = ν−
1
2 (ξ, ξ )h−1ν

1
2 .

Proof. Let u, v ∈ Aθ . It follows from (8.8) that⟨
∆h,νu|v

⟩o
ν

= ⟨−δ(du)|v⟩
o
ν = ⟨du|dv⟩

o
h,ν . (9.3)

Moreover, as du =
∑

θ i∂i(u), by using (8.7) we get

∆h,νu = −δ(du) = −ν−1
∑

1≤i,j≤n

∂i
(√

νhij√ν∂j(u)
)
.

As ∂i(
√

νhij√ν∂j(u)) =
√

νhij√ν∂i∂j(u) + ∂i(
√

νhij√ν)∂j(u), we get

∆h,νu = −

∑
1≤i,j≤n

ν−
1
2 hijν

1
2 ∂i∂j(u) − ν−1

∑
1≤i,j≤n

∂i
(√

νhij√ν
)
∂j(u).

In particular, we see that ∆h,ν is a 2nd order differential operator with principal symbol,

ρ2(ξ ) =

∑
1≤i,j≤n

ν−
1
2 hijν

1
2 ξiξj = ν−

1
2 (ξ, ξ )h−1ν

1
2 .

Let ξ ∈ Rn
\ 0. As h−1

∈ GL+

n (Aθ ), we know by Corollary 3.13 that (ξ, ξ )h−1 is in A++

θ . In particular, it is invertible, and so
ρ2(ξ ) = ν−

1
2 (ξ, ξ )h−1ν

1
2 is invertible as well. This shows that ∆h,ν is elliptic. The proof is complete. □

Remark 9.4. Let g ∈ GL+

n (A
R
θ ). When ν = ν(g) the formulas (9.2) give

∆gu = −ν(g)−1
∑

1≤i,j≤n

∂i
(√

ν(g)g ij
√

ν(g)∂j(u)
)
, u ∈ Aθ . (9.4)

Assume further that g is self-compatible. Its determinant belongs to the commutative unital C∗-algebra generated by
its entries. Then

√
ν(g) belongs to this C∗-algebra as well, and so [

√
ν(g), g] = 0. This implies that [

√
ν(g), g−1

] = 0,
i.e.,

√
ν(g) commutes with the entries of g−1. Thus, in this case we can rewrite (9.4) in the form,

∆gu =
−1

√
det(g)

∑
1≤i,j≤n

∂i
(√

det(g)g ij∂j(u)
)
, u ∈ Aθ . (9.5)

Here det(g) is given by (6.5), since g is self-compatible (cf. Corollary 6.6). Therefore, we recover the standard formula for
the Laplace–Beltrami operator associated with a Riemannian metric.

Example 9.5. Let g = δij be the Euclidean metric. Then det(g) = 1 and g ij
= δij. Thus, in this case (9.5) gives

∆g = −

∑
1≤i,j≤n

∂iδ
ij∂j = −

∑
1≤i≤n

∂2
i .

Therefore, we recover the usual Laplace operator ∆ := −∂2
1 − · · · − ∂2

n on Aθ .

Example 9.6. Let gij = k2δij, k ∈ A++

θ , be a conformal deformation of the Euclidean metric. Then g ij
= k−2δij and we

know by Proposition 6.4 that det(g) = k2n. Thus, by using (9.5) we get

∆gu = −k−n
∑

1≤i,j≤n

∂j
(
knk−2δij∂j(u)

)
= −k−n

∑
1≤i≤n

∂i
(
kn−2∂i(u)

)
.

As ∂i(kn−2∂i(u)) = kn−2∂2
i (u) + ∂i(kn−2)∂i(u), we obtain

∆gu = −k−2
∑
1≤i≤n

∂2
i (u) −

∑
1≤i≤n

k−n∂i(kn−2)∂i(u) = k−2∆u −

∑
1≤i≤n

k−n∂i(kn−2)∂i(u).
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Suppose that n = 2. In this case kn−2
= 1, and so ∂i(kn−2) = 0 for i = 1, . . . , n. Thus, we get

∆g = k−2∆.

Here ν(g) = k2, and so the left-multiplication by k gives rise to a unitary isomorphism from Ho
g onto Hθ . Therefore, ∆g

is unitary equivalent to the operator,

k∆gk−1
= k−1∆k−1.

Thus, up to unitary equivalence, we recover the conformally deformed Laplacian k−1∆k−1 of Connes–Tretkoff [7]. This
operator was also considered in several subsequent papers (see, e.g., [6,10–16,23–25]).

Example 9.7. Suppose that n = 2 and g is a product metric of the form,

g =

(
(k1)2 0
0 (k2)2

)
, kj ∈ A++

θ .

We have

g−1
=

(
k−2
1 0
0 k−2

2

)
.

Assume further that [k1, k2] = 0. In this case det(g) = (k1)2(k2)2 = (k1k2)2. Thus, by using (9.5) we get

−∆gu =
1

k1k2

∑
1≤i,j≤2

∂i
(
k1k2g ij∂j(u)

)
=

1
k1k2

(
∂1

[
k2k−1

1 ∂1(u)
]
+ ∂2

[
k1k−1

2 ∂2(u)
])

= k−2
1 ∂2

1 (u) + k−2
2 ∂2

2 (u) +
1

k1k2

(
∂1

[
k2k−1

1

]
∂1(u) + ∂2

[
k1k−1

2

]
∂2(u)

)
.

Proposition 9.8. Let g ∈ GL+

n (A
R
θ ) and k ∈ A++

θ be such that [k, g] = 0. Set ĝ = kgk = k2g. Then

∆ĝu = k−2∆gu − ν(g)−1k−n
(√

ν(g)du,
√

ν(g)d(kn−2)
)
g−1

, u ∈ Aθ .

In particular, when n = 2 we have

∆ĝ = k−2∆g . (9.6)

Proof. Let u ∈ Aθ . As [k, g] = 0 we have ĝ−1
= k−2g−1, i.e., ĝ ij

= k−2g ij. We also know by Proposition 7.7 that
ν(ĝ) = knν(g) = ν(g)kn, and so

√
ν(g) = k

n
2
√

ν(g) =
√

ν(g)k
n
2 . Combining this with (9.4) then gives

∆ĝu = − k−nν(g)−1
∑

1≤i,j≤n

∂i
[√

ν(g)k
n
2 k−2g ijk

n
2
√

ν(g)∂j(u)
]

= − k−nν(g)−1
∑

1≤i,j≤n

∂i
[
kn−2

√
ν(g)g ij

√
ν(g)∂j(u)

]
= − k−2ν(g)−1

∑
1≤i,j≤n

∂i
[√

ν(g)g ij
√

ν(g)∂j(u)
]

− k−nν(g)−1
∑

1≤i,j≤n

∂i
(
kn−2)√ν(g)g ij

√
ν(g)∂j(u)

=k−2∆g (u) − ν(g)−1k−n
(√

ν(g)du,
√

ν(g)d(kn−2)
)
g−1

.

When n = 2, in the same way as with Example 9.6, we have d(kn−2) = d(1) = 0, and so we simply get ∆ĝu = k−2∆gu.
This completes the proof. □

Remark 9.9. Example 9.6 is a special case of Proposition 9.8 with gij = δij.

Remark 9.10. The transformation law (9.6) is the version for noncommutative 2-tori of the conformal covariance of the
Laplace–Beltrami operator on Riemann surfaces.
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9.2. Elliptic regularity properties

Let A′

θ be the topological dual of Aθ . We equip it with its strong dual topology. We think of A′

θ as the space of
distributions on Aθ . We note there is a natural inclusion of Aθ into A′

θ induced by the natural pairing,

⟨v, u⟩ := τ
[
vu

]
, u, v ∈ Aθ . (9.7)

More precisely, ⟨v, ·⟩ ∈ A′

θ and v → ⟨v, ·⟩ is a continuous embedding from Aθ into A′

θ . This allows us to identify Aθ with
its image in A′

θ under this embedding. Note that every v ∈ A′

θ is sum of its Fourier series in A′

θ . Namely,

v =

∑
k∈Zn

vkUk, vk :=
⟨
v, (Uk)∗

⟩
, (9.8)

where the series converges in A′

θ (see, e.g., [21,32]). In particular, this implies that Aθ is dense in A′

θ . In addition, every
differential operator P : Aθ → Aθ uniquely extends to a continuous linear operator P : A′

θ → A′

θ (see, e.g., [21]). In
particular, for any α ∈ Nn

0, we have

⟨∂αv, u⟩ = (−1)|α|
⟨v, ∂αu⟩ , v ∈ A′

θ , u ∈ Aθ .

Given any s ∈ R the Sobolev space H(s)
θ is defined by

H(s)
θ =

{
v ∈ A′

θ ;

∑
k∈Zn

(1 + |k|2)s|vk|
2 < ∞

}
.

This is a Hilbert space with respect to the Hilbert norm,

∥v∥s =

(∑
k∈Zn

(1 + |k|2)s|vk|
2
) 1

2

, v ∈ H(s)
θ .

For s = 0 we recover the Hilbert space Hθ . More generally, given any m ∈ N, we have

H(m)
θ =

{
u ∈ Hθ ; ∂αu ∈ Hθ for |α| ≤ m

}
.

Let s ∈ R. If v ∈ H(s)
θ , then its Fourier series (9.8) actually converges in H(s)

θ . This shows that Aθ is a dense subspace of
H(s)

θ . In addition, the natural pairing (9.7) on Aθ × Aθ uniquely extends to a continuous bilinear pairing on H(−s)
θ × H(s)

θ .
This pairing is non-degenerate, and so we have a canonical isomorphism (H(s)

θ )′ ≃ H(−s)
θ .

We also have an analogue of Sobolev’s embedding theorem. If t > s, then the inclusion H(t)
θ ⊂ H(s)

θ is compact.
Moreover, we have

Aθ =

⋂
s∈R

H(s)
θ and

⋃
s∈R

H(s)
θ = A′

θ .

In fact, at the topological level, the Sobolev norms ∥·∥s, s ∈ R, generate the topology of Aθ . Moreover, the strong topology
of A′

θ is the direct limit of the ∥ · ∥s topologies.
We refer to [21,31,32] for more complete accounts on Sobolev spaces on noncommutative tori, including proofs for

the results mentioned above.
Let h ∈ GL+

m(Aθ ) and ν ∈ A++

θ . As the Laplace–Beltrami operator ∆h,ν is a differential operator, it uniquely extends to
a continuous linear operator ∆h,ν : A′

θ → A′

θ . In fact, by Proposition 9.3 this is an elliptic 2nd order operator, and so the
elliptic regularity results for such operators in [21] apply. We summarize them in the following statement.

Proposition 9.11. The following holds.

(1) For every s ∈ R, the operator ∆h,ν uniquely extends to a continuous linear operator ∆h,ν : H(s+2)
θ → H(s)

θ .
(2) Let s ∈ R. For any u ∈ A′

θ , we have

∆h,νu ∈ H(s)
θ ⇐⇒ u ∈ H(s+2)

θ . (9.9)

(3) The operator ∆h,ν is hypoelliptic, i.e., for any u ∈ A′

θ , we have

∆h,νu ∈ Aθ ⇐⇒ u ∈ Aθ .

9.3. Spectral theory

Let us now turn to the spectral theory of ∆h,ν . As Ho
ν is the same locally convex space as Hθ = H(0)

θ , the pairing (9.7)
gives rise to a non-degenerate pairing on Ho

ν . This pairing is related to the inner product ⟨·|·⟩
o
ν as follows. Given any

u, v ∈ Aθ , we have

⟨u, v⟩ = τ [vu] = τ
[
(ν−1v∗)∗νu

]
=

⟨
u|ν−1v∗

⟩o
ν
.
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Combining this with the density of Aθ in Ho
ν , we deduce that

⟨u, v⟩ =
⟨
u|ν−1v∗

⟩o
ν

for all u, v ∈ Ho
ν . (9.10)

Bearing this in mind, by Proposition 9.11 the operator ∆h,ν maps continuously H(2)
θ to Ho

ν and H(2)
θ is a maximal domain

for ∆h,ν on Ho
ν . We actually have the following result.

Proposition 9.12. The following holds.

(1) ∆h,ν is selfadjoint when we regard it as an operator on Ho
ν with domain H(2)

θ .
(2) The spectrum of ∆h,ν is an unbounded discrete subset of [0, ∞) that consists of eigenvalues with finite multiplicity.
(3) Every eigenspace of ∆h,ν is a finite dimensional subspace of Aθ .

Proof. Let us first show that ∆h,ν is selfadjoint. We regard it as an operator on Ho
ν with domain H(2)

θ . It follows from (9.3)
that ∆h,ν is formally selfadjoint with respect to the inner product ⟨·|·⟩

o
ν . Namely, for all u, v ∈ Aθ , we have⟨

∆h,νu|v
⟩o
ν

= ⟨du|dv⟩
o
h,ν = ⟨dv|du⟩oh,ν =

⟨
∆h,νv|u

⟩o
ν

=
⟨
u|∆h,νv

⟩o
ν
. (9.11)

Combining this with the density of Aθ in H(2)
θ and the fact that ∆h,ν maps continuously H(2)

θ to Ho
ν , we deduce that⟨

∆h,νu|v
⟩o
ν

=
⟨
u|∆h,νv

⟩o
ν

for all u, v ∈ H(2)
θ .

That is, ∆h,ν is symmetric, i.e., ∆h,ν ⊂ ∆∗

h,ν .
Let u ∈ dom(∆∗

h,ν). In addition, let (uℓ)ℓ≥0 ⊂ Aθ be a sequence such that uℓ → u in Ho
ν . It follows from Proposition 9.11

that ∆h,ν maps continuously Ho
ν = H(0)

θ to H(−2)
θ . Thus, ∆h,νuℓ → ∆h,νu in H(−2)

θ , and hence ∆h,νuℓ → ∆h,νu in A′

θ .
Let v ∈ A′

θ , and set ṽ = ν−1v∗. Then by (9.10) and (9.11) we have⟨
∆h,νuℓ, v

⟩
=

⟨
∆h,νuℓ|ṽ

⟩o
ν

=
⟨
uℓ|∆h,ν ṽ

⟩o
ν

−→
⟨
u|∆h,ν ṽ

⟩o
ν
.

Note that as u ∈ dom(∆∗

h,ν), we have ⟨u|∆h,ν ṽ⟩
o
ν = ⟨∆∗

h,νu|ṽ⟩
o
ν = ⟨∆∗

h,νu, v⟩. Therefore, we see that ⟨∆h,νuℓ, v⟩ →

⟨∆∗

h,νu, v⟩ for all v ∈ Aθ , i.e., ∆h,νuℓ → ∆∗

h,νu weakly in A′

θ . As we also know that ∆h,νuℓ → ∆h,νu strongly in A′

θ ,
we deduce that ∆h,νu = ∆∗

h,νu. In particular, ∆h,νu is contained in Ho
ν = H(0)

θ , and so by (9.9) u must be contained in H(2)
θ .

This shows that dom(∆∗

h,ν) ⊂ H(2)
θ = dom(∆h,ν). As ∆h,ν ⊂ ∆∗

h,ν , it then follows that ∆h,ν = ∆∗

h,ν , i.e., ∆h,ν is selfadjoint.
Recall that ∆h,ν is an elliptic differential operator. Moreover, the very fact that ∆h,ν is selfadjoint implies that its

spectrum is real. In particular, Sp(∆h,ν) ̸= C. It then follows from the results of [21] that Sp(∆h,ν) is an unbounded
discrete set that consists of eigenvalues with finite multiplicity. Moreover, all its eigenspaces are contained in Aθ . We
further observe that (9.3) implies that

⟨
∆h,νu|u

⟩o
ν

≥ 0 for all u ∈ Aθ . Thus, ∆h,ν cannot have negative eigenvalues, and so
its spectrum must be contained in [0, ∞). The proof is complete. □

Proposition 9.13. We have

ker∆h,ν = ker d = C.

Proof. We know by Propositions 8.3 and 9.12 that ker d = C and ker∆h,ν ⊂ Aθ . Moreover, if du = 0, then by (9.1) we
have ∆h,νu = −δ(du) = 0. Thus, ker d ⊂ ker∆h,ν . In addition, if u ∈ ker∆h,ν , then u ∈ Aθ , and by (9.3) we have

⟨du|du⟩oh,ν =
⟨
∆h,νu|u

⟩o
= 0.

As ⟨·|·⟩
o
h,ν is an inner product, it then follows that du = 0. Thus, ker∆h,ν ⊂ ker d. It then follows that ker∆h,ν = ker d = C.

The proof is complete. □

By Proposition 9.12 the spectrum of ∆h,ν is an unbounded discrete set consisting of non-negative eigenvalues with
finite multiplicities. Moreover, by Proposition 9.13 the zero-eigenvalue has multiplicity 1. Therefore, we can organize the
spectrum of ∆h,ν as a non-decreasing sequence,

0 = λ0(∆h,ν) < λ1(∆h,ν) ≤ λ2(∆h,ν) ≤ · · · ≤ λj(∆h,ν) ≤ · · · ,

where each eigenvalue is repeated according to multiplicity. The unboundedness of Sp(∆h,ν) implies that λℓ(∆h,ν) → ∞

as ℓ → ∞. Moreover, as ∆h,ν is selfadjoint and all its eigenspaces are contained in Aθ we obtain the following result.

Proposition 9.14. There is an orthonormal basis (eℓ)ℓ≥0 of Ho
ν such that, for all ℓ ≥ 0, we have

∆h,νeℓ = λℓ(∆h,ν)eℓ and eℓ ∈ Aθ .
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Remark 9.15 ([26]). We have a Weyl law for the distribution of the eigenvalues λℓ(∆h,ν). Namely,

λℓ(∆h,ν) ∼

(
ℓ

cn(h)

) 2
n

as ℓ → ∞, (9.12)

where we have set

cn(h) =
1
n

∫
Sn−1

τ
[
|ξ |

−n
h

]
dn−1ξ, |ξ |h :=

√
(ξ, ξ )h−1 =

√∑
ξihijξj.

In fact, when g is a self-compatible Riemannian metric, we have

cn(g) =
1
n
(2π )−n

|Sn−1
|Volg (Aθ ) = (2π )−n

|Bn
|Volg (Aθ ).

Thus, in this case we have the usual form of Weyl’s law. In particular, when n = 2 and g is a conformal deformation of
the Euclidean metric this agrees with the Weyl Law of [14]. We refer to [26] for a more detailed account, including local
and microlocal versions of the Weyl law (9.12).
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