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Abstract

Using Fedosov’s approach we give a geometric construction of a formal symplectic groupoid over
any Poisson manifold endowed with a torsion-free Poisson contravariant connection. In the case of
Kihler—Poisson manifolds this construction provides, in particular, the formal symplectic groupoids with
separation of variables. We show that the dual of a semisimple Lie algebra does not admit torsion-free
Poisson contravariant connections.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A symplectic groupoid over a Poisson manifold M is a symplectic manifold 2’ endowed with
a partially defined multiplication and the source, target, inverse, and unit mappings satisfying
several axioms. In particular, the source and the target mappings are a Poisson and an anti-
Poisson mapping from X' to M, respectively. Symplectic groupoids play the role of semiclassical
counterparts of associative algebras treated as quantum objects. Symplectic groupoids were
introduced independently by Karasév [11], Weinstein [14,3], and Zakrzewski [16]. There is a
corresponding notion of a formal symplectic groupoid on the formal neighborhood (X, A) of a
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Lagrangian submanifold A of a symplectic manifold X' whose principal example is the formal
neighborhood (X, A) of the Lagrangian unit space A of a symplectic groupoid on a symplectic
manifold X' (see [10]). Formal symplectic groupoids were first introduced in [2] in terms of
formal generating functions of their (formal) Lagrangian product spaces. It was shown in [10]
that to each natural deformation quantization on a Poisson manifold M there corresponds a
canonical formal symplectic groupoid on (T*M, Z), where Z is the zero section of T*M. The
main result of [2] is the description of the formal symplectic groupoid of Kontsevich deformation
quantization. The formal symplectic groupoid of Fedosov’s star-product was described in [9].
This paper is motivated by the following observation. On the one hand, it is known that
deformation quantizations with separation of variables (also known as deformation quantizations
of the Wick type, see [7] and [1]) are a particular case of Fedosov’s deformation quantizations
(see [12]). On the other hand, it was shown in [10] that the corresponding formal symplectic
groupoids “with separation of variables” can be naturally extended from Kihler manifolds to
Kéhler—Poisson manifolds, while it is impossible to extend the star-products with separation of
variables to the Kdhler—Poisson manifolds in a naive direct way (see [8]). In this paper we show
that the construction of the formal symplectic groupoids of Fedosov’s deformation quantizations
from [9] can be naturally extended to the Poisson manifolds endowed with a torsion-free Poisson
contravariant connection. We call the formal symplectic groupoids obtained via this construction
Fedosov’s formal symplectic groupoids.

On a Kihler—Poisson manifold, there is a natural torsion-free Poisson contravariant
connection which we call the Kdhler—Poisson contravariant connection. We show that Fedosov’s
formal symplectic groupoid constructed with the use of the K&hler—Poisson contravariant
connection is a formal symplectic groupoid with separation of variables.

Any symplectic manifold admits symplectic (torsion-free) connections and therefore Poisson
torsion-free contravariant connections. However, this is not the case for general Poisson
manifolds. We prove that the dual space of a semisimple Lie algebra does not admit a torsion-free
Poisson contravariant connection.

2. Linear contravariant connections

Contravariant derivatives were introduced by Vaisman in [13]. The corresponding notion of a
contravariant connection was extensively studied by Fernandes in [5].

Let M be a Poisson manifold endowed with the Poisson bivector field I7. Then the Poisson
bracket of functions f, g € C°°(M) is given by

{f. g} =1(df dg).
Define a bundle map # : T*M — T M by the formula
(B, #a) = 1 (a, B),

where a, B € 2'(M) are 1-forms on M and (-, -) is the natural pairing of T*M and TM. It is
known that on the space 2! (M) of 1-forms on M there is a Lie bracket

[a, Bl = Lo B — Luga — dIl(a, B),

where a, 8 € 2'(M) and L denotes the Lie derivative. If « = df and 8 = dg for
f, g € C®°(M), then

[df.dgl =d{f, g} ey
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The mapping # induces a Lie algebra homomorphism from 2! (M) to the Lie algebra of vector
fields on M, Vect(M), so that for o, B € 21 (M)
#la, B] = [#a, #06]. 2)

A contravariant connection V*® on a vector bundle £ on M is a bilinear mapping V*® :
I'(T*M) ® I'(E) — I'(E) satisfying the axioms
() V/es = fves;
(i) VO(fs) = fV¥s + #a(f)s,
where f € C®°(M),a € 2'(M), and s € I'(E).

A covariant connection V, on E induces a contravariant connection V* as follows:

V% = Vi, 3)

It is known that there exist contravariant connections that are not induced by a covariant
connection.

Let V* be a contravariant connection on 7*M. Its torsion TV and curvature R are defined
by the formulas

TV(a, p) = VB — Via — [a, B]
and

RY (e, pyy = VVPy — vIvey — vielly,
where a, 8, ¥ are 1-forms on M. The transposed contravariant connection ’ V* of a contravariant
connection V* is defined as follows:

'V B =VPa +[a Bl

so that TV («r, B) = V¥B — V¥ B. The transposed connection of ' V* is V°.
To any linear covariant connection V, on T M there corresponds a covariant connection on
T*M which will be denoted also by V,. In local coordinates {x'}

Vadj =Tk and  Vydx/ = —Ijdxt,

where 9; = 9/dx’ and Fl’; are the Christoffel symbols of V,. Similarly, to any contravariant

connection V® on TM there corresponds a contravariant connection on 7*M which will be
denoted also by V*. In local coordinates

Vo, =T*a  and  V¥de = —dxb,
where F,ﬁj are the Christoffel symbols of V*. In particular, if a contravariant connection V* is
induced by a covariant connection V, according to (3), then
ij _ il
Iy =n"Ij,

where 7%/ is the Poisson tensor corresponding to /7.

To a given covariant connection V, on T M there corresponds the transposed connection 'V,
on TM such that Fffj = Fjlfl., where F/; and ! Ff.‘j are the Christoffel symbols of V, and 'V,
respectively. For vector fields X, Y € Vect(M)

'VyY =VyX+[X, Y], “4)
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so that the torsion Ty (X, Y) of V, is given by the formula
Tv(X,Y) = VxY — ’VX Y.

The transposed connection of V., is V,. Given a covariant connection V,, one can construct a
pair of contravariant connections (V*, tV*) induced by V. and 'V, respectively, according to
(3). The connection TV* is in general different from the transposed contravariant connection ' V*°.
For 1-forms «, B € 21 (M) it follows from (2)—(4) that

TV 48 — VP#a — #a, B] = 0. 5)

A pair (V°, tV*) of contravariant connections satisfying (5) is a natural counterpart of a single
covariant connection. We will call such connections associated. In general, one cannot recover
one of the associated connections V®, TV from the other.

Lemma 1. Contravariant connections V*, 1V* are associated if and only if in local coordinates
their Christoffel symbols I',:’ and T, respectively, satisfy the following condition:
wikrlt = gk trit (©6)

Proof. It is enough to check (5) for @ = dx’ and g = dx/. Using (1) and the Jacobi identity for
the Poisson tensor 7%/ we obtain that

Py gy — dej#dxi — #dx, dxi] = TV (k)

i
0
de/(j_[lka ) Ska — 7_[ an_ak +7Tjk T]'vll al
amik o o' - , G
—nff—ax O — ’kajlal ~ oy ko = (n’k TF}{I —n’kfkjl) 0,

whence the lemma follows. [

Lemma 2. A covariant connection V, respects the Poisson bivector field II if and only if the
contravariant connection 1V* induced by 'V, is torsion-free.

Proof. Denote by T'V the torsion of the connection TV*. Taking into account that TF;{j =
lS‘ IF] — JT”FJ we get

i qin (i i 0T g
7'V (dx', dx/) = (— r+1rf -2
i .
= (ank + 1w ‘J+Fkl )dxk:—<V3k7rU)dxk,
whence the claim follows. O

Thus a pair of associated contravariant connections (V*, TV') such that TV* is torsion-free
can be thought of as a natural counterpart of a covariant connection V, which respects the Poisson
bivector field /1.

Lemma 3. If contravariant connections (V*, TV') are associated then for a, B,y € {2 1

(V1) B.y) = 1T (. TV (B, 7)). )
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In particular, if fve is torsion-free then the contravariant connection V® respects the Poisson
bivector field II.

Proof. Using (6) we obtain (7) by the following calculation:

dxm_ij mk o'l mi _kj mj ik
Vv T =T W +Fk T +Fk g
= gk (—tpY ptpit ),
( ETE T

A contravariant connection V*® which respects the Poisson bivector field II is called Poisson
in [5]. A connection V* is Poisson if and only if it satisfies the condition

#VYB = VOHp (8)

for any o, B € 2V (M). It was shown in [5] that on any Poisson manifold there exist Poisson
contravariant connections.

Assume once again that a pair (V*, TV*) of contravariant connections is induced by a pair
(V, IV.) of covariant connections. If V, is torsion-free, then V® = TV, Thus a contravariant
connection V* which satisfies the condition

Ve#B — VPita — #a, B1 =0 ©)

can be thought of as a natural counterpart of a torsion-free covariant connection.
If a contravariant connection V* satisfies condition (9) and is torsion-free, it can be considered
as an analogue of a torsion-free covariant connection which respects 1.

Lemma 4. A torsion-free contravariant connection V*® respects the Poisson bivector field 11 if
and only if it satisfies (9).

Proof. Assume that V*® respects I and therefore satisfies (8). Then (9) immediately follows
from (8) applied to the condition that V* is torsion-free. Conversely, if V*® is torsion-free and
satisfies (9) it follows from Lemma 3 that V* respects I1.

It follows from Lemma 4 that if V* is a torsion-free Poisson contravariant connection on M,
then it is associated to itself and one can consider the pair (V®, V*®) as an example of a pair
of associated connections (V*, TV') such that TV* is torsion-free. Conversely, if contravariant

connections (V*, TV') on M are associated and T V* is torsion-free then there exists a torsion-free
Poisson connection on M.

Proposition 1. If contravariant connections (V°®, tV*) are associated and TV* is torsion-free
then

@o _ l (V. + tye +Tvo)
3
is a torsion-free Poisson contravariant connection.

Proof. It is clear that V* is torsion-free. Taking into account Lemmas 1, 3 and 4 we see that it
remains to show that the Christoffel symbols of the connection V*,

1 iy L 9mdi iy
Weg(Went 4 B+,
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satisfy the condition
nikf”kﬂ =gkl
which immediately follows from (6), (7), and the Jacobi identity for the Poisson tensor 7/, [J

On a symplectic manifold there exist symplectic (torsion-free) covariant connections. A
symplectic covariant connection induces a torsion-free Poisson contravariant connection.
Another important example of torsion-free Poisson contravariant connections appears in the
context of Kéhler—Poisson manifolds. We call a complex manifold M Kihler-Poisson if it is
endowed with a Poisson tensor g/* of type (1, 1) with respect to the complex structure. Here k and
[ are holomorphic and antiholomorphic indices, respectively, with respect to local holomorphic
coordinates {z*} on M. The Jacobi identity for the Poisson tensor g* takes the form
fsﬂ _ l_sag_tk and fsﬂ _ fkails
o 8 o oz % Tz
One can introduce a torsion-free Poisson contravariant connection V*® on M with the following
Christoffel symbols:
_ Tk _ Tk
ri--%. % (10
(the symbols with the other types of indices are equal to zero). We call this contravariant
connection Kihler—Poisson. If g’* is nondegenerate, M becomes a Kihler manifold and the
contravariant connection V* is induced by the Kéhler connection.
We are going to show that the Poisson manifold which is the dual of a semisimple Lie algebra
does not admit torsion-free Poisson contravariant connections. First we need to prove a technical
lemma.

Lemma 5. On a semisimple Lie algebra g any linear mapping Q : g — g such that
(X, 0] =Y, Q(X)] (11)
forall X,Y € g vanishes.

Proof. Let Q : g — g be a linear mapping satisfying (11). The Killing form B(-,-) on g is
a nondegenerate invariant symmetric bilinear form. Thus B([X, Y], Z) = B(X, [Y, Z]), which
implies that the function (X, Y, Z) = B([X, Y], Q(Z)) = B(X, [Y, Q(Z)]) is antisymmetric
in (X, Y) and symmetric in (Y, Z). It can only happen if © = 0. Since B is nondegenerate and
for g semisimple [g, g] = g, we obtain that 0 = 0. O

Let g be a real finite-dimensional Lie algebra with a fixed basis {X’} and the structure
constants ¢, so that

(X, x7] = ¢ x*.

Denote by {x’} the corresponding linear coordinates on the dual g* of the Lie algebra g. The
standard linear Poisson structure on g* is given by the formula

7l =l Xk, (12)
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Assume that V* is a torsion-free Poisson contravariant connection on g* with the Christoffel
symbols I, . Thus
L JU _ ik pJl _ _jk il
_Fk +Fk —87—0 and T Fk =TT ‘Fk' (13)

Formulas (12) and (13) imply that
7o+ 0 —c/ =0 and /o) = 170). (14)
Introduce a bilinear mapping I" : g ® g — g such that
rxt, xy = —r ox*.
It follows from (14) that the mapping I'(X, Y) satisfies the following conditions:
Ir'x,y)y-ry,x)—[x,vy1=o0 (15)
and
X, I'(Y,Z2)]=1Y, I'(X, Z2)]. (16)

If g is a semisimple Lie algebra it follows from Lemma 5 and formula (16) that for any element
Z € g the mapping g > X — ['(X, Z) vanishes, which implies that I" = 0. However, according
to (15) the skew-symmetric part of I'(X,Y) is %[X , Y]. This contradiction shows that on the
dual of a semisimple Lie algebra endowed with the standard linear Poisson structure there are no
torsion-free Poisson contravariant connections. It is interesting to compare this statement with
the theorem by Gutt and Rawnsley that the dual of a semisimple Lie algebra does not admit a
tangential deformation quantization (see [6] and also [15]).

In the rest of the paper we will show that using Fedosov’s approach one can give a geometric
construction of a formal symplectic groupoid (see [10]) on an arbitrary Poisson manifold
endowed with a torsion-free Poisson contravariant connection.

3. Nonlinear contravariant connections

The formal neighborhood (X, Y) of a submanifold Y of a manifold X is the ringed space on
Y whose ring of global sections is C*°(X)/ Ny, I’;, where Iy denotes the ideal of functions in
C°°(M) vanishing on Y (see the Appendix to [9]). Let p : E — M be a vector bundle with
a finite dimensional fibre. Denote by Vect(E, Z) the Lie algebra of formal vector fields on the
formal neighborhood (E, Z) of the zero section Z of E. If M is a Poisson manifold we call a
mapping D*® : 2'(M) — Vect(E, Z) a contravariant connection on the formal neighborhood
(E, Z) if it satisfies the axioms

D/* = p*(f)D%,  [D° p*fl= p*((Ho) f).
where o € 21(M) and f € C®(M).
Remark. If D* leaves invariant the space of fibrewise linear functions on (E, Z), then it is
induced by a linear connection on the dual bundle E* — M. In general, this is not the case and

D* will be referred to as a nonlinear contravariant connection on (E, Z). This object is analogous
to an Ehresman connection.
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We will be interested in the nonlinear contravariant connections on the formal neighborhood
(T*M, Z).
If V* is a linear contravariant connection on M with the Christoffel symbols I/, it induces a
contravariant connection V* on (T*M, Z) expressed locally as
_ 9 0
VO =gl — e —,
o TIKE &,
where {x?} are local coordinates on M lifted to (T*M, Z) and {£;} are the dual fibre coordinates.
For a global vector field v € Vect(M) written locally as v = v'9; denote by 0 the
multiplication operator by the global function on C ®(T*M, Z) whose local expression is
v! (x)&;. For a global 1-form a € 02'(M) written locally as @ = «;dx’ denote by & the global
operator on C*°(T*M, Z) written locally as «; %.

Define the torsion 7P of a nonlinear contravariant connection D® on (T*M, Z) as the skew-
symmetric bilinear mapping from 2'(M) ® ey 2'(M) to the space Vectyen(T*M, Z) of
vertical vector fields on the formal neighborhood (T*M, Z) given by the formula

7, ) = [D% ] - [, &] [, Bl
It is a morphism of C°°(M)-modules. A nonlinear contravariant connection D® on (T*M, Z)
can be written in local coordinates as follows:
0 .0

Ddxi — is _ Al—, 17
T oow T s, 17

where A§ = Ai(x, &) is a formal function (the fibre coordinates {&;} are treated as formal
variables). Locally

D i J __Y_______
TR A = 50 58~ 98 08 ov 98 (18)

One can check that the torsion TV of a contravariant connection V* is related to the torsion 7'V
of the induced contravariant connection V® on (T*M, Z) as follows:

V(o B) = TV (@, B)

for any o, B € 21 (M).
A contravariant connection V* respects the Poisson bivector field /I if and only if the induced
mapping V* satisfies the equation

(77 %] 8] = [[7".4] . #]

for any a, B,y € 21(M). We will call a nonlinear contravariant connection D*® Poisson if it
satisfies the condition

(07 %a]. 8] = [[07.4]. 78] 19)

for any o, B,y € R1(M).
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A simple calculation shows that D*® written in local coordinates as in (17) satisfies (19) if and
only if

ns O DAY DAY

7' =0. (20)
ax* 0&; 0&;

Linear contravariant connections (V*, TV*®) are associated if and only if the mappings
Ve, fve . QY (M) — Vect(E, Z) satisfy the condition

(19 #B] - [V7. #a] — e, B = 0. @1)
We will say that nonlinear contravariant connections (D*®, tD*) satisfying
[Fp*,#B] — [D* #a] — #la. B1 =0 (22)

forany «, B € ! (M) are associated. One can check that if, locally,

i 0 .0 i 0 .0
DY =g — —Al—  and DY =gl — kI, (23)
ax*s T & ax*s © o0&
then (22) is equivalent to the condition
Al = nS K. (24)

Using formulas (18), (20) and (24) one can prove the following lemma.

Lemma 6. If nonlinear contravariant connections (D*®, TD') are associated and T D*® is torsion-
free, then the nonlinear contravariant connection D*® is Poisson.

The Poisson structure /7 on M induces a fibrewise presymplectic form 2 on T*M given
locally by the formula

1.
= zn’”dé‘i AdE;.

Denote by Hy the subspace of C°°(T*M,Z) of Hamiltonian functions of the fibrewise
presymplectic form (2. Namely, F € H, if there is a vertical formal vector field Hr €
Vectyer (T*M, Z) such that

W(HF)2 = —d¢ F,

where d¢ is the fibrewise differential. The choice of Hp is, in general, not unique. If locally
Hr = aq; 3%__, then

oF
a&;
It follows from (25) that

:—ﬂjiajzn’ijaj. (25)

7l % — nkj@_ (26)
08k 0&;
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The space H; is a Poisson algebra with respect to the pointwise product and the bracket {-, -},
defined as follows:

G .
{F,G}_QZHFGZ—H(;FZ(lig=JTl/aibj, 27

i
where F, G € Hyp and, locally, Hr = a,-a% and Hg = bia%.

Remark. For any formal function F € C*(T' M, Z) its pullback F # with respect to the mapping
# belongs to Hy,. For F = F(x, y) we have F*(x, &) = F(x, &n"). Therefore

aF* L (aF\!
— =7 — ,
d&i ay/
where {y'} are the local fibre coordinates on T M dual to {&;}.

Proposition 2. Given a Poisson nonlinear contravariant connection D®, the formal vector fields
D%, o € RY(M), are derivations of the Poisson algebra (Hg, {-, -} o).

Proof. For F' € H) assume that locally Hr = a; % and formula (25) holds. In order to prove
the proposition we have to show that
0

bi— = [D™', Hp],
" 9g,

is a Hamiltonian vector field of the local Hamiltonian function Dd"i F,i.e., that

a%j( dxiF>:njzbt_ (28)

We have, using (25),

9 ( dxiF> _ 0 (nisa_F_Ai8F>:n,ix 82F _%a_F

JE; JE; axs S0 OxS0E;  0E; 0%,
. 3%F 9 . JAL S99
— Al =g — (n’ta,) — gl — A’Sn”ﬁ (29)
08,08, oxs 0 08
_ nisnjt% + i 37Tﬂat _ 8_Alfnsza[ _ Ainj’%~
3x’ axs JE; ST g,

On the other hand we obtain that

9 9 3 9
by = [71” — Al —} (30)

S_sa[
& axs 98 0&
isdar d ;04 9 +aA;' 3

shg ag T ag ko
0x* 0&; 085 086 d& 0§

Taking into account that D* is a Poisson connection we obtain formula (28) from (20), (29) and
(30), whence the proposition follows. [
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4. Lifting functions via formal nonlinear connections

There is a natural grading deg on the space C*°(T*M, Z) by the powers of the formal fibre
variables &;. It induces a grading on the endomorphisms of C*°(T*M, Z). Thus deg(§;) = 1 and

deg (aig,) = —1. For a linear contravariant connection V® on M and a 1-form o € 21 (M) we

have deg (@0‘) = 0. A nonlinear contravariant connection D*® can be expanded into a £-adically
convergent series

D'ZD:1+D6+"',

where Dj is the homogeneous component of D® of degree d. There is a unique contravariant
connection V* such that Dg = V*. For any d # 0 the component Dj is a mapping from (M)
to Vectyer(T*M, Z). The mapping o +— D*, determines uniquely a linear endomorphism v p
of the cotangent bundle 7*M such that

Do_‘1=1ﬂ/D@

for all « € 2'(M). We will call a nonlinear contravariant connection D® invertible if
Y¥p is invertible. We will give necessary and sufficient conditions on an invertible nonlinear
contravariant connection D® under which the system

D*F =0 3D

with the initial condition F|z = p*(f)|z has a unique solution F € C*(T*M, Z) for an
arbitrary f € C*°(M).

The curvature of a nonlinear contravariant connection D*® is a skew-symmetric morphism of
C(M)-modules

RP : V(M) ®@cooury 21 (M) — Vectyer (T*M, Z)
such that for o, B € 21 (M)
RP(a, p) = [D*, DP] — D>,

If a nonlinear contravariant connection D* is written locally as in (17), then

Co i 7 ami ;9
RD(dxl,dxj)zI:Ddx’Ddx/]_%Ddxk: It{/_, (32)
x 08k
where
ij ' (1) 1 pt (47 o 0T s
R/ =-D (Ak) +D (Ak) + oA 33)
System (31) written locally takes the form
L OF (OF
s PR ;a—ss (34)

Since D* is invertible, the matrix (A’l) is formally invertible. Denote by (B;) its inverse. System

(34) is equivalent to the following one:
OF _ pijs OF

ae = B o (35)
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It is well known that system (35) has a unique formal solution F (x, £) with the initial condition
F(x,0) = f(x) for an arbitrary smooth function f(x) if and only if the operators

Bi»Ddxj — Bl‘,njsi _ i
J J oxs aéi
pairwise commute. We have, taking into account the identity
NEL J pdxk 4P\ pa
DY B} = —B,D™ (A}) B;
and formulas (32) and (33), that
[Bip*", B/ p™'| = Bip™" (B/) D% — B/ D*" (B]) D' + BB/ [D*", D]
. : k ) k 1
= B{B] (—D%" () BgD™" + D* (ak) BED" + [ D™, D*'])
— Bi B.] Rkl _ aﬂkl AS Bq Ddxp + Ddxk Ddx’
= Prby q oxs 4 p ’

o 9 o 3
= BiB/ (R’;lBngx” + R’;’@) = B}(B/qu‘lqu,nps%.

Since the matrix (B;) is invertible, we obtain the following proposition.

Proposition 3. For an invertible nonlinear contravariant connection D*® written locally as (17)
system (31) with the initial condition F (x,0) = f(x) has a unique solution F = F(x, &) for an
arbitrary smooth function f(x) if and only if

RYBixPs =0, (36)
where R](;l are the coefficients of the curvature of the connection D® given by formula (33) and
(B;) is the inverse of (A’j)

Proposition 3 gives only a local necessary and sufficient condition of the existence and

uniqueness of solutions of system (31). To give a global criterion, we assume additionally that
the invertible connection D* has an associated invertible nonlinear contravariant connection T D®.

Suppose that D® and T D*® are written locally as in (23). Since D*® and TD*® are invertible, there
exist the inverse matrices (B;'.) and (L;) of (Ai.) and (K ;.), respectively. It follows from (24) that
niSB_'! = anLi. 37

Then, if R’;l are the coefficients of the curvature R?, condition (36) is equivalent to the following
one:

Ril79SLY = 0. (38)
Since (L;) is invertible, we obtain that (38) is equivalent to the condition
kl __qs __
Rq a1 =0

which means that the vertical formal vector field RP(dx*,dx!) annihilates the fibrewise
presymplectic form (2. Thus we arrive at the following theorem.
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Theorem 1. Ler (D°, TD‘) be a pair of associated invertible nonlinear formal contravariant
connections. Then system (31) with the initial condition F|z = p*(f)|z has a unique solution
F € C®(T*M, Z) for an arbitrary f € C>®(M) if and only if for any a, B € 2'(M) the
vertical vector field RP («, B) is in the kernel of the fibrewise presymplectic form f2,

. (RD(tx, ,3)) 0=0.

Another important property of such a pair of contravariant connections is given by the
following lemma.

Lemma 7. Let (D*,TD®) be a pair of associated invertible nonlinear formal contravariant
connections. Then the kernel of the connection D*® is a subspace of H ).

Proof. Write the connections D® and  D* locally as in (23) and let (Bi) and (Li ) be the inverse
matrices of (A‘) and (Kj) respectively. If F € C*®°(T*M, Z) is a solution of system (31), then
Fisalsoa solutlon of system (35). It follows from formula (37) that

OF _ _iips OF
98 I x5

which implies that F € Hp. O

In general, system (31) can have the same space of solutions for different nonlinear
contravariant connections D®. Given two pairs of associated invertible nonlinear contravariant
connections, (DY, TDT) and (D3, TDE), one can show that if for any «, 8 € ! (M)

[0 #8] = [D5. #5].

then the kernels of the connections DI, DE coincide.

5. The fundamental equation

In this section we will assume that (V*, TV') are associated global contravariant connections
with TV* torsion-free on a Poisson manifold (M, II). Starting with these connections, we are
going to construct a global Poisson morphism 6 : (C*°(M), {-,-}) — (Hgo, {-, ‘}n).

Consider local nonlinear contravariant connections

ad ad
U Iy'E — Jj U s
ox’ 85 s &
w2
o Gl

p¥' — pis % (39)

tpor —pis Lyt O P (40)

ax*
where F,éj , Tfﬁcj are the Christoffel symbols of the connections V°, TV', respectively, and
v,i = v,i(x, &), w,i = w,i (x, &) are formal functions.
It follows from formulas (21) and (22) that connections D*® and D* are associated if and only
if

7l = gsw!
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Connection T D*® is torsion-free if and only if

Bu);C 8w,{
og; o0&
or, equivalently, if there exists a formal function u (x, &) such that
; duy
wk - .
0&;
Now assume that D*® and T D*® are associated and T D* is torsion-free. We will write
TDdxizj-[iSi_i_Tpijs.i_%i_ 41
R A DR

The condition that D*® and T D* are associated takes the form

. 0 d (m/u

aivyl = pis 24 (—S) (42)
0§ 9§

It follows from (42) that 77/%u; is a local Hamiltonian function for the fibrewise presymplectic

structure defined by (2.

The coefficients Ié,ij of the curvature RV of the mapping V* are given by the formula
arl? ALY g

R — is _ s .
k ax*s 5 axs 5 axs

g — T I)"6) + I T)%). (43)
Denote by £ the fibrewise Euler vector field on 7*M expressed locally as

d
5=$k@

and introduce a skew-symmetric bilinear morphism of C°°(M)-modules
0 : ' (M) @cxy 21 (M) — C®(T*M)
as follows:
_ 1 ©
O.p)=52(8 RV @.p)).
Introduce a function Q% = Q(dx’, dx/). Then
_ .. 1 i
0Y = S&n" K. (44)
Using formulas (6), (7) and (44), and the Jacobi identity for the Poisson tensor 7/ one can show

that

i 1 .. . 0 d
T RY) = gatat (G () = g (1))

d (
agp
+l,£t7rkllljp+ l,ipnkllljl. (45)
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The right-hand side of (45) is symmetric with respect to the permutation of the indices p and .
It follows from (44) and (45) that
) (46)
Lo

Formula (46) means that for any indices i, j the function Q'/ is a local Hamiltonian function for
the presymplectic structure defined by 2. This can be written globally as follows:

((RV(@. ) 2 = —d: Ol B).

The coefficients R, of the curvature R of the connection D* are expressed as

. _ av av ot i av'j
Rl/ — Rl./ _ k k s [1117 k
kT O il el Sl T
vl 8vj RO
+ I’ —+r”’ b= TP ik ] K (47)
P ok, *9& I

We want to show that there is a function Q% such that

.. 9 .
%R = 2 ol (48)
kg,

Taking into account Lemma 3 we get from (47) that

] (n’kvj> thi ij
. . ) k .0 (v ort/
n,th;CJ — T[th[l(] _ jTlS ( k) lk

+ n]S S
ax?s ax?s axs Yk
i 8( * li) 9 (vl )
[‘Slp%‘p as _i_[vyjl’%-p (aS k) _F;tj_[sk J +FJZ7TSkUk (49)
S s

j .
_I_vintkaﬂ _ vjntk%
S T

Using formulas (26), (42) and (46) we obtain from (49) that

thlJ _ i <Q1] 7'[ a (ﬂlkuk) —{—]‘[jsa (nikuk) n 37-[ij n,sk
t

kT G oxs ox’ axs Tk
; 3 (/% u ; 3 (*u
— I"Slpgp ( 85 k) 4 Fs]p‘i:p (8g k) + T[”Ul Ut]> ) (50)
S N
Formulas (27) and (50) imply that (48) holds for
07 = 079 () ) ()
i .

urt . (51

daxs
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Let U be a global vertical 1-form on (T*M, Z). For a 1-form « € 2'(M) define an element
U(a) € C®(T*M, Z) as follows:

Ue) = (U, &).

The mapping 2'(M) 3 a — U(x) from 21(M) to C>®°(T*M, Z) is a global morphism of
C°°(M)-modules. Now assume that U is a global vertical 1-form on (7*M, Z) for which there
exist local potentials ux(x, &) and v,i (x, &) (on a covering by coordinate charts) satisfying (42)
and such that

U(dx') = n'*uy, (52)
up = —&(mod £2),  and v} = 8} (mod &). (53)

We see from (42) and (52) that U () € H, forany o € 2L (M.
Introduce local contravariant connections D® and ¥ D* by formulas (39) and (41), respectively.
Thus TD® is torsion-free. It follows from (42) that D® and tD* are associated. Conditions

(53) imply that both D*® and TD* are invertible. Lemma 7 means that system (31) with F €
C°(T*M, Z) has the same solutions as system (31) with F € H . It follows from (27) and (42)
that if F € Hy, system (31) can be rewritten as

VYF = {U(a), F}g. (54)
Introduce a global skew-symmetric mapping

Q : 2" (M) ®cxur) 2" (M) — C(T*M, Z)
by the formula

O, B) = Q(a, B) — VU (B) + VU (@)
+U([a, B) + {U (), U(B)} . (55)

It is easy to check that Q is a morphism of C*(M)-modules. Notice that
Q(dx', dx’) = QY.
where Q' is given by formula (51). It follows from formula (48) that
((RP(@. p)) 2 = ~de (@, B. (56)

We obtain from Theorem 1 and (56) that for any f € C° (M) system (54) has a unique solution
F € Hgp suchthat F |, = p*(f) if and only if

d¢ O(a, B) =0. (57)

Taking into account conditions (53) we get from (57) that

Q(a, B) = I (a, B).

Summing up the results obtained in this section we can state the following theorem.

Theorjem 2. If U is a global vertical 1-form on (T*M, Z) which has local potentials uj(x, )
and v;{ (x, &) such that conditions (42), (52) and (53) hold and which satisfies the equation
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(e, ) = O, B) = VAU(B) + VU ()
+U([a, BD) +{U(a), U(B)}n, (58)
then for any f € C°°(M) system (54) has a unique solution F € H ) such that F |; = p*(f).
We call Eq. (58) the Fundamental Equation. If U is as in Theorem 2, introduce the mapping
0:C®M)— Hp
which maps f € C°(M) to the solution F € Hy, of system (54) with the initial condition
Flz = p*(f). We get from Lemma 6 and Proposition 2 that the mapping
Hgo s F > V'F —{U(a), Flg

is a derivation of the Poisson algebra (H, {-, -}2), whence we see that the solutions of system
(54) are closed with respect to the Poisson bracket {-, -} . Using this fact one can readily show
that the mapping 6 is a Poisson morphism.

Proposition 4. If U is a global vertical 1-form on (T*M, Z) which has local potentials uy(x, &)
and vy (x, &) such that conditions (42), (52) and (53) hold and which satisfies the Fundamental
Equation, the corresponding mapping 0 is a Poisson morphism from (C®°(M),{-,}) to

(HQ, {" }Q)

The following theorem which states the existence and uniqueness of a normalized solution of
the Fundamental Equation can be proved by induction.

Theorem 3. Given a pair (V°®, fve) of associated contravariant connections on M such that

tve is torsion-free, there exists a unique global solution U of the Fundamental Equation (58)
which satisfies the normalization condition

(U,&€) =0 (59)
and has local potentials uy(x, &) and v,i (x, &) such that conditions (42), (52) and (53) hold.

We will give a recurrence formula for
u' = Udx) (60)

which proves the uniqueness part of the theorem. For a function a(x, §) € C*°(T*M, Z) denote
by «® its homogeneous component of degree s with respect to the fibre variables &. Assume
that U is a normalized solution of the Fundamental Equation. Locally normalization condition
(59) reads

W' =0, (61)
where u' is given by (60). The Fundamental Equation can be written locally as follows:
. B B By 8nijk .
n’sz’f—quJ+Vx'u'+a—ku +{u', u'} . (62)
x
Taking into account formulas (27), (44) and (53), observe thqt 0V is que_ldratic in &, the Poisson
bracket {-, -}, reduces the degree of homogeneity by two, (') = —7i ¢;,and for F € Hpp
oF

(@)Y, Fyg = {—n"g;, Fg = % (63)
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Extracting from (62) the homogeneous component of degree s — 1, s > 2, we obtain, using (63),
the following formula:

AwH®  awH®

=al, (64)
0% dE; *
where
aif = (07)" " = () v ()
o' 6D R (t+1) (, jy(s—1)
+ o () + LD @l (65)
1=

Taking into account normalization condition (61), we find a unique solution of (64) which
provides a recurrence formula for u':

@H® = —axs, (66)

Remark. The existence part of the proof of Theorem 3 involves a simultaneous recursive
calculation, along with u', of the local potentials u; and v}, satisfying (42) and the condition

u = nikuk.

This calculation is based upon the following observations. The function g’ can be represented
in the form

ai" = n’kAjk, (67)
where
_ a(u/HYs—b 9 (s=1)
Ay = (At - —( e I D i
ox

(s 1) il s=2 IN@+1)
ou om/ _ o(u
u(s 1) Z ( )

+ /" & @)D,

axk ! — 3
and
o1 w (OTORT 9ty Ip
Aizifﬁq”]m< i rral UL S

This provides a recurrence formula for uy:

. 1 ;
() _ J g,
uy _s+1As;k51'

On the one hand, to obtain a recurrence formula for v,i we have to satisfy the condition

3(ui)(S)

— n,jk(vi )(S*l)'
JE; k
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On the other hand, it follows from (66) that

9 i(s) 1 . 9 il
@) 1 a;JJrigl _
0&; s+1 0&;

Formulas (67) and aéj = —a;f i imply that
af = wik(—Al).

One can check that

il
oy _ ik gil
agj sk
where
. _.\(5=2) IO i) 3(vi)e—2
i _ il __im k Im k
By = <Rk) d xm o axm
_ pimg 3(v) 2 L rimg 3 (vj)e=?
n m 85,1 n m aé_n —
+Fim(vl )(372) — Flm(vi )(572) + o'’ (vm)(572)
k m k m I k
s=2 NG [\(s—t—1)
a(vy) I (s—i—1 - a(vy)
+ ) (=TT O —— .
tgl < O&m " " &y

Thus we can give a recurrence formula for v; :

o 1 . .
(vllc)(s D _ m <_A§;k + B;{k5§1> .

2003

Next we want to give a recurrence formula for the unique global solution F € H; of system

(54) with the initial condition F© = f, f € C*(M). Extracting from the equation

V& F = () Flg

its homogeneous component of degree s — 1, s > 1, we obtain, using (63), the following formula:

9F® .
= ﬂl,
0&; y

where

. s—1 )
'8; — ﬁdx’F(S—l) _ Z{(ul)(t-i-l)’ F(S_t)}ﬁ-

t=1

Thus we get a recurrence formula for F:

1 .
F© = = B&;.

(68)

(69)

(70)
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6. Fedosov’s formal symplectic groupoids

Assume that on a Poisson manifold M with the Poisson tensor 7%/ there is a pair of associated
global contravariant connections (V°, TV') with Tve torsion-free, and on (T*M, Z) there is a
global vertical 1-form U with local potentials u; and v,i as in Theorem 2. These local potentials
define associated local nonlinear invertible contravariant connections D® and TD* given by
formulas (39) and (41). Thus TD*® is torsion-free. Assume also that there exist global tensors
P; and Qj. on M such that the contravariant connection V* respects them,

P]’: + Q; = 8;, and nikP,g = Q};nkj. (71)

We give two basic examples of the tensors P! and Q'.. The first one is P]’: = QS. = /2)8;.
The second example is related to the case of a Kihler—Poisson manifold endowed with the
Kéhler—Poisson contravariant connection (see Section 2). In this case one can set

and Ql: 81:

n~— “n’

Pk =k

m

(72)

where k,m are holomorphic and [, 7z antiholomorphic indices. The tensor coefficients with
mixed types of indices are set to zero. Otherwise speaking, P projects a tangent vector onto
its component of type (1, 0) and Q onto that of type (0, 1).

Define a local change of variables on (T*M, Z), (x, ¢) — (x, &) such that

gp=up (x.~5;P7) —up (x.¢;07). (73)

We see from (53) and (71) that ¢, = &,(mod 52), thus the change of variables is invertible.
Introduce local mappings f +— Sf, f +— Tf from functions on M to functions on (T*M, Z) as
follows:

SHEE =00 (x.=gP)  and  THEO =0 (x.507). T4

where 6(f) is the solution of system (31) with the initial condition 6(f) | = p*(f). Denote by
{-, -}7+m the standard Poisson bracket on 7*M,

oF 0G  9G OF
A& dxk  0& axk
It turns out that § is a global Poisson morphism and 7 is a global anti-Poisson morphism from
(C®M), {-, D to (C®(T*M, Z),{-, -}r+m), and for f, g € C°°(M) the elements Sf and Tg
Poisson commute with respect to the Poisson bracket {-, -}7+3s. Thus, according to [10], there
exists a formal symplectic groupoid on (7*M, Z) whose source mapping is S and target mapping
is T. We call it Fedosov’s formal symplectic groupoid.

One can prove the following lemma by straightforward calculations.

{F,Glr*m =

Lemma 8. The space Hy, is closed with respect to the Poisson bracket {-, -}7+ .

Thus H; has two different Poisson algebra structures corresponding to {-, -} and {-, -}7=p.
We will prove that S and T are global mappings and that the images of S and 7 belong to H ;.
The latter is a specific property of Fedosov’s formal symplectic groupoids. First we need to prove
a technical statement.
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Lemma 9. There exists an invertible formal matrix A}; (x, &) such that
7Tik@ — Algkl
G1q] k
Proof. Using formulas (42), (71) and (73), we proceed as follows:
ath == = P == (x, =g, P)) — 7 Qi ——(x, £, 0))
3 ' g ! fog Y
= 2" Plvi(x, —¢; PY) — n" Qlvi(x, ¢; 0F)
= (Qivitr, —¢;PY) + PLui(x, ;0 ) 7.
We see from (53) and (71) that the matrix
Ap = Qus(x, =& P)) + Piui(x, ¢ 07)

is invertible. O

Denote by B,i the inverse of the matrix A};. Lemma 9 implies the following formula:

o 9
Bimit = it 2L (75)
98k

Lemma 10. For a given local function f on M there exists a formal function a;(x, &) such that

9D _ u,

98k
Proof. It follows from Proposition 4 that
a6
36(/) =7b, (76)
&y

for some formal function b, (x, £). Differentiating both sides of the first formula in (74) with
respect to ¢; we get, using (76), the following equality:

a(Sf) & 1 .
Taking into account (71), (75) and (76) we get from (77) that
a(Sf) ;

whence the lemma follows. O

Lemma 11. Assume that F(x, ) is a formal function such that

oF

= JTklal

98k
and ¢,(x,&), Vp(x,&) are formal functions such that nip¢p = nipl//p. Then F(x,¢) =
F(x, ¥).



2006 A.V. Karabegov / Journal of Geometry and Physics 56 (2006) 1985-2009

Proof. Consider the function

a(t) = Fx,t¢ + (1 —)y),
so that ®(0) = F(x, ¥) and a(1) = F(x, ¢). We have

da oF

T = 95 # v =7a@ =y = 0.

whence the lemma follows. O

The local potential u,, of the global vertical 1-form U is not uniquely defined. Assume that
i is another local potential of U. Then w'Pu, = n'?ii . It follows from Lemmas 10 and 11 that
formulas (73) and (74) determine the same mapping S for the potentials u;, and i,. Thus S is
globally defined. Lemma 10 implies that the image of S is in the space Hy,. The proof that T is
globally defined and has the image in H, is similar.

The following theorem can be proved by long straightforward calculations.

Theorem 4. The mappings
Sv T: (COO(M)’ {'a }) - (Hﬁv {'7 }T*M)

are a Poisson and an anti-Poisson morphism, respectively. Moreover, the images of the mappings
S and T Poisson commute. Thus there is a unique formal symplectic groupoid on (T*M, Z)
whose source and target maps are S and T, respectively.

7. The symplectic case

In [9] we gave a self-contained construction of the formal symplectic groupoid of Fedosov’s
deformation quantization. In this section we will show that in the symplectic case Fedosov’s
formal symplectic groupoid constructed in the previous sections is the same groupoid as in [9].
Recall the construction from [9].

Let M be a symplectic manifold with symplectic form o = %a)i jdxi A dx/. The inverse of
w;j is a Poisson tensor 7r'/. We assume that there is a tensor A"/ on M such that

V(4 =
2

Let V, be a covariant connection which respects A’/ (and therefore the symplectic and Poisson
tensors as well). The connection V, may have torsion. From these data one can construct
Fedosov’s deformation quantization on M and the corresponding formal symplectic groupoid
(see [9,10]). The groupoid construction starts with the (v-free) Fedosov’s lift

Vi C®(M) - C®(TM, Z)
first extracted from Fedosov’s quantization in [4].
Introduce Fedosov’s operators on C*°(T M) ® §2(M), where {2(M) is the space of differential
forms on M:

;  Oa 4 9
s =ngh sw=y(5g)e
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Here {x'} are local coordinates on M and {y'} are the corresponding fibre coordinates on T M.

Denote by {-, -}7 the fibrewise Poisson bracket on T M,
. 0F 0G

F,.G =gl ——

{ Jm 337 Yk

Connection V, on M induces a covariant connection V, on (T M, Z) expressed locally as
follows:

- 0 .0
J— — J_—_
dez = 8_xi Fl]y 8yk

There exists a flat nonlinear covariant connection D, on (T M, Z),
D, = 6o + {0, }rm.

where p = p,(x, y)dx? is a unique 1-form satisfying the equation

- 1
—®w=R+V.p+ E{p, PlTm

and such that §’p = 0 and p, = yka)kp (mod y?). Here

o

1 ,
R= Zwm [k[ysytdxk Adxl,

where
GFI"' 8F,§

is the curvature of V,. In the notations of [9],

op = yka)kp + r;.

Fedosov’s lift F = tY(f) of a function f € C®(M) is a unique element of C®(TM, Z)
such that D,F = 0 and F|y—o = f. The mapping t" is a Poisson morphism from C* (M)
to (C®°(TM, Z), {-, -}rm)- Consider the global diffeomorphism of (T*M, Z), (x,¢) — (x, &),
such that

1 . 1 .
%-[7 = 10[7 ()C, EAJ§1> —,O[; (X, 5/1];]> .

Then, according to [9], the source and the target mappings of the formal symplectic groupoid of
Fedosov’s deformation quantization are given by the formulas

1 . 1 .
SHEx. & =17(f) (x, 5/1%,) and (THH(x, &) =17 (f) (x, 5/1";“]-) ,

where f € C°(M). To obtain the construction of Fedosov’s formal symplectic groupoid one
has to pull back Fedosov’s lift via the mapping #. For a function F = F(x,y) € C*(TM, Z)
denote its pullback via # by F* so that

F*(x, &) = F(x, ;7).
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We get the following identifications. For f € C*(M)

#
0 =) up=—ph  and  vf=- (n‘”;’%) -

Finally,

Pk] = Ewki/l” and Q/]( = E/ljla)ik.
Notice that in the symplectic case u,dx? is a global object on M, while in the general Poisson

case only wP%u, % is global.
8. The Kihler-Poisson case

Assume that M is a Kidhler—Poisson manifold with the K&hler—Poisson tensor g”‘, where
k, I are holomorphic and antiholomorphic indices, respectively (we use the agreement that
mtk = gk gkl = _glk 7km — (0 and 7/" = 0). Denote by V* the Kihler—Poisson contravariant
connection whose Christoffel symbols are given by (10). The Kihler—Poisson contravariant
connection is Poisson and torsion-free. Introduce tensors P and Q on M by formula (72). With
these data, one can construct a Fedosov’s formal symplectic groupoid on (T*M, Z). It was
proved in [10] that for a Kéhler—Poisson manifold M there exists a unique formal symplectic
groupoid with separation of variables on (T*M, Z), i.e., such that for a local holomorphic
function a and a local antiholomorphic function b on M

Sa=a and Th=b. (78)

We want to prove the following proposition.

Proposition 5. The Fedosov’s formal symplectic groupoid on (T*M, Z) constructed from the
data (V®, P, Q) is the formal symplectic groupoid with separation of variables.

For local holomorphic coordinates z’_‘, 7/ on M denote by n, ij; the corresponding fibre
coordinates on T*M. Denote by Z and Z the ideals in C*°(T*M, Z) locally generated by the
coordinates 7 and 7, respectively. Formulas

agﬁk — a _dZ[ i d 8g[m 0
P + _821 nna_ﬁl, vV = ak

7 Mm T —

_ ok 7, 0
et _ _k _
g azk  azk T omk

imply that the connection V* respects the ideals Z and Z. Let us show that the spaces H N Z

and H g, N7 are closed with respect to the Poisson bracket {-, -} . Assume that F, G € Hp NZ.
Then there exist local potentials ay, aj and by, b; of F' and G, respectively, such that

aF aF - G G 7
— =", —=—-d"q —=g"m —=-g"b
any Ok ony Ik

Now,

7 7 G dF
(F,G}g = g*aiby — g*arb; = —a; — —b; € T.
1 1 3771 1 3771 I

The proof that H N 7T is closed with respect to the Poisson bracket {-, -}, is similar. Using
these statements and recurrence formulas (66) and (70) one can prove by induction the following
lemma.
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Lemma 12. (a) Let U be the normalized solution of the Fundamental Equation corresponding to
the Kihler—Poisson connection V® on M. Then its local potential uy, uj satisfies the condition

ug = —ng, up = —i(mod Z N 7).

(b) Let a and b be a local holomorphic and a local antiholomorphic function on M, respectively.
Then

0@ —aecl and 6(0b)—bel.

Lemma 12 implies that for the tensors P and Q given by formula (72) the change of variables
(73) is trivial. Namely, for ux = uy(z, Z, n, i) and uj = uj(z, Z, n, 1)

uk(z,2,—1,0) —ur(z,z,0,n) = nk and (79)
up(z,z, =, 0) —uj(z,z,0,1n) = n.

Now conditions (78) follow from formulas (74) and (79), and Lemma 12, which proves
Proposition 5.
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