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1. Introduction

The analysis and use of symmetry properties of differential equations [1-4] is by now recognized as the most powerful
general method to attack nonlinear problems, and widely used not only in Physics (where this theory was first extensively
applied) but also in Applied Mathematics and Engineering.

The original theory of Lie-point symmetries was over the years generalized in several directions [ 1-5]. All these make use
of the fact that once we know how a vector field acts on independent as well as on dependent variables (i.e. fields), we also
know how it acts on field derivatives; the lift of a transformation from the extended phase manifold (space-time variables
and fields; with due account of the relevant side - e.g. boundary - conditions, this is the phase bundle) to its action on field
derivatives is known in the mathematical literature as the prolongation operation.

Despite its success, the symmetry theory of differential equations was until recently not able to cope with certain very
simple problems which could be explicitly integrated, yet seemed to have no symmetry underlying this integrability (see
e.g. [6,3] and references therein).

Muriel and Romero [6] were able to solve this puzzle in analytical terms by considering a modified prolongation
operation, and thus a new kind of symmetries, for scalar ODEs and then also for systems of these [7,8] (see also [9] in
this respect). These depend on the choice of a €* function, denoted A in their papers; referring to this fact the new kind of
symmetries are known as C*°-symmetries, or A-symmetries.
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The geometrical meaning of A-prolongations was then clarified in [ 10], by means of the classical theory of characteristics
of vector fields. A different geometrical characterization, in the language of Cartan exterior differential ideals (ideals of
differential forms), was proposed in [11].

This opened the way for generalizing A-prolongations and A-symmetries to the framework of (single, or systems of) PDEs
[11]; in this case the central object is a matrix-valued differential one-form yu = A;dx' (the A; being € matrix functions
satisfying the horizontal Maurer-Cartan equation), and these are therefore called w-prolongations and p-symmetries.

It was then realized that for each vector field Y obtained as the p-prolongation of some vector field X, there is a vector
field Y, locally (and globally under certain conditions) gauge-equivalent to Y, obtained as the standard prolongation of a
vector field X, locally (and globally under certain conditions) gauge equivalent to X; see [12] for details.!

This result calls for a more complete geometrical understanding of its origin, and shows that gauge transformations
also play a role out side of the well-known framework of Yang-Mills theories [15-20], and actually also for non-variational
problems and for non-invariant equations (or non-covariant equations in physical language). The first task is to extend the
formalism so to fully include the gauge variables, not just leaving them to the role of external parameters.>

In this note we provide a formalism including gauge variables, i.e. set the problem in an augmented bundle; and give a
precise formulation of the -prolongation operation in terms of such an augmented bundle and correspondingly an enlarged
set of variables.

The reader should be warned that this geometrical understanding does not - at the present stage — correspond to a sub-
stantial computational advantage; thus the geometric construction presented here has - at the present stage — interest only
per se, i.e. for the understanding of the Geometry behind twisted prolongations. On the other hand, our work also suggests
how to extend the applications of u-symmetries, and how to further generalize them; these matters will however only be
shortly mentioned in our final discussion, see Section 9, deferring the implementation of such suggestions to a later time.

We will assume the reader to be familiar with basic jet-theoretic material and with the standard theory of symmetry
of differential equations, as given e.g. in [1-4]. We will freely use standard multi-index notation; thus a multi-index
J = (. - ... ji), wherej; € N, will have order |J| = j; +- - - +ji; and for the same multi-index ] we will have D; = D! - - - D}’.

We use the formalism of evolutionary representatives of vector fields [1-4], which provide an action on sections of
a bundle via (generalized) vertical vector fields describing the action of general (proper) vector fields in the bundle.
A discussion without resorting to evolutionary representatives would be equivalent, but would require more involved
computations; on the other hand, our discussion immediately extends (with the standard cautions [1-4] and obvious
modifications) to the full class of generalized vertical vector fields.

2. Underlying geometry

In this section we will first set some notation regarding standard constructions, and then introduce the gauge bundles,
which are the essential part of our construction.

Given a fiber bundle #, the space of sections in it will be denoted as I"(#). The algebra of vector fields in & will be
denoted as X (&), and that of vertical (with respect to the bundle projection) vector fields as X, (#).

2.1. Bundles, differential equations, and symmetry

When dealing with differential equations, the independent variables will be denoted as x € B; dependent variables as
u € U. Here B and U are smooth manifolds. We will use local coordinates {x!,...,x™}inBandu = {u!,...,u"} in U. We
stress that all of our considerations will be local.

We will then consider the bundle (M, 7, B) with fiber 7 ~!(x) = U; thus its total space is M ~ B x U. The bundle M will
be our phase bundle.?

Diffl?rential equations A of order k identify a submanifold in the total space of the Jet bundle J*M, the solution manifold
Sa CJ*M.

Sections of M are naturally prolonged to sections of J*M; the function u = f(x) is a solution to A if and only if the
prolongation of the corresponding section oy = (x, f(x)) in I" (M) to a section in I(J*M), call it af(k), is a submanifold of S 4.

Similarly, given a vector field X acting in M, there is a natural prolongation of X to a vector field X® in J*M. The vector
field X is a symmetry of A if and only if it maps solutions into solutions; equivalently, if X : S, — TS 4.

We stress that a different fibred structure is also possible for the jet manifolds M® = J¥M. These can also be seen as
bundles over M; we will denote the bundle maps for these structures as oy, so we have (J*M, o, M). The compatibility
between these two structures is given by 7, = 7 o 0.

1 This also has some interesting consequences in the frame of variational problems: it is possible to extend Noether theory to A and p symmetries; see
[13,14].

2 In order to avoid any confusion, we stress that here we consider gauge transformations more general than those considered in standard Yang-Mills
theory: (1) these may depend on the field themselves and not only on space-time variables; (2) we allow nonlinear actions on the fields. See the discussion
later on in this paper.

3 Physically, B should be thought as a region of space-time, and U as a manifold (possibly a space) in which the field ¢ takes values; the global structure
of the bundle also carries information on the boundary conditions the fields are subject to at the boundary (if any) 9B of B.
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Remark 1. As already mentioned, one can consider - besides the natural prolongation operation for vector fields mentioned
above - some “twisted” (or “deformed”) prolongation operations, known in the literature as “A-prolongation” (when the
deformation is related to a point-dependent scale factor) or “u-prolongation” (when the deformation is related to a general
point-dependent linear map). These were first introduced by Muriel and Romero [6], and quite surprisingly turn out to be
“as useful as the natural ones” in analyzing differential equations. The purpose of this paper is to investigate the geometrical
structures behind this seemingly “unreasonable effectiveness of twisted prolongations”. O

2.2. Prolongation of vector fields in J*M

The prolongation of vector fields from M to J*M goes essentially through consideration of partial derivatives of functions
corresponding to a general section in M and its transformed under the action of the vector field X. As well known, if
or = {(x, u)N: u = f(x)}, then the one-parameter group generated by X = ¢%(x, u)(3/0u®) + £(x, u)(d/dx') maps of
into o § with f*(x) = f9(x) + el (x, f(x)) — Eix, f (x))uf]. Properties of transformation for partial derivatives are readily
derived from this expression.

In the case of a vertical vector field (including evolutionary representatives of general vector fields) the prolongation
formula is specially simple: in multi-index notation, the vector field X = n“(d/0u") is prolonged to Y = n;'(a/auj), with
n]" = Dyn® In particular we have in recursive form

n; = Dinj. (1)

2.3. u-prolongations in J*M

Let us briefly recall how p-prolongations are defined, restricting again to vertical vector fields for the sake of simplicity
(see [11,12] for the general case). We stress that here we work in M and J¥M, and not in the augmented (jet) bundle to be
defined below.

Vertical vector fields in M are prolonged to vector fields in J*M via a modified procedure based on a horizontal one form
w with values in a representation of a Lie algebra § [15,17,21,22]. The form p should satisfy the horizontal Maurer-Cartan
equation

1
Dp+ 5 [n. u] = 0. (2)
In terms of the local coordinates introduced above, we have

W= Ai(x, u, u)dx’ (3)

with A; some n x n matrices (these are related to the Lie algebra § of a Lie group G acting in U, see [11,12] for details on this
relation). With this notation, the horizontal Maurer-Cartan equation (2) reads

D; Aj — Dj A; + [ A, Aj] =0. (4)

We write vertical vector fields in M as X = n®(x, u, u,)(3/9u%), and the corresponding vertical vector fields in J*M as
Yo = 1;]"(8 / 8uj“). The p-prolongation formula for vertical vector fields is then, in recursive form (cf. (1) above),

nf; = D + (A)% ). (5)
The condition (4) guarantees the n]“ are well defined, see [11,12].
It was shown in [12] that (locally, and possibly globally as well) ;& can always be written as 4 = g~ 'Dg, and

correspondingly w-prolonged vector fields are related to standardly prolonged ones via a gauge transformation. We refer to
[12] (in particular Theorem 1 in there) for details.

3. The gauge bundles

Let G be a Lie group and € : G — e the operator mapping the whole Lie group G into its identity element. We assume
G acts on U via a (possibly nonlinear) representation T : G x U — U; ata point p € U the action on V := T,U (this is the
relevant action when discussing how G acts on vector fields) is described by the linearization ¥ = DT of T. This also induces
an action of the Lie algebra § of G in V = T,U via the linear representation ¢ = D¥.

Let (¢4, ..., £,) be a basis of left-invariant vector fields in §; we write L; = 1 (¢;) for their representation. Any element
£ € g can be writtenas & = «™{,, and acts in V via the vector field ¥ (£) = a™Lp,.

4 With ™ = (€m, &), where (., .) is the scalar product in . The o™ are natural coordinates in §, and using these ¢, is given by £,, = 9/da™.
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3.1. The basic gauge bundles

We introduce a principal bundle (P¢, €, M) over M with bundle map ¢, fiber e ~' (p) = G, and total space Pc ~ M xG = M.
This will be called the global gauge bundle. Sections y € I" (P;) are described in local coordinates by g = g(x, u).

The total space P = M x G can also be given the structure of a fiber bundle (M, 7, B) over B with projection 7 = 7 x €.
The compatibility between these two structures is givenby 7 = 7 o &.

Let us consider a reference section @w € I' (Pg); in a tubular neighborhood G~M x Go~M x Gpof w (withGy >~ G a
neighborhood of zero in G, and §, a neighborhood of zero in §) we can use local coordinates (x, u, o), where @ = 0 identifies
the section @ . We will, for ease of notation and discussion, work in M x §; it should be kept in mind that our results will
be local in § (and hence a fortiori in G). The projection from § to {0} € § will be denoted as p.

The manifold M x § can also be given two different fiber bundle structures: we can consider it as a bundle (M 7, B) over
B with total space M M x g, projection ¥ = 7 x p and fiber 7=!(x) = U x §; or as a bundle ($8, p, M) over M with
total space 48 = M=M x g, projection p and fiber p~!(p) = 4. The compatibility between these two structures is given
by7T =m o p.

We will denote M = (M x g, 7, B) as the augmented phase bundle, and 48 = (M x §, p, M) as the local gauge
bundle. In the following we will also call these the augmented bundle and the gauge bundle for short.

Remark 2. We stress that M is not an associated bundle for this principal fiber bundle, contrary to what happens in
Yang-Mills theories (where g = g(x) and does not depend on u); this is the reason for some features which could appear odd
to readers familiar with standard Yang-Mills theory. On the other hand, (J'M, &7, M), is an associated bundle for (P¢, €, M),
which acts on fibers e~ (m) via the representation v = (D¥). O

3.2. Higher order gauge bundles

We will also introduce gauge bundles assoc1ated with higher jet spaces J*M. Thus we consider the order k augmented jet
bundle M® = (]"M x 4, Tk, B) with fiber 7, ' (x) = U x §; and the order k jet gauge bundle J*¢8 = (J*M x 4, px, J*M)
with fiber ,ok = §. (Similarly, higher order bundles with total space M® ~ J¥M x G could be defined. We will not enter
into such details.) ~

Moreover, recall that J*M can be seen as a bundle over M with projection oy, and correspondingly J*M can be seen as a
bundle over M with projection ;.

The situation is summarized in the following diagram, which also embodies the different double fibrations considered
above.

JM RS Jkm
Tk Tk
N e
lak - B lok (6)
/! N
M BN M

3.3. Total derivative operators in gauge jet bundles

As well known, the prolongation operation is usually performed by applying the total derivative operators in J*M; see
Section 2.2 above. As the gauge jet bundles we are considering have a peculiar structure (that is, they are order k jet bundles
for what concerns the u variables, not for what concerns the « ones), we should discuss what are the total derivative
operators to be considered in this case.

Jet spaces are equipped with a contact structure ¢, defined by the contact forms X] = du u] dx’; note that there are
no contact forms associated to gauge variables, as we are not considering jets of these. The total derivative operators D; can
then be defined in geometric terms as the vector fields (with a component d/3x') annihilating all the contact forms in C;
it is immediate to check that this requirement yields just the usual total derivative operators (associated to the u variables
alone) D; = (3/9x') + uf_i(a/auf). We stress that one should not add also components “along the gauge variables”, i.e. of
the form o (9/0ac™).

Thus, the prolongation operation leading from M to J kM should be based on the usual total derivative operators D;, and hence
does not involve derivation with respect to the gauge variables.’

This fact shows that a substantial difference exists between the gauge bundle and the bundle obtained by simply adding
new dependent variables o™.

51t may be worth stressing, just to avoid any possible misunderstanding, that albeit a vector field in M (respectively, in 1\71) will have components both
in the M and in the G (respectively, 4) directions, the prolongation operation should be applied only to the M components, as obvious from the definition
of JKM and J*M above.
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4. Prolongation of vector fields in M and in M

Given a vector field in M, this is naturally prolonged (or lifted) to a vector field in J*] kM. The same applies for vector fields
in M and M, which are naturally prolonged to vector fields respectively in J*M and J*M.

We will denote by Pr*®¥[] the operator of prolongation of vector fields in a bundle & to vector fields in the jet bundle
J¥#, and omit the indication of the bundle # (i.e. just write Pr®®) when there is no risk of misunderstanding.

4.1. Prolongation of general vector fields

We will give some explicit formulas in the local coordinates (x, u, ) introduced above. With the (x, u) coordinates in M,
any vector field in M is written as X = £'(9/3x!) + ¢®(d/du”) + By, with {§', ¢, B"} depending on (x, u, g). Passing to
the restriction X of X to G, i.e. its expression in M, and introducing also the local coordinates « in § (recall £,, = 9/da™), we
have X = £i(x, u, ) (3/9x) + ¢*(x, u, ®)(3/du®) + B™(x, u, )(d/da™).

As usual in considerations involving vector fields on jet bundles, it will be convenient to work with evolutionary
representatives [ 1-4]; we will consistently use these. The evolutionary representative of X is

X =X, =Q° +P"—, (7)

where Q7 := ¢ — uf¢, P™ := B™.

The coordinate expression of the prolongation X € X (]"1\71) of X is given by the (standard) prolongation formula [1-
4]. (As implied by the discussion in Section 3.3 above, no prolongation of ™ components appear). For the evolutionary
representative Y := (X*), = X{¥ we get, with Q/' = D;Q",

0
Y = — 4+ P — 8
QJ au] + dam’ (8)

4.2. Prolongation of gauged vector fields

We are specially interested in a particular class of vector fields in X, (1\71 ), i.e. those for which

QU(x, u, g; uy) = [W(g)]% O°(x, u; uy). 9)

In the following we will refer to these as gauged vector fields.
Restricting gauged vector fields to M, and using local coordinates (x, u, «), Eq. (9) becomes

QU (x, u, o5 uy) = [K()]% O (x, u; uy); (10)

here K (@) is the representation of the group element g(«) = exp(«), i.e. K(o) = ¥[exp(a)]. (We stress that (9) and (10)
do not constrain in any way the components P of the vector fields along the o™ variables; this will be of use below.)

Keeping in mind our discussion above about the total derivative operators in M M® , see Section 3.3, we obtain immediately
that

Q' =DQ" = [K(e)]}, D;O". (11)
This implies that — writing ®; = D;® - the prolongation Y of the vector field X, see (8), is given by
B 0
Y = [K(@)]% 0 — +P" —. 12
K@, 6f 7 o (12)

Remark 3. Let Xy = p, X and Yy = ,oik) Y be the projection of the vector fields X and Y to the bundles, respectively, M and
J¥M. Then we can state formally that Y, is the u-prolongation of X, for a suitable 1. In fact, we have

d d
Xo=pX =[K@)]}0" —:  Yo=pPY=[K@)],0 —. (13)
au? Bu]

Thus X, and Yy are the gauge transformed - via the same gauge transformation - of vector fields Xo and Y, such that Y is
the ordinary prolongation of Xy; By Proposition 1 above, Y; is the u-prolongation of X, for a suitable one-form w. Note this
statement is only formal, as the « variables have no meaning when we work in M and J¥M; in order to make this into a real
theorem, we will need to “fix the gauge”, as discussed below. Note also the relation between X, and Y, depends substantially
on the assumption X is a gauged vector field. O
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Remark 4. The reason for the name “gauged” of vector fields considered here is quite clear: the horizontal (for the gauge
fibration) component Q “9, of these corresponds to vector fields in M on which we operate with an element of the Lie group
G, element which may vary for varyingxandu’ O

5. Standard prolongation of vector fields in M and [-prolongation of vector fields in M

We showed above that the natural prolongation in gauge bundles is naturally related (via the results in [12]) to a
u-prolongation. However, A- and p-prolongations are usually [6-9,11,12,14,24] defined with no use of auxiliary gauge
variables; in our language this will correspond to a gauge fixing.

In this section we will discuss how gauge fixing affects the prolongation operation, and the relation between gauge-fixed
prolongation and p-prolongations.

5.1. Sub-bundles defined by sections of the gauge bundle

__ Earlier on we considered the augmented bundle M and correspondingly ]"Iﬁ . Here we want to consider the subbundle
M, = y(M) C M defined by a section y C I'($8) of the gauge bundle (hence by a section of the global gauge bundle

close to the reference section @ ); we will also consider MJ(/") =y (kM) C J*M.

In the (X, u, @) coordinates, 1VIV is the set of points (x, u, @) with o« = A(x, u); similarly 1\71<") is the set of points
&, u, o, u®, ..., u®) again with & = A(x, u). Note that M,, ~ M, and correspondingly M(") ~]"M

These submamfolds of the gauge bundle and of the jet gauge bundle have a natural structure of fiber bundles (over B)
themselves, and can be seen as sub-bundles of M and J*M7; we will thus also wrlte]"M for M(k) It will thus make sense to
speak of vertical vector fields in M and J¥ M (referring implicitly to these fiber bundle structures)

Given a section y € I'($8), we will denote by "’ the operator of restriction from M to My, and by p® the restriction
of the projection p : M — M to M . We also denote by w(y) : JKM — M(") and by p(V) M“‘) — J*M the lift of the maps
® and p@ to maps between corresponding jet spaces of order k. Note that while p is of course not invertible, it follows
from M, >~ M that p") is invertible, with (p)~! = y. similarly, o is invertible.

We will summarize relations and maps between relevant fiber bundles in the following diagram:

—~ () ~ )
25 M, L
lj"[lﬁ] lj"[lﬁy] lj“[lvl] (14)
. l({V) piy)
M — M® —  Jkm

Remark 5. In physical terms, passing to consider M,, rather than the full M, and I\A/I;") rather than the full M®, corresponds
to a gauge fixing. O

5.2. Prolongations and gauge fixing

When dealing with M,,, i.e. working in a fixed gauge we should think the gauge variables « as explicit functions of x and
u (given by A(x, u) identifying y ); note this means D;a™ will now read as D;A™ (x, u) and thus will in general give a nonzero
function. This entails the jet structure of M. M® is not the one inherited from the jet structure of M®¥) (which we denote by
]k[My], the associated prolongation operator being Pr® [My]).
)

Let us now consider vector fields. Consider X € X, (M) written as in (7), and X, = w,"'X be its restriction to My c M.
Then X,, is

X, = Q;f (a/0u) + Py(a/aam) (15)
where the coefficients Qy, P, are of course given by
Q; = [Q ] =A(x, u), [P ]a_A(x u)- (16)

It should be noted that for arbitrary X and y, the submanifold y is is general not invariant under X, . More precisely, with
the notation Eq. (16), we have:

6 Note that if we operate on e by a x-dependent change of frame, i.e. pass to a frame f = (fi, ..., f,) with f, = Ta”eb where T = (KT)~!, then we get
D = e, = ¢ (T’l)a”fiJ = ¢f,, i.e. the components of @ in the new frame are ¢* = K‘,‘,gab. This point of view is discussed elsewhere [23].

7 We stress this refers to the > structure of bundles over B, i.e. - referring to diagram (6) - to the 7k projections; more care will be needed for what concerns
the structure of bundles over M, see Section 5.2.
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Lemma 1. Let X be in the form (7). Then the submanifold My cM identified by o™ = A™(x, u) is invariant under X,, if and only
if

= (0A™/0u”) Q. (17)
Proof. By standard computation. Note that using the notation in Section 4.1, this also reads as P™ = X(A) on IVly. o

Corollary 1. Given arbitrary smooth functions Q“(x, u, o), and an arbitrary section y € I" (M) there is always a vector field
X, € X, (M) of the form X, = Q%9 + P™0p, and such that X, leaves M,, invariant.

Proof. In view of (12), the condition (17) reads also P" = (dA™/du®)Q¢; for any given y the vector fields leaving IVIV
invariant, have arbitrary Q“ and P™ given by P™ = (dA™/0u®)Q® + §P™ with §P™ arbitrary functions vanishing on
a=AKx,u). <

Remark 6. The vector field X,, projects in turn to a vector field W € X, (M), W = Q%(x, u)(d/du?); and conversely any
suchW € X, (M) liftstoa W” =X, € X,(M,,), W” = Q%x, w)[(d/du®) + ((0A™/du?)(d/da™))]. O

The set of vector fields X € X, (1\71) which leave My invariant, i.e. satisfy (17), will be denoted as Xf}’) (1\71). IfX e Xf}’) (1\71),
then X, is actually a vector field on 1\71]/, and XV a vector field on]"IVIy.

The diagram (14) has a counterpart for these vector fields. We will use for graphic convenience a simplified notation with
X =X (M), X, = Xo(M,), X = X, (M); X© = % (M®), XP = %, (MP), x© = %,(M®). With this, (14)
yields:

e ) e )
x5 X, 5ox
lPr(k) M] lpr”‘) (M, 1 lpr(") M] (18)

) )
Kk (@ ) 5&;’() (o )% )

The operators Pr®[M] and Pr® [1\71 ] should be understood with the discussion of Section 3.3 in mind.
The diagram (18) is in general not commutative. We will now discuss how it can be made into a commutative one by
replacing Pr®[M, ] and Pr®¥[M] by, respectively, suitable operators P(") X (M) — X, (M M®) and PR X, (M) —

%, (M®). That is, we want to identify P)(/") and PV yielding, for a given X € X (M),
) (y)

Wy

X—>XV—>W

lPr(k) (M) lﬁ;") lp(y") (19)

) )
xb G yw )
Y

5.3. Twisted differential operators in IVIy

Let us first discuss the left-hand side of the diagram (19). We will write K,, for K («) computed on o = A(x, u).
In general we obtain different results by changing the order in which the prolongation and the gauge fixing operations
are performed.

Remark 7. This is immediately seen by considering a vector field in the form (7) and (10). We have of course X, =
QA(/du®) +PM"(d/da™); as Q, = K, O, the prolongation of X,, is (X,)® = ¥, (3/duf) +P™(3/da™), with ¥/} = (D;Q%) =
Dj[(K,)% ®P]. On the other hand, the prolongation of X is X¥ = (D;Q*)(3/0uf) + PJ'(3/da™) with D;Q* = Dy(K$, eh =
K$D;(©"); hence gauge fixing after prolongation yields (X)), = (3/duf) + PJ"(3/da™) with ¥ = (K,)},D;(O").
Needless to say, in general 1//]“ #* Eja O

Denote by 8, the operator fixing the gauge to . We will look for “twisted differential operators” Vi(y) (we will also write
V; for short) such that

8, 0,1 = V" [6,(Q"] (20)

when Q is of the form (10). The operator /ﬁy will then be the “twisted prolongation” obtained by replacing D; with V](V).
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Let us define matrices Ri(y) by

R (x, u, uy) = (DiK,) K. 21)

Lemma 2. The matrices Rfy) (x, u, uy) satisfy the horizontal Maurer-Cartan equation
DR — DiRY + R R ] =0. (22)
Proof. It follows from (21) that DiR/”’ = (DiD;S)S ' —R{"’R"”. Recalling [D;, D;] = 0, we get DR’ —D;R"” = —[R{"’, R{"’].
o

We will define the operators Vi(’/) as
vi(V) — Di _ R,(V) (23)
It follows from Lemma 2 that [V}, V;] = 0. For a multiindex ] = (1, ..., jm), the operators V](y) are defined as V; =
ij ...V{;T; this is well defined in view of [V}, V;] = 0.

Lemma 3. Let Q% = K‘L@b. The operators Vi(y) defined in (23) satisfy

8, (@M1 = V" [Q]] (24)
for alli, and hence (20) for all multi-indices J.

Proof. We can proceed by direct computation; we will omit indices in intermediate formulas for ease of notation. For
Q = K® we have immediately D;Q = K[D;(®)] and hence

8, [Di(QM] = (K,)%, D;6". (25)
On the other hand, Vi(Q,) = Di[(K,)®] — [R”’1(K,)® = K, D;© + [DiK, 16 — [R”’1(K, ) ®. Recalling the definition of R,
we have

[R"1(K,)© = (DiK,)K; 'K, © = (DiK,)O,
and hence

VilQ)] = (K, [Di(OM)]; (26)

comparing this and (25) we obtain (24).
In order to see this implies (20) it suffices to note we have actually proved

Vi [K, ©] =K, [Di®]; (27)

applying this repeatedly we obtain (20). Alternatively, one can explicitly compute (V;V;Q,) and check this is equal to
6), (D,DJQ) <

As anticipated, the operator fy will be the “twisted prolongation” obtained by replacing D; with V.

Lemma 4. Let ﬁy be the (twisted prolongation) operator associating to any vector field X,, = Q;’(E) /ou®) + P;”(B /da™) in

X, (M, ) the vector field Y, = Ny (3/0uy) + P™(3/0a™) in XU(IVI](,")) with coefficients nf! := VJ(V)QJE. Then the left-hand side of
diagram (19) is commutative.

Proof. See the explicit computations in the proof to Lemma 3. ¢

Lemma 5. Let P, be the (twisted prolongation) operator associating to any vector field W = Q;’(a Jou?) in X, (M) the vector
field Y = nf(3/9uf) in X, (M) with coefficients nj = V](V)Q;’. Then the right-hand side of diagram (19) is commutative.

Proof. This P, is nothing else than the restriction of f;y to the components along M® . It is obvious (by construction) that
Pyopd =(p)uoPy. o
5.4. The main results

We are now ready to state and prove our main results, which will actually just collect results appearing in the previous
Lemmas; these will make the formal statement in Remark 3 into precise ones.
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We will introduce, in order to state our result in a compact form, operators 7 = p@ o 0™, 7 : M — M; and
correspondingly 7"’ := p 0 0", 7" : M® — M®),

Theorem 1. The twisted prolongation operator P is uniquely defined by the requirement that (") 0 (@Pr® [M]) = PMo g
Moreover, P;") corresponds to the p-prolongation operator of order k with y = [d¥ (y)]¥ (y ~1). With the local coordinates

(x, u, o), this corresponds to i = A;dx’ where A; = —Ri(y) = —(D,-Ky)KV‘1 =K, (D,-Ky‘l).
Proof. The first part of the statement just summarizes the discussion in Section 5.3. As for the second part, it follows at once
considering the definitions of P{}, of Vi(y) and of R;y), and comparing with the p-prolongation formula (5). ¢

Theorem 2. let Y € %, (J*M) be the k-th u-prolongation of W € X,(M), with u € A*(J'M, ¥ (4)) given in coordinates by
= Ai(x, u, uy)dx'; let 48 be the local gauge bundle over M with fiber 4. Then:

(i) thereis asection’y € I'(§8) such that Y = P, (W).

(ii) thereisX € X,,(IVI) such that (19) applies.
(iii) The matrix function K, (x, u, uy) satisfies D;K, = —A;K,,.

Proof. The theorem states that any p-prolongation can be obtained locally through the construction considered here. Part
(i) is obvious given the identification of u-prolongation and the P, operators, see Lemma 5. Part (ii) follows at once from

Lemmas 4 and 5. Part (iii) follows from the relation A; = —Rfy) = —(D,»I(V)K}j1 already considered above (note K, is surely
invertible as it is the representation of an element of the Lie group G). ¢

It is maybe worth commenting on the geometrical meaning of our main results.

We have shown that p-symmetries in the phase bundle can be understood as ordinary symmetries in the augmented
phase bundle, restricted to a section of the gauge bundle and mapped to the standard phase bundle.

In other words, we have obtained that the y-prolongation operator appears if we are insisting in restricting our analysis
to the phase bundle M (or to the subbundle M,, C M seen as an image of M under the gauge map y embedding it into M)
rather than to the full gauge bundle M. R R R R

The fact we are considering projections of vector fields in M, ¢ M and M c M® to vector fields in M and M
makes that the relation between basic vector fields and prolonged ones is not the natural one, described by the prolongation
operator, but is the “twisted” one described by the w-prolongation operator. See also the discussion in the Appendix.

We would also like to stress that gauge fields and hence variables can also be seen - like in standard gauge theories -
as indexing reference frames. The restriction to a section of the gauge bundle corresponds thus to fixing a gauge and hence
a reference frame (not equivalent to the original, “natural”, one if the section is nontrivial); projection to the phase bundle
corresponds to loosing track of the change of reference frame. See also [23].

Finally we mention that our construction in the augmented phase bundle corresponds, when working in the phase bundle
alone, to the fact that (locally, and globally when we deal with topologically trivial phase bundles) p-symmetries can be
transformed into standard ones by a gauge transformation [12].

6. Examples 1. Abelian groups

In this section we will provide some very simple examples illustrating our results; we will consider B = Rand U = R?
(see e.g. [12] for the reasons making the case U = R! less interesting in this context); we will consider one-parameter (hence
abelian; see next section for non-abelian examples) Lie groups G, its Lie algebra being ¢ with generator £. The gauge variable
will be denoted as . We will use the notation (u, v) for the coordinates (u', u?) in U; we denote by L the representation
Y (£) of the generator £.

We will consider second order prolongations (i.e. k = 2), and write the vector field Y, see (19), in the form

Y = n%(0/0u”) + ny(9/0uy) + 0y (0/0uy); (28)
the required relation between its coefficients will then be
nx = Dyn + An, N = Dylpy + Any. (29)

Examples 1 through 4 concern Theorem 1, while Examples 5 and 6 deal with Theorem 2.

6.1. Example 1

Let us first consider the case where G = R acts in U via

T(g) = (5 %) .

In this case we have immediately

_ (0 1 TV B S AN (1 —«o
(0D kmmen=(3 W) =3 ),
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Let us consider the gauged vector field X of the form (10) with K(«) as above and ® = (2u, v); the gauge section y to
be considered will be the one identified by

a=AKx,u,v) = u.
The invariance of 1VIV requires then, see (17) above, P = [X(A)] = (2u 4+ av). We will thus be considering the vector field
X = Qu+ av)(d/du) +v(3/dv) + Ru + av) (/).
The restriction of X to IVIV is
X, = Qu+uv)(d/du) + v (3/dv) + u + uv) (9/0a),
and the projection of X,, to M is simply
W = Qu+ uv)(d/9u) + v (3/0v).
As for second prolongations, it follows from general formulas that
X =X 4+ Quy 4 av)(3/duy) + vy (3/00x) + Qlixx + V) (3/thyy) + Vi (3/0x0)-
Restricting this to I\A/If,z) and projecting to M® yields
Y =W+ Quy + uve)(9/9ux) + vx (3/00x) + (e + Uvx) (8/0Ux) + vy (3/00x0).
Writing this in the form (28) we have

_ (2u+uv [ 2uy + uvy 2 + Uvk
= () () = (),

According to our general theorem, these should satisfy the recurrence formula (29) with A = —Rf(y) = —(DXI<V)I<; 1
With our choices we have

0 u 1 —u 0 —u
—_ _pWw _ _ X _ X
A=—R" = (o 0)(0 1)‘(0 0>'

It is immediate to check the r;j’ satisfy (29) with this A.

6.2. Example 2
Let us now the case where G = R acts in U as above, and y is also as above (so that the K, R™) and A are the same as
before), but ® = (—v, u). Now the condition P = X (A) yields P = (—v + «u) That is, we have
X=(—v+oau)d/ou) +ud/0v) + (cu —v) (0/0x).
The restriction of X to IVIV and its projection to M are
X, = W? —v)(8/du) +u (d/dv) + W* —v) (3/3a);
W = (u® — v)(d/0u) + u (d/dv).
Let us consider again second prolongations. Now

X@ = X+ (—ve + au) (3/duy) + uy (3/3vy)
+ (_Uxx + auxx)(a/auxx) + Uxx (a/avxx)

Restricting this to 1\71)(,2) and projecting to M® yields Y; with the notation (28) this corresponds to

2
_fut—v _ fuuy —vx (Ul — U
= () () e ().

The matrix A is as above, and one checks easily the required recursion relations (29) are satisfied.

6.3. Example 3

Let us now consider G = SO(2) ~ S acting in U = R? through its standard representation,

cos(g) —sin(g)
Te) = (sin(g) cos(g) )

In this case
_ (0 -1}, a1 [cos(a) —sin(a)
L= (1 0 ) Ko) =™ = (sin(oz) cos(a) |-
We will once again consider y identified by « = u; it follows by the usual formulas that

- 0 u
A =-RY =—(D,K,)K, " = <_ux OX) :
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We will consider the gauged vector field with Q = K® and the same ©® considered in Example 1. This yields Q =
(Qucosa — vsina, vcosao + 2usina), and P = X(A) yields P = 2ucos o — v sin . With the by now usual computations,
we get W = [2ucos(u) — vsin(u)](d/du) + [vcos(u) + 2usin(u)](d/dv); and working in the usual way with second
prolongations we get

_ (2ucos(u) — v cos(u) [ 2uy cos(u) — vy cos(u)
~ \wvcos(u) +2ucos(u) )’ * 7 \ vy cos(u) + 2uy cos(u) )’

e = (Zuxx cos(U) — Uy cos(u))

Uy COS(U) + 2y cOS(1)

It is again immediate to check that these satisfy the required recursion relation with the A computed above.

6.4. Example 4

We consider the same G-action and gauge section as above, so that the K, R, and A are the same as in Example 3; but
choose now Q = K® with the ® considered in Example 2, ® = (—v, u). In this case

_ [ —vcos(u) — ucos(u) [ —vxcos(u) — uy cos(u)

~ \ ucos(u) —vcos(u) J’ = uy cos(u) — vycos(u) |~
[ — v €cos(u) — Uy cos(u)

T = Uy COS(U) — vy cOs(u) /-

It is again immediate to check that (29) are satisfied.

6.5. Example 5

Consider the vector field Y in the form (28) with

_ (0 _ fuxv [ uxV + 2uyug
ﬂ—<v>, 7)x—<vx>v nxx—( Vs .

It is immediate to see these satisfy (29) with

(0w,
=6 ©):

we already know from Examples 1 and 2 the form of the K giving such a A, but let us pretend we do not. We have then
to solve A = —(DxK, )K) ! as an equation for K, ; recall we look for solutions such that K, belongs to a one-parameter
(hence abelian) Lie group. Note that we can write A = D,P for a matrix P. We can rewrite the equation linking A and K as
DyP = — Dy(logK, ), with solution K,, = exp(—P) (the arbitrary constant matrix for K, can be embodied in the arbitrary
constant matrix for P). In our case we get easily K, ; it is immediate to see the resulting K, as the restriction to « = uof a
matrix K («),

1<y=<(1) q“); 1<(oe)=<(1) _1"‘)

Note these allow to build the diagram (19) by working backwards; that is, we act on the components nf of Y by the matrix
KK, thus obtaining X'? = v(d/duf') + P(3/da) with P = X (u) = [(u — @)v] and

¥ = ((u _va)v) . Yy = (uxv + (ll)lx— a)”x) ’

Y = UV + 2Ux Uy + (U — o) Uxx
XX Ve .

It is immediate to check this is the standard second prolongation in M® of X = [(u — a)v](d/0u) + v(d/dv)
+ [(u — a)v](3/0a).

6.6. Example 6

Consider the vector field Y in the form (28) with

SO ) ()

It is immediate to see these satisfy (29) with

0 O
A= (0 0)
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Proceeding as above, and choosing as y the section @ = —v of the gauge bundle, we get

o-(4 ) w=(l9)

We thus obtain X® = ¥ (3/0uf) + P(3/da) with P = —( 4 v) and

1 0 0
R O

i.e. the second prolongation of X = (d/du) + (¢ 4+ v)(3/9v) — (@ + v)(3/dw).

7. Examples II. Non-abelian groups: SU(2)

The examples considered so far all concern very simple actions of a one-generator, hence abelian, Lie group. It would
not be difficult to extend these to actions of k-generators abelian groups; but for physical applications one should rather
consider non-abelian Lie groups such as e.g. the rotation or unitary groups.

In this section we will consider the group G = SU(2) acting® in R* ~ C?; we will consider very simple vector fields
and section, but still will have to set down rather complex formulas. We apologize to the reader for such unavoidable
complexities; computations were performed in Mathematica, which also shows that our formalism can be readily
implemented with a symbolic manipulation program.

Examples 7 and 8 concern Theorem 1, while Examples 9 and 10 deal with Theorem 2.

7.1. SU(2) algebra and group action; lambda matrices

We will consider generators

0 1 0 O 0 0 0 1
-1 0 0 O 0 0 1 0
Ly = T(Zl) = 0 0 0 11 L, = T(ZZ) = 0 -1 0 ol
0O 0 -1 0 -1 0 0 O
0O 01 o0
0 0 0 -1
0O 1 0 O
These satisfy the su(2) relations L;iL; = &Ly — ;l; here I is the four dimensional identity matrix, and summation over
repeated indices is implicit here and in the following. These relations also imply [L;, L] = 2&yLy, {L;, Lj} = —281.

In the following we will need to compute the group element g corresponding to g = exp(¢) for £ an element of the
algebra. Consider a generic element of the algebra £ = a*¢,, and correspondingly a generic matrix

L=a'L + %L, + L5

(in the following we write all indices as lower ones in order to avoid confusion with exponents in the computations). This
is written explicitly as

0 o o3 o2
L = — 0 [0%) —03
Tl —az —ay 0 o
—0 o3 —0q 0
and its square is given by L? = —|«|?I, with |&| := \/&} + a3 + oZ. Thus higher powers of L satisfy
LZk — (_1)k |(X|2k1; L2k+] — (—l)k |(X|2k L. (30)

We have to compute et := Y 12 (L*/k!); it follows from (30) that

L 0 (—1)k|a|2k (—‘l)k|01|2k .
=D [ a0t T ek H

k=0

recognizing the Taylor expansions of trigonometric functions, this reads

et = cos(Ja|) I + || " sin(|e|) L.

8 We have so far used real vector spaces; in order to avoid converting at this point to complex ones, we will use a real representation of G = SU(2),
acting in R* rather than in C2.
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Recalling the definitions of |«| and L, we have

K(a) == Tlexp(aiLly + azl; + a3ls)]
= cos(la) I + sin(la]) [(o1/le])L1 + (a2/la])La + (3/|a)Ls].

We will introduce the matrix J := [(o1/]|a|)L1 + (a2 /|e|) Ly + (e3/]e|)L3] = || ~'L; note J> = —I. With this,

K(er) = cos(la|) I + sin(|e|) J;

K~ (@) = cos(a|) T — sin(la])]. (31)

These formulas allow to give the general form of gauged vector fields for this G action: under the action of K («), a vector
field of components ®¢ is transformed into a vector field of components @ = K ‘L@b given by

167 + o303 + @z0,
SiIl(|Oé|) —01191 + 06293 — 06394
lex| —0307 — a0, + a6,
—0601 + a3y — o163

@ = cos(|a]) © +

(32)

This also fully describes the set of vector fields in R* which are gauged vector fields under the action of the presently
considered representation of SU(2).

Our formalism also requires to consider matrices A = —(DxKy)I<y‘ 1.1t is possible, with standard but rather tedious
computations, to obtain the explicit form of these starting from (31), and restricting to the section y identified by «;;, =

An(x, u, v, w, z); using the notation = |a|, = \/A? + A2 + A3, the final result turns out to be

A = cos?(w) M; + sin®(w) My + sin(w) cos(w) M3,
where the M; are four-dimensional matrices. These can be written in terms of the matrix
0 —A; —A; —A
Ay 0 —-A A

A3 A 0 A )’
A, —As A 0

L =

of the matrix Dy.£ with entries (Dx.L);j = Dx[(L£);i], and of the skew-symmetric matrix M with entries

M1y = A3DyAy — A3DyAsz,  Mi3 = A;DyA1 — A1DyAs,
Mis = A1DyA3s — A3DyA1,  Map3 = A1DyA3 — AsDyAq,
Mas = AiDyAy — A)DyA1,  Mzq = AsDyAy — ArDyAs,

in the form

M; = o ' (Dyw) L£;
My, = 02 M+ o~ (Dyw) £;
M; = — w2 (Dyw) £ + o~ ! (DyL).

7.2. Example 7

We can now consider a concrete example, i.e. a specific vector field to be u-prolonged and a specific section y.
We will use coordinates (u, v, w, z) for the space U = R* of dependent variables, and restrict to the subset |u| < 1. We
choose a vector field X, depending on « and acting in U. This will be
Xo = —ucos(la))dy + (sin(jee)/|ee]) (e'ud, + & ud, + oud;),

which is obtained from (32) for ® = (—u, 0, 0, 0).
As for the section y we choose the one identified by

Al =Bu, A>=0, A> =By1—12, (33)

with B # 0 an arbitrary real constant; in the following we write p = /1 — u?. There is nothing special about these choices,
except that we use rather simple ones in order to keep the resulting formulas simple enough; for the same reason we will
choose B = 1 /2. N

The vector field Xy in U can then be completed to a vector field X in M by the prescription P™ = X,(A™). This yields

P'= —Bucos(la]), P*=0, P>=Bu’p ! cos(|a|);
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note that on y we have |a| = B, so that with our choice B = 7 /2 one gets simply P™ = 0, m = 1, 2, 3. The vector field X is
thus

X = —ucos(la))dy + || ™" sin(lee]) (ec'ud, + o’udy, + o’ud;)
— Bucos(|e|)d; + Bu?p~ ! cos(|e])ds.
It is immediate to check, see (17) above, that the manifold 1\717/ corresponding to y given by (33) is invariant under X (we
recall this holds by construction). On this manifold, |«¢| = B = 7 /2 and X reduces to
X, =u?d, + upd,. (34)

Finally, the projection of this to a vector field in M is simply W = X,,.
With this, we have completely described the upper row of the diagram (19). Let us now consider the lower one. First of
all we have to compute X®, which turns out to be
X@ = — cos(la|) u(d/du) + u(d/0Uy) + U (D))

+ Jar| ™" sin(la ) [oru(0/9v) + 1t (3/0vy) + U (3 /vy ]
+ Jor| ™" sin(|a ) [o3u(0/dw) + a3t (3/0wy) + a3l (3 /0 wi) ]
+ |O[|_] sin(|oe|)[oau(0/02) + aux(0/02y) + ok (0/02xx)]
— Bucos(|a|)(d/da1) + (Bu?p~") cos(|a|) (3 /dars).

The restriction X of this to I\’/\IJ(/Z) is just
X}(,Z) = Uz(a/av) + pu(9/0w) + uuy(9/9vy) + pux(9/90wy) + Ullex (9 /IVxx) + U (D /0Wx);

the projection Y of this to M® is of course Y = X?.
Thus we get, using the notation (28) for Y,

0 0 0
2
_ u _ Uty _ Ullyxy
n= oul’ Nx = ouy | Mxx = Dl
0 0 0

We should then check that these satisfy the relations (29) with a suitable A; more precisely, in view of Theorem 1, with
A= —(DxK),)K}j1 with K, the restriction of K («) to the section y.
Such a A can be computed using the general formulas given above, or more simply from (31). On y we have |¢| =

J/ @i+ a3 + ai = B; as for the matrix L, on y this is

0 u »p 0
_ _ -u 0 0 —p
LV = B(UL] + )OL3) =B —p 0 0 u 5

0O p —u O

hence on y the matrix ] = |&| 'L is just the square matrix appearing in the formula above. It follows that K, and K, T are
given by

0 u p O
B ) -u 0 0 —p
K, = cos(B) I + sin(B) -p 0 0 ul
0 p —u O
0 u p O
o o -u 0 0 —p
K" = cos(B) I sin(B) —p 0 0 u |’
0 p —u 0

as follows from (31). These formulas are simplified by the choice B = 7 /2, yielding

0 u p 0
_|-u 0 0 -—p -1
K, = —p 0 0 u | K, =-K,.
0 p —u O
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As for A, this is immediately computed from the above and A = —(DXK),)K;], yielding for B = 7 /2 (we omit the more
complex formulas for the general case of arbitrary B)
0 O 0 —uy
1 0 0 —uy 0
M—w2 |0 u O 0
u, 0 0 0
One can then easily check that the {n, ny, nx} given above satisfy the prescribed relations, i.e. ny = Dyn + An, Ny =
Dyny + Any.

A=

7.3. Example 8

Let us consider a different examples for the same action of SU(2), now in the full R* space. The section y will now
correspond to

al =7z, o? =2z, o’ =5z (35)

We will moreover choose ® = (u, v, —z, w); thus the vector field to be gauged is a scaling in the (u, v) plane and a rotation
in the (w, z) one. The corresponding gauged vector field in U is
Xo = cos(w) (udy, + vd, — 28, + wd,) + @ 'sin(w)[(@1v + 0w — @32)dy — (U + A3w + €2)d,
— (01311 + v — 0[111))31,, — (O(zu — 03V — a1z)82].

Here we have written w = \/a? + o2 + oZ. With the usual method, we get
P! = wcos(w) — (ot — a3V — a12)w” ! sin(w),
P? = 2[w cos(w) — (catt — 030 — 012)w” ! sin(w)],
P? = 5[w cos(w) — (aall — a3V — a12)w ™ ! sin(w)].
We will thus consider the vector field in M given, with again 9; := (3/da’), by
X = cos(w)[ud, + vd, — 20y + wa, + w(d1 + 20, + 503)]
+ o 'sin(w)[(e1v + daw — @32)dy — (U + 3w + 22),
— (03U + v — W)y, — (U — a3V — 12)9, — (U — a3V — ®12) (07 + 20, + 503)].
The manifold Iﬁy is invariant under this, and the restriction of X to MJ, is
X, = cos(£2)[udy + vd, — 29y + wa, + w(dy + 20, + 593)]
+ 27 sin(2)[(vz + 2wz — 52%)3, — (uz + 5wz + 22%)d,
— (5uz + 2vz — w2)d,, — Quz — 5vz — 248, — Quz — 5vz — 24 (31 + 20, + 533)];
note that now w has been replaced by §2 = +/30z. The projection of this vector field to M is
W = cos(2)[udy + vd, — 20y, + wd, + w(d; + 20, + 593)]
+ 27 'sin(2)[(vz + 2wz — 52%)d, — (uz + 5wz + 2z%)d,
— (5uz + 2vz — w2)d, — Quz — 5vz — 22),].
Let us now consider prolongations; the second prolongation of X in M® s computed by standard algebra, giving a rather

long formula which we omit.
The restriction X of this to M{* is readily obtained via the substitution  — £2 and those given by (35); as for the

projection Y of X to M®, in which we are mostly interested, in the notation (28), this corresponds to

u v+ 2w — 52
= v i —(u+5w+22) |
n=cos(2) | _, |+ (1/+/30) sin(£2) “ut2v—w |
w —2u+5v+z
Uy Uy + 2wy — 5z
- Uy : —(uy + 5wy +22) | .
e = cos(2) —Zx +(1/V30)sin(@2) —(Suy +2vy —wy) |’
Wx —2uy + 50y + 2
Uxx Uxx + wax — Szxx
Ny = €OS(§2) _U"" + (1/4/30) sin(£2) —(Uxx + 5wy + 22Z4)

Zxx _(5uxx + zvxx - wxx)
Wxx —2Uyy + SUxx + Zux
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We should now check that relations (29) are satisfied for a suitable matrix A = —(DxKJ,)K,j 1. In our case
0 1 5 2
sin(£2) [—1 0 2 -5
Ky = COS(Q)I + ﬁ _5 ) 0 1
— 5 -1 0
It follows that
0 1 5 2
-1 0 2 -5
A==zl .5 5 o 1

-2 5 -1 0
One can easily check that this satisfies indeed the required relations

nx = Dy + An, nxx = Dynx + Any.

7.4. Example 9

We will now turn - still using the same real representation of G = SU(2) - to examples dealing with Theorem 2.
Let us consider the vector field Y corresponding, in the notation (28) and writing p := +/v2 + 22, to

1 0
0 sin(p) [ (v—z u u
n=u| cos(p) 1| — ( 0 ) ) Nx = 177, Nxx = 7)0(". (36)
u u
0 (v+2)

This is a u-prolonged vector field, with © = Adx identified by
A = p~?By+ (1/2)p~>sin(2p) By + p~? sin*(p) By,
where the matrices B; are given by
0O —v 0 —z

v 0 -z O
BO = (UUX + sz) 0 z 0 T
z 0 v 0
0 -z 0 v
z 0 v O
By = (vz — vz) 0 v 0 -2z
-v 0 z O
0O 01 o0
0 0 0 -1
By = (vyz — vzy) 100 0
0 1 0 O
This A is in the general form given above provided y is identified by

ot1=v, Ol2=Z, a®=0.

Having identified y allows in turn to identify the gauging matrix K, as

0 v 0 =z

1 . —v 0 z 0
K, = cos(p)I + p~ ' sin(p) 0 —z 0 v

-z 0 —-v O
hence the vector field X(? is also determined and - with the procedure described in Section 5.4 - the full X® is readily
obtained as well (we omit the involved explicit formula); this is the standard prolongation of
X = cos(w) (udy + udy,) — @ 'sin(w)ufasdy + (a2 — a1)dy — a3dy + (g — 1)d; + 97 — 3]
This leaves y invariant, and its components along U correspond to a gauged vector field, being of the form ¢? =
[K ()% 6P with® = (1,0,0, 0).

7.5. Example 10

We will now consider the vector field Y in M® given (writing £2 = +/30z) by

sin(£2)
Y = COS(Q) (au + aw) + — (Sau + av - Saw - 382) )

V30
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that is, with the notation (28) we have

1 5 0 0
0 zsin(2) [ 1 0 0
n= COS(Q) 1 + T -5 ) Nx = 0 5 Nxx = 0
0 -3 0 0

This is a p-prolonged vector field, with

0 -1 —5 -2
1 0 —2 5|,
5 2 0 -1
2 -5 1 0

A =12z

this in turn corresponds, see our general formulas above, to y identified by
o =2, oy = 2z, a3 = 5z.
We can in this way identify X{* and X®); the latter turns out to be
X® = cos(w) (3 + 3,) + [sin(w)/w] (o33, + (22 — @1)dy — 039y,
— (@1 +2)9; — (a1 +@2)(91 + 20, + 583)) .

The vector field X just coincides with X®; its components along U, given by ¢ = cos(w)(1, 1, 0, 0) + w™ ! sin(w) (a3, (oz —
o), —a3, —(a1 + o)), correspond to a gauged vector field obtained for the choice ® = (1, 0, 1, 0). The gauging matrix
K (a) can be derived either by this or noticing that the A given above corresponds to

K, = cos(£2) I,

with the usual prescription this yields

0 aq as ap

sin(w) [ —a 0 a —a
K(a) = cos(w) I + —a; —a, 02 a]3
—ay as —a 0

The same result is obtained comparing X and the ® given above.

8. Examples III. Non abelian groups: SO(3)

In this section we will consider the group G = SO(3) acting in R® by its natural representation; once again we will consider
very simple vector fields and section. Coordinates in U will be denoted by (u, v, w). Example 11 deals with Theorem 1, while
Example 12 with Theorem 2.

8.1. SO(3) algebra and group action; lambda matrices

We will consider generators L; = T (¢;),

00 0 0 0 1 0 -1 0
L=(o 0o -1}, L=(0 o0 o), L=(1 o o).
01 0 -1 0 0 0 0 0

The group element g corresponding to g = exp(¢) for £ a generic element of the algebra is readily computed. Consider
a generic matrix L = «'L;; this is written explicitly as

0 —03 [0%)
L= 03 0 —Q1 ).
—0) [04] 0

Some easy computations show that higher powers of L satisfy (k > 0)
LZ’H—] — (_-l)szk L LZ(IH—]) — (_])kak LZ

where we used

_ /.2 2 2
w=,/a7 +a; +a3.

Using the Taylor expansions of trigonometric functions, it follows that K (a) = exp(L) and its inverse can be written as

K@) =1 4+ o 'sin(w) L + o 2[1 — cos(w)] [?
K Ya) =1 — o 'sin(w) L + o %[1 — cos(w)] L%
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We will not give the general expression of matrices A = —(DXK},)K; ! corresponding to K, K~ given above, as the formula
- which can be readily derived with the help of a symbolic manipulation program - is quite involved; its general shape is
A = My + sin(w)M; + cos(w)M,, where the M; are three-dimensional matrices.’

The general form of gauged vector fields in U is easily obtained applying K (¢) on © = (61, 2, 63); conversely, given a
gauged vector field with components @ = (¢!, ¢?, ¢3), the corresponding © is given by ©® = [K~!(«)]®.

8.2. Example 11

We will consider R® with cartesian coordinates (u, v, w) and U C R® defined by u < 1. The vector field X, in U will be
Xo = uw™? [(a% + (a% + O(%) cos(w)) 0y + (1a2(1 — cos(w)) + asw sin(w)) 9,

+ (ra3(1 = cos(w)) — arwsin()) 3, | ,

where as usual w = , /ozf + a% + oz%. This is a gauged vector field, corresponding to the choice ® = (u, 0, 0).
We choose the section y identified by

o' =Bu, > =0, o® = V1 —12,
where B is an arbitrary real constant; formulas are simpler with the choice 8 = 7 /2. The vector field X, is completed to a
vector field X = Xy + P™9,, in M, leaving y invariant, with the choice P™ = X,(A™).
Using the notation p = +/1 — u?, the restriction of X to y is
X, = (u+u’(1—cosB))dy+ (upsinB) 3, + (2u*p sin*(8/2)) d,
+Bu (u” + (1 —u)cos B) & — BuPp~ " (u” + (1 — u?) cos B) ds;
the projection of this to M is easily computed to be
W = (u+u’(1—cosB)) dy + (upsin B) 3, + (2u’p sin*(8/2)) d,.
We can compute with standard procedure the second prolongation of X, restrict it to I/\/\I}(,Z) and project to M®_ The final
result is in the form ((28)) with
> + (1 —u?)cos B
. uX uXX
n=u psinf s =N =
2pusin’(8/2) u u
These should be checked to satisfy the relations ((29)) with A given by Theorem 1. In the present case,
P+ (1—u¥)cosp —psing pu(1 — cos B)
K, = psin B cos B —usinf
ou(1 — cos B) using (1—u?) +u?cosp

w4+ 1—ub)cosf psinp pou(1 — cos B)

)

K= —psin B cos B usin B
pu(1 — cos B) —using (1 —u?) +u*cosB
With standard computations, we get first (D,K, ) and then
u 0 —u —1
A= —(DXKV)K;1 =2 usinp 0 psinp

P \2sin®(B/2) —psinp 0

It is easily checked that indeed ((29)) are satisfied.
In the simple case 8 = 7 /2, we are reduced to

2
u 0 —u -1
u u u
n=1u 1Y ) nX:(l)nv Nxx = XX’]; A:X<u 0 IO)
u u 0 1

8.3. Example 12

Let us consider the vector field Y given, in the notation ((28)) and using the conventions set in the previous Example, by

—pw —pw —pw
n=u 0 , Nx = Uy 0 s Nxx = Uxx 0 .
uw uw uw

9 We stress this A depends on the three arbitrary smooth functions A;(x, u, v, w, z) and their derivatives. Thus if we want to identify a given three-
dimensional matrix with A, this yields a system of PDEs for the three functions A;.
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These satisfy ((29)) with

0 —Uully, —Uy
A=p |uuy 0 puy | .
Uy, —pUy 0

In order to associate this with a gauging matrix K, , one can either proceed by massive computations using the general

form of A in terms of the functions A'(x, u, v, w), or observe that only the u variable appears in A, and proceed by trial and
error to determine

2 2

- —p pu u p pu
K,=|p O —u | withK,'=|—-p O u
pou u 1-— u? pu —u 1-— u?

At this point it suffices to use Ky‘l to transform the (1, 1y, 7x) into 0 = Ky“n etc.; we get

0
0=|v’w+ull-—vdHw]|, 0, = u, 0, Oex = Uy 0.
0

It is easy to check that 6, = D6 and 6,y = D6, i.e. the vector field
69(8/9u”) 4 6°(3/0ul) + 6% (8/9u’)

is the standard second prolongation of
Xo = (LPw +u(l —u®)w) (3/dv).

In order to complete this to a vector field in M , we compare K, and the general expression for K (), and observe that we
obtain such a K,, by choosing y identified by

=@/Qu, > =0, o =@/DV1—u2

Applying X, on the functions X'(x, u, v, w) defined by these relations, we get P! = (7 /2)u, P> = 0, P> = (7 /2)~/1 — 2.

9. Discussion

We have thus shown that p-prolongation can be understood as a standard prolongation in the gauge jet bundle M )
restricted to a section of the bundle and then projected to the M® bundle.

With this point of view on p-prolongations - and on the discussion in the present work - there are some observations
to be made and points to be stressed; some of these suggest in turn further developments.

(1) We were able to conduct our discussion within the framework of gauged vector fields; acting by a gauge
transformation y € I"(Pg) in M M® , the bundle J*M, which in this context should be seen as a submanifold of M M® ,is mapped
into M,, M® , and prolonged vector flelds are mapped into vector fields which, if projected back to J*M, appear as u-prolonged
ones. By acting with the inverse transformation, the p-prolonged vector field can be transformed back into a standard
prolonged vector field.

(2) Roughly speaking, this shows that the possibility to apply w-prolongations and p-symmetries of differential equations
with the same effectiveness as standard prolongations and symmetries can be understood as a consequence of the fact that
the differential equations under consideration are written in terms of ordinary rather than covariant derivatives; this in turn
makes that the equations are set (with the language employed in this note) in the ordinary bundle J*M rather than in the
augmented bundle J*M. N

(3) In this way, a gauge transformation maps the differential equation A under study into a different equation A, which
can admit (ordinary) symmetries not admitted by the original equation as ordinary symmetries, albeit they are admitted as
u-symmetries. Thus one could say that the approach devised by Muriel and Romero is somehow opposite to the one which
is standard in field theory: rather than promoting PDEs to covariant equations (that is, write them in terms of covariant
derivatives), one keeps non-covariant equations and uses gauge transformation to maps them to different equations. This
procedure represents an advantage if the gauge orbit of the considered equation A contains an equation A with a higher
symmetry.

(4) This point of view also suggests an obvious approach to apply p-symmetries for the reduction of general systems
of differential equations by differential invariants (so far a procedure for this is known only when the A; satisfy some
additional conditions [7-9]; it is not known if these are only sufficient or also necessary). That is, work in the whole ]kM
where differential invariants of higher orders can be obtained from lower order ones by the familiar recursive procedure,
and then restrict to the relevant sub-bundle | "M .Such an approach is however too simple to work; the reason is that, due to
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the term P™(3/da™), the standard recursive procedure [3] does not in general give new invariants'°and should be modified
accordingly. This will be considered in a separate contribution.

(5) Note also, making free use of the notation introduced in the proof to Theorem 1, that the reduction from vector
fields in M to vector fields in M,, was natural for the diagram (18) provided the relation #™ = (dA™/du)p® was satisfied,
and this independently of the condition (10) for X. On the other hand, the operator 5,, and hence P, (which then turned
out to be the p-prolongation operator with suitable ) was at first defined as the operator making the left-hand side of
(18) commutative. Thus, it may also be defined independently of (10). In principles, this could give a generalization of the
u-prolongation operation. This problem will also be considered elsewhere.

(6) It should also be mentioned that here we worked with sections of §8 as basic objects, corresponding to the
requirement g = g(x, u). One could start from sections of 4.8, corresponding to gauge transformations withg = g(x, u®),
i.e. depending not only on the space-time point x and on the values of fields u® at x, but also on the values of field derivatives
up to order s at x.

(7) The point (3) of the present discussion suggests that in order to deal with u-symmetries of differential equations
set in terms of standard partial derivatives, it might be convenient to rewrite them in terms of covariant derivatives (that
is, write partial derivatives u; as uf = Vu® — (Ai)“bu”, and the like for higher derivatives), extending them to covariant

equations in the M space - allowing of course also changes in the A; matrices and the reference $$8 section - in order to
take full advantage of the gauge formalism.

(8) As for physical relevance, the analysis here (and that in [23], respectively) considered above show that with the
formalism of p-symmetries one can be able to detect symmetries and hence conserved quantities even if working in a
non-convenient gauge (respectively, reference frame). This opens the interesting possibility of applying symmetry analysis
and Noether’s theorem (see [13] in this respect) also when working in a gauge in which the equations are not manifestly
symmetric.

(9) The point of view embodied in this work, based on the gauge bundle, has several points of contact with those explored
in recent works by other authors: P. Morando considered a gauging of the exterior derivative and showed how this leads to
u-symmetries [25]; D. Catalano-Ferraioli considered auxiliary variables in the context of the theory of coverings, showing
intriguing relations between (local) A-symmetries and nonlocal standard symmetries [26]; see also [24]. This relations are
also used in connection to solvable structures in [27]. Relation with this approach is briefly discussed in the Appendix.

(10) Finally, we recall that - as discussed in [ 12] - the case of a scalar ODE, originally considered by Muriel and Romero [6],
is degenerate in several ways. These degenerations hide the rich geometrical structure displayed in the general case of
system of PDEs, i.e. passing from A to u-prolongations, and make that the case considered at first is actually the most difficult
one. Needless to say, this makes the work by Muriel and Romero even more remarkable.
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Appendix. Gauge variables as auxiliary variables

When we fix a gauge, i.e. set ™ = A™(x, u), we are actually prescribing a correspondence between functions u® = f?(x)
and expressions of « as functions of the x themselves, viaa™ = F™(x) := A™(x, f (x)). In this sense, gauge fixing is equivalent
to a constraint relating the x, u and the « seen as auxiliary dependent variables. This description of gauge variables as
auxiliary dependent variables is reminiscent of the approach to A-symmetries via the formalism of coverings [26], and we
would thus like in this Appendix to discuss how our construction can be modified to take this point of view into account.

Let us consider “fully augmented” bundles M = M x 4, in which the gauge variables « should be seen as new dependent
variables. Thus, in the corresponding jet bundles J*M = M® will also appear variables a]'" corresponding to derivatives of

the «, and the contact structure in M will also include forms Z/" = da]" — «/idx'. The total derivatives operators ; in
MY will thus be

T R .
i)izg—’_ujjaiu]a_'—a],iw:l)i"‘zi,

here we have of course defined Z; = a]"fi(a / aa]'") and denoted again by D; the usual total derivative operator in M®.
Now the gauge fixing operator §, corresponds to introducing the constraint y given by «™ — A™(x, u) = 0. For any
function F (x, u, ) we have immediately

8, DiF] = [(@F/9x) ], +uf [(F/9u")],, .

10 This is related to the fact we now have, for general vector fields and with standard notation, [X¥, D;] = —(Ds&)D, — (DxP™)(d/d™) rather than just
(X%, D] = —(Dx§)Dy.
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On the other hand,
Di[8,F] = [(@F/3x)], +uf [(9F/9u)], + [DiA™(x, )] [(9F/da™)] .

Comparing these two expressions we get D;[8,, F] = 6, [(D; + Z;)(F)], which can also be written as

8y (DiF) = D; (8, F), (A1)
or equivalently
8, (D;F) = D; (6, F) — &, (ZF). (A.2)

The relation (A.1) describes how total differential operators should be modified if applied before or after gauge fixing.
In particular, if we apply (A.2) on Q%(x, u, o, uy) = [K(e)]% O (x, u, uy), we have ZQ® = (ZK%)O" = [(ZK)K~'1%QP. It
is easy to see that

8,[ZK)K "] = (DiK,)K, " = R,

where as before we wrote K, = §,,(K) and REV) is also defined as above.
That is, if we first act with D; and then fix the gauge we obtain the same result as by first fixing the gauge and then acting

with Vi(y) =D; — Rf”). We can then identify the twisted prolongation obtained by acting with operators V,-(y) (rather than
D;) with a p-prolongation, proceeding in the same way - and with the same y - as in the main text.
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