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1. Introduction

A Lagrangian variational formulation for nonequilibrium thermodynamic has been proposed in the papers [10,11] for
finite dimensional and continuum closed systems and for open systems in [13], see [14] for a review. This variational
formulation extends the Hamilton principle of classical mechanics to include irreversible processes such as friction, heat
or mass transfer in the equations of motion. It is a type of Lagrange-d’Alembert principle with nonlinear constraints and
it follows a very systematic construction from the given thermodynamic fluxes and forces of the irreversible processes.
This formulation is based on the concept of thermodynamic displacements which are defined as the primitive in time of
the thermodynamic forces. This variational formulation has a naturally associated geometric description given in terms
of Dirac structures, as shown in [12].

Historically, the proposed general formalisms for nonequilibrium thermodynamics have been mainly constructed
via appropriate modifications of Poisson brackets, as initiated by Kaufman [19], Morrison [22] and Grmela [15]. Since
then, this approach has been developed for a large list of systems, see, e.g. [16]. Other classes of brackets have been
proposed, e.g. [1,4,5]. Unlike the variational formalism, most of these bracket formalisms do not follow from a systematic
construction but have often been derived via a case-by-case approach, with slightly different axioms used in different
situations.

* Corresponding author.
E-mail addresses: gaybalma@Imd.ens.fr (F. Gay-Balmaz), yoshimura@waseda.jp (H. Yoshimura).

https://doi.org/10.1016/j.geomphys.2020.103812
0393-0440/© 2020 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.geomphys.2020.103812
http://www.elsevier.com/locate/geomphys
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2020.103812&domain=pdf
mailto:gaybalma@lmd.ens.fr
mailto:yoshimura@waseda.jp
https://doi.org/10.1016/j.geomphys.2020.103812

2 F. Gay-Balmaz and H. Yoshimura / Journal of Geometry and Physics 158 (2020) 103812

In this paper, we show that the variational formulation proposed in [10,11] systematically yields the two main bracket
formalisms, namely, the single and double generator brackets. Moreover, in the case of a linear relation between the
thermodynamic fluxes and the thermodynamic forces, the metriplectic [23] or GENERIC [16,25] bracket is recovered.
Specifically, we focus on the case of simple thermodynamic systems, in which only one entropy variable is needed, but
allowing for internal mass transfer. The general case will be studied elsewhere. We also consider the reduced versions
of these brackets for systems on Lie groups, by using the reduction by symmetry of the variational formulation of
thermodynamics developed in [3].

The derivation of such brackets from the variational formulation for continuum system has been illustrated in [6] in
the context of multicomponent fluids.

2. Variational formulation of nonequilibrium thermodynamics

In this section we review from [10] the variational formulation for the thermodynamics of adiabatically closed and
simple systems. We start with the simplest case of mechanical systems with friction and then extend it to the case with
internal mass transfer.

2.1. Variational formulation for mechanical systems with friction
Consider a thermodynamic system described only by a mechanical variable ¢ € Q and an entropy variable S € R. The
Lagrangian of this thermodynamic system is a function
L:TQ xR—>R, (q,v,S)— L(q,v,S),

where TQ denotes the tangent bundle of the mechanical configuration manifold Q with local coordinates (g, v). We assume
that the system involves external and friction forces given by fiber-preserving maps F&!, F : TQ x R — T*Q, i.e., such
that F(q, v,S) € T;Q, similarly for FeXt, As stated in [10], the variational formulation for this system is given as follows:

Find the curves q(t), S(t) which are critical for the variational condition

B ftz L(q, 4, S)dt + /tz (F*(q.q.S), 8q) dt =0, (1)
t t
subject to the phenomenological constraint
5@ 4,58 = (F0.0.9).4). (2)
and for variations subject to the variational constraint
£(0.0.555 = (F(0.,5),5q). 3)

with 8q(t1) = 8(](1’2) =0.

This variational formulation yields the system of equations
d oL dL oL .
—— — — =F"q,q5S), —=S=("q,qS5)aq.
d9q  aq (4,4.5) ags = (4.4.5), 9)

The first equation is the Lagrange-d’Alembert equation, giving the balance of mechanical momentum, while the second
one gives the rate of entropy production of the system

. 1 ) .
S=—= <Ffr(q7 q,S), Q),

T
with T = —%(q, g, S) the temperature of the system. From the second law the friction force F™ must satisfy
(F™(q.q.5).4) <0, forall (q.q,S). (4)
For instance, for a friction force linear in velocities, we have
Fifr = _)\ij‘.]j,
where A, i,j = 1,...,n are functions of the state variables with the symmetric part of the matrix A; positive

semi-definite.
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2.2. Variational formulation for systems with internal mass transfer

The previous variational formulation can be extended to systems experiencing internal diffusion processes. Diffusion is
particularly important in biology, where many processes depend on the transport of chemical species through bodies, see
Oster et al. [24]. Consider a thermodynamic system consisting of K compartments that can exchange matter by diffusion
across walls (or membranes) on their common boundaries. We assume that the system has a single species and denote by
N the number of moles of the species in the kth compartment, k = 1, ..., K. We assume that the thermodynamic system
is simple; i.e., a uniform entropy S, the entropy of the system, is attributed to all the compartments. The Lagrangian of
this thermodynamic system is thus a function

L:TQ x R¥' - R, (q,v,S,Ny,...,Ng) > L(q,v,S, Ny, ..., Ng). (5)
We denote by 7% = — 7%>¢ the molar flow rate from compartment £ to compartment k due to diffusion of the species.
In general, we have the dependence
oL dL
{—k {—k
= S, Ni, Ny, 6
J J ( ko Nes o Ne 9 N() (6)
The variational formulation involves the new variables W*, k = 1,...,K, which are examples of thermodynamic

displacements and play a central role in our formulation. In general, we define the thermodynamic displacement associated to
an irreversible process as the primitive in time of the thermodynamic force (or affinity) of the process. This force (or affinity)
thus becomes the rate of change of the thermodynamic displacement. In the case of matter transfer, W* corresponds to
the chemical potential of Nj. The variational formulation for a simple system with internal diffusion process is stated as
follows.

Find the curves q(t), S(t), WX(t), Ni(t) which are critical for the variational condition

[ . 5]
8/ [L (q.4,S,Ny, ..., Ng) + W"Nk]dt + / (F*, 8q) dt =0, (7)
t t
subject to the phenomenological constraint
aL .
75 — Ffl‘ . (—)ka 8
S Z 7 (8)

k=1

and for variations subject to the variational constraint

aL
585_ Ffr 6q Zj@ﬁkswk (9)
k=1

with 8q(t;) = 8q(ty) = 0 and 8WX(t;) = sWk(t,) =0, k=1, ..., K.

These conditions, combined with the phenomenological constraint (8), yield the following system of evolution
equations for the curves q(t), S(t), and N¥(t):

- = Ffr Fext,
dt g 9q +
K

_ L—k _
M= ;j . k=1,... K, (10)
oL . oL
75 — Ffr L—k - ).
as ;‘7 8Nk N,

The last equation in (10) yields the rate of entropy production of the system as

§=-= ZJ‘H"(M" ), (11)
k<t
with pk := Wk=— ‘” the chemical potentials. The two terms in the right-hand side of (11) correspond, respectively, to

the rate of entropy productlon due to mechanical friction and that due to matter transfer. From the second law, F™ and
J*¢ must satisfy

(Ff.g)<0 and Mk —uY <o (12)
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When a linear relation is assumed between the forces and fluxes, we have relations
Fifr _ —Agi]i and T = Gk — b, (13)

where Ay, i,j = 1,...,n and G, k,¢ = 1,...,K are functions of the state variables, with the symmetric part of the
matrix A positive semi-definite and with Gk > 0, for all k, ¢.

Note that in both variational formulations (1)-(3) and (7)-(9), the two constraints are related in a very systematic way,
suggested by the relation

D JeAt Y J8A%,

with J, the thermodynamic flux and A% the thermodynamic displacement of the process «. This systematic correspon-
dence holds for finite dimensional and continuum closed systems, and is at the core of the formulation in terms of Dirac
structures, Gay-Balmaz and Yoshimura [10,11,12].

For simplicity, from now on we set the external forces F*! to zero. They can be easily included in our developments
below, and yield an additional term in the various bracket formalisms.

3. Single and double generator brackets

In this section we shall show that the variational formulation has the property to systematically induce and unify
several bracket formulations for nonequilibrium thermodynamics proposed earlier in the literature, such as the single
generator bracket, the double generator bracket, and the metriplectic (or GENERIC) bracket.

3.1. Bracket formulations in nonequilibrium thermodynamics

There are two main approaches to the bracket formulation for irreversible processes in the literature: the single
generator and double generator formulations. In this paragraph we quickly review the structure of these two brackets.
Let M be a Poisson manifold, with Poisson bracket {, }. We denote by H € C*°(M) the Hamiltonian and by S € C*®(M)
the entropy. We assume that {H, S} = 0.

In the single generator formalism, Beris and Edwards [1] and Edwards and Beris [4,5], the evolution of an arbitrary
functional F € C*°(M) is governed by

%F = {F,H} + [F, H], (14)
where the dissipation bracket [F, H] is linear and a derivation in F, it can be nonlinear in H, and satisfies [H, H] = 0
and [S, H] > 0. These last two requirements are the first and second laws of thermodynamics, respectively. Since both
the reversible (Poisson) and dissipation brackets use the same generator H, this is referred to as the single generator
formalism. The bracket formulation (14) yields the dynamical system m(t) = Xy(m(t))+ Dy(m(t)), where Xy = JdH is the
Hamiltonian vector field associated to H, with J : T*M — TM the Poisson tensor, and the vector field Dy is determined
from [F, H] = dF - Dy, for all F, which follows since F — [F, H] is a derivation.

In the double generator formalism, the evolution of an arbitrary functional F € C*°(M) is governed by

%F = {F,H}+ (F,S), (15)
where the dissipation bracket (F, G) is symmetric, bilinear and satisfies the Leibniz rule, as well as (H,S) = 0 and
(S,S) > 0. These are precisely the axioms given in [ 19]. Since the Poisson and dissipation brackets use different generators
(H for Poisson and S for dissipation), this is referred to as the double generator formalism. The bracket formulation (15)
yields the dynamical system m(t) = JdH(m(t)) + KdS(m(t)), where as before JdH = Xy is the Hamiltonian vector field
associated to H, and the symmetric vector bundle linear map K : T*M — TM, K* = K, is such that (F, G) = (dF, KdG),
which follows from the fact that (F, G) is symmetric and a derivation in each factor, and where K* : T*M — TM is the
dual map of K, given by (K*«, ) = («, KB), for all «, B € T*M.

Sometimes, the stronger requirements that {G,S} = 0, (H, G) = 0, (G, G) > 0, for arbitrary G € C*°(M) are imposed,
in which case the system (15) is termed metriplectic, Morrison [23]. For example, this is what is used in the GENERIC
formalism, see [16,25]. When considering macroscopic systems, typically only bilinearity, (H, S) = 0, and (S, S) > 0 seem
to be required on physical grounds.

3.2. Derivation of the single generator bracket

Consider the system (10), assume that the Lagrangian L in (5) is hyperregular with respect to the mechanical part and
define the associated Hamiltonian H : T*Q x RX*! — R by

H(q,p,S,Ny,...,Ng) = (p,v) — L(q,v,S, Ny, ..., Ng),
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where v is such that g—ﬁ = p. In terms of H, system (10) can be equivalently written as
oH oH
q — — D — — *N Z~>k
G=5, P=—g FF o= ZJ o
8H oH JoH BH
S — <Ffr’ 7> Zek(i _ 7)
- 3s ap + é 7 oNy  ONg
In this system, the dependence of the fluxes in (6) is written in terms of the Hamiltonian H as
oH
F' = (q, % ,S),
(17)
gk = jz—>k<5 Ne. Ny, 1 oH 8H)
ON,” 0N,

For a given function F € C®(T*Q x RK*1), by computing its time derivative

d dF 9F
TN N
p aq U5 P+ 5s +Z k

along a solution curve of (16), we directly deduce the form (14), with {, } the direct sum of the canonical Poisson bracket
on T*Q and the zero bracket on RX*! where the dissipation bracket is computed as

oF aF oF oF oH 9H  OH
F.H] = <Ffr’ > Z e—>k( _ ) _ s |:<Ffr’ > Z £—>k( )]
LF. H] ap t2.7 N, AN, ot ap t2.7 aN, AN, (18)
k<t aS k<t

In this expression we recall that both F and 7¢~* may depend on H via (17). One directly checks that the conditions
{H,S} =0, [H, H] = 0 are satisfied. The condition [S, H] > 0 is satisfied if and only if (12) holds.

We have thus recovered the single generator formalism from the variational approach. This formulation does not
impose a specific dependence (such as a linear dependence) of the thermodynamic fluxes' F™ and 7!~ on the
thermodynamic forces.

3.3. Derivation of the double generator bracket

Starting again from the system (10) obtained from the variational formulation, we compute as before the time
derivative of an arbitrary function F € C*®(T*Q x RX*!) along a solution of (16). The expression (18) has now to be
interpreted as the bracket (F, S). Hence it suffices to multiply this expression by 1 = % to symmetrize in F and S the
resulting expression, and finally to replace S by an arbitrary function G to finally get the symmetric bracket

3F\ G dG\ dF
(F.G) = <Ffr ) <Ffr’7>7
ap! aS op! oS
9F \ 9G 9G 3G\ oF
k(7" 7 {—k _ s
+ZJ (BNk AN, )as +k2<;j (aNk aN,g)as (19)

1 JoH oH oH JF 0G
_ WRFﬁ’ 7> n Zjeek< _ 7)]77
‘a—s ap P dNj dN, /13§ aS

One directly checks that the bracket (F, G) is symmetric, bilinear and satisfies the Leibniz rule, as well as (H, S) = 0. The
condition (S, S) > 0 is satisfied if and only if (12) holds.

In a similar way with the single generator bracket above, this formulation does not impose a specific dependence
(such as a linear dependence) of the thermodynamic fluxes FT and 7¢~* on the thermodynamic forces. Note that the
bracket (19) takes a somehow complicated form. However, as we show below, in the case of a linear relation between
the thermodynamic forces and the thermodynamic fluxes, the expression of this bracket is useful to systematically derive
a metriplectic bracket.

3.4. Derivation of the metriplectic bracket

The bracket (19) is not metriplectic since one has

(F,H) = <Ff‘ 8—F>8H + ZJ‘*"( oF _ ﬁ)aﬂ #0 (20)
k<t

apl as aN. N,

1 In the terminology of thermodynamics, the friction force F'™ in mechanics may be regarded as thermodynamic flux (not ‘thermodynamic’ force
nor affinity) by convention.
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in general for an arbitrary function F. Let us assume as in (13) that the thermodynamic fluxes F and 7¢~* depend linearly
on their corresponding thermodynamic forces as

oH oH
(q, S, N) — .
ap 8p
oH oH oH oH
‘7(%"(5, Nk, —— N, ) —ka'(* - 7)
BN aNg aNk aNl
where A = A(q,S) : T,Q — T;Q is symmetric positive semi-definite and where G = G*(S, Ny, N;) > 0 for all k, £. Using

these relations in the expression (20) by writing them in terms of an arbitrary function G, and subtracting it from (F, G),
we get the symmetric bracket

dG 0F\0H G G oF oF \ 0H
(F, Gmet = (F. )+ 1 = =)= +y o G —a) Gy =37 ) 35
Bp apl aS — 8N;< ONg/ \ON 9N,/ dS

A direct computation using (19) and rearranging the terms finally yields the expression

1 [9FOH  9H 9F 9GIH  0H aG
(FaG)met:(;T — A |l ==
s \ogpas opas’” \opds dpas
1 OF  OF \OH (dH  0H\9F
7 2 Gy o) s~ G v s
T ; aNe 0N,/ 39S \aN. 9N/ s

G aG \ 0H oH oH \ 0G
x [<8Nk am) 3s (E)Nk aNl) as]'
From this, one directly checks that (H, G)met = 0, and (G, G)met > O, for arbitrary G € C*°(T*Q x R¥*1) by (13), therefore
(F, G)met is a metriplectic (or GENERIC) bracket. We note that S = (S, S) = (S, S)met. The structure of the first line of
the bracket (, )mer above is a finite dimensional analogue of that of the metriplectic bracket for viscous heat conducting
fluid presented in [21]. We refer to Eldred and Gay-Balmaz [6] for a similar derivation of the metriplectic bracket for
multicomponent fluids, via the variational formulation.

When comparing the derivation of the single and double generator brackets from the variational formulation, it is
obvious that the derivation of the single generator bracket is more direct, and does not need any specific transformations
from the expression deduced from (16). One also notes that the bracket [, ] does not depend on the Hamiltonian of the
system. In other words, the expression [F, G] only depends on the functions F and G, and not on the Hamiltonian H. A
nonlinear dependency of the thermodynamic flux on the thermodynamic forces is thus directly reflected in the way the
single generator bracket depends on its second argument. This is in contrast with the expression (F, G) of the double
generator bracket, which intrinsically depends on a given Hamiltonian H. In this case, a nonlinear dependency on the
thermodynamic forces does not appear explicitly in the dependence of (F, G) on F and G.

4. Systems on Lie groups and reduction by symmetries

We now consider the case where the mechanical configuration space is a Lie group and where both the Lagrangian and
the friction force have a symmetry with respect to a subgroup of G. We first recall below from [3] how the variational
formulation (1)-(3) can be reduced by extending the Euler-Poincaré reduction to the case of thermodynamics. From
this, the reduced versions of the single and double generator brackets can be derived similarly as above, as well as the
metriplectic (or GENERIC) bracket in the case of a linear relation between the forces and the fluxes. We also establish the
relations with the double bracket dissipation developed in [2]. For simplicity, we do not consider the transfer of matter
in this section. We refer to Marsden and Ratiu [20] and Holm [17] for background on Euler-Poincaré reduction.

4.1. Variational formulation for thermodynamic systems with symmetries on Lie groups

Let us assume that Q = G is a Lie group and that the Lagrangian L : TG x R — R is left H-invariant, where H C G is a
subgroup. We also assume that the friction force F™ : TG x R — T*G is left H-equivariant. In local notations, this means
L(hg, hv,S) = L(g,v,S),  F"(hg, hv,S) = hF"(g, v, S),
for all h € H. We denote by
N=G/H>n=gH

the quotient space. It is naturally acted on by G from the left. For £ € g, the Lie algebra of G, we denote by &y(n) € T,N
the infinitesimal generator of the left action of G on N. From the above H-invariance, the Lagrangian and the friction force
induce their reduced versions

£:gxNxR— R, ffgx NxR— g*
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defined by
(g, v,S) =L, n,S), F™g v,8)=g"( nS)
where £ =g-lveg,n=g 'HeN.

When such symmetries are assumed, the variational formulation (1)-(3) can be equivalently formulated at the reduced
level as follows, see [3].

Find the curves &(t), n(t), and S(t) which are critical for the variational condition

ty ty
5/ Z(S,n,S)dt+/ (f™&.n,S),n) dt =0,
5} f
subject to the phenomenological constraint

al .
g(g’ n, S)S = (ffr(%.’ n, S)? $> s
and for variations subject to the variational constraint
ol
556,988 = {f*&.n.8).m).

and the Euler-Poincaré constraints

8¢ =n+[n &, dn+nn(n)=0.

This principle yields the following system of evolution equations for the curves £(t) € g, n(t) € N, S(t) € R:
d ot ol al
22 —adr = — (7) fr ext’
arae g g S
al .

—S=("g, n n) =0,

35 . &) + &n(n)

where the last equation is deduced from the definition n(t) = g(t)H € N and where J : T*N — g* is the momentum map,

given by (J(an), £) = (an, &y) foralln € N, o, € T*N and £ € g. From now on, we set f¢ = 0, for simplicity. In absence
of thermodynamic effects, this reduction process recovers the Euler-Poincaré reduction, see [9,18].

(21)

4.2. Derivation of the reduced single generator bracket

Consider the system (21), assume that the Lagrangian ¢ is hyperregular and define the associated Hamiltonian h :
g“x N xR — R by

h(p, n,S) = (n, &) — €&, n,S),
where £ is such that % = . In terms of h, system (10) can be equivalently written as

oh
po=ad%, p +J<8f> +f",
n

Em

= %) i+ (%)N(n) =0,

(22)

where the dependence of f' is written in terms of h as
oh
fr fr
= —, n, S).
=15

For a given function f € C*®°(g* x N x R), by computing its time derivative
d of . of . of .
—f == )+ (- i) + 55,
i <ap, ’“‘>+<an >+ 3s
along a solution curve of (22), we directly deduce the single generator form (14), with {, } the Poisson bracket on g* x N xR
given by

e = [ )+ (e Gol- G G
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and where the dissipation bracket is computed as

.1, ) = {f". f) anﬂ EE) (23)

One directly checks that the conditions {h, s}"¢ = 0, [h, h]®® = 0 are satisfied. The condition [s, h]" > 0 is satisfied if
and only if (4) holds.
This is the reduced version of the bracket [, ] given in (18), in absence of matter transfer.

4.3. Derivation of the reduced double generator bracket

Starting again with (22) and proceeding exactly as in Section 3.3 we get the reduced symmetric bracket

i ﬁ>a£ {r ag>3f <fr §Z>%aﬁ (24)

“onlas aui_* 3S 3S”

red _
(f’g) (lu“vn3s)_< as

One directly checks that the reduced bracket (f, g)®¢ is symmetric, bilinear and satisfies the Leibniz rule, as well as
(h, S)4 = 0. The condition (S, S) > 0 is satisfied if and only if (4) holds.
This is the reduced version of the bracket (, ) given in (19), in absence of matter transfer.

4.4. Derivation of the reduced metriplectic bracket

Like its unreduced version (19), the bracket (24) is not metriplectic, since (f, h)*¢ # 0 in general for an arbitrary
function f. Let us assume as in (13) that the friction force F™ depends linearly on the velocity. Its reduced version is

oh oh
£ ( ., s) y(n,$)-
au’ 3/L
where for eachn € Nand S € R, y(n,S) : ¢ — g* is the symmetric positive semi-definite linear map defined from
rMg,S) : T,GC — Tg*G as

y(n,$)-& =g (Mg, S)-v)

withé =g lvegn=g 'HeN.
Proceeding exactly as in Section 3.4, we define the reduced metriplectic bracket from the reduced double generator
bracket as

g 8f>8h
o’ oulas

From this, a direct computation using (24) and rearranging the terms finally yields the expression

<8f oh  oh of (ag oh  0oh 8g>>

0 . S) = (. + (-

(f. &meeles 1. S) = 5 duds o as

ES

One directly checks that (h, g)‘edt =0,and (g, g)°4 > 0, for arbitrary g € C*(g* x N x R) since y is positive semi-definite,

met —

therefore (f, g)™4. is a metriplectic (or GENERIC) bracket. We note that § = (s, s)® = (s, s)rd

met met*

4.5. Coadjoint orbits and double bracket dissipation

Let us assume that H = G, so that system (22) reduces to

=2

and the variable n is absent. We note that in general the solutions of this system do not preserve the coadjoint orbits
Ouy = {Adz o | g € G} of g*, which are well-known to be preserved in absence of irreversible processes, Marsden and

_adﬁh :u'+ffr7 -
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Ratiu [20]. Indeed, in this case f™ = 0 so the first equation in (25) reduces to the Lie-Poisson equations
fr=ad%, u
ap

on g*, while the second gives S = cst.

It is however possible to choose the friction force in (25) in such a way that the coadjoint orbits are preserved. For
the development below it is convenient to write the friction force directly in terms of the momentum g as (u, S) =
ff‘( oh 'g). Recall that the tangent space to a coadjoint orbit at u € Oup 18 T,O0,y = {adg‘ n | & € g}, Marsden and Ratiu
[20] "From this expression of the tangent space and from Eq. (25) it is clear that the coadjoint orbits are preserved if and
only if the friction force is of the form f™(u, §) = adzw’s) u, for some function ¢ € C*(g* x R). From the second law and

the second equation in (25), the friction force must be dissipative. Since

(. ). %) (a0 §Z> = ~{ad% . 21 5).

the choice ¢(u, S) = [ad o ] , where i : g* — g is the sharp operator associated to an inner product y : g x g — R on

g, yields the dissipative force

(e, $) = ad? ;1. (26)
[+ #]
Em
In absence of the entropy variable, (26) recovers the expression of the dissipative external force obtained by double
bracket dissipation in [2]. In our setting, it is interpreted as an internal friction force describing an irreversible process
occurring in the system, and leading to an increase of the entropy.
For the choice (26), the reduced single generator bracket (23) becomes

3f
[F. B, S) = —y (ady i, ady ) + 5 o (ad . adiy ).
Em Em Em

while the reduced double generator bracket (24) becomes

0 0 1
(f7 g)rEd(/J’a s) 4 (ad df M, ad dh ,LL) 8§ (ad :)g M, ad’t’h l’l’) ag + dh y(ad%:ih M, ad r)h )

of og
3S as”

In order to derive the metriplectic bracket, we shall select a coadjoint orblt O,, and consider the system (25) as
restricted to O, x R, which is possible with the choice of friction force given in (26).

As explained in [2] in absence of entropy variable, when restricted to a given coadjoint orbit O,,,, the force (26) is
minus the gradient of the Hamiltonian restricted to O, with the gradient computed with the respect to the normal
metric YOu, induced on O, by the inner product y on g. In our case, including the entropy variable, we have

(1, S) = ad?

s =—=V,h(n,S) € T,0,,, (27)
[+ #]
I3

where, for each fixed S, the partial gradient V,h(u, S) € T, O,,, of h|@u0 with respect to p is defined by

You, (V h(u, S), 8/") = du(h|(9u0) <8, Yiu e Tuouo-

Here dﬂ(hlou ) e T 0, denotes the differential of the Hamiltonian h restricted to O,,,, the variable S being fixed.
Now using the expression of the friction force given in (27) and proceeding similarly as in Sections 3.4 and 4.4, we get
the metriplectic bracket on the manifold O, x R as

{f g}ouo +(f g)met )

where {f, g}©o is the Poisson bracket associated to the orbit (Kirillov—Kostant-Souriau) symplectic form on Oy, (€., [20])
1o

and where (f, g)get is given by

(e

1 oh 0 oh 0
-8t (11:9) = 701, (Vr / V%)

— —V,h—,V,g— —
aS TIPS

One dlrectly checks that (h, g)met( ,S) = 0, and that (g, g met (14, S) > 0, for arbitrary g € C®(0,

(f, g)met (u, S) is a metriplectic (or GENERIC) bracket.

To summarize this paragraph, system (25) with the friction force chosen as in (26) preserves the coadjoint orbits and
is a thermodynamic extension of the double bracket dissipation equations for Euler-Poincaré systems introduced in [2].
Moreover, we have shown that this system can be written by using either the single or the double generator bracket
formalism, as well as the metriplectic formalism, when restricted to a coadjoint orbit.

o X R), therefore
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5. Conclusions

In this paper we have shown that the variational formulation of nonequilibrium thermodynamics introduced in [10,11]
yields a direct and systematic way to derive the main classes of bracket formalisms that have been proposed earlier in
the literature. We have illustrated this for the case of a simple system involving a mechanical component together with
internal mass transfer and concretely explained how to derive the bracket formalisms in this case. The brackets derived
for this case do not seem to have appeared earlier in the literature. We have also shown that reduction by symmetry
can be implemented on these bracket formalisms by using an existing reduction process with irreversible process on the
Lagrangian side. From this, we have obtained the symmetry-reduced versions of the single and double generator brackets,
as well as of the metriplectic (or GENERIC) bracket in the case of a linear relation between the forces and the fluxes. We
also have established the relations with the double bracket dissipation.

While we have considered simple adiabatically closed systems, our approach can be extended to a larger class of
systems, such as nonsimple or open systems, following the variational formulation in [13]. We project to explore this
issue in a future work, as well as possible relations with the bracket formalism for selective decay developed in [7,8].

Acknowledgments

F.G.B. is partially supported by the ANR, France project GEOMFLUID, ANR-14-CE23-0002-01; H.Y. is partially supported
by JST, Japan CREST, JPMJCR1914, ]JSPS, Japan Gtant-in-Aid for Scientfic Research (A), 177H01097, the MEXT Top Global
University Project and Waseda University, Japan (SR 2020C-194, Interdisciplinary institute for thermal energy conversion
engineering and mathematics).

References

[1] A.N. Beris, BJ. Edwards, Thermodynamics of Flowing Systems with Internal Microstructure, Oxford University Press, 1994.
[2] A. Bloch, P.S. Krishnaprasad, J.E. Marsden, T.S. Ratiu, The Euler-Poincaré equations and double bracket dissipation, Commun. Math. Phys. 175
(1996) 1-42.
[3] B. Couéraud, F. Gay-Balmaz, Variational discretization of thermodynamical simple systems on Lie groups, Discrete Conint. Dyn. Syst. Ser. S 13
(4) (2019).
[4] B.J. Edwards, A.N. Beris, Noncanonical Poisson bracket for nonlinear elasticity with extensions to viscoelasticity, Phys. A: Math. Gen. 24 (1991)
2461-2480.
[5] BJ. Edwards, A.N. Beris, Unified view of transport phenomena based on the generalized bracket formulation, Ind. Eng. Chem. Res. 30 (1991)
873-881.
C. Eldred, F. Gay-Balmaz, Single and double generator bracket formulations of multicomponent fluids with irreversible processes, Phys. A: Math.
Gen. (2020) http://dx.doi.org/10.1088/1751-8121/ab91d3, in press.
[7] F. Gay-Balmaz, D.D. Holm, Selective decay by casimir dissipation in inviscid fluids, Nonlinearity 26 (2013) 495-524.
[8] F. Gay-Balmaz, D.D. Holm, A geometric theory of selective decay with applications in MHD, Nonlinearity 27 (2014) 1747-1777.
[9] F. Gay-Balmaz, C. Tronci, Reduction theory for symmetry breaking with applications to nematic systems, Physica D 239 (20-22) (2010)
1929-1947.
[10] F. Gay-Balmaz, H. Yoshimura, A Lagrangian variational formulation for nonequilibrium thermodynamics, Part I: discrete systems, J. Geom. Phys.
111 (2017) 169-193.
[11] F. Gay-Balmaz, H. Yoshimura, A Lagrangian variational formulation for nonequilibrium thermodynamics, Part II: continuum systems, J. Geom.
Phys. 111 (2017) 194-212.
[12] F. Gay-Balmaz, H. Yoshimura, Dirac structures in nonequilibrium thermodynamics, J. Math. Phys. 59 (2018) 012701-012729.
[13] F. Gay-Balmaz, H. Yoshimura, A variational formulation of nonequilibrium thermodynamics for discrete open systems with mass and heat
transfer, Entropy 20 (3) (2018) 1-26, http://dx.doi.org/10.3390/e20030163.
[14] F. Gay-Balmaz, H. Yoshimura, From Lagrangian mechanics to nonequilibrium thermodynamics: a variational perspective, Entropy 21 (1) (2019)
1-39, http://dx.doi.org/10.3390/e21010008.
[15] M. Grmela, Bracket formulation of dissipative fluid mechanics equations, Phys. Lett. A 102 (1984) 355-358.
[16] M. Grmela, H.-C. Ottinger, Dynamics and thermodynamics of complex fluids, 1. Development of a general formalism, Phys. Rev. E (3) 56 (1997)
6620-6632.
[17] D.D. Holm, Geometric Mechanics. Part I. Dynamics and Symmetry, second ed., Imperial College Press, London, 2011, p. xxiv+441.
[18] D.D. Holm, J.E. Marsden, T.S. Ratiu, The Euler-Poincaré equations and semidirect products with applications to continuum theories, Adv. Math.
137 (1) (1998) 1-81.
[19] A. Kaufman, Dissipative Hamiltonian systems: A unifying principle, Phys. Lett. A 100 (1984) 419-422.
[20] J.E. Marsden, T.S. Ratiu, Introduction to Mechanics and Symmetry, A Basic Exposition of Classical Mechanical Systems, second ed., in: Texts in
Applied Mathematics, vol. 17, Springer-Verlag, New York, 1999.
[21] P. Morrison, Some Observations Regarding Brackets and Dissipation, Technical Report, University of California, Berkeley, 1984.
[22] P. Morrison, Bracket formulation for irreversible classical fields, Phys. Lett. A 100 (1984) 423-427.
[23] P. Morrison, A paradigm for joined hamiltonian and dissipative systems, Physica D 18 (1986) 410-419.
[24] G.F. Oster, A.S. Perelson, A. Katchalsky, Network thermodynamics: Dynamic modelling of biophysical systems, Q. Rev. Biophys. 6 (1973) 1-134.
[25] H.-C. Ottinger, M. Grmela, Dynamics and thermodynamics of complex fluids, ii. illustrations of a general formalism, Phys. Rev. E 56 (1997)
6633-6655.

6


http://refhub.elsevier.com/S0393-0440(20)30152-2/sb1
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb2
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb2
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb2
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb3
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb3
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb3
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb4
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb4
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb4
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb5
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb5
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb5
http://dx.doi.org/10.1088/1751-8121/ab91d3
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb7
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb8
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb9
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb9
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb9
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb10
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb10
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb10
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb11
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb11
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb11
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb12
http://dx.doi.org/10.3390/e20030163
http://dx.doi.org/10.3390/e21010008
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb15
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb16
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb16
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb16
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb17
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb18
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb18
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb18
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb19
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb20
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb20
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb20
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb21
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb22
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb23
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb24
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb25
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb25
http://refhub.elsevier.com/S0393-0440(20)30152-2/sb25

	From variational to bracket formulations in nonequilibrium thermodynamics of simple systems
	Introduction
	Variational formulation of nonequilibrium thermodynamics
	Variational formulation for mechanical systems with friction
	Variational formulation for systems with internal mass transfer

	Single and double generator brackets
	Bracket formulations in nonequilibrium thermodynamics
	Derivation of the single generator bracket
	Derivation of the double generator bracket
	Derivation of the metriplectic bracket

	Systems on Lie groups and reduction by symmetries
	Variational formulation for thermodynamic systems with symmetries on Lie groups
	Derivation of the reduced single generator bracket
	Derivation of the reduced double generator bracket
	Derivation of the reduced metriplectic bracket
	Coadjoint orbits and double bracket dissipation

	Conclusions
	Acknowledgments
	References


