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1. Introduction

Line bundles are key in classical algebraic geometry. Ample (resp. very ample) line bundles on schemes give morphisms
to (resp. embeddings into) projective space, e.g. the Plucker embedding of a Grassmannian.

In the development of algebraic supergeometry, it turns out that line bundles are no longer so fundamental. For instance,
over C, generic super Grassmannians possess no ample line bundles (see, e.g.[1] for a proof of this fact for Gr (2|2, 4|4)), and
therefore cannot be embedded as subsupermanifolds of super projective space P™" for any m|n.

Manin [1] has suggested that a different concept, due to L.A. Skornyakov, should be a substitute for invertible sheaves
in supergeometry: that of I7-invertible sheaf. These objects are pairs (S, ¢), where S is a locally free sheaf of rank 1|1
and ¢ is an odd endomorphism of S such that ¢* = 1. Their transition functions can be reduced to G:n“, a nonabelian
supergroup analogous to the usual multiplicative group G,,. Sections of IT-invertible sheaves give embeddings into a novel
supergeometric generalization of classical projective spaces, the IT-projective superspaces.

Deligne [2] has pointed out that over C, G,ln‘] may be interpreted as the multiplicative supergroup D* of the so called
“super skew field” D, a noncommutative central simple superalgebra. This point of view continues to be valid over any
algebraically closed field k of characteristic not equal to 2, and sheds considerable light on I7-projective geometry. Many of
the basic constructions in I7-projective geometry become more transparent when interpreted in terms of the algebra of D.
This is the task of this current work.

The plan of the paper is as follows. In Section 1 we review basic material about the “super skew field” D. This object
may be characterized as the unique (up to Brauer equivalence) central simple superalgebra over an algebraically closed
field k, char (k) # 2. We define super Azumaya algebras, and extend D to a sheaf D, of super Azumaya algebras over a
k-superscheme B. We prove some basic results about the structure of D-modules in some key special cases.

In the category of affine algebraic B-superschemes, we then give a new construction of the /7-projective space Py, ,.

Given a free D-bimodule (V, ¢, ), we realize P;; (V) as the quotient of V \ {0} by the algebraic supergroup an“ = D*
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(anti-)acting by left scalar multiplication. This result was asserted in [3], but no proof given. We prove that with our definition
of the IT-projective space, V \ {0} becomes a D*-principal bundle over P (V). This is enough to show that P;; (V) is a quotient
of V \ {0} by D*. Many of the basic results of supergeometry needed for this portion of the paper may be found in [4]; a
more detailed treatment of basic supercommutative algebra and algebraic supergeometry is contained in the Ph.D. Thesis
of Westra [5].

We then briefly discuss the theory of IT-invertible sheaves. We explain, as noted in [2], that a [T-invertible sheaf is
nothing more than a locally free sheaf of D-modules of rank 1. We then define a “hyperplane bundle” O (1) on P 5(V),
and use it to characterize all B-morphisms X — P 5(V) (a result again stated in [6] without proof).

Finally, using the algebra of the super skew field D, we define a product structure on the set of I7-invertible sheaves,
taking values in the set of 1|1 locally free sheaves. This product is shown to be the same as the composition of /7-invertible
sheaves proposed by Voronov, Manin, and Penkov [7].

We now make a few remarks about the motivation behind this work and its implications for supergeometry. Levin [3]
has constructed super analogues of Jacobi theta functions and used them to embed families of SUSY-1 elliptic curves into
(products of) IT-projective superspaces. This suggests that a deeper understanding of IT-projective supergeometry may
prove key for the algebraic supergeometry of SUSY-1 curves, and is one of the motivation for our embarking upon this
paper.

A definition of the Jacobian of a SUSY-1 curve was given in [8] in terms of line bundles. This object is an abelian supergroup,
but not an algebraic supervariety, even in the genus 1 case [9]. Alternatively, in Chapter 2.7.1 of [1], Manin sketches a
definition of the Jacobian of a SUSY-1 curve. In general, Manin’s Jacobian is not a supergroup, and he asserts that such
Jacobians should be linked to IT-invertible sheaves. The fact that the product of IT-invertible sheaves does not define a
group structure on the set of IT-invertible sheaves may be connected with Manin’s suggestion; this led us to investigate this
product more thoroughly.

2. The super Azumaya algebra D

2.1. The super skew field D

Let k denote an algebraically closed field of characteristic # 2. Let D be the “super skew field” D := k[6], 6 odd, 6% = —1.
D is a noncommutative, associative superalgebra. Any homogeneous nonzero element of D is invertible. As we shall see, D
is an example of a central simple superalgebra, which notion we now define.

We recall some definitions for the reader’s convenience. As usual, the quantities appearing in all equations below are
assumed to be homogeneous unless otherwise stated.

The opposite of a superalgebra A is the superalgebra A° whose underlying set is equal to that of A, and whose multiplication
is given by:

X0y = (=DMPly.x
where the multiplication on the right hand side is that of A. The center of A is the superalgebra Z(A) generated by:
(xeA:xa=(—1DMax va e A}.

Note that Z(A) is a supercommutative ring. Given any k-superalgebra A, we can define a superalgebra homomorphism
Y 1 AQyA° — End,(A) by:

a®b> (x> (=) ¥axp).

We say that a k-superalgebra A is central if Z(A) = k, and A is simple if A has no non-trivial two-sided homogeneous ideals.
The super Artin-Wedderburn theorem (cf. [10]) then states that:

Theorem 2.1. Let A be a superalgebra over a field k, finite dimensional as a k-super vector space. Then A is central simple over k
ifand only if ¥ : A® A° — End, (A) is an isomorphism of k-superalgebras.

We emphasize that the End appearing in the statement of the theorem is the “internal End” (i.e. the superalgebra of ungraded
endomorphisms), not the categorical End (i.e., the even subalgebra of even endomorphisms).

In [11], it is shown that the super skew field D/k is a central simple superalgebra, and that it generates the super Brauer
group sBr of k of Brauer equivalence classes of central simple superalgebras over k.

In ungraded commutative algebra, the notion of central simple algebra over a field k is generalized to the category of
algebras over a commutative ring by adopting the conclusion of the Artin-Wedderburn theorem as a definition. The resulting
objects are called Azumaya algebras. We define the super analogue as follows:

Definition 1. Let A be a superalgebra over a supercommutative ring R. A is a super Azumaya algebra over R if A is a faithful,
finitely generated projective R-module, and the natural homomorphism ¢ : AQrA° — Endg(A) is an isomorphism of
R-superalgebras.
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We then have the following:

Proposition 2.2. Let k be an algebraically closed field, char (k) # 2 and R be a commutative k-superalgebra. Then D := D ®; R
is a super Azumaya algebra over R.

Proof. Since Dy, is a free R-module, it is certainly faithful, finitely-generated, and projective. {1]|6} is a homogeneous R-basis
of Dg,andso {1®1,0®6 | 1®6, 6 ® 1} is a homogeneous R-basis of D ®g D°. Using the basis 1, 6 of D to identify End,(Dg)
with the matrix superalgebra My 1 (R), one sees that:

pae1 =(é?) w(9®1)=(? ‘01)

vA®0) = (%%) 1//(9@9):( _01 ‘1) )

It is readily checked that these matrices form an R-basis of My;;(R). (This requires the fact that 2 is invertible in R.) Thus v
sends an R-basis of D ® D° to one of M1 g, hence must be an isomorphism. O

(2.1)

At this point, one ought to generalize our construction to obtain sheaves of super Azumaya algebras, locally isomorphic
to Dg. However, we will work in a more restrictive category rather than pursuing this line of development. Let B/k be a
superscheme over an algebraically closed field k, char (k) # 2. We define the sheaf D; by:

DB(U) = Dy ® Op(U).

The sheaf D} may be defined in a completely analogous fashion. The following properties of D, follow from standard
arguments and Proposition 2.2:

Proposition 2.3. e D is a trivial, rank 1|1 locally free sheaf of ©g-modules.
e D is a sheaf of super Azumaya algebras over Og: for any point b € |B|, there exists a Zariski open set U > b such that
¢ : Dp(U) ® Dy(U) — End(Dg(U)) is an isomorphism.

One can prove an analogue of Proposition 2.3 for Dj in the same way. More generally, we will consider the category
of relative superschemes X /B for B a Noetherian k-superscheme. We define a sheaf of super Azumaya algebras Dx,/z on
m : X — Bby:

DX/B = 77*(@3)-

The relative version of Proposition 2.3 holds in the category of B-superschemes:

Proposition 2.4. e D, /B is a trivial rank 1|1 locally free sheaf of ©x-modules.
o Dy is a sheaf of super Azumaya algebras over O: for any point x € |X|, there exists a Zariski open set U > x such that

¢ : Dy/p(U) ®@;’</B(U) — End(Dy (U)) is an isomorphism.

Proof. The first statement follows from the fact that the inverse image of a trivial locally free sheaf of ©®g-modules is also
locally free over Oy of the same rank and trivial.

For the second, note that for any x there is an open set U € X, x € U, such that f(U) is contained in an open set V
in B and Dg(V) is a super Azumaya algebra with ©@(V)-basis 1, 6. Then the proof of the claim is completely analogous to
Proposition 2.2, replacing k with @g(V) and R with Ox (U). The only point to note is that the direct limit of Dy (W) over all
open W containing f (U) is a super Azumaya algebra because Dz(W) is super Azumaya for any open W C V. O

In the future, when working in the relative category of X /B, we will occasionally abuse notation and use D to denote
DX/B~

Remark. (1) It would be interesting to extend this theory to those cases where 2 is not invertible.
(2) Dy is not the only possible sheaf of super Azumaya algebras on B which is locally isomorphic to D ®y Op; for instance,
one could tensor D with any locally free sheaf of rank 1|0 on B.
Here the structure morphism B — Spec (k) allows us to pull back D to B in a canonical fashion, giving us a natural sheaf
of super Azumaya algebras D on B, and the structure morphism f : X — B then gives a canonical pullback of Dg to X /B.
Dy is canonical as well, in the following sense: the Brauer equivalence class of D, generates the super Brauer group sBr (k)
of k, which is isomorphic to Z, (see Chapter 3.2 of [11]). Thus Dy is the most “natural” way of extending D, to a sheaf of
super Azumaya algebras on X /B, in the sense that it involves no arbitrary choices, only the structure morphisms.
Presumably a more complete understanding of the situation would entail developing the theory of the super Brauer group
of a superscheme along the lines of [12]. We speculate that those Brauer equivalence classes in the super Brauer group of
B which are represented by sheaves of super Azumaya algebras locally isomorphic to D each correspond to fundamentally
different “twisted” versions of IT-projective geometries over B. What we treat in this paper might justifiably be called the
“untwisted” IT-projective geometry.
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2.2. D-modules

In this section we shall discuss the theory of Dz-modules. Since D is noncommutative, we must take care to maintain
the distinction between left and right D-modules. Often we denote Dy by D to save notation; the omission of the base ring
should not cause any confusion.

Definition 2. A left (resp. right ) Dg-module is an R-module M with an R-algebra homomorphism (resp. antihomomorphism)
D — Endpy(M).

It is readily seen that a left D-action on M is completely equivalent to the choice of an odd R-endomorphism ¢ of M such
that ¢> = —1. Namely, suppose given a left action of D on M; then the left action of  on M is an odd R-endomorphism
whose square is —1. Conversely, given an odd R-endomorphism ¢ such that ¢ = —1, a left action of D on M is given by:

(a+bO) -v=av+ bp(v).

In order to comply with our convention that endomorphisms of modules act on the left, we often convert a right
D-module into a left D°-module via the usual formula:

s-m:= (=1)mMm.s,

where - denotes the D-module action on the right and the D°-module action on the left. From this point of view, a right
D-action on an R-module M is equivalent to specifying an odd R-endomorphism ¢’ of M such that (¢")? = 1.

Definition 3. A homomorphismf : M — N of left (right) D-modules is a homomorphism of R-modules that intertwines the
actions of D on M and on N. f is a morphism if f preserves parity.

Now that we have a notion of morphism, we have categories p21 (resp. Mip) of left (resp. right) D-modules, as well as
the category p9ip of D-bimodules. We can also define the categorical Hom (i.e., parity-preserving homomorphisms) and
internal Hom (all homomorphisms) in these categories, as one can for module categories over any associative super ring.

In particular, for a left (right) D-module M, the D-dual MY := Hom;, (M, D) is well-defined. M is a left (right) D-module
in the usual way, by (left) right multiplication in D.

One can also define a free D-module on an ungraded basis set I, via the usual universal property. If I is a finite set, the rank
of the free D-module on I is defined to be |I|. That the rank is well-defined follows from the fact that a free D-module of rank
nis also a free R-module of rank n|n and that a supercommutative ring R satisfies the invariant basis number property.

We note that the superrank of a free D-module is not a well-defined notion: for instance, D, regarded as an (e.g. left)
D-module, has even basis {1} or odd basis {#}. This is a consequence of the noncommutativity of D.

Owing to this noncommutativity, the theory of D-modules is quite involved. However, we have the following extremely
important special case, which later serves as a model for I7-invertible sheaves:

Proposition 2.5. Let k be an algebraically closed field, char (k) # 2, R a commutative k-superalgebra, and M a right Dg-module,
free of rank 1|1 over R. Then M = Dy in My,

Proof. By the previous discussion, M is an R-module with an odd endomorphism ¢, ¢? = 1. Choose a basis for M as an
R-module. It is easily seen that ¢ = 1if and only if the matrix representing ¢ in this basis has the form

o a
()

in this basis, with a, & € R. We conjugate P by the invertible matrix:

al| —«a
()

obtaining:
T e o | a a | ax
P = () () (6
_(0]1
B 110 /-

Applying the change of basis matrix B to our original basis, we obtain a right D-module isomorphismD — M. O

Remark. As previously, one can prove a completely analogous proposition for a left D- module, free of rank 1|1 over R.
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2.3. D* and the group superscheme (G,l,,‘l

For now, let us work in the category of B-superschemes, where B is an arbitrary superscheme. Following [1], we define
the group superscheme G:n“ over B, whose functor of points is given by:

T — [I'(Op)]*

for any B-superscheme T. Hence (G,ln‘l(T) consists of all global sections a + « of Or, where a is even and invertible, o odd.
Similarly, we may define a sheaf of groups G:n“, whose sections on an open set U C X are given by:

Gp'(U) = [0xW)]".

This is evidently just the sheaf of groups Oy.
The following proposition (for the analytic category) is from [1]:

Proposition 2.6. The functor G:rll : (Superschemes/B) — (Groups) is represented by the affine B-superscheme A;“ \ {0}, with
group law given in terms of the functor of points by:

(a,a) - (d, ) == (ad + aa’, ac’ + d'a).

Proof. It is well known that the functor of points of A;“ \ {0} is:

A;“ \ {O}(T) = {(a, @) : a,x € I'(O1), aeven and invertible, o odd}

for T a B-superscheme. (a, @) — a+« is the desired isomorphism between the functor of points ofA;“ \ {0} and the functor
11 . .. .
m - One checks readily that this isomorphism preserves the group laws. 0O

Occasionally it will be convenient to embed (G,ln‘] into SL(1|1, Op) as a closed subsupergroup via:

a| o
a+a|—><a a)'

It is straightforward to check that the Berezinian of an element of this subsupergroup is 1. This embedding is also valid for
the sheaf@:n“ into SL(1]1).
Now we make the further assumption that B is a superscheme over an algebraically closed field k, char (k) # 2. Then the

sheaf D, of super Azumaya algebras naturally gives rise to a group superscheme Dj over B, via the functor of points:
T [I(T, f* Dyl

for any B-superscheme f : T — B. When the base B is understood, we will sometimes write D* for Dj. Similarly, for a fixed
B-superscheme f : X — B we have a sheaf of groups D} on X, defined by:

Dy(U) = [f"(@p)(W)]p-
Deligne [2] has pointed out that there is a natural isomorphism G,l,,“ — D*, given on the level of T-points by:
a+ o a+ 0o

where a, o € Or, aeven and invertible, @ odd. We may identify the sheaf of groups Q,w = O with D} in the same fashion.

3. Construction of Manin’s /7-projective space P; (V)

We work in the category of B-superschemes, B a superscheme over an algebraically closed field k, char (k) # 2.In analogy
with the case of ordinary projective space, we will construct the IT-projective superspace as the space of D-lines, i.e. rank 1
free right D-modules of a free D-bimodule V. Intuitively, this is the space of orbits of the supergroup D* acting by left scalar
multiplication on V \ {0}. We shall make this intuition precise by constructing the quotient V \ {0}/D*, then characterizing
morphisms into this quotient.

It would be very interesting to develop an analogue of the Proj construction for the category of D-modules in order to
extend these results to the case of arbitrary k-superschemes B and obtain a completely invariant way of producing relative
IT-projective spaces over arbitrary B-superschemes. We plan to address this topic in future work.

Let (E, ¥, ¢) be a locally free sheaf of Dg-bimodules on B of rank n + 1 (here i yields the left D-action, ¢ the right
D-action). E is, in a natural way, a locally free sheaf of ©®g-modules of rank n + 1|n + 1. To this sheaf is naturally associated
the family of relative affine superspaces A(E)g over B, given by

A(E)p = Specg(Sym(E™)).
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Here Spec; denotes global super Spec over B. This is defined as follows: given any quasicoherent sheaf 4 of Og-superalgebras,
define the topological space |Specg ()| to be the set of prime ideal sheaves in 4, with the following basis for the topology:
for each open set |U| C |B| and section o € A (U)o, define the basis open set Vy; , to be the set of all prime ideal sheaves { in
g such that o ¢ £(U). The structure sheaf Ospec,(4) is defined by setting Ospecy(4) (Vu,o) to be the localization [A(Vy )]s
By its definition, Specy(+4) is a superscheme. The morphism p : Spec; — B is given on the underlying sets by sending any
prime ideal sheaf in » to its inverse image in @3 via the structure morphism @ — 4, and the sheaf map:

1 0p(U) — Ospecy (0~ (U)) = AU)

is just the structure morphism Op — 4, restricted to U. One may check that if A = Sym((@™")*), then Specy(+) is just

Am\n
We will denote A(E)g by E to distinguish it from the sheaf E; structure morphism p : E — B. We have

Proposition 3.1. E represents the functor:

E : (Superschemes/B) — (Sets)
(f:T—B) — I'(T,f*(E))o.

Proof. We just sketch the proof, since it is essentially the same as in the classical case. Fix a trivialization B; for E. Then
given a morphism f : T — Specg(Sym(E™)), Ty = f~1(B;) is an open cover of T. Since Qg (B;) is a free Op;-module,

m|n

Spec(Sym(E*))(B;) is isomorphic to affine superspace A", where m|n := rk(E). Hence, by the usual characterization of the

functor of points of Am‘" f|T is represented by an ordered m|n-tuple of m even functions x; and n odd functions &; on Ty ;,
the pullbacks by f|r, ; of lmear coordinates dual to the basis of @ (B;) in our fixed trivialization.

Because f is a morphism from T, on the overlaps f~ (B,]) the m|n-tuples corresponding to f|TfJ. are related by
multiplication by the transition functions of f*(E) and thus define an even section of f*(E). One checks that this
correspondence defines a natural transformation between the functor of points of Specy (Sym(E*)) and the functor E. That
this natural transformation is a functor equivalence may be checked locally, since the functor E and the functor of points
of Specg(Sym(E*)) are both sheaves. But on any Ty ; the natural transformation is an equivalence by the above-mentioned

characterization of the functor of points of Ag‘". O

We will give a construction of Manin's I7-projective bundle P (E, ¥, ¢) over B as the quotient of E \ {0} by the action
of the group superscheme Dj,.
The right Dg-action on E by scalar multiplication is given by:

v-(a+0a) :=va+ (- o) (3.1)

for a homogeneous element a + 6« of Dy,.
We now turn to the left action of D} on the superscheme E induced by the left action of Dg. It will be more convenient for
us to convert it into a right action by the standard device of composing with the inversion antihomomorphism:

v-(t+61)=@C+01) v (3.2)

where this equation is now interpreted in terms of the functor of points. This right D-action induces a left D}-action on 9.
We emphasize that the right action of Dj so defined is completely distinct from the previously defined rlght action of Dy;
indeed, the two actions commute.

The zero-section of E embeds B canonically into E as a closed subsuperscheme; hence the complement of the image of
the zero-section E \ {0} is an open B-subsuperscheme of E. The actions of D* and of D are linear, thus restrict to E \ {0}.

We have the reduction morphisms G,, — D*, E \ {0} — E \ {0}, which are the identity on the underlying topological
spaces. Let 7 : |E\ {0}| — [P5(E)| be the map on the underlying spaces induced by the quotient morphism E \ {0} — P5(V).
Recall that |V \ {0}| = |E \ {O}|.

We will define Pr7g(E) as follows. Its underlying topological space will be the underlying space |IP’§(E)| of the B-
projective space, IPg(E). We will construct a sheaf of Op-superalgebras Op; ;) on |IP’§(E)| such that (P(Ered), O 5)) is
a B-superscheme.

Let U C ]P’E(f) be any Zariski open set. Then U’ := 7~ '(U) is an open subset of [E \ {0}| = |E \ {0}]. The open
subscheme (U’, Op\(oylu) of E \ {0} is well-known to be G,,-invariant. This implies that D} acts on the B-superscheme
U' == (U, Og\j0ylu) € E\ {0}, since the restriction a|p« .,y to D* xp U’ of the action morphism a : D* xgE \ {0} — E\ {0}
maps into U’.

Definition 4. Let X be a B-superscheme, G a group superscheme over B, and a (resp. p;) : G xgX — X an action of Gon X
(resp. the projection on the second factor). A function f € Oy is G-invariant if and only if a*(f) = p5(f).
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We may now define the sheaf Op ) by:

Oy (U) = O 0y (U) (3.3)

where O?C{O}(U/) denotes the supercommutative ring of D*-invariant sections of Og\( on U’. One checks that this
assignment is indeed a sheaf of @g-modules on |[P’§(E)|.

Definition 5. The IT-projective superspace over B is the ringed superspace (|IP’§(E) [, Oy, 5(£)) OVer B.

3.1. Affine cells of P (E)

For simplicity, we will restrict ourselves in this section to the case where B is an affine k-superscheme, E a free sheaf of
D-modules on B. (The general case will be treated in later papers.) We will prove that P;; (E) has a Zariski open covering by
B-superaffine spaces. This will imply in particular that (Pz(E), Op, ;;)) is a smooth B-superscheme.

For this purpose, we may work locally on B, in a trivializing affine cover for E as a Dg-bimodule. So we may assume that
B = Spec(A), for some affine k-superalgebra A, and that Oy (B) is a free Dg-bimodule of rank n 4+ 1, some n. Hence there is
an Op-basis {e;|f;} of V such that ¢(e;) = fi, ¢(f) = e, v (e) = fi, ¥ (f;)) = —e;jfori=0,...,n.

Let {z;|¢;} be linear functionals on V dual to the basis {e;|f;}; we may then consider them as linear functions on V. Similarly,
lett, T be linear functions on D* dual to 1, 6. Then the action of a T-point t +0t of Dj ona T-point ) ; e;z;+f;; of V becomes:

D e+ fit) - (t+07) =) etz — t72g) +fit T G — tTz). (3.4)

1

In these expressions we are abusing notation and writing z; for the pullback of z; to I"(O7), etc. This equality holds good
independent of the choice of T-point. Hence the right D* action on V may be written in terms of the z; and ¢; as:

(20, Cos v s Zny Gn) - (6, T) = (29 — 02780, 6 00—t 2T20, ooy U 2y — U 2TLn, U Gy — £ 2T2,). (35)

Remark. Although we have chosen specific coordinates for V in which the D- and D*-actions take a particularly simple form
in order to facilitate our calculations, these actions were defined purely in terms of the D-bimodule structure of V. Hence
our constructions will depend only on the D-bimodule structure of V, and not on any arbitrary choices.

To this end, let us consider the open subset U/ := D(z;) of E \ {0}. The image of U in IP’E(E) is then the open subset
Ui = {lzo, .. -Zn] : Z; # 0}.The {U;},i =0, ..., n, form a Zariski open cover of |IP’§(E)|.
We may now characterize the rings 97, o, (U)).

Proposition 3.2. (9‘;\* 0) (U/) is the A-superalgebra generated over A by the functions:

wo=3_ 5
Zi Z;
i G 4G
m = P
i Z;
wherej € {0, 1, ... ; ..., n}. In particular, o~ (Uy) is a finitely-generated A-superalgebra.

Proof. The D*-invariance of the functions w!, 17, is shown by a direct calculation. It remains to be shown that w, ] actually
generate O (Uy). For this we require the following lemma.

Lemma 3.3. Let s € O (U;) be a Z,-homogeneous invariant section. Suppose that s is a multiple of ¢;. Then s is identically zero.

Proof. We begin by noting that 7 ~1(U;) is the affine B-superscheme with coordinate superalgebra Or-1uy = Alzo,

<5 Zn, ;0» cees {n][Z;]]-
Since D* and 7 ~!(U;) are both affine B-superschemes, we may work with their superalgebras of global functions. s is in
particular invariant under the subsupergroup G,]n‘o C D*, which is true if and only if s is a sum of rational functions of the

form:

P1p2 Py
s— a Zjl 2:7'2 e Z]U| ;7(] ;kz e é‘k”(‘
- Z K K+, pj
J.K Z;

where z; does not appear in the numerator of any term, and ¢; appears in the numerator of each term. Here J, K are
multiindices, and ax € Op.
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The equations that follow will all hold in Op: xpr-lwpy = Opx @ Or-1yy = Alzo, ..., 20, 0y -, Cns £y ‘L’][Zi_l]. The
pullback of s by (t 4+ 01)is:
(tzjl + r{j] )P] e (tzjw + T{jm)pm (t§k1 + TZk]) e (tgk‘m + tzkuq)
(tzi + 7¢)" T2

J
— Z a (th1 + T§j1 )Pl e (tzjw + Té‘jm)pw (té-lq + Tzlq) e (t;k“(‘ + ‘EZ"\KI)
I : (zt) I+ '

(E+0D)7)(6) = Y ax
K

The last equation holds since multiplication by 7 ¢; annihilates the numerator of (t + t0)*(s) (by expanding the numerator
as a polynomial in the zs, the ¢s, t and t, one sees by the assumptions of the proposition that every term must contain either
giorr).

Let P be the sum of all terms of ((t 4+ #7)~!)*(s) that do not contain 7, and Q the sum of those that do contain 7. One
may check by direct calculation that P = s. Hence (t + 76)*(s) = s implies that Q = 0. Then (zit)'K'JrZJ PiQ is the zero
polynomial in Op+ », ;.

Let us consider the terms of (z,-t)“(”z! PiQ that contain z;, call the sum of all such terms Q’. Q' is a polynomial, and since
the numerator of s does not contain z;, each term in Q' contains only a linear power of z;. We see that each term of Q" must
be a multiple of z;t, obtained by substituting z;t for ¢; in a corresponding term of s:

o P1 Pyl F(z: K1+ pi—1
ahm]w,k]mk“(‘zj] e Z]m §k1 R (l(zlr) e gk‘K‘t J 5 .

Conversely, every term of s gives rise to a unique term of Q’ in this way.
Since z; is algebraically independent from the other z;s and g;s, (z;t) K1+ pj Q = Oimplies that Q' must also be identically

zero. (Alternatively, to see this one could differentiate the equation (z,-t)“(“zl PiQ = 0 with respect to z;.) Hence all of the
coefficients ajx must be zero. O

Now we show that any invariant section s on U; may be written as a polynomial in the functions wj, n;. Suppose that s is
such a section. Note that any product

zi &g Tk Gizk
[TwIIn=11 (; -2 ) -
jeJ kek jeJ 1 i kek 1 i

of the w; and the n; contains exactly one term that does not contain ¢; in the numerator: namely, the rational function:

Zj1Zjy * 'ijflq Chy o C'km

Z =
14K K+ by
Z

Note that z; also does not appear in the numerator of this rational function. We shall refer to rational functions of this type
as “head terms”. Conversely, note that given any pair of multiindices J, K for whichi ¢ J andi ¢ K, we may produce an
invariant section with head term z;¢x by taking [ [;; wj [ Tyex 7k

Let > x ajz ¢ be the sum of all head terms in s. Then the section:
s=s= S [T ]]n
J.K jel keK

is D*-invariant, being a difference of D*-invariant sections. By our remark about products of the w; and 1y, all terms of s’
must contain ¢;, since the only head terms of aj [ [;; wj [ [k 7k are axz ¢k, and these cancel with the corresponding head

terms in s by construction. Therefore s’ is identically zero by Lemma 3.3, i.e.

s=> ax[Jw][me

J.K jel keK
which is what we wished to prove. O

As a consequence, we may now show that Py (V) so defined is actually covered by affine superspaces:

Corollary 3.4. Opn, (Uy) is a free commutative A-superalgebra on n|n variables.

Proof. Without loss of generality we may take i = 0, the argument being the same for the other values of i, after reindexing
the variables. Let C be the free A-superalgebra Ay, ..., yn] ® A[ty, ..., T,] on n|n variables. We define a homomorphism
F:C— Opn, (Up) by sending y; — wj, 7; = n;. By the above proposition, F is surjective.



142 S. Kwok / Journal of Geometry and Physics 86 (2014) 134-148

We proceed to show thatF is injective as well. To thisend, letP = ), , ajcy; k. Here, as before, we will use the multiindex
notation:
— P1yP2 PUl
Y= J1 y]z v -ij
TK = Ty Thy - - - T"\Kl'

We have:

F(P) = Z aF(yp)F (ti)
J.K

= Zajkwﬂlk
J.K
Zi  Logj Tk Loz
3 IE-NE-%)

2
TK g kek )
= 0.

For each pair of multiindices J, K there is a unique head term in F(P):

aszng = qx 1_[ ; l_[ il;

jel <0 kek

Since all other terms besides ayz;{x are multiples of ¢;, F(P) = 0 implies that Z]K axz ¢k = 0. But the rational functions
Zj¢k are Ug-linearly independent, so we conclude that ax = 0 for all multiindicesJ, K, as desired. O

From Corollary 3.4, we deduce certain important properties of P;; g(V). First, we have that Op,, ,(v) is a sheaf of local

super rings. Hence Pr7 g(V) is indeed a B-superscheme. Second, we have that P;; (V) is of finite type over B, and smooth
over B.

4. P}, as a quotient

In [6], it is stated without proof that P; is a quotient of C"H1I"+1\ {0} by (Grl,,‘l. A more precise formulation of this statement
is given by the following:

Proposition 4.1. Let B be an affine k-superscheme, E a free Dg-bimodule. Then E \ {0} is a D*-principal bundle over Pr7 5(E), via
the projection map 7 : E \ {0} — Pp5(E).

Proof. We begin by noting that the open subsets |U]| = {(zo, ..., z:) : z; # 0} of |Specy(E) \ {0}] are invariant under
the action of the reduced group G, of D*, hence the U; are invariant under the action of D*. We will show that the U/ are
isomorphic, as D*-superschemes, to D* x U;, where the latter is regarded as a D*-superscheme by multiplication on the
first factor. o

We shall construct such an isomorphism @ : U/ — D* x U; with the aid of the invariant sections w', 17 of @ (U)).

Let t, T be coordinates on D* (i.e. linear functionals that generate I"(D*, Op+) as a sheaf of ©p-superalgebras), and
20, ..., Zn, Lo, . . . &y the linear coordinates on Specy (V) \ {0}. We define a B-morphism @ : U/ — D* x5 U; by:

Zo i

0 zic1 GGt Zipr o Gidi
P(20, -1 Zn, G0, - - En) = <(zi,§i),—— e T T T T — T,
Zi Z; Zi Z; Zj Z;
Zn Gl S0 Gizo fis1 Gz Gi GiZim Sn Gizn
Zi 2z 2277 g 2z 2 7 g 22 )
Define ¥ : D* xg U; — U] by:
P((t,T), Wo, -+ oy Wimty Wity « oy Wiy 105+« + 5 Bieds Dik1s -+ - 5 M)
= (two + TN, . . ., tWi—1 + TNi—1, {, tWit1 + TNig1, ..., tWy + TNy, tNo + TWo, . . ., ENiq
+TWio1, T, (Nig1 + TWig1, ..., )y + Twy).

Since the sections wf , zﬂ freely generate Opn, asan Op-superalgebra on the open set U; =  (U]) C PP}, g, by Corollary 3.4,
the above equations do indeed define morphisms of B-superschemes.

A direct calculation, which is lengthy but straightforward and thus omitted, shows that @ and ¥ are mutually inverse,
so that @ is an isomorphism of B-superschemes. D*-equivariance of @ is checked similarly. O
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5. I1-invertible sheaves

Let X /B be a B-supermanifold (B-superscheme), where B is a complex analytic supermanifold, or a superscheme. The
following definition is due to Skornyakov [1]:

Definition 6. A IT-invertible sheaf on X /B is a pair (S, ¢), where S is a locally free sheaf of 9x/g-modules of rank 1|1, and
¢ € H°(X, End(S)) is an odd endomorphism of S such that ¢ = 1. A morphism of right IT-invertible sheaves f : (S, ¢) —
(', ¢’) is a homomorphism of locally free sheaves f : S — S’ suchthatf o ¢ = ¢’ of.

In the category of B-superschemes, where B is a k-superscheme and k an algebraically closed field of characteristic # 2,
the concept of IT-invertible sheaf may be given a new interpretation, as suggested by Deligne [2] in the complex analytic
case: it is completely equivalent to the concept of a rank 1 locally free sheaf of right Dy p modules, and a morphism of
IT-invertible sheaves is precisely the same thing as a morphism of right D, /B-modules.

To show one direction, suppose (S, ¢) is a I7-invertible sheaf on X — B. The right D, -action on S is recovered by the
formula:

s-(a+0a) =sa+ (—1)p(s)a

for any open set U C X such that 7 (U) € V, where V is an open subset of B on which D, has basis 1, 8, where s €
OsU),a+ ba € @@X/B (U). Since such U form a basis for the topology of X, this defines a right D, -action on S. Then by
Proposition 2.5, S is locally free of rank 1 as a sheaf of right D, -modules.

For the converse, suppose that S is a sheaf of locally free, rank 1 right D -modules. Then by Proposition 2.4, S is a locally

free, rank 1|1 sheaf of @x-modules. The action of 8 defines an odd endomorphism ¢ of S:

() = (=D"s -0
for s a homogeneous section of S over any open set U C X. One readily sees that ¢ is well-defined and ©x-linear, and that
¢ = 1,50 (S, ¢) is a IT-invertible sheaf. Now it is routine to check that a morphism of IT-invertible sheaves f : (S, ¢) —
(8', ¢’) is precisely the same thing as a morphism f : S — S’ of right D, -modules.

It follows from this discussion that the transition functions of a IT-invertible sheaf (S, ¢) on X may be reduced to
GL(1,DDy) = Dy}, and by standard arguments in the cohomology theory of sheaves of nonabelian groups, it may be shown
that the pointed set of isomorphism classes of IT-invertible sheaves (the distinguished point being ® @ IT©) is in bijective
correspondence with the pointed sheaf cohomology set H' (X, Dy).

6. D-hyperplane bundle on P;; (E)

The IT-projective superspace P (E) is endowed with a natural /7-invertible sheaf ©7(1), analogous to the hyperplane
bundle @ (1) on ordinary projective space. Intuitively, the fiber of this /7-invertible sheaf over a point W € Py (E) (i.e., a
free, rank 1 right D-module of E) is the free, rank 1 right D-module W".

In this section, we shall give a definition of @ (1) using the super skew field D, describe its basic properties, and use it
to characterize B-morphisms X — Py g(E) for any affine B-superscheme X /B. The existence and key properties of 97 (1)
were also mentioned in [1], without proofs.

Definition 7. Let E be a locally free, rank n sheaf of Dg-bimodules. The IT-invertible sheaf @;(1) is the sheaf defined by:

On(H(U) = p*(EV)(U).
Here EY denotes the sheaf Hom(Ep, D), p : Pr;(E) — B the structure morphism.

The first order of business is to verify that

Proposition 6.1. 9;(1) is a IT-invertible sheaf on Py p(E).

Proof. ©;(1) inherits a natural right D-module structure, given by the D-action on E" by right multiplication.

To check local freeness, we may work locally on B, in an affine cover trivializing E as a sheaf of D-bimodules. So let us
assume that B = Spec(A), and that there is a B-basis {e;|f;} of I"(E) such that ¢(e;) = fi, ¢(f}) = e;, ¥ (&) = fi, ¥ (f}) = —e;.
Let {z;, ¢;} be a basis of B-linear functionals on E, dual to {e;, f;} respectively.

We sketch the calculation that s; := z; + 60¢j, 0j := {j+ 6z,j = 0,...,nis aB-basis of E¥. Suppose s € E; we may as
well assume s is even. Since s is D-linear it must in particular be Op-linear. Thens = . zja; + oj + 0(g;b; + z;By). (Right)
D-linearity of s is equivalent to ¢; = b;, & = f; for all i. Thus s = } _; sj; + ojey;, proving that the s;, oj span E over Og. The
Op-linear independence of the z; + 6¢j, ¢ + 0z; follows immediately from that of the z;, ;.

Let U; be one of the affine open cells covering P; g(E). We claim that s;, o; span O (1)(U;) over Op; ) (U;). From the
identities:

Z+ 0 = (zi +00)[(@ + 62) ' (7 + 04)]
&+ 0z = (z + 06z + 08) 7' (& + 62)]
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one sees that:

z 77 zi oz
(5o 54y
% =S ( z3>+“l(z,- )

for any j # i, and since we have shown thats;, 0j,j = 0, ..., nspan E¥ over O, we have proven the claim.
We show s;, o; are Op, ) -independent on U;. For suppose s;-a+o;-a = 0 for some a, & € Opy k) (Uy). This is equivalent
to the system of equations:

zia+ o =0
{Cia"‘rZiOl =0. (6.1)
Since z; is invertible on U;, we see that a = —¢;a/z; from (6.1). Substituting this expression for a into (6.1), we find that

z;a = 0, but by invertibility of z;, « = 0. Consequently a = 0 as well.
We have shown that s;, o; form a basis of @7(1)(U;), hence O(1) is a locally free rank 1|1 sheaf. O

Remark. As aconsequence of this proof, we obtain a particularly nice trivialization of O 7 (1) as a IT-invertible sheaf. In each
Ui, si, o; form a IT-symmetric basis, and

Si=S5i- w’—i—a, )75
gj =Sj- 771+0'l lUj

We thus see that the transition functions for @ (1)(U; N U;) are the matrix:

()

We note that this matrix lies in G,ln‘] (Ui N Uj), as it must.
Now we characterize the global sections of ©;7(1), assuming B is affine and V is trivial on B:

Proposition 6.2. If B = Spec(A) is an affine k-superscheme, and V a free D4-bimodule, then HO(PH(V), Op(1) =V,

Proof. By definition H (P (V), Opn(1)) = VY ® I'(Op,;v))- So we only need show that I' (O, v)) = A

First we consider the case where the D-rank of V is larger than 1. We claim any function on V \ {0} extends uniquely
to V, thus is the restriction of a unique polynomial on V. This should follow from super analogues of standard Hartogs’-
lemma-like results in algebraic geometry, which we shall neither attempt to formulate nor prove. Instead, we give a direct
argument.

Let f be a function on V \ {0}. The open affine subsets U; = {z; # 0} cover V \ {0}. Then f|y, = Pi/zfi where P; is a
polynomial ki > 0; we may assume for all i that z; does not divide P;. On the intersection U; N U}, fily; = fjly; if and only if

k’P] =z ’P, in the polynomial ring Sym(V*). If k; > 0, we see from this equation that z]’P,, hence P;, is divisible by z;. This
contradlcts the assumption that z; does not divide P;. Hence k; = 0. By the same argument k; = 0, SO fly, = Pl,f|uj =P,
Hence P; = P; for all i, j. We conclude that f extends to a polynomial on V, given by P; for any i. This proves the uniqueness
as well.

It is routine to check that any D*-invariant polynomial on V is in fact constant (indeed, it suffices to consider the action
of the even subsupergroup G,lnlo.) Hence the proposition is proven in this case.

If the D-rank of V is 1, V \ {0} is an affine supervariety with coordinate ring A[z, z~', ¢], on which D* acts by the formula
given in Eq. (3.5). We leave it to the reader to show, by direct calculation, that any D*-invariant Laurent polynomial in z, ¢
isin fact constant. O

6.1. Morphisms into Py »

We continue to assume that B is an affine k-superscheme and that E is a trivial sheaf of D-modules on B. We have the
following characterization of morphisms into Py; 5.

Theorem 6.3. Let B be an affine k-superscheme, and let X — B be a B-superscheme. If f : X — PV 7.5 is @ B-morphism,
f*(Or (1)), f*(®)) is a [T-invertible sheaf on X, and the global sections f*(z; + £i0), f*(—¢i+zi0) globallygeneratef* (O(1)).
Conversely, given a IT-invertible sheaf (S, ¢) on X — B and a IT-symmetric set of global sections {so, ..., Sa|og, ..., 0n} Of S
which globally generate S, there exists a unique B-morphism f : X — IP’"H,B such that (f*(@n(l)),f*(db)) = (S, ¢) and
@i+ 6i0) = si, f* (=& + z0) = 0.
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Proof. Suppose f : X — P}, ; is a B-morphism. Then (f*(9(1)), f*(®)) is a [T-invertible sheaf on X having the stated
properties. ’

Conversely, suppose given a IT-invertible sheaf (S, ¢) and a set of sections {s;|0i}i—o
can be recovered from the s; via ¢.

Let X; denote the open subset of |X]|:

Xi = {x € X[ : (si)x & DMxSx}

n as given above. Clearly, the o;

.....

where 9, denotes the maximal ideal of Ox x. X; is an open subsuperscheme of X, which we also denote by X;. By the
hypothesis that the s;, t; generate S, the X; form a cover of X.
Let V be an open subsuperscheme of X; such that s is trivial on V, and let {e|f} denote a IT-symmetric basis of Os(V).
Suppose that in this basis, s;, s; are given by:
si = ea; + fo;
sj = eaj + fa.
We now define an (even) local section si’] - sjof (9)1(|1 over X; as follows. Identifying Os(V) withD(V) viae — 1,f — 6,

we can identify s;, s; with sections §; := a; + 6w, S := a; + Oa; of D(V). Now we make use of the operations in the super
skew algebra D(V):

5;1% = (Gi +6- Oli)_1(aj +6- O(j)

N aj [e4{ed] (o] a;oi
=l |t 5
a; a; ai a;

1

and then take the coefficients of 1 and 6 respectively as the components of s;” 1sj:

ﬁ o ol
-1 “  q
Si Sj= @ G
aj al.2

All functions involved are regular, since g; is invertible in X; by hypothesis. Now we check that s;” 1sj is independent of the
IT-symmetric basis chosen and hence is well-defined. Suppose we have a change of IT-symmetric basis:

g b|pB
(elf)—(elf)< B 1D )
Then, identifying Os(V) with D(V) in this new basis, we have s = (b + 08)(q; + ;). 5} = (b + 68)(q; + Ooy), from
which it follows that:
G)7' 5 = (ai+0a) ' (b+6B) " (b+6B)(q; + Oy)

= S. 'Sj

hence (slf)*ls]f =Ss; 1sj. As the functions w{ , nf freely generate the A-superalgebra @y,, we have a well-defined A-morphism
fi : X; — U, given by setting:

frwh) = (5750
FE ) = (57 sp)n.

One may verify by direct calculation that the following four equalities hold in (9]1):117 5 Uinu:

(1) wj = (w{)_ll

(2) nj = —mi(w) ™2

(3) wf = wfw] — nfnj (for k # i)
(4) nf = winf + njwf (for k # i)

The verification that the functions (si_]sj)o, (si 151)1 also satisfy the equalities (1)-(4) is a completely formal matter of
replacing z; with a;, ¢; with o, etc. in the calculations just given. Hence it follows that fi|u,»muj = fj|umuj, and by standard
arguments, the morphisms {f;} glue together into a morphism f : X — P},.

One sees that by the construction of f, f*(g;;) = h;;, where g;; are the transition functions of @ ; computed in the previous
remark, and h;; are the transition functions of S on the cover X;. Hence f*(0;;(1)) = S. Similarly, one checks immediately
that f*(z; + ¢0) = s;, f*(—¢ + z;0) = oj, and that f*(®) = ¢ (the last follows from the /7-symmetry of s;, t; for all i).

The uniqueness statement in the proposition follows, since any morphism f’ : X — P}, ; which satisfies the conditions
of the theorem must agree with f on each U;, hence must equal f. O Y
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7. Product structure on /7-invertible sheaves

Working in the category of complex supermanifolds, Voronov, Manin, and Penkov [7] define a notion of a composition
of an ordered pair of IT-invertible sheaves. In general, the result of this composition is not a IT-invertible sheaf, but rather
merely a 1|1 locally free sheaf, and its significance is therefore somewhat obscured. We shall clarify matters by using the
algebra of the super skew field D to define a product operation on ordered pairs of I7-invertible sheaves (which takes values
in 1|1 locally free sheaves), and then showing that our product is the same as the composition of Voronov, Manin, and
Penkov.

7.1. Super Morita theory
Let A, B be super rings with unit (not necessarily supercommutative). Note that an (A, B)-bimodule is the same thing as
a left A ® B°-module by the following recipe: if M is a left A ® B® module, we define an (A, B) bimodule structure on M by:
aampb:==D""@@b) -m
wherea € A, b € B,and m € M are all homogeneous. Conversely, if M is an (A, B)-bimodule, we may define a left A ® B°-
module structure on M using the same formula. It is readily seen that these correspondences define a category equivalence
between the category of (A, B)-bimodules and that of left A ® B’~-modules.
From now on, we assume that A is an R-superalgebra, with R supercommutative.
Definition 8. Let M be an (A, A)-bimodule. The supercommutant of M is the R-module M” generated by the set:
{meM :am=(—1)“"ma, m homogeneous}.
Equivalently, interpreting M as a left A ® A°-module, we see that M# may be defined in terms of the A ® A°-action as the
R-module M# generated by the set:
fmeM:(@®1)-m=(1® a)-m, mhomogeneous}.
For brevity we will denote the superalgebra A ®g A° by A°.

We will need the following theorem from the Morita theory of super rings, proven in [13].

Theorem 7.1. Let R be a supercommutative ring, and suppose A is a super Azumaya algebra over R. ThenV - A®g V : My —
AMaand W — WA 1 29, — 90 are mutually inverse category equivalences.

7.2. Definition of the product
Let A/R be an R-superalgebra, R supercommutative. We begin by noting that if M is a left A-module, N a right A-module,
then M ®g N is an (A, A) bimodule via the formula:
a;-(m®n)-a;:=(a;-m)®(n-ay).

Theorem 7.1 tells us that, given a sheaf of (D, Dy)-bimodules E, there corresponds in a natural way a sheaf of Ox-
modaules given by the supercommutant sheaf E2x, We shall define our product via this correspondence. We begin with the
following proposition.

Proposition 7.2. Let R be a commutative k-superalgebra, M a free left Dg-module of rank 1, and N a free right Dg-module of
rank 1 (hence M, N are free R-modules of rank 1|1). Then the supercommutant (M ®g N)®® is a free R-module of rank 1|1.
Proof. By the previous lemma, there exist R-module bases {e|f}, {¢’|f'} of M, N respectively such that:
¢ f
0 —e
f/

/

—e.

s ™ ®
Il

e
f/

Then 8 = {e®e,f Qf'|le®f’, f ® €'} is an R-module basis of M ® N. We will now compute the homogeneous elements
of the supercommutant. For now, suppose w € (M ® N)P% is even. Then

w=(ee)a+fRf )b+ (e®f )+ (f®e)B,

where a, b, «, B are uniquely determined elements of R such that a, b (resp. «, 8) are even (resp. odd).
The assertion that w € (M ® N)PX is the same as the equality:

0-w=w-0. (7.1)
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One checks by direct calculation that (7.1) holds if and only if b = —a, 8 = —«,sothatw = (e® € — f @ fla+ (e ®
ff—f®e)a.Letusdefineu:=e®e —fQf ,v=e®f —fRe€.

Thenw = u-a+ v - a, so that any even w € (M ® N)P® is an R-linear combination of u and v, with a, o uniquely
determined. By a completely analogous argument we see that for odd w, w = u - @ + v - g, for uniquely determined q, «.
Hence {u|v} form a homogeneous basis of (M ® N)Pk, and (M ® N)P® is a free R-module of rank 1|1. O

Remark. A similar proposition can easily be proven for the tensor product M’ ® N’ of free rank 1 left (resp. right) D-modules
M’ and N’; the arguments are essentially the same as the above.

Now we may define our products. Let us choose a +/—1 in k. Then given an ordered pair of I7-invertible sheaves (S, ¢)
and (S, ¢') on a B-superscheme X, we may form two canonically defined (up to our choice of »/—1) sheaves of ©x-modules,
denoted by S ® S’ and S ¥, S, as follows.

To define S ® S, (S, »/—1¢) is regarded as a sheaf of left D-modules, (S, ¢') as a sheaf of right D-modules, so that S ® S’
is a sheaf of (D, D)-bimodules. Then we define:

SRS = ®SH2
More explicitly, for each open set U, (S X S")(U) is the @y-module generated by:
(s®5 € Osps(U) : V—19(5) @5 = (—1)ls ® ¢/(s), s € Os(U), s' € Os(U), s, s homogeneous}.

It is routine to check this is a sheaf, since ¢, ¢’ are global endomorphisms. Applying Proposition 7.2 to sufficiently small
open sets U, we see that S X S’ so defined is a locally free sheaf of 9x-modules of rank 1/|1.

To define SK,S’, we instead regard (S, ¢) as a sheaf of left D°-modules and (', ~/—1¢’) as a sheaf of right D°-
modules; then (S ® S', ¢, v/—1¢") is a sheaf of (D°, D°)-bimodules, and we define SK, S’ := (S ® S"Z’. For each open
setU,( S® §HE° (U) is the @y-module generated by:

(s®5 € Osps(U) 1 p(s) ®5 = /—1(—=1)ls ® ¢/(s), s € Os(U), s' € Os(U), s, s homogeneous}.

By the remark following Proposition 7.2, we may apply the D°-analogue of Proposition 7.2 to show that S, S’ is also a
locally free sheaf of @x-modules of rank 1|1.

7.3. Equivalence with the composition of Voronov, Manin, and Penkov

In the category of complex supermanifolds, Voronov, Manin, and Penkov [7] define the composition of two IT-invertible
sheaves (S, ¢), (S', ¢') as follows: fix a +/—1. Then ¢ ® ¢’ is an even endomorphism of square —1 on S ® S’. The eigenspaces
for ¢ ® ¢', which necessarily have eigenvalues 4-+/—1, are what they call the result of the composition of (S, ¢) and (', ¢').
These eigenspaces are 1|1 locally free sheaves.

Their definition of composition can be carried over to the category of B-superschemes without change. In this context,
we now demonstrate the equivalence of their definitions with our products X and X,,.

Regarding S ® S’ as a sheaf of (D, D)-bimodules via /—1¢ and ¢’, we claim that S X S’ equals the +/—1 eigenspace of
¢ ® ¢'.Forifs ® s is a basic element of S ® S’, we have:

V=15 ®5) = (-1)"(s @ ¢'(5))
= V-1@* @) = (D@1 (@ ¢'(s))
— V160 =@ Q¢) - (s®5),

and the same is true of linear combinations of basic elements.
Similarly, if we regard S ® S’ as a sheaf of (D°, D°)-bimodules, via ¢ and /—1¢’, the —/—1-eigenspace of ¢ ® ¢’ equals
the product S X, S’; the arguments are entirely analogous to the ones just given.
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