Journal of Geometry and Physics 151 (2020) 103619

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

Identifications of paths and curves under the plane similarity )

transformations and their applications to mechanics

Check for
Updates

idris Oren **, Djavvat Khadjiev®, Omer Peksen *

2 Departments of Mathematics, Karadeniz Technical University, 61080, Trabzon, Turkey
b Academy of Sciences of Uzbekistan, Institute of Mathematics 100125, Tashkent, Uzbekistan

ARTICLE INFO ABSTRACT

Article history: In this paper, global differential G-invariants of paths in the two-dimensional Euclidean
Received 28 August 2019 space E, for the similarity group G = Sim(E,) and the orientation-preserving similarity
Received in revised form 7 January 2020 group G = Sim*(E,) are investigated. A general form of a path in terms of its global

Accepted 6 February 2020

-i i is obtained. For gi h ith th iff ial
Available online 14 February 2020 G-invariants is obtained. For given two paths £(t) and n(t) with the common differentia

G-invariants, general forms of all transformations g € G, carrying &(t) to n(t), are found.

Keywords: Similar results are given for curves. Moreover, analogous of the similarity groups in the
Invariant three-dimensional space-time and in the four-dimensional space-time-mass are defined.
Plane curve Finally, applications to Newtonian mechanics of the above results are given.

Similarity transformation © 2020 Elsevier B.V. All rights reserved.

Newtonian mechanics

1. Introduction

Let Sim(E,) be the group of all similarities of E (see [4, p. 183]), Sim*(E;) be the group of all orientation-preserving sim-
ilarities of E,, LSim(E,) be the group of all linear similarities of E, and LSim™(E,) be the group of all orientation-preserving
linear similarities of E,. Similarity is important in many areas of mathematics, mechanics, physics, etc.

Definition of similarity of two flows is given in [9, p. 35-36]. The idea of the similarity of flows is used in the design of
experimental models (see [24, p. 175], [33, p. 254]). Moreover, in [9, p. 36], [33, p. 252-254], [23, p. 423-425], definitions
of “Geometric similarity”, “Kinematic similarity” and “Dynamic similarity” are given.

The idea of “dynamic similarity” is commonly defined for fluid motions as follows (see [5, p. 99]):

“Two fluid motions u and v are called dynamically similar if they can be described by Newtonian coordinate systems
which are related by transformation of space-time-mass, of the form

X =ax, t'=pt, m=ym, (1)

where o, B, y € RT".

Moreover, in [5, p. 101], Galilei-Newton group is defined and the importance of this group is given as follows:

“Theoretical Newtonian mechanics is invariant under this group, as well as under the group of transformations (1)
of dynamic similitude. Experimentally, this principle has been verified in many different ways with very great precision,
except at speeds comparable with that of light”.

This principle will be called the principle of invariances of Newtonian mechanics.
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Let E;, x R x R™ be the n-dimensional space-time-mass, where E, is the n-dimensional Euclidean space, elements of
R are times and elements of R™ are masses. Denote by Mech(n) the group of transformations of E, x R x R* generated
by Galilei-Newton group and transformations of the form (1), where «, 8, y € R™.

According to the principle of invariances of Newtonian mechanics, problems of an investigation of invariants of
mechanical systems with respect to the groups Mech(n), Galilei-Newton group and some subgroups of the group Mech(n)
appear.

We denote by Sim(Gal, 2) the subgroup of the group Mech(n) generated by the group Sim(E;) and the Galilean
transformation of the space-time E, x R, by Sim™(Gal, 2) if Sim(E,) is replaced by Sim™(E,).

Also, denote by Sim(Gal, m, 2) the subgroup of the group Mech(n) generated by the group Sim(E;), the Galilean
transformation of the space-time E; x R and the following transformation of a mass: m’ = ym, where y € R*, by
Sim™(Gal, m, 2) if Sim(E,) is replaced by Sim™(E,).

In present paper, we investigate G-invariants of paths and curves in the space E, with respect to groups G = Sim(E,),
Sim™(E,), in space-time E, x R with respect to groups Sim(Gal, 2), Sim*(Gal, 2) and in space-time-mass E; x R x R* with
respect to groups Sim(Gal, m, 2), Sim*(Gal, m, 2).

Furthermore, to identify similar objects in the field of pattern recognition and computer graphics, similarity of two
plane curves and space curves are investigated. (See in some references [1,2,16,17,25,29,31,32]).

An algorithm and a method for determining similarity of two rational plane curves are presented in [1].

In the present paper, by a different method from [1], theorems for detecting whether two curves are similar with a
similarity transformation are given.

Beside, the local differential invariants of curves for the group Sim(E,) is introduced in [6]. In [15], differential invariants
of a regular curve with respect to the group of orientation preserving similarities of the n-dimensional Euclidean space
E, are obtained. Moreover, the uniqueness and existence theorems for a curve obtained only for the group Sim™(n). Thus
invariant theory of curves in the similarity geometry in E, was investigated only for the group Sim*(E,). The method of
the moving frame in the similarity geometry gives only local conditions of Sim™(E,)-similarity of curves. This theory for
similarity of curves in the n-dimensional Minkowski space is investigated in [26].

As it is well known, global differential invariants are an important tool for many areas in sciences.

In the n-dimensional Euclidean space and the n-dimensional pseudo-Euclidean space of index p, invariant differential
functions of paths and curves for the Euclidean motion groups G = M(n), M*(n) and for the pseudo-Euclidean motion
groups G = M(n, p), M*(n, p) are obtained in papers [3,18,19,27]. These functions are called global differential invariants
of paths and curves. In same papers, invariant parametrizations of non-degenerate curves are defined. By using this
definition, conditions of global G-congruence(equivalence) of non-degenerate curves and non-degenerate paths are given.

The solutions of problems of global G-congruence of all Bézier curves without using global differential invariants of a
Bézier curve for the groups G = M*(n), M(n) are given in [25].

Methods and results used in this paper are different from the results of above mentioned papers, books and the
references therein.

Let G = Sim(E;) or G = Sim™*(E,). In order to make this paper more self-contained from a mathematical point of
view, the structure of the present paper is the following. In Section 2, definitions of similarity groups in terms of complex
numbers and global differential G-invariants of a regular plane path are introduced. In Section 3, definitions of completely
degenerate and non-degenerate plane paths are expressed. The global G-similarity conditions of plane paths are obtained.
For given two plane paths £ and » with the common G-invariants, general forms of all transformations g € G, carrying &
to n, are found. In Section 4, the existence and rigidity theorems of paths are obtained. In Section 5, a short introduction
to non-degenerate curves and type of curve as global invariant of non-degenerate curves are explained. We give the
global G-similarity conditions of non-degenerate curves in terms of the type of curve for the group Sim(E,). In Section 6,
applications to Newtonian mechanics of obtained results in other sections are introduced.

2. Preliminaries

Let C be the field of complex numbers. The product of two complex numbers u and v has the form

uv = (Ug + iuz)(v1 + ivz) = (v — Upv2) + i(Ugv2 + Upv1)

Consider the complex number u = uq +iu, in the matrix form u = <Zl) Then, the complex number uv has the form
2

Ugvq — Upv u; —u v
I e 2V2) _ (W 2 1) 2)
UV + Uz vy u U U2

—1Uy

Denote by M, the matrix (Z]
2 1

). Then M, : C — C is a transformation and the equality (2) has the form

uv = Myv. (3)

for all u,v € C.
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The field C can be used to represent E; with the scalar product (u, v) = ujvy+uyv; forall u = uy+iuy, v = v1+iv, € C.
Here, the quadratic form on E; is (u, u) = |u|? for all u € C. The conjugate of u, denoted by 1, is defined as i = u; — iu,.
Clearly, from definition we have u + u = 2uy, uti = |ul?, |u| = |u| and (7, v) = (u, v). For |u| # 0, the inverse of u is

1

defined as 1 = # Moreover, let A = | _01 . Then we have u = Au.

For complex numbers u = uq +iuy, v = vy +iv,, the matrix (Zl Zl) will be denoted by ||u v||. Denote by det(||u v||)
2 U2
the determinant of ||u v]|.
The following proposition is given in [20, Proposition 14].
Proposition 1. Let u, v € C. Assume that |u| # 0. Then the element ; exists, the following equalities hold:

v (uv) det(fluvll)
2 +1 2

u Jul [ul
and
(u,LZ') _det(l\uzv\l)
. Jul ul
My = det(llu vl]) (u,v) : (4)
|ul? Jul?

Let LSim™(E;) and LSim™(E,) be sets generated by all orientation-preserving and orientation-reserving linear similarities
of E, respectively. Clearly, LSim™(E;) N LSim~(E;) = . The set LSim(E,) of all linear similarities of E; can be written in
the form LSim(E;) = LSim™(E,) U LSim™(E>).

Denote C* = C — {0}. The following theorem is known from [4, p. 229].

Theorem 1.

(i) LSim*(E») = {Mulu € C*}.

(ii) LSim~(E;) = LSim T (E;)A = {MyAlu € C*}.
(iii) LSim(E,) = LSim™(E,) U LSim™(E,).
(iv) Sim™(Ey) = {F : Ey — E»|F(v) = Myv + b, u € C*,Yv € Ey, b € Ey).
(v) Sim~(Es) = {F : E, — E5|F(v) = (MyA)v + b, u € C*, Vv € Ey, b € E).
(vi) Sim(E,) = Sim™(E,) U Sim~(E,).

Let I = (a, b) € R. Throughout Sections 2-5, we consider the following path &(t) = (&;(t), &(t)) such that
£:1>E (5)

is a C2-mapping. Here, a C?-mapping & is called to be an I-path in E,. The components &(t), &(t) of £(t) are real
C2-functions on I, and they are defined for all values of t in I. For shortly, in the expression £(t) we will use & instead

of £(t).
Denote the first and the second derivatives of & by &’ = (£}, &) and £” = (&, &), respectively.

Definition 1. A C2-mapping & : I — E, is called S-regular I-path if £'(t) # 0 for all t € I.

For example, consider an R-path £(t) = (t, t?). Then, &'(t) = (1,2t) # 0 for all t € R. Hence, £(t) is an S-regular
R-path.
Let G = Sim(E;) or G = Sim™(E,).

Definition 2. Two paths &, n : I — E, are called G-similar if there exists F € G such that n(t) = F&(t) for all t € I.

Proposition 2. Let & and n be two I-paths. Then,

(i) & and n are Sim™(E,)-similar if and only if &’ and n’ are LSim™(E,)-similar.
(ii) & and n are Sim(E;)-similar if and only if &’ and n’ are LSim(E,)-similar.

Proof.

(i) =: Let & and n be Sim™(E;)-similar. Then, by Theorem 1(iv), there is an orientation-preserving similarity trans-
formation F such that n(t) = F&(t) = M,&(t) + b for some orientation-preserving linear similarity transformation
M, of E, the constant b in E, and all t € I. This equality implies n = M,&’. Then, we obtain that &’ and »’ are
LSim™*(E;)-similar.
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&: Let & and n’ be LSim™(E;)-similar. Then, by Theorem 1(i), there is orientation-preserving linear similarity
transformation F such that n/(t) = F&'(t) = M,&'(t) for some u € C* and all t € I. Since ' = M,¢’, there
exists a constant b € C such that n = M,& + b. That is, £ and n are Sim™(E,)-similar.

(ii) The proof is exactly the same as (i).

Let ¢1, &2, ..., &n - I — E; are paths defined on the same interval.

Definition 3. A function ¥ ({1, &2, ..., &) is called G-invariant if ¥(F¢y, F&a, ..., F&n) = ¥ (81, 82, ..., &n) forall F € G
and for all t € I.

/ "
For the derivatives £’, £” of £ in (5), the determinant of the matrix ||’ &”|| = (?, },) will be denoted by det(||E" £”)).
2 2

! ogl "o 11 N2
Let £(t) be an S-regular I-path. For shortness, we put fi(t) = (Elé'fﬁ),gg(t) = (ﬁs;fz)' he(t) = % and
Ke(t) = dettlE” &7
(t) &7

Proposition 3.
(i) The functions f¢(t), g(t) and he(t) are Sim(E;)-invariant.
(i) The function ke (t) is Sim™ (E, )-invariant.
Proof. It is easy and similar to the proof of Proposition 13 in [20].

These functions are called global invariant functions of the groups Sim(E,) and Sim™(E,).
3. Similarity of paths for the groups Sim(E,) and Sim*(E;)

Theorem 2. Let &, :1 — E, are S-regular paths. Then & and n are Sim™(E,)-similar if and only if
{km=&m
ke (t) = k,(t)
forallt €.

Furthermore, there is the unique orientation-preserving similarity transformation F of E; such that n = FE = N& +b, where
the orientation-preserving linear similarity transformation N of E; and the constant b in E, can be written as

(6)

&) _ det(lg ')
N = &1 IE'1° (7)
det([l&" 7’|} )
I &1
and
b=mn—N§ (8)

forall t € I, resp. Here, N and b are independent of the choice of t in I.

Proof. =: Let two S-regular I-paths & and n be Sim*(E;)-similar. Then, by Theorem 1(iv), there is an orientation-
preserving similarity transformation F of E, such that n = F§ = M,& + b, where M, is an orientation-preserving linear
similarity transformation of E; and b is a constant in E,. Using (3), we obtain n = z& + b. This implies that n' = z¢&’. Since
& and n are S-regular, we have || # 0 and |n’| # O for all t € I. Then, % and nl exist for all ¢ € I. In Proposition 1, we
consider u = ', v = n”. Then we have

n" _ ('.n") +idet(ln" n"l)

= ) 9
n n'|?
and
§ _ (£.8) +idet(lE £"]) (10)
& &7
The equalities " = z&" and n” = z&” imply ']7—/,/ = z—/,/ From this equality with (9) and (10), we have (6).
<: Let the equalities (6) be hold. From (9), (10) and (6) we have
n_ & (11)

no &
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for all t € I. By taking derivative we have

d / " 1 / 4 "
*("*/)Jf—"i:"ﬁ("f—i) (12)
dt \ § & &y &\n &

Using the equalities (11) and (12) we get d% (%) = 0 for all t € I. Hence the function g—: is constant on I. Put g = g—:

Since || #£ 0 and |n’| # 0 for all t € I, we obtain g # 0.

Moreover ' = g—ié/ =g¢&'.

Using the equality (3), we have n' = g&¢’ = My&¢'. By g = g = % + i%‘/z”/”) and Proposition 1, M, has the form
(7) and My = N. Since g is a constant, N is independent of the choice of t in I Then 1’ = N&' = Mg&’. By Theorem 1(i),
N € LSim*(E;). Hence &’ and n’ are LSim™ (E, )-similar. From the equality n’ = My§’ = N&', we have (n — N&) = 0. Hence
n — N& is independent of the choice of t in I. Put b = n — N&. Then b € E; and n = N& + b.

For uniqueness, assume that H € LSim*(E;) and ¢ € E, exist such that n = H& + c. Then, by this equality we have
n’ = HE'. Then, by the equality (3), Proposition 1 and Theorem 1(i), there exists the unique h € C* such tpat H = M.
Hence we obtain n” = M£&’. By the equality (3), we have n’ = h&’. Since |£’| # 0, n’ = h&’ implies that h = % = g. Hence
H =M, =M, =N.

Consider b = n — N&. Then, by the uniqueness of N, we have b = n — N& = c. Hence the uniqueness of b and the
uniqueness of F are proved.

Now, let us consider an example of detecting similarities between two S-regular paths under the orientation-preserving
transformation.

Example 1. Suppose that the two R-paths are given as follows: £(t) = (t2, ') and n(t) = (2t2 — 3e' + 1, 3t% + 2¢' 4 2).
Clearly, they are S-regular and (6) hold. Then, using Theorem 2(ii), £(t) and n(t) are Sim*(E;)-similar. Further, using

2 _3> and b = 1+ 2i.

Theorem 2, we have N = <3 2

Definition 4.

(i) A completely S-degenerate I-path is a C>-mapping £ : I — E, such that det(||&'(t) £”(t)||) = 0 for all t € I.
(ii) An S-non-degenerate I-path is a C2-mapping & : I — E, such that det(||£'(t) £”(t)||) # 0 for all t € I.

Let G = Sim™*(E;) or G = Sim(E).

Theorem 3. Let & and n be two completely S-degenerate S-regular I-paths. Then & and n are Sim(E,) -similar if and only if

fe(t) = fy(t) (13)

forallt el
Furthermore, there are only two similarity transformations F = Fy,F, of E; such that n = Fi& = N{& + by or
n= Fzg = NzAS + by. Then

(i) in the case n = F1& = N1& + by, the orientation-preserving linear similarity transformation N, of E, and the constant
bi in E, can be written as (7) and

b] =7]—N]$, (14)

resp.
(ii) in the case n = F,& = Ny A& + b, the orientation-preserving linear similarity transformation N, of E; and the constant
b, in E, can be written as

<As/,£1’> _ det(nAsz’ )
O D (15)
det(|| AE" 1']]) (A1)
I &1
and

forall t €I, resp. Here Ny, N, by and b, are independent of the choice of t in I.

Proof. =: Let two completely S-degenerate S-regular I-paths & and n be Sim(E,)-similar. Since f:(t) and f,(t) are
Sim(E;)-invariant, we obtain (13).
& Let fe(t) = f,(t) for all t € I. For &£ and 5, we have

det(||€" &) = det(lln" n"||) = 0. (17)
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From (13) and (17), we have (6). Then, using Theorem 2, there is the unique orientation-preserving similarity transforma-
tion F of E, such that n(t) = F& = N1& + by, where N; is an orientation-preserving linear similarity transformation of E,
and b, is a constant in E,. Clearly, N, and b; have the forms (7) and (14), resp. By Theorem 2, N; and b are independent
of the choice of t in I.

Now we consider completely S-degenerate S-regular [-paths A&(t) and n(t). Since the scalar products (£/, &’) and
(§,&") are A-invariant, we have (A§’, A&") = (§',&'), (A&', A&") = (§',&"), (An', An') = (0, n) and (An', An") =
(n',n") forall t € 1.By (17) for all t € I, we have

det(||AE" AE"||) = (detW )det(||&" §"])
= —det(||§" £"]l) = —det(lln" n"[l) = 0.

Using (A&', AE') = (£, &), (A&', AE") = (§',&"), det(||AE" A&"||) = det(lln" "), by (13) and (17), we obtain the
equalities:

[ Fae(t) = fi (),
kae(t) = ki (t).

for all t € I. Then, from Theorem 2, there is the unique orientation-preserving similarity transformation F of E, such
that n = F(A&) = (N, A)E + by, where N, is an orientation-preserving linear similarity transformation of E; and b, is a
constant in E,. Here N, and b, have the forms (15) and (16), resp. As in Theorem 2, N, and b, are independent of the
choice of t in I. Now assume that there is similarity transformation F of E; mapping & into 5. Prove that F§ = N{& + by
or F¢ = (N, A)¢ + by, where Ny, N, are two orientation-preserving linear similarity transformations of E; and b4, b, are
two constants in E;. Let n = F§ = A& + b; for some A € LSim(E;), bs € E,. Then A € LSim™(E,) or A € LSim™(E;). First
assume that A € LSim™(E,). Using of the uniqueness in Theorem 2, A = N; and b; = b3 = n — N&. Let A € LSim™(E).
Then A and bz have the forms A = BA and b; = n — BA&, where B € LSim™(E,). We have n = (BA)¢ + bz = B(A&) + bs.
Hence n and A& are Sim™(E,)-similar. By the uniqueness in Theorem 2, B= N, and b, = bs = n — (N, A)¢ forall t € I.

Theorem 4. Let & and n be two S-non-degenerate I-paths in E,. Assume that & and n are Sim(E,)-similar. Then equalities

{ fe(t) = fy(8)
he(t) = hy(t)

hold for all t € I.
Conversely, assume that & and n such that equalities (18) hold for all t € I. Then & and n are Sim(E,)-similar. Furthermore,
there is the unique similarity transformation F of E, such that n = F&. Only the following cases exist:

(i1) det(||E" €”||) > 0 and det(||n’ n"||) > O for all t € L.
(ip) det(||E" €”|1) < 0 and det(||n’ n"||) < O forall t € I
(ii7) det(||€" £”]|) > 0 and det(||n’ n”||) < O forall t € L
(iiy) det(||€" £”]|) < 0 and det(||n’ n”||) > 0 forall t € L

(18)

— — — —

In the cases (i1) and (i), F has the form FE& = N1& + by, where the orientation-preserving linear similarity transformation
N; of E; and the constant by in E, can be written as (7) and (14), resp.

In the cases (ii1) and (iiy), F has the form F& = N, A& +b,, where the orientation-preserving linear similarity transformation
N, of E; and the constant b, in E; can be written as (15) and (16), resp.

Here N1, N, by and b, are independent of the choice of t in I.

Proof. =: Let & and n be Sim(E,)-similar. Since f:(t) and he(t) are Sim(E,)-invariant, we obtain (18).
& Let fe(t) = f(t), he(t) = hy(t) for all t € I. For £ and 7, from Definition 4, we have det(||§" £”||) # 0 and
det(]ln’ n”|l) # 0. Then the conditions (i), (i2), (ii1), (iiz) in theorem exist.
Using the conditions (i), (i) and the equality he(t) = h,(t) in (18), we obtain
ke (t) = k,(t). (19)

Then, (18) and (19) imply (6). Then, by Theorem 2, we obtain that there is the unique similarity transformation F of
E; such that n(t) = F§¢ = N& + by, where N; is an orientation-preserving linear similarity transformation of E, and
b1 = n — N¢& is a constant in E,. Here, N; has the form (7).
Using the conditions (iiy), (ii;) and the equality he(t) = h,(t) in (18), we obtain
ke(t) = —k,(t). (20)
Using (20), |(AE)| = |€'], |€']* > 0 and |n'|* > 0, we have
det(||A&" AE"|l) _ det(lln" n"ll)
I(Ag Y '|?

(21)
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for all t € I. From (21) and </\‘(is/)‘f2”> = @l;ﬁ;) = <'|’;7‘/’|72”> imply the equalities (6) for the paths A&’ and 5. By Theorem 2,
there exists the unique similarity transformation F of E; such that FE = N, A& +b,, where N, is an orientation-preserving
linear similarity transformation of E; and b, = n — N, A is a constant in E,. Here, N, has the form (15). By Theorem 2,
N, and b, are independent of the choice of t in I

Let the similarity transformation F such that n = F&. As in the proof of Theorem 3, we obtain that F§ = N:& + by
or F§€ = (N, A)é + by, where Ny, N, are two orientation-preserving linear similarity transformations of E; and by, b, are

constants in E,.

Now, we consider an example of detecting similarities between two S-non-degenerate paths under the similarity
transformation.

Example 2. Suppose two S-non-degenerate R-paths are given as follows:& = (t, e) and n = (t + 3e', =3t +e' + 2). It
is easy to see that the equalities in (18) hold for & and #. Then, by Theorem 4(ii), £ and n are Sim(E;)-similar. Moreover,

by Theorem 4(ii), we obtain that Ny = (_13 ?) and b = 2i.

The following lemma is known in [19, Lemma 13].
Lemma 1. Let z1, z,, w1, wy be vectors in E,. Then det(||z1 zz||)det(||wq w2]|) = (z1, w1){(z2, wa) — (21, wa){z2, w1).

Theorem 5. Let & and n be two S-non-degenerate I-paths in E,. Assume that & and n are Sim(E,)-similar. Then equalities
{ fe(t) = £y (1)
g:(t) = g(t)

hold for all t € I.
Conversely, assume that & and n such that equalities (22) hold for all t € I. Then & and n are Sim(E,)-similar. Furthermore,
there is the unique similarity transformation F of E, such that n = F&. Then,

(22)

(i) In the cases (i) and (iy) in Theorem 4, F has the form F& = N1& + by, where the orientation-preserving linear similarity
transformation Ny of E; and the constant by in E, have the forms (7) and (14), resp.

(ii) In the cases (ii1) and (ii;) in Theorem 4, F has the form FE = N, A& + b,, where the orientation-preserving linear
similarity transformation N, of E, and the constant b, in E, have the forms (15) and (16), resp.

Here N1, Ny, by and b, are independent of the choice of t in I.

Proof. =: Let two S-non-degenerate I-paths & and n be Sim(E,)-similar.
In Lemma 1, put z; = wy = &/, 2, = wp = £”, we obtain

det(|&" &"11)* = (&', &) (&", &") — (€', ") (23)
Using (23) and |€')* = (£/, €'), we obtain
det(||§' &"1)*  (£7.8") (£, §")?

= — . 24
&1 &2 |&1* ey
From (24), we have
"nogen AN AV AT
(7. 8" _ (.87 +det(||$ ) . (25)

&7 &4 &4
From Proposition 3 and (25), we obtain gg(t) is Sim(E;)-invariant. Since fsz(t) and g(t) are Sim(E,)-invariants, for all

t €1, fe(t) = f(t) and gg(t) = g,(t).
& Let fe(t) = f,(t) and ge(t) = g,(t) for all t € I. Using (22) and (24), we obtain (18). Hence the proof follows from
Theorem 4.

4. Existence theorems of paths for the groups Sim(E,) and Sim™*(E;)

Theorem 6. Let a;(t) and ay(t) be arbitrary real continuous functions on I. Assume that an S-regular I-path & such that the
following equalities
{ Je(t) = aq(2),

ke(t) = ay(t) (26)
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hold for all t € I. Then it has the following form
I @)
JOESS / eho(HEM gy 1 ¢y, (27)

where ¢ is an arbitrary element of C*, c, is an arbitrary element of C and ty, 1o € I.
Conversely, every I-path in the form (27), where c; is an arbitrary element of C*, c, is an arbitrary element of C, tg, 19 € I,
ay(t) and ay(t) are arbitrary real continuous functions on I, is an S-regular I-path and satisfies the equalities (26) for all t € I.

Proof. =: Assume that an S-regular I-path & satisfies the equalities (26). From © = % + ldet(‘”r o) jn Proposition 1, we
have for the path & :
" /’ " det ! "
Ef/: (& /52) 4i (IIS, 25 II). (28)
§ €] 1€’

Then a4(t) = ﬁé’f‘zﬁ), a(t) = % and (28) imply the following equality for & in C:
£" = (ar(t) +iay(t))E".

General solution of this equation is

¢, )
éj(t) — Cl/ efro(ﬂl(t)+laz(f))d”dr + 0,

where ¢y, c; € C and tg, 19 € I. Since &'(t) # 0 for all t € I, we have ¢; # 0. o ,
<: Let an [-path & has the form (27). Then, by simple calculations, we have & ,£2> = ay(t) and M = ay(t). Here,

- . &' I

it is easy to see that & is an S-regular I-path.

Example 3. Suppose two real continuous functions on R are given as follows: a;(t) = 4t2 = and ay(t) = 4t2 g Then the
; iae (EL87) 4t det(|l&” £"1) _ .

general solution of the equalities of = aem and P 4t2+1 has the form:

¢
T .
E(t) = C]/ ef0(01(u)+laz(u))dudr +c
0

t T r
= / eJo ar(wdu [cos( / ay(u)du) + isin( / az(u)du)] dr +c;
0 0 0

t
= / vV 4r? + 1[cos(arctan2r) + isin(arctan2r)] dv + c;
. 2r
_(,‘1/ Var? + |: +i 1]dr—i—cz

VAt 1 Jarz +

=alt+it’) + o,
Ve € C*, Ve, € C and tg = 0 =19 € R. Since &'(t) = ¢1(1 + 2it) # 0, Vt € R, &(t) is an S-regular R-path.

Corollary 1. Let a(t) be arbitrary real continuous function on I. Assume that a completely S-degenerate S-regular I-path &
such that the following equality

fe(t) = a(t) (29)
holds for all t € I. Then it has the following form

t T
E0)=¢ / elro gy 4 ¢y, (30)
£

where cq is an arbitrary element of C*, ¢, is an arbitrary element of C and ty, 1o € I.

Conversely, every I-path in the form (30), where c; is an arbitrary element of C*, c, is an arbitrary element of C, ty, 1y € I,
aq(t) and ay(t) are arbitrary real continuous functions on I, is an S-regular I-path and satisfies the equality (29) for all t € I
and it is a completely S-degenerate S-regular I-path.

Proof. The proof is given as a particular case of the proof of Theorem 6.

Assume that £(t) is an S-non-degenerate [-path. Then det(||&’ €”||) > O for all t € I or det(||&' £&”||) < Oforall t €I
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Corollary 2. Let a(t) and ay(t) be arbitrary real continuous functions on I. Assume that an S-non-degenerate I-path & such
that the following equalities

fe(t) = a(t), 31)
(ke(1))* = ax(t)
hold for all t € I. Then
(i) ax(t) > 0 forallt €
(ii) In the case det(||&" £€”||) > O for all t € I, & can be written as
to .
£(t) = ¢ / el (HVaRW)du 5 C, (32)
to
where V¢ € C*, V¢, € Cand tg, 19 € 1.
(iii) In the case det(||&' £”|)) < O for all t € I, & can be written as
t T .
)= / elro (nW-iVa)dugy (33)
fo

where Yc1 € C*,Vcy € Cand tg, 19 € 1.

Conversely, in the case a,(t) > 0 for all t € I, every path & of the forms (32) and (33) is an S-non-degenerate I-path satisfying
equalities (31).

Proof. Let & be an S-non-degenerate [-path. Then, by Definition 4, we have det(||&’ £”||) # O for all t € I. This inequality
and equalities (31) imply a,(t) > O for all t € I. Moreover, since & is an S-non-degenerate [-path, we have det(||€' €”||) > 0
or det(||&' £"]]) < Oforallt el.

Explicitly, for det(||&" £”])) > O,

det(|€' &"1)>

= ay(t 34
o as(t) (34)
implies
% = Jax(0). (35)
Then, we obtain the following system
<$|é/;§2 ) = ay(t),
det(||& £"]|) (36)
T = /ay(t).

By Theorem 6, a general solution of (36) has the form (32).
Similarly, for det(||€’ €”||) < 0, (34) implies

det(|I&" £"1)

= —/ay(t).
&)
Then, we obtain the following system
£ o,
i " 37
det(||lE"&7]1) G7)
Tep Vel

By Theorem 6, a general solution of (37) has the form (33).
Conversely, let an I-path & have the forms (32) or (33). Then, by simple calculations, we obtain equalities (31). Here,
since ay(t) # 0 for all t € I, it is easy to see that & is an S-non-degenerate [-path.

Corollary 3. Let a(t) and ay(t) be arbitrary real continuous functions on I. Assume that an S-non-degenerate I-path & such
that the following equalities

{ fé(t) = a](t)7
g(t) = ax(t)
hold for all t € I. Then

(38)
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(i) ax(t) —aj(t) > O forall t €1
(ii) In the case det(||E' €”||) > O for all t € I, & can be written as

/-r efrro (al(u)ﬁ—i‘/az(u)—a%(u))du

to

E(t) =01 dr + ¢y, (39)

where Yc; € C*, Ve, € Cand ty, 19 € 1.
(iii) In the case det(||&’ £”|)) < O for all t € I, & can be written as

b (aiw—iy/ ap(w)y—ad(u) )d
s(r)zclf olpiorii al”)"dr+cz, (40)
to

where Yc1 € C*,Vc, € Cand tg, 19 € 1.
Conversely, in the case ay(t) — af(t) > 0 for all t € I, every path & of the forms (39) and (40) is an S-non-degenerate I-path
satisfying equalities (38).
Proof. It is obvious from Theorem 5 and Corollary 2.

5. G-Similarity of S-non-degenerate curves for the groups G = Sim(E,) and G = Sim™*(E;)

Definition 5 (see [3]). An I;-path £(t), t € I; = (a, b) is equivalent to an I,-path n(r), I, = (c, d), if a C?>-diffeomorphism
¥ : I, — I; exists such that ¥/(r) > 0 and n(r) = &(¥(r)) for all r € I,. We define a curve @ to be an equivalence class
of these paths. A path & € @ is called a parametrization of @.

Let G = Sim(E,), Sim™(E;) and @ = {v,, T € IT} be a curve, where v, is a parametrization of @. Then F® = {Fv,, t €
IT} is a curve for all F in G.
Definition 6. Two curves @ and ¥ are G -similar provided there exists some F € G such that ¥ = F®.
Definition 7. A curve @ is an S-non-degenerate curve provided @ contains an S-non-degenerate path.
Proposition 4. Let @ be an S-non-degenerate curve. Then every & € @ is an S-non-degenerate path.

Proof. It is obvious from Proposition 37 in [20].

Remark 1. Throughout this section, we consider paths and curves which are S-non-degenerate.

We define the arc length of the I-path & fromt = c to t = d to be the number ff'de“”ij;%mmdt, for c,d €

I = (a,b) € R and ¢ < d. This number is denoted by ¢¢(c, d). Then, there exist the limits lim._,, £¢(c, d) < 400 and
limg_, £¢(c, d) < +o0. They are denoted by €¢(a, d) and £(c, b), respectively.

Now we define the type of I-path & for the group Sim(E;). This type is denoted by L. Firstly, we put | = £¢(a, d)
Le(c, b) — £e(c, d), where 0 < | < 4-o0. Clearly, | is independent of the choice of ¢, d in I. Moreover, if 0 < £¢(a, d)
+00,0 < £g(c,b) < 400 0or 0 < £g(a,d) < +o0, £e(c, b) = 400, then L = (0,1). If 0 < £:(a, d) = +00,0 < £g(c, b)
+00 or 0 < £¢(a, d) = 400, €g(c, b) = 400, then L = (—o0, 0) or L = (—o0, +00), respectively. So the type of I-path
for the group Sim(E;) are (0, +00), (—o0, 0) , (—oo, +00) and (0, I), where | < +o0.

We omit the easy proofs of the following Propositions.

+
<
<
3

Proposition 5.

(i) If & and n are Sim(E,)-similar, then Ly = L,.
(ii) If §,n € @, then Lg = L,.

According to the group Sim(E,), the type of a path £ € @ is called the type of the curve @ and denoted by L.

Proposition 6. If two curves @ and ¥ are Sim(E;)-similar, then Ly = Ly.
For all types of the group Sim(E;), we define the function sg(t) for an I-path &, where I = (a, b), as follows:

(i) se(t) = Le(a, t) for Ly = (0, I), where | < 4-o0.
(ii) sg(t) = —Lg(t, b) for Lz = (—o0, 0).
(iii) In each interval I = (a, b) of the line R, we choose a fixed point and denote it by x;. In the case I = (—o0, +00), we
choose x; = 0. We put s¢(t) = £:(x;, t) for the interval I.
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ds
Since & is a S-non-degenerate path, d—f > 0. By a standard theorem of calculus, the function s¢(t) has an inverse function
tz(s). Clearly, the domain of t;(s) is L.
We omit the easy proofs of the following Propositions 7, 8, 9, 10.(see [3]).
Proposition 7. Let I = (aq, by) and ] = (ay, by). For I-path & and for all F € Sim(E;), the following statements hold:

(i) spe(t) = se(t) and tpe(s) = te(s) forall t € I, for all s € L and all F € Sim(E;).
(ii) for any C%-diffeomorphism with '(r) > 0 for all r € I, the following equalities hold: sg(y)(r) = se(¥(r)) + ao, Vr €1,
and Y (tgy)(s + ao)) = te(s), Vs € Lg. Here, ag = 0 for Ly # (—o0, +-00) and ag = L:((q)), a;) for Lz = (—o00, +-00).

According to Proposition 7, we have £(ts(s)) € @.

Definition 8 (see [3]). £(tz(s)) € @ is called an invariant parametrization of @.
Denote Py by the set of all invariant parametrizations of @.

Proposition 8. Let £ € @ and & be a I-path, where I = Ly. Then the followings are equivalent:

(i) & € @ is an invariant parametrization.

| det(lE(s) €7 ()|
i) == s P — 1) Vs € L.
(i) 1€/ (s)P? ?

(iii) sz(s) =, Vs € Le.

In the case s¢(s) = s, Vs € Ly, s will be called an invariant parameter of @.

Suppose I is one of the intervals (0, I), | < 4+00; (0, 400), (—o0, 0) or (—o0, +00).
Theorem 7. Let £(s) € Pg. Then &(s) can be written in the form

R i
§(5)=c1 f o 4 ¢y, (41)
o

or in the form

S r -
£(s) = ¢ f e @M gy g ¢, (42)
S0

where ¢; € C*, c; € C and sg, 19 € I and a(t) is a real continuous function on I.
Conversely, paths &(s) of the forms (41) and (42) are invariant parametrizations of @ for Vc; € C*,Vc; € C, Vsg, 19 € 1
and arbitrary a(t) real continuous functions on I.

Proof. —=: Let £(s) € Py. Then, by Proposition 8(ii) and Theorem 6, we obtain that £(s) has the form (41) or the form (42).

<: Let £(s) has the form (41) or the form (41), where c, is an arbitrary element of C*, c, is an arbitrary element of C,
So, g are arbitrary elements of € I and a(t) is an arbitrary real continuous functions on I. Then, in Theorem 6, we have
lax(s)| = 1, Vs € I. Hence, by Theorem 6 and Proposition 8(ii), £(s) is an invariant parametrization of @.

Proposition 9. For the type Ly 7# (—00, 400), there exists the unique invariant parametrization of @.

Remark 2. For Ly = (—00,400), Py is infinite and uncountable. Moreover, if £(t) is a periodic path then L; =
(=00, +00).

Proposition 10. Let & € Py and Ly = (—00, +00). Then Py = {n : n(s) = &(s + u), u € (—oo, +00)}.

Example 4. Suppose the S-nondegenerate R-path is given as follows: £(t) = (cost, sint) in E;. Let £(t) € @. By Definition 7,
@ is an S-non-degenerate curve and Ly = (—o0, +00). Using Proposition 8, we have &(t) € Pg. Consider the R-path
n(t) = &(t + k), where k € R. The mapping ¥ : R — R, where y(t) = t + k for all t € R, is a homeomorphism such
that ¥/(t) > 0 for all t € R. Hence, &(t) and 5(t) are equivalent. So n(t) = &(t + k) € @ for all k € R. By Proposition 10,
E(t + k) e Py for k € R.

Let G = Sim(E;) or G = Sim™(E;). The proof of the following theorem is similar to the proof of [3, Theorem 1] for the
group G.
Theorem 8. Let @ and ¥ are S-non-degenerate curves and & € Py, n € Py are invariant parametrizations.

(i) In the case Ly = Ly # (—00, +00), @ and ¥ are G-similar if and only if & and n are G-similar.
(ii) In the case Lo = Ly = (—o00,+400), ® and ¥ are G-similar if and only if & and n(yy) are G-similar for some
X € (—00, +00), where Y(s) = s + x.
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The importance of Theorem 8 is that it reduces the problem of G-similarity of the curves for the group G to that of
paths for Ly = Ly # (—00, +00).

Definition 9. R-paths & and 5 are [G, (—oo, +00)]-similar provided there exist g € G and d € R such that n = g&(t +d)
forall t € R.

Let @ and ¥ be two curves, where Ly = Ly = (—00, +00). Then, Theorem 8 reduces the G-similarity of these curves
to [G, (—o0, 400)]-similarity of paths.

Now, we will give the conditions of the global G-similarity of S-non-degenerate curves in terms of the type and global
differential G-invariants of an S-non-degenerate curve for the groups G = Sim(E,), Sim™(E).

By Theorem 8, G-similarity and uniqueness problems for curves are reduced to the same problems for invariant
parametrizations of curves only for the case Ly = Ly # (—00, +00). Below we use this reduction.

Let @ be S-non-degenerate curves and £ € P, be an invariant parametrization.

Then we denote the function sgn(det(||£’ £”|)) by pz(s). We consider, for all s € Ly, the functions f:(s), g¢(s), he(s) and
kz(s) in Proposition 3.

Theorem 9. Let @ and ¥ are S-non-degenerate curves such that Ly # (—00, +00), Ly # (—00, +00) and & € Py, n € Py
are invariant parametrizations. Then ® and ¥ are Sim™(E,)-similar if and only if

Ly =Ly
Je(s) = fy(s) (43)
Pe(s) = py(s)

foralls € Lg.

Furthermore, there is the unique orientation-preserving similarity transformation F such that ¥ = F® = N;®+b, where the
orientation-preserving linear similarity transformation Ny of E; and the constant b in E; have the forms (7) and (8), respectively.
Here, N1 and b are independent of the choice of s € Le.

Proof. =>: Let ® and ¥ be Sim™(E,)-similar. Using Proposition 6, we have Ly = Ly. Hence, by Ly = Ly and Theorem 8(i),
we have & and 7 are Sim™(E;)-similar. By Theorem 2, for all s € Ly, we obtain fe(s) = f,(s) and ke(s) = k,(s).

Since £ and 5 are S-non-degenerate, with using kz(s) = k,(s), we obtain p:(s) = p,(s). So the equalities (43) hold.

& let Ly = Ly, fe(s) = fy(s) and pe(s) = p,(s) for all s € Lg. Since & € Py, n € Py, by Proposition 8(ii), we have
Ideruifz;ﬁ(s)”)| = |der(”;7nf(sj)‘"2/ @l _ 1 for all s € Lg. Using this equality and p:(s) = p,(s), we have k:(s) = k,(s) for
all s € Lp. From ke(s) = k,(s) and (43), we have (6). By Theorem 2, we obtain that & and n are Sim*(E;)-similar. Then,
there exists the unique orientation-preserving similarity transformation F such that n = F§& = N{& + b, where N; is an
orientation-preserving linear similarity transformation of E, and b is a constant in E,. Then N; and b have the forms (7)
and (8), respectively. Here Ny and b are independent of the choice of s in Ly. From & € Py, n € Py, Theorem 8(i) and
n =F&, we have ¥ = F®.

Theorem 10. Let @ and ¥ are S-non-degenerate curves such that Lo = Ly = (—00, +00) and & € Py, n € Py are invariant
parametrizations. Then ® and ¥ are Sim™(E,)-similar if and only if there exists s, € Ly such that the following equalities

{fé(5+51) = fy(s)
Pe(8) = py(s)

hold for all s € Ly.
Furthermore, there is the unique orientation-preserving similarity transformation F such that ¥ = F® = M{® + b, where
the orientation-preserving linear similarity transformation M1 of E; and the constant b in E, have the forms

(44)

Elsts)n’(s)  _ det(IE (sts1) ' 9)I)
M, = I¢/(s+s1)1 I¢/(s+s1)I? (45)
det(lI&'(s+s1) n'(S)I) (& (s+51).7'(5)
I&/(s+s1)I? I&/(s+s1)I2
and

respectively. Here M and b are independent of the choice of s in L.

Proof. =: Let @ and ¥ be Sim™(E,)-similar. Using Proposition 6, we have Ly = Ly . Hence, by Ly = Ly and Theorem 8(ii),
there exists s; € (—o0, +00) such that £(s + s1) and 5(s) are Sim*(E;)-similar. By Theorem 2(i), for all s € Ly, we obtain
fe(s+ 1) =f,(s) and ke(s + s1) = ky(s).

Since £ and n are S-non-degenerate, with using k:(s+s1) = k,(s), we obtain pz(s) = p:(s+51) = p,(s). So the equalities
(44) hold.
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&ilet Ly = Ly, fe(s +s1) = f,(s) and pg(s + s1) = p,(s) for all s € Ly and for some s; € Lp. Since & € Py, n € Py, by

|det(lé UL @nl _ Idet(ns(s/ﬂ])s (2s+s1)u>| _ |detCin's) u Dl — 1 for all s € Lo. Using this equality
I€/(s) I€/(s+51)] I'(s)]

and pg(s) = py,(s), we have kg(s+5s1) = k,(s) for all s € Ly. From k:(s+5s1) = k,(s) and (44), we have (6). By Theorem 2, we
obtain that & and 5 are Sim™(E;)-similar. Then, there exists the unique orientation-preserving similarity transformation
F such that n(s) = F&(s + s1) = M;&(s + s1) + b, where M, is an orientation-preserving linear similarity transformation
of E; and b is a constant in E;. Then M; and b have the forms (45) and (46), respectively. Here M; and b are independent
of the choice of s € Ly. From & € Py, n € Py, Theorem 8(ii) and n(s) = F&(s + s1), we have ¥ = F.

Proposition 8(ii), we have

By Theorems 5, 8(i) and 9, we omit the easy proof of the following theorem.

Theorem 11. Let @ and ¥ are S-non-degenerate curves such that Ly # (—o00, +00), Ly # (—o00, +00)and & € Py, n € Py
are invariant parametrizations. Then @ and ¥ are Sim(E,)-similar if and only if

Ly =Ly
4
{fg(s) — £ (s) (47)

foralls € Lg.
Furthermore, if @ and ¥ are Sim(E,)-similar, there is the unique similarity transformation F of E, such that ¥ = F®, then

(i) in the case pg(s) = py(s), F has the form F& = M;§& + by, where the orientation-preserving linear similarity
transformation M, and the constant by in E, have the forms (7) and (14), resp.
(ii) in the case pg(s) = —py(s), F has the form F&€ = M,A& + b,, where the orientation-preserving linear similarity

transformation M, and the constant b, in E, have the forms (15) and (16), resp.
Here My, M5, by and b, are independent of the choice of s € L.
By Theorems 5, 8(ii) and 10, we omit the easy proof of the following theorem.

Theorem 12. Let @ and ¥ are S-non-degenerate curves such that L, = Ly = (—00, 400) and & € Py, n € Py are invariant
parametrizations. Then @ and ¥ are Sim(E,)-similar if and only if there exists s; € Ly such that the following equalities

fe(s +51) = fy(s) (48)

holds for all s € Lg.
Furthermore, if @ and ¥ are Sim(E,)-similar, there is the unique similarity transformation F of E; such that ¥ = F®, then

(i) in the case pg(s + s1) = p,(s), F has the form F§ = M.& + by, where the orientation-preserving linear similarity
transformation My and the constant by in E; have the forms (45) and n(s) — M,&£(s), resp.

(ii) in the case pg(s 4 s1) = —py(s), F has the form F§ = M, A& + b,, where the orientation-preserving linear similarity
transformation M, and the constant b, in E, have the forms

(AE(s+s1).0'(5) __ det(|| A& (s+s1) n'(5)1))
& (s+s1)I? I8/ (s+s1)1?
M, = , , , ,
det(| A&/ (s+s1) 7' (S)II) (A8 (s+s1).11'(5))
18/ (s+s1)I 18/ (s+s1)I

and b, = n(s) — My A&(s), resp.
Here My, M5, by and b, are independent of the choice of s € L.

6. Some applications to mechanics
6.1. Detecting G-similarity between two paths for groups Sim(Gal, 2) and Sim™*(Gal, 2)

Let E; be the 2-dimensional Euclidean space and E; x R be the Newton space-time.

In the Introduction, we have defined the following groups:

Sim(Gal,2) ={F : E; x R —> E; x R | F(x,t) = (gx + bt, t),g € Sim(E;),b € E;, t € R}.
Sim™(Gal,2) ={F : E; x R— E; x R | F(x, t) = (gx + bt, t),g € Sim™(E;),b € E,, t € R}.
Let I = (a, b) € R. We consider the I-path &(t) = (&(t), &(t)) such that

£:1 > E (49)

is a C3-mapping. The components &(t), &(t) of £(t) are real C>-functions on I, and they are defined for all ¢ in I.

Definition 10. Two paths &, n : I — E, are Sim(Gal, 2)-similar provided there exists F € Sim(Gal, 2), where F(&,t) =
(H(&)+ bt, t), H € Sim(E,), b € E, V& € E;, Vt € I, such that n(t) = H&(t) + bt, Vt € I.
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Definition 11. Two paths &, : I — E, are Sim™(Gal, 2)-similar provided there exists F € Sim™(Gal, 2), where
F(&,t) = (H(E)+ bt,t),H € Sim™(E,), b € E;, VE € E;, Vt € I, such that n(t) = HE(t) + bt, Vt € I.

Proposition 11. Let & and n be two I-paths. Then, & and n are Sim™*(Gal, 2)-similar if and only if €' and ' are Sim™ (E, )-similar.

Proof. =: Let & and n be Sim*(Gal, 2)-similar. Then there exists F € Sim™(Gal, 2) such that n = HE+bt, H € Sim*(E;), b €
E,, Vt € I. From this equality, we obtain o’ = HE' +b, H € Sim™(E,), b € E;, Vt € I. That is, £’ and n’ are Sim™(E;)-similar.

«: Let & and n’ be Sim™*(E,)-similar. Then there exists H € Sim™(E;) such that ' = HE = K& + b,K €
LSim*(E;),b € E,,Vt € I. From this equality, we have (n — K&) = b,Vt € I. Then there exist ¢ € E, such that
n = (K& +c¢) + bt, K € LSim™*(E;), Vt € I. This means that & and »n are Sim™(Gal, 2)-similar.

The following proposition is similar to Proposition 11.
Proposition 12. Let & and n be two I-paths. Then & and n are Sim(Gal, 2)-similar if and only if &' and n’ are Sim(E,)-similar.
Remark 3. Propositions 11 and 12 reduce the conditions of Sim(Gal, 2)-similarity and Sim™*(Gal, 2)-similarity of I-paths
to the conditions of Sim(E,)-similarity and Sim™(E,)-similarity of I-paths, respectively.

In this case, we can be give the following definitions.

Using the results of this article, the similarity conditions of motions of two fluid particles can be given. For example:
Definition 12. A C3-regular I-path £ followed by a fluid particle in E, is a C3-mapping & : I — E, such that £”(t) # 0
forallt el

The following theorem is similar to Theorem 2.

Theorem 13. &, 15 :1 — E, are C3-regular I-paths followed by two fluid particles. Then & and n are Sim*(Gal, 2)-similar if
and only if

(5(2)’ 5(3)> (n(Z)’ 77(3)>

gD e (50)
det(1§® @) _ det(llnf® n|)
£ P

foralt el
Furthermore, if € and n are Sim™(Gal, 2)-similar, there exists the unique F € Sim™*(Gal, 2) such that n = F€ = RE + bt +c,
where R € LSim™(E,) has the form

<s<2>,n(22)> _ det(g® g“)u)
R = £ 1) i (51)
det(I1E? n?))) €@ .2
€@ @

and b, ¢ € E, have the forms
b=n—-RE c=n—RE—(n —REN (52)

forallt el
Here, R, b and c are independent of the choice of t in I.

Definition 13.

(i) A completely C3-degenerate path followed by a fluid particle is a C3-mapping & : I — E, such that det
(IE@e) E(0)]) = 0 for all ¢ € I.

(ii) A C3-non-degenerate path followed by a fluid particle is a C3-mapping & : I — E, such that det(||E@(t) 3(t)]) £ 0
forallt eI

The following theorems are similar to Theorems 3, 4 and 6, respectively.

Theorem 14. Let £ and n be two completely C>-degenerate C3-regular I-paths in E, followed by two fluid particles. Then &
and n are Sim(Gal, 2)-similar if and only if

{ (5(2)’ 5(3)> (n(Z)’ ,}(3)>

= 53
|g@) In@? 53)

forallt €.
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Furthermore, if & and n are Sim(Gal, 2)-similar, there exists only two elements F = F;,F, € Sim(Gal,2) such that
n = F1& = Ri& + b1t + ¢y and n = F,&€ = (Ry A)E 4 byt + ¢y, where the orientation-preserving linear similarity transformation
R1 of E; has the form (51) and the orientation-preserving linear similarity transformation R, of E; has the form

(AE@ 5(2)) _ det(lAg2) )
Ry=| 14e®F FE (54)
det(| 462 5 2))) (AE@ )
1Ag@)? |AE@)?

Here by, by, c1, ¢2 € Ep have the forms by = n' —Ri&', by = ' —Ro&', ci = n—Ri&E — (' —Ri&t, o = n—Roé — (' —Ra&')t
for all t € I, respectively.
Here Ry, Ry, by, by, c1, 3 are independent of the choice of t in I.

Theorem 15. Let £ and n be two S-non-degenerate C3-regular I-paths in E, followed by two fluid particles. Then & and 7
are Sim(Gal, 2)-similar if and only if

(2,9 0, n?)

EDF @) (55)
det([IEPEP 1 det(In®n™)
g@t g

forallt el
Furthermore, if & and n are Sim(Gal, 2)-similar, there exists the unique F € Sim(Gal, 2) such that n = F&. Then, Only the
following cases exist:

(iy) det(||€® £®)|) > 0 and det(||n® n®|) > 0 forall t € I.
(iy) det(||€? £®)|) < 0 and det(||n® n®|) < 0 forall t € I.
(i) det(J|E@ £B)) > 0 and det(||n® n®||) <0 forall t 1.
(iiy) det(]|E@ £B)) < 0 and det(||n® n®||) > 0 for all t € I.

(i) In the cases (i) and (i), F has the form F€¢ = Ri& + bt + c¢1, where the orientation-preserving linear similarity
transformation Ry of E; has the form (51) and by, ¢, € E; have the forms by = n' —R1&’,c1 = n — Ri& — (n — R{&)t
for all t € I, respectively.

(ii) In the cases (ii;) and (iiy), F has the form F€¢ = R, A& + by, where the orientation-preserving linear similarity
transformation R, of E; has the form (54) and by, ¢, € E, have the forms by = ' —Ry AE', ¢y = n—Ry AE — (' —Ry AE')t
for all t € I, respectively.

Here Ry, Ry, by, by, c1 and c, are independent of the choice of t in I.

Theorem 16. Let a;(t) and ay(t) be arbitrary real continuous functions on I. Assume that a C3-regular I-path £(t) in E,
followed by a fluid particle such that the following equalities

(2) £3)
€26 o,
£ (56)
det([|§® £3|))
7@(2)'2 = ay(t)
hold for all t € I. Then it has the following form
t r .
£ =q f el @@ +iR@)z 4 + cot + ¢, (57)
fo

where cq is an arbitrary element of C*, ¢, and c3 are arbitrary elements of C and ty, 1y € I.

Conversely, every I-path in the form (57), where c; is an arbitrary element of C*, c,, c3 are arbitrary elements of C, ty, 1y € I,
a1(t) and a(t) are arbitrary real continuous functions on I, is a C3-regular I-path &(t) in E, followed by a fluid particle and
satisfies the equalities (56) for all t € I.

6.2. Detecting G-similarity between two paths for groups Sim(Gal, m, 2) and Sim*(Gal, m, 2)
In the Introduction, we have defined the following groups transformations of space-time-mass E; x R x R*:

Sim(Gal,m,2) ={F : E; x R x R" — E; x R x R" | F(x, t,m) = (gx + bt, t, ym), g € Sim(E;),b € E;,t € R,y € R"}.
Sim™(Gal, m,2) = {F : E; x RxR" — E; xRxR" | F(x, t, m) = (gx+bt, t,ym), g € Sim™(E;),b € E;,t e R,y € RT}.
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Let I = (a, b) € R. We consider the I-path (£(t), m(t)) = (&(t), &(t), m(t)) in space-mass E; x R™ such that
x:1 —>E (58)

is a C3>-mapping and m : I — R* is a C'V-function. The components &;(t), £&(t) of £(t) are real C3-functions on I.

Definition 14. Two paths (£(t), m;(t)) and (n(t), my(t)) in the space-mass E; x R are Sim(Gal, m, 2)-similar provided
there exists F € Sim(Gal, m, 2), where F(&,t, m) = (H&(t) + bt, t, ym),H € Sim(E;),b € E, y € R, V&(t) € E,, Vt €1,
such that n(t) = H&(t) 4+ bt and my(t) = ymy(t), Vt € .

Definition 15. Two paths (&(t), my(t)) and (n(t),
there exists F € Sim*(Gal, m, 2), where F(§, t, m) =
b € E;, y € RT,VE(t) € E3, Vt € 1, such that n(t) =

,(t)) in the space-mass E, x R™ are Sim™*(Gal, m, 2)-similar provided
(HE(t) + bt, t, ym), H € Sim™(E;),
HE(t) 4+ bt and my(t) = ymy(t), Vt € 1.

Definition 16. An I-path (£(t), m(t)) in the space-mass E, x R™ is called C3-regular if £(t) is C3-mapping such that
£d(t)£0forallt el and m(t) #0forallt el.

The proofs of the following theorems are similar to the proofs of Theorems 13 and 16, respectively.

Theorem 17. Let (£(t), mq(t)) and (£(t), my(t)) be C3-regular I-paths in the space-mass E, x R*. Then (£(t), m;(t)) and
(&(t), my(t)) are Sim™(Gal, 2)-similar if and only if

(5(2)’ 5(3)> (n(Z)’ 77(3)>

g2 @
det(11E® €91 _ det(lln® n)) (59)
2l P

1 1
m(e)  mie)

my(t) my(t)

forallt €.

Furthermore, if (£(t), my(t)) and (£(t), my(t)) are Sim™*(Gal, 2)-similar, there exist the unique F € Sim™*(Gal, 2) and the
unique y € R such that n(t) = F&(t), my(t) = ymy(t) for all t € I, where FE(t) = RE(t) + bt + c. In this case, the
orientation-preserving linear similarity transformation R of E;, b,c € E, and y have the forms (51), b = n' — R&',c =
n—RE—(n —RENt €Eyand y = m; forallt €1.

Here, R, b, c and y do not depend on't € I.

Theorem 18. Let ay(t), ax(t) and as(t) be arbitrary real continuous functions on I. Assume that a C3-regular I-path £(t) in
E, followed by a fluid particle such that the following equalities

(€2, €0) _
W = ay(t),
det(|E@ £)))
W = ay(t), (60)
m(”(t) B
mo) = ax(t)

hold for all t € I. Then it has the following form

6. )
g(t—) — Cl/ efro(al(z)+lﬂz(l))dzdr +C2t + cs,
to (61)

m(t) = kel @32z

where ¢y and k are arbitrary elements of C*, ¢, and c3 are arbitrary elements of C and ty, 1o, p € L.

Conversely, every I-path in the form (61), where ¢, and k are arbitrary elements of C*, c,, c3 are arbitrary elements of C,
to, 70, p € I, ay(t), ay(t) and as(t) are arbitrary real continuous functions on I, is a C>-regular I-path £(t) in E, followed by a
fluid particle and satisfies the equalities (60) for all t € I.

Remark 4. Obtained other results in this paper can be given for the groups Sim(Gal, m, 2), Sim*(Gal, m, 2), Sim(Gal, 2)
and Sim™(Gal, 2).
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7. Conclusion

The results of this paper may be useful in many areas of pure and applied mathematics, physics, similarity and
dimensional methods in mechanics. The complete systems of invariants of mechanical systems for the group Mech(n)
are important in mechanics. (see references [1,2,8,10-13,15-17,21,22,26,28-30] and the references therein). Since the
automatic identification of similar objects and two-dimensional similarity detection in the field of pattern recognition,
computer vision and vision-based applications are one of the most important problems, results in the present paper may
be used in mentioned fields. Moreover, similarity and fluids are also important in cosmology (see [7,14,34]). Methods,
developed in the present paper, might be useful in the theory of fluids and relativistic fluids.
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