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1. Introduction

The spectral action principle of Connes and Chamseddine was originally developed mainly to give a conceptual and
geometric formulation of the standard model of particle physics [3]. The spectral action can be defined for spectral triples
(A, H, D), even when the algebra A is not commutative. An interesting feature here is the additivity of the spectral action
with respect to the direct sum of spectral triples. Conversely, one can wonder whether any such additive functional on
spectral triples is obtained via a spectral action.

In a recent paper [4], Chamseddine, Connes and van Suijlekom have shown that the von Neumann entropy of the Gibbs
state naturally defined by a fermionic second quantization of a spectral triple is in fact a spectral action and they find a
universal function that defines the spectral action.

In this paper we extend this result by incorporating chemical potentials, and by considering both fermionic and bosonic
second quantization. In fact we show that the von Neumann entropy and the average energy of the thermal equilibrium
state defined by the bosonic or fermionic grand partition function, with a given chemical potential, can be expressed as
spectral actions. We show that all spectral action coefficients can be expressed in terms of the modified Bessel functions of
the second kind. In the fermionic case, we show that the spectral action coefficients for the von Neumann entropy, in the
limit when the chemical potential ; approaches 0, can be expressed in terms of the Riemann zeta function. This recovers
the recent result of [4].

It should be noted that without the use of chemical potentials, the natural spectral function for the von Neumann
entropy in the bosonic case is singular at 8 =0.

We start in section 2 by recalling some of the main concepts and results from the theory of second quantization. Our
main results are presented in Sections 3 (fermionic) and 4 (bosonic).

In searching for a suitable expression of spectral action coefficients in all the cases studied in this paper, we were
naturally led to the class of modified Bessel functions of the second kind. Appendix A recalls some basic properties of these
functions. In Appendix B we collect some technical results on the heat expansions used throughout this paper. Finally in
Appendix C we recall some of the basic definitions related to the spectral action principle.

2. Basics of second quantization

In this section, mainly to fix our notation and terminology, we shall recall some basic definitions and facts from the
theory of second quantization in quantum statistical mechanics. We shall largely follow [1, Section 5.2].

2.1. Fock space and second quantization

Let H be a (complex) Hilbert space. For any n > 0 we denote by H" =H Q H ® --- ® H the n-fold tensor product of H
with itself, and write H° = C. The Fock space F(#) is the completion of the pre-Hilbert space @ H".

n>0
Define the projection operators P+ on H" by

Pr(fi®f® @ f)=0)"Y fr))® fr@® - ® frm)»

TeSy

Po(i®fr®@f=m)" Y (D" fr)® fra)® & faw,
TEeSy
for all fy,..., fn € H. Since Py are bounded operators with norm 1 on ", they can be extended by continuity to bounded
projection operators on the Fock space F(#H).
The bosonic Fock space F(H) and the fermionic Fock space F_(7H) are then defined by

Fr(H) = PL(F(H)).

The corresponding n-particle subspaces " are defined by H% = P+ H".

The structure of the Fock space allows us to amplify a linear operator on A to the whole bosonic/fermionic Fock spaces
F+(H). In fact, this is a functorial procedure and is commonly referred to as second quantization.

Let H be a self-adjoint operator on H with domain D(H). We define H, on A, by

n

Ho(P+(fi® - ® fn)) =Px (Zfl ®f2®"'®Hfi®"'®fn>
i=1

for all f; € D(H) and n > 0, while we set Hyp = 0. The direct sum of the H, is essentially self-adjoint, and the self-adjoint

closure of this direct sum operator is called the second quantization of the self-adjoint operator H and it is denoted by dI'(H).
In particular, let H =1 be the identity operator. Then we have

dI'(1) =N,
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where N is the number operator on F.(#), whose domain is defined by

DN)= 3 ¥ = (¥ z0: Y Py ™ |P <00y,

n>0

and for any ¥ € D(N)

Ny = (ny ™ }yo.

For a unitary operator U on #, first we define U, on H'. by

Upn(P+(fi® 2 ®---®@f) =P+ Ufi®Uf e ---®@Ufy)

and Ug = 1, and then extend it to the whole Fock space. We denote this extension by I'(U), called the second quantization
of the unitary operator U,

r) =P Un.

n>0
It is worth noticing that here I'(U) is also a unitary operator on Fy (). Also, if U, = eitH
one-parameter unitary group acting on #, then

is a strongly continuous

F(Ut) — eltdF(H)
on the Fock spaces Fi(H).
2.1.1. Hamiltonians and time evolution

If H is a self-adjoint Hamiltonian operator on the one-particle Hilbert space H, then the dynamics of the ideal Bose gas
and the ideal Fermi gas are described by the Schrodinger equation

dye
ih— =dr (H)y

on Fy(H) and F_(H), separately. We choose the units so that i = 1. The solution of the Schrédinger equation gives us the
evolution

V€ Fio(H) > ¢ = e 1Ty — p(e=ithyy,

and the evolution of a bounded observable A € B(F.(H)) is given by conjugation as

A € B(FL(H)) > t(A) = T(e™)Ar ().
Next we shall introduce the Gibbs grand canonical equilibrium state @ of a particle system at inverse temperature 8 € R,
and with chemical potential u € R. Let
K, =dI'(H — p1) =dI'(H) — uN
be the so-called modified Hamiltonian. Then the Gibbs state ¢ is defined by

Tr (e#Ku A)
d(A) = T

W, AEB(.F:E(H))

Here we assumed that the operator e #Xu is a trace-class operator. The density operator is defined as
e—AdT(H—p11)
p= Tr(e—Pdr(H—11)

so that we have ¢ (A) =Tr pA. As in physics the Hamiltonian H is always unbounded it only makes sense when 8 > 0 and
n<0.
For later use, we record the following result.

Lemma 2.1. We have e~ (H1®H2) — o—dT(H1) ) o=dT(H2) g5 operators on Fu(Hi @ Ha) = Fi(H1) ® Fi(H2). Moreover, when
e~dT'(Hi) gre trace-class operators for i = 1, 2, we have for the density operators that p12 = p1 ® pa.

3
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2.2. CAR and CCR algebras

Both of the CAR and CCR algebras are constructed with the help of creation and annihilation operators, whose definition
we now recall.
Let H be a complex Hilbert space. For each f € H, we define the annihilation operator a(f), and the creation operator
a*(f) acting on the Fock space F(H) by setting a(f)y@ =0, a*(f)y©@ = fy© and v ©@ e HY and on H™ by setting
af)i®f® --®f)=vn(f,f) 2®f18 - fi,
i’ @fm)=vVn+1f@ LR f3® - & fn,

for all f € H. One can see that the maps f + a(f) are anti-linear while the maps f — a*(f) are linear. Also, one can show
that a(f) and a*(f) have well-defined extensions to D(N'/2), the domain of the operator N!/2. Moreover, we have that
a*(f) is the formal adjoint of a(f); namely, for any ¢, ¥ € D(N'/2), one has

(@ (Hro. ¥) =(p,a(HV).
We can then define the annihilation operators a+(f) and the creation operators a’ (f) on the fermionic/bosonic Fock
spaces Fi(H) by
a+(f)=Pza(f)Px,  ai(f)=P+a*(f)P+.

Moreover, since the annihilation operator a(f) keeps the subspaces F. (#) invariant, we have

ar(f)=a(f)P+,  ai(f)=Pia*(f).

One computes straightforwardly that on the fermionic Fock space F_(H),

{a-(f).a-(@}=1{a2()),a(@}=0, {a—(f).a (@)} =(f.91L,

and on the bosonic Fock space F (H),

lar (), ar(@1=[a}()),a}(@1=0,  [a+(f),aL(@]=(f. 9L

The first relations are called the canonical anti-commutation relations (CAR), and the second relations are called the canon-
ical commutation relations (CCR).

Roughly speaking, the CAR algebra is the algebra generated by the annihilation operators a_(f) and creation operators
a* (f). In fact, we have the following proposition [1, Prop. 5.2.2]:

Proposition 2.2. Let H be a complex Hilbert space, 7_(H) be the fermionic Fock space, and a_(f) and a* (g) the corresponding
annihilation and creation operators on F_(H).
(1) For all f € H, we have

la— (O =11F1I=laZ (O]l

Therefore both a_(f) and a* (g) have bounded extensions on F_(H).
(2) Taking Q = (1, 0,0, - - -), called the vacuum vector, and { fo } an orthonormal basis of H, then

W(foﬂs seey fO(n) = a*_ (fOt]) ai (f()tn) Q

is an orthonormal basis of F_(#), when { fu, , ..., fa,} runs over all the finite subsets of the orthonormal basis { fy }.
(3) The set of bounded operators {a—(f), a* (g); f, g € H} is irreducible on F_(H).

Definition 2.3. The C*-subalgebra of B(F_(#)) generated by a_(f), a*(g) and 1 is called the CAR algebra, and will be
denoted by CAR(H).

Although the CCR rules look very similar to the CAR rules, however, one can not simply mimic the previous definition of
CAR algebras to deduce the definition of CCR algebras. The reason is that the annihilation operators a; (f) and the creation
operators a’ (g) are not bounded operators on F (H).

First we introduce the set of real-linear operators {®(f), f € H} by

at+(f) +ai(f)
— 5

Using that the map f ~ ay(f) is anti-linear, and f ~ a* (f) is linear, we can invert:

o(f) =

4
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O(f) +id(if) O(f) —id(if)
V2 V2 '
Thus it suffices to examine the set of operators {®(f), f € H}.
Let Fr(H) = Py (PnooM") S F(H), ie. FL(H) consists of the sequences v = {y™};~¢ which have only a finite
number of nonvanishing components.
It turns out that for each f € H, ®(f) is essentially self-adjoint on F (), so that ®(f) can be extended to a self-adjoint
operator; we still use the notation ®(f) for this closure. We have the following result [1, Prop. 5.2.4]:

ay(f) = . a(H=

Proposition 2.4. For each f € H define a unitary operator W (f) = exp (i®(f)) on F(H). Let CCR(H) denote the C*-algebra
generated by (W (f), f € H}. It follows that
(1) Forany f,geH, W(f)D(P(g)) = D(®(g)), and

W(HP@W ()" =D(g) —Im(f, g)1.
(2) For each pair f,g e H

W(HW (g =e "MTO2W(f +g).
B)W(EfH=wW(H

(4) For each f € H\{0}
IW(f) -1l =2,
and W (0) = 1.

(5) The set {W (f); f € H} is irreducible on F(H), and CCR(#H) is a simple C*— algebra.
(6)If | fa — f1l — O, then
(W (fa) =W )YIl—0
forall € F (H). The operators W ( f) are called Weyl operators, and the algebra CCR(H) is called the CCR algebra of H.

2.2.1. Gibbs states, entropy and energy
As before, let K, denote the modified Hamiltonian operator

K, =dI'(H— ul),

and we denote by Zg , := Tr(e #K) the corresponding partition function.
In the fermionic case, we can define the Gibbs state ¢ over the CAR algebra by

$r(A) =25 Tr (e_ﬁK#A> . (A€CARH)).

Here we have tacitly assumed that the operator e #Xu is a trace-class operator on F_ (%), but this in fact happens if
and only if e=#H is of trace-class on the one-particle Hilbert space # [1, Prop. 5.2.22].
In the bosonic case, we can define the Gibbs state ¢, over the CCR algebra CCR(#) by

$p(A) = 25, Tr (e_ﬂKﬂA) . (AeCCR(H)).

Similarly as above, it is assumed that the operator e #Xu is trace-class on F, (%), which again is equivalent to the
assumption that e=#H is trace-class on the one-particle Hilbert space # [1, Prop. 5.2.27]

In this paper we always assume that exp(—pK,,) is a trace-class operator on #, under this assumption, we let p denote
the corresponding density operator:

e PKu

P = .
Zpu

We will also write pf and pj to stress whether we are dealing with the fermionic or the bosonic case.
The von Neumann entropy is then defined to be

S(¢) :==—Tr(plog p)

with ¢ the state corresponding to p, while the average energy (K, )g is given by

d
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2.3. Spectral triples and second quantization

In this paper we are interested in the above concepts of Fock space, entropy, average energy, et cetera such as they derive
from spectral triples in noncommutative geometry. We recall the definition [5]:

Definition 2.5. A unital spectral triple is a triple (A, H, D) where A is a unital x-algebra of bounded operators acting on a
Hilbert space H, and D is a self-adjoint operator in H with compact resolvent and such that [D, a] is a bounded operator
for all a € A.

Starting with a spectral triple, we can construct the bosonic and fermionic Fock spaces Fy(#) and F_(#H), respec-
tively. In the fermionic case, we denote by pp the density matrix and ¢p the Gibbs state corresponding to the operator
exp(—pdT'|DJ), the von Neumann entropy S(¢p) and average energy (dI'|D|)g are thus defined. Both of these two quanti-
ties are additive in the sense that if D has a direct sum decomposition D =S & T, then

S(¢p) =S(¢s) +S(¢r), and (dI'[D])g = (dl'|S])p + (dI'|T1)g.

Arguing as in [4] we thus obtain two ‘spectral actions’:

D+ S(¢p), and D (dT'|D|)g

associated naturally to the spectral triple (A, H, D).

Even though for the motivating example of a spectral triple given by a Riemannian spin® manifold it is natural to
consider vectors in the Hilbert space as fermions, in general there is no reason to exclude the possibility that they are
bosonic instead. We include this possibility here as well, thus replacing the fermionic Fock space by the bosonic Fock space.

Then, when the second quantization operator exp(—AdI'D?) is trace-class on F, (#) we can obtain another two spectral
actions given by the von Neumann entropy and average energy. However, in general the operator exp(—AdI'D?) is not
trace-class, which is another reason for including the chemical potential © < 0.

In Section 3 we shall first discuss the von Neumann entropy and average energy in fermionic Fock space, starting with
following one-particle Hamiltonians:

Hfyu=4D>+pu?1, and H},:=|D|—pul.
/

This generalizes the case considered in [4] without chemical potential. We will see that even though the operator H o is
more natural to consider from a physical point of view (as it is the Hamiltonian based on the Dirac sea in the presence
of a chemical potential [10]), the operator Hy , gives rise to interesting mathematical structure hidden in the entropy and
average energy.

Then, in Section 4 we shall analyse the same two concepts but now in bosonic Fock space and for the following one-
particle Hamiltonians:

Hp, :=y/D*+ 41, and Hj , :=D*—pul.

Again the latter is the one-particle Hamiltonian considered in physics [10].
3. Fermionic second quantization

Let D : H — M be a self adjoint operator with compact resolvent. Let 8 > 0. If e #IP| is a trace class operator, then for
any (4 < 0 the one-particle Hamiltonians Hy ,,, H,f.u as defined above, give rise to two trace class operators e #ffi and

—BH .
e PHin In fact, since

-1
D%+ p21 — |D| = pu? (,/D2 +u21+ |D|>

is a bounded operator, we obtain the following equalities:

Tr (e—ﬁHm> —Tr (e—ﬂIDI e—ﬂu2<\/02+u21+|n|>*1) ,
Tr (e_ﬁH/fvﬂ) =Pl Ty (e’ﬂ‘D‘) ,

ensuring the finiteness of the trace.
Let Ky, =dI'Hy , and K} o= dFHf u denote the second-quantized operators acting as unbounded operators on the

fermionic Fock space F_ (H). We write py, p} for the respective density matrices and ¢y, ¢} for the corresponding states.
We will now compute their von Neumann entropy and their average energy.

6
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3.1. The entropy of ¢
We start by introducing the following function:

Vx2 + Mz S22
—_— lo 1 e X+ .
eVx+u? 4 q + g( + )

Notice that if we take @ =0 we obtain the spectral action function h(x) given in [4],

hyx) =

X
ho(x) =h(x) = —— +log(1+e7%).
o(x) =h(x) o1 g ( )
We may imitate the proof of [4, Theorem 3.4] to show that the von Neumann entropy of ¢y is given by

S(¢p) =—Tr(pslogps) =Tr(hp,(BD)).

In fact, suppose if D has a direct sum decomposition D = S @ T, then we get the direct sum decomposition /D2 + u? =
V52 + u? @ /T2 + 2. Using Lemma 2.1, we obtain that

o~ BATYD2+pu? _ o—pdly/S24p2 ® e—ﬁdn/rzﬂﬂ’

thus

S(¢5(D)) =S5(p5(5)) + S(¢s(T)),

with ¢ (D), ¢5(S), ¢5(T) the states corresponding to the fermionic second quantization operators e—BArVD*+u?
e~PATVS*+1? and e—AITVT?+4% Hence we obtain that

S@p) =Tr(<h(ﬂ\/ D2 +u2>)) =Tr (hp,(BD))

with ¢; the state corresponding to e~#d"vD*+1?,
We now derive the asymptotic expansion of Tr(hg, (8D)) for large temperature (that is, as 8 — 0T). Let us first show
that the function hj, (v/x) can be expressed as a Laplace transform. According to Proposition 4.4 in [4],

o0

ho(x) = / e gyt
0
where
s 1 2 2 —m22n+1)2 _ 1 ntl 2 -1
g(t)_ZZ(ZJT (2n+l)t—1)e _WZ(_U nle~ .
neZ Z
Thus
o0 o0
hy (0 = / e D g ()t = / e ™ g, (0t
0 0

where g, (t) := et g(t).
As a preparation for the asymptotic expansion of the entropy for large temperature we now derive some results express-
ing the moments of the function h (x), that is to say, the integrals

oo
f hy (x)xVdx.
0

To this end, we first compute the two integrals

o0 o0

/21,2
/log (1+e‘V"2+“2)x”dx and /7 f_t'ux"dx
0 o eV

separately, and then sum them up.
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Lemma 3.1. We have the following formulae:

oo

v 1
/e‘”(x2 — 1)’ Ixdx= ﬁr <v + 5) Z " Ky41(2) @
1
and
/e_zx(xz—l)”_%xzdx=il“ v+l> 27" (2K (@) + (1 +20)Kp41(2)) G)
N 2 ' S

Proof. According to Lemma A.4, one has the integral formula:

o0
/e_zx(xz—l)”_%xdx=—zl“ v+1 z7v iK (2) —vKy(2)z™!
JT 2 az" ’ ’

1

which combined with (40) yields Equation (2).
On the other hand, taking the derivative with respect to z on both sides of (2), we obtain

JT

Taking into account Equation (39), we obtain (3). O

o0

2Y 1 d
f e — 1) 2xdx = =T (u + 5) (uz*””m] (@ =27 Ky (z)) . 4)
1

Now we can obtain the integrals that we are after, as follows:

Lemma 3.2. When v > —1, one has the formulae:

r b1 27 (VT & Ky 1 (lpl)
Oflog 1+e— X+ﬂ) de=|u|f+1ﬁr< 5 );(—1)"“2“T, (5)
and
o0 / [ee)
/em ”dx—|u|z“jﬁr<”;1);<—1)"“(""K (mluh + 1+ )#) (6)
0 =
Proof. We first notice that
00
/log (14+emven) ”dx—Z( D / e VA YV, (7)
0
Let z= \/;—Zzi , substitute x by z we obtain:
00 00
/e_”mx”dx= ||V /‘e_"“”z(z2 — 1T zdz.
0 1
Thus using Lemma 3.1, one has
00 v
/e‘”m IMIV“%FC#) (I ™2 Ky (). (8)
0

Taking (8) into (7), we get formula (5).
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On the other hand, since

VX +p? . n+l 2 42,042
Lo~ 2D e
n=1

we obtain the formula:

o0 o0
/‘ VX2 4+ p? XVdx = | |v+2 i( 1)n+1/e—n|u|z (22 1)”74sz2
) g et : '

Now applying Lemma 3.1 again, one gets the integral formula (6). O

If we combine the formula (37) with the sum of the formulae (5) and (6), we obtain the v-th moment of the function
hy(x):

Lemma 3.3. For v > —1, one has

oo

51223 (041 -
/hu(x)x”dx= r > =DM (T 2Ky, (luD).
J JT 2 )& ( 2 )
Let us write
o0 o0
Yu(a) = / tg, (t)dt = f £t 5 (t)dt. (9)
0 0

It is clear that for a fixed chemical potential © < 0, the equation (9) is an entire function with respect to a € C. In view of
Lemma 3.3, we deduce that when the order a < 0, the coefficient of t in the heat expansion (see definition in Appendix C)
is

17 2 7
1 - _2a—
V(@) = F(_a)fhmz)x : 1dx:m/hu(x)x 201y
0 0
_1 9—a+3 |, -0+3 .- 1 (ne+ik 0 10
= =2 D (1K g, (@lieD) @ <0, (10)
n=1

Now we will show that for any fixed chemical potential © < 0, the function (10) is an entire function with respect to
a € C, so that the function (10) can give rise to spectral action coefficients for any order a.

Proposition 3.4. For any fixed chemical potential y < 0, the function (10) is an entire function in a € C. Hence we have the formula

V(@) = %z—‘”% 172 Y0 (0K i) (11)

n=1

for all a.

Proof. We only need to show that the series

X
Do (IR (i) (12)
n=1
is an entire function in a € C. In fact, using the integral expression for the Bessel function K, (z) [8, 8.432], we have
o
Ky(2) = / e 2SNt cosh(vi)dt, largz| < % orRe(z) =0and v =0.
0

We see that for a fixed z > 0 the function K, (z) is an entire function with respect to v € C. Now we need to show that
equation (12) is locally uniformly convergent. In fact, for |[v| <R,

9
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oo
1K, (2)| < / e 2SNt cosh(Rt)dt = K (2).
0

For |—a+2| R, where R < oo, we have

o0 o0
1
2o (nEK s @led) | = Yot Ke (il
n=1 n=1

According to Lemma A.3, we have the asymptotic expansion

[
Ky(z) ~ z—ze_z Z— 00,

from which it follows that the series Y 2, nR+2Kp (n|u]) is convergent. Therefore the series (12) is locally uniformly con-
vergent, and the function (11) is an entire function. Since according to Proposition 3.4, y,(a) is an entire function, the
expression (11) is valid for all a. O

In addition, we can express the spectral action coefficients y, (a) in a more concise way via the Poisson summation
formula.

Proposition 3.5. For any fixed chemical potential i < 0, we have

@ = (a—1)2n+ 1272 — p?
Yu(@ = —= Z 2,2 2ya+1 (13)
2 = (@n+D)me+pf)
Proof. Using Lemma A.8 and the Poisson summation formula, when v > —%, a > 0, we have
1T (v+3)Qa)Y &
Z( 1)"|n|V 2Ky (aln]) = (7 Z (), (14)

n=1
+
(2x+1)27 2+a2)"*2

K g3 miph) =K, 3 (nlpal)

where ¢, q(x) = Since we have the equation

applying Equation (14) to Proposition 3.4 we then get Equation (13) when a > % Now, in Proposition 3.4 we saw that

yu(a) is an entire function. It follows that the function (13) has an analytic extension to the whole complex plane C, and
therefore equation (13) holds for allae C. O

Whenever u e (—m,0) we can express the function y,(a) in terms of Riemann £ function as well, similar to [4, Prop.
46].

Lemma 3.6. When u € (—m, 0), the function y,, (a) can be expressed as

yu(@ =) (-DF

k=0

1— 27(Za+2k)

2k
Tt Dretka g o0t 2oRT (15)

Proof. We will try to modify formula (13) to get to (15). Since u € (-, 0),
1 1 1

(n+ D22 + p2)8  (2n+ )22y (1 L )a
(2n+1)272

00 k

B 1 I(—a+1) u?
T (@n+1)27w2)e § Tk+DIM(—a—k+1) <(2n+l)27r2> ’

which we may substitute in formula (13) to obtain

o (=D — 2a+2k _
yﬂ(a)zz( DT (k+a)2a+2k—1)2

2k
F(k + ]) (27T)20+2k ;(2(1 + 2’()/1,

k=0

10
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Since

s =" (5) e,

we obtain the formula (15). O

We shall follow the same notation as in [4] and denote by

1-272
V(a)=TJT §(2a).

We then have a more concise expression of y, (a):

> I
ru@ =3 -2 e o), (16)

k=0

Rather than the expressions of y,, in (11) and (13), the formula (16) is only convergent when —m < < 0, however as
we are mainly interested in the asymptotic behaviour of y;, as u approaches to 0, the expression (16) is more meaningful
to us, which leads to the following proposition:

Proposition 3.7. Under the assumption of a heat trace expansion of the form (45), we write ¥ (8, u) := Y. p~% Vau(—2).
zeX)
For 1 < 0 we then have the following expansion for the entropy:

S(@p) =Tr(hpu(BD) ~ Y yu(B, ), B—0".
I

More precisely,

L
Tr(hpu (BD)) = > ¥i(B, 1) = 0o(B*H),

1=0
and each term (B, ;1) = Oo(B").

Here we refer to Appendix B for the r; and big-O, small-© notations in the above Proposition.
3.2. The average energy of K¢
Now we shall consider the average energy (Kr ,)g = (dT'Hy ;,)p. Let

Zp =Tr(e PITHrn)

be the corresponding canonical partition function. Let {€;}n,>0 denote the eigenvalues of D? in increasing order with multi-
plicities counted, using a similar argument as in the proof of [1, Proposition 5.2.22.] we have

TrHT (e*ﬁdFHf,u) — Z exp _Igzm: /an +/‘L2
p=1

0<ny<npy<--<npm
due to the anti-symmetrization and the definition of the second quantization process. Hence we obtain the partition function
Zp=Tr (e P = 3 Tryn (e P41 ) = T (14 e PVert?),
m>0 n>0

Recall the formula (1) for average energy, we see that the average energy with respect to the operator d'Hy ,, is given by

VEn + U2 ( Hf ) 1
dI"'H :——lo Zf= Tr| ———— | =-Tr(u D)),
e S el Cewrry R R
N

in terms of the function u, (x) :=

1oV

11
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We observe that the function u, (x) is just the first part of the function h, (x) used to describe the entropy above. Let us
first show that u, (v/x) can be expressed as a Laplace transform. Indeed, since we have the expansion

Vx4 u? > 1 v )
Up(X) = e =Y (D" /X2 4 p2e VXA,
g 1+evr+u? ; g

and (cf. e.g. [2, P146, Formula(29)])

o0

’2
/t—5/2 ( t)e_%e_”‘dt,
0

for a fixed p < 0, we obtain

Vxe TV =

4-

n=1

o0 e t
wp@ =) (=D —= f - ( 2) e~ et0 gy,
0

Using the Fubini theorem we can switch the order of infinite sum and integral, so that

o0 (o]
w0 = [ (ﬁ -5)eFeha xzo
wH 472

In fact, let
T'M(t) — it—S/Z io:(_l)ﬂ-i-l (nz _ £> e_ﬁe—tﬂ (17)
JT = 4 2
we observe first that the function r, () can be written more concisely as
E,MZ 1
) =8 r—i(l—e O,e_ﬂ). 18
nO =810 - ;=57 4(0,e7 %) (18)

As it is shown in [4], the function g(t) is positive and 0 < 64(0, e_%) <1, hence both of the two terms on the right hand
side of equation (18) are positive. We write this result as the following lemma:

Lemma 3.8. Let &, (t) = 4¢—t3/2 (1 — 604(0, e )), we can then express the function r;, (t) given in (17) more concisely as

ru(t) = gu(t) - gu(t)

with both g,,(t) and &, (t) are positive functions.

Hence we obtain that

o0 o0

o0
f ‘ru(t)e_“‘z dt = / Fu(e ™ dt + / e ™ de
0 0 0
T ot +u?)
ShM(X) +/ Wdt <00
0

for u < oco. Thus by applying the Fubini theorem we obtain the following expression for the Laplace transform of r,:

o0

Uy (V) :/ru(t)e_“‘dt, n<0, x>0.

0

12
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-10 -5 b 5 10

(A) The image of ug(z) (B) The image of u—o.1(z)

When a < 0, the spectral action coefficient of t? is given by

oo 1 )
0 0

As before, we can express w, (a) in terms of the modified Bessel functions of the second kind:

Lemma 3.9. For any fixed chemical potential j1 < 0, the function w,, (a) is given by

e

Moreover, it can be extended to an entire function in a.

—a+1 oo
12|72 _1 1
0u@) = = 31" (200 EK (i) =" Ky i) (19)
n=1

Proof. Taking any ¢ < 0, and using the same argument as in the proof of Proposition 3.4, we can show that w(a) can be
extended to an entire function. O

A more explicit expression for w, (a) can again be found using the Poisson summation formula.

Lemma 3.10. For any fixed chemical potential u < 0, we can express w,, (a) as

2.2 1-2a
@n+ 1w I r<a ;) (20)

a)M(a):F(a—i-])n:ZOO (2n+ 1272 + p2)ett - 4w

Proof. Using (42) and applying Poisson’s summation formula, we obtain, for any v > 0 and z > 0,

S (1) Ky (zn) = gl“<v+ %) " Y ! _Iom (E) _

— W (@42 + 20 4 \z

When a > % if we apply this formula to (19), we can deduce the equation (20). Now since w(a) is an entire function, we
conclude that (20) is valid in the whole complex plane. O

Moreover, when p € (=7, 0), using a similar argument as in the proof of Lemma 3.6 we can express the function w, in
terms of & function as well.

Lemma 3.11. When u € (—m, 0), we obtain the equation

e, 20 =272 0e@ k) 5 T@—1/2) oy
w“(a)_g( D G 2k~ Dl Az M

13
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If we write
@=20"2 002 2 L)
O = gy PV T 517 @

we can then express w, (a) as

- _ko@+k) 5 T@=1/2) oy
wﬂ(a)—l;( D iy [

hence with the assumption of a heat expansion of the form (45), we can express the average energy as follows:

ne(—m,0), (21)

Proposition 3.12. Assume we have the heat trace expansion Tr(e‘tDz) ~ Z, p1(t), with respect to the scalerg <1y <--- <17 < -
we have pj(t) = Og(t") and p;(t) = O (t"+1). If we write ¥ (B, L) := = Z B~ 22a),g#( z) then we have thefollowmg asymptotlc

ZE 1
expansion for the average energy (K ,,)p:

(Kfu)p = ﬂTr(Uﬁu(ﬂD))"’ZW(ﬂ W, B— 0", |ul— 0",
in the sense that

1
ETr(uﬁu(ﬁD))—Zt//l(ﬁ,u)ZOO(ﬁZ”’l)+00(|/L|1’2”“), B—0%, |ul— 0,
=0

and each term (B, 1b) = Oo(B¥1~1) + O (|| 1721+1).

Proof. By definition,

oo

1 1
(Kfu)p= ETr(uﬁM(ﬂD)) = E/rm(t) Tre~t#*P%)dt,
0
and

L
Tr(e*t’szDz) = Zpl(fﬁz) +RL(tB?),

1=0
where the remainder term Ry (t82) = 0g((t8%)™), and Ry (tB%) = O ((tB%)+1). We derive that

o0

—TF(Uﬂu(ﬂD)) = Z/rﬂu(t)p:(tﬂ ydt + — /rﬁu(f)RL(fﬂz))df-
B B i J B J
Recall that each term py(t8%) = 3 a,(tp?)~% so that [y g, (O)pi(tB2)dt = Y B~??wp, (—2). We shall first show that each
zeX| zeX|
term (8, 1) = Oo(B21~1) 4+ 0g(|u|~2+1). Take the formula (21) into account,
_1— z+k 1/2
.=y p% (Z( 1)"Mlﬂu|2" T/)w |1“Z)
zeX| k=0
- w(— z+k) 23 142 I'(-z-1/2)
=" 2222( D Bl = 2y
zeX k=0 zeX| 4ﬁ

recall that X is a finite set of points with —r;1 < 9R(z) < —r; for each z € X;. Hence we obtain that as B, || — 0" the first
term on the right hand side of the above formula is of ©o(82"~1) and the second term is of ©g (||l =2"+1).
Now we only need to show that the remainder

o0

1
E/rﬂu(t)RL(tﬂz)dt = OB + Op (|| 241, as B, |u| — O™
0

Using Lemma 3.8,

14
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1 T 1 OO~ 1 OOA
3 f reu (ORL(EF?)dt| < 5 f 8pu(O|RL(EB®)|dE + 5 / 8pu (O|RLEB) |,

0 0 0

according to Proposition 3.7, the first term on the right hand side of (22) is of ©g(8%~1), and we have

Ri(t) = 0p(t') < Ve > 0,38 > 0, such thatt < § implies |R.(t)] < et't,

and since in our assumption each term ;(t) is locally bounded hence Ry (t) is locally bounded as well, therefore

RL(t) = O (1) & V8 > 0,IM(S) > 0, such that t > § implies |Ry(t)| < M(8)t'+1,

thus the second term on the right hand side of (22) satisfies

1 (e ¢] 5—25 o
7 / ZpuO|RL(Ep?)|dt <ep® ! / 8pu (Ot dt + M(5)p21+171 / gsu (Ot
0 0 25
0 o0
SEﬂZFL*l/gﬂu(t)trLdt+M(S)ﬂZTLJrI*l/gﬂu(t)trL+1dt,
0 0

recall that gg, (t) = 8pu (t) — rgu(t), thus

o0

1 ~
5 / Epu(O|RLEBH|dE < €82 (Ypu(r) — wpu (L) + M) B¥ 7 (Vpu (rL41) — pp (rL41))-

0

Take the difference between (16) and (21), we obtain that

‘320_1(”5“(“)_“)"“(“))2(2 K 2@tk 1
k=0 ’

e
Take (24) into account of (23) we then obtain that

¢}

1
E/rﬂu(t)RL(tﬂz)dt=00(ﬂ2n_1)+00(|l/«|1_2n+1)7 as B, lul— 0%, ©
0

3.3. The entropy of d)’f

We now consider the function h;L defined by

Xl — 1t ~(xl—p)
/
hu(X)=m+10g(]+€ X M).

/

The entropy of the state qb’f associated to K o

can then be expressed as

S@}) =—Tr (p} log o} ) =Tr(hf,, (BD)).

Notice that

o0

ot (60)) = [ g3, 0T (e 0200 )
0

where g, (t) = g(b)etF1.
We can obtain the asymptotic expansion of Tr(h;3 H(ﬁD)):

15

X 1\k+1 —
(D y@+k) (ﬂmzk)ﬂz(]_1+<r<a 1/2>)|M|1_za.
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Proposition 3.13. With the formula (45) and (46) we write

1
Vi)=Y ST@+k/2)Res(Co(s), Dypu(-z+k/2)p~2

zeX|

2+k/2¢ 2~
+ ) O tysu(—z+ k22
G+ ko)A :

zeX

z+k/2€eZ~

We then have the following asymptotic expansion:

uk

VKB, p— 0%,

Tr(hy, (BD) ~ )
k>0

and each term v x(B) = 0o (BE1TRY,

Remark 3.1. Similar to the heat trace expansion (48), the asymptotic formula (26) should be read in the sense that

2 k
Tr(h, (D) — ) (,M,) Y1k (B) = 0o(B705).
0<k<K <
T1+1<T0+K7_k

3.4. The average energy of K } "

The average energy of K /f " is given by

Hy
(K yg=(dTH, )g=Tr| —L1& ].
fulB fulb 14 PP
If we define
x| —
/ J—
) =
then it follows that
o0
, 1 ) 1 —tB2(D2—2|D|)
(dTH )p = ETr(uﬁM(ﬂD)) =3 rgu(t) Tr(e HIDDY gt
0

Proposition 3.14. With the formula (45) and (46), we denote by

1 o0
et = f (B2 pu(tBDrg (D),
0

which can be explicitly expressed as

VikB, )= Y TE+k/2)Res(pa(s), Dwpu(—z+k/2)p 2!

zeX|
2+k/2¢ 7~
+ ) v 2 (Dwpu(—2 +k/2) g2k,
(—(z+k/2)n°P "
zeX|
z+k/2€eZ~

We have the following asymptotic expansion:

R Py Quw*
(THY ) = 5 Tr(u, (BD)) ~ > T VB ). 1B 0. |pl =0,

k,I>0

and each term

2 k
%‘Wﬂ, 1) = 0o(B*MH) + ool ).

16
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Remark 3.2. The asymptotic expansion is such that

ek
k!

1

5 Tr(uj,, (BD)) — E
0<k<K

r1+1§r0+¥

V(B 1) = O (0HK1) 4 O (1l 2).

Proof. We denote by r(t) = ru(t)e“‘Z. By definition

(dTH) g = %Tr(u%u(ﬂD)) = %/Tr(e’tﬂz(m"“)z)r(t)dt.
0

We denote the remainder by R (t):

2,\k
Ri® =Tr(e #@*-2u0hy .y~ BV, g2y

k!
0<k<K
rl+1Sro+K77k

we observe that Ry (t) = 0g((t82)01K/2), and Ry (t) = O ((tB2)"TX/2), hence using a similar argument as in the proof of
Proposition 3.12 we can show that

%O/Rk(t)rﬁﬂ(t)dtzoo <ﬂ2ro+l<—1)+oo (|M|1—2r1>.

From the explicit expression of o k(t) given in (46) it follows that

_1)zt+k/2
— —z—k/2 L —z—k/2
Pk = Y Tz + k/2)Res(gp(s). 2)t + > e @t :
zeX| zeX|
z+k/2¢ 7~ z+k/2eZ~

Since this is a finite sum we may compute the integral term-by-term to obtain the equation (27). Since p,,k(tﬁz) =
0o((t2)K2) and py(tB?) = O ((tB*)"+17K/2), we obtain that

uk uk

=B = / (tB*)* pur(eB?)rpp(D)de
0

2r+k—1 1-2
=0o(B ) + ool 7). O
4. Bosonic second quantization

In this section we again assume D : H — H is a self adjoint operator with compact resolvent.
Let B >0, u <0 be the inverse temperature and chemical potential, respectively. As before we denote by Hj , :=

vD?+p?l and Hy = D? — 111 and write
Kp o :=dUHp  : Fi(H) = Fy(H), K;’M = dFHl’”L (Fy(H) = Fr(H)

for the corresponding second-quantized operators on the bosonic Fock space F, (#). When e~#Ho. and e PHbu are trace
class operators, we denote by

Zy =Tr(e PXew),  z) =Tr(e PXoun)

the corresponding canonical partition functions, and by

efﬂKpr.

Pp =" () :=Tr(pp-),
b

’ e_ﬁKg'u / ’

Phi= = #():=Tr(p})
b

the corresponding density operators and Gibbs states.

17
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4.1. The entropy of ¢p

let D be a self-adjoint operator with a decomposition D = S@ T, which induces a direct sum decomposition /D2 + u2 =
V82 +u? ® /T2 + ;2. By Lemma 2.1, we obtain the equation with respect to the second quantization operator in the
bosonic case,

e—ﬂdr\/Dh—u — e—ﬂdr‘/52+u ® e—ﬂdr‘/r2+u

hence we obtain that

S(@p(D)) = S(p(S)) + S(@p(T)),

here ¢, (D), ¢5(S), ¢p(T) are the corresponding states respect to the bosonic second quantization operators e #4I'v D2+u,
e~PATVS*+it and e~PITVT? 41t Namely we obtain that

D= S(#p(D))

is an additive spectral function. Now we consider a self-adjoint operator D acting on a one-dimensional Hilbert space
‘H = C with eigenvalue x > 0. Then {x"}x>o contains the spectrums of the bosonic second quantization operator e—pdrD,
Thus the corresponding canonical partition function Z = ano X" = 117)( and the density matrix p, = Z~1e#4'2 We then
obtain the entropy

S(¢p) = —Tr (pp log pp) = —% —log (1—e~).

This inspires us to define a function k(x) by

X ~x
k(o = —log(l—e "). (28)
If we denote by k, (x) :=k(y/x?> + ?), then we get

S(¢p) = —Tr(pp log pp) = Tr (kg (BD)) .

Lemma 4.1. The function k(x) is an even positive function of the variable x € R\ {0}, and its derivative is

dk X
4sinh?(3)’

=®=

4 2 2 4 4 2 3 s 4
(A) The image of ko(x) (B) The image of k_o.1(x)

Lemma 4.2. For x > 0,

Z (27n)? —x 1

(@2 +%2 " gsinh? ()

Z

18
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Proof. We use the Eisenstein series [4]

Z 1 1
)
~ (Tn+x)

sin“ x
in conjunction with
sinhx = —i sin(ix).

Thus

1 1 _ 1 -y Qmn)? —x
4sinh®(L)  4sin?(i*) 7 A0rn + )2 — (@mn)? + 07

Now since one has the equation

o0

2
/ (227ny%t — 1) e txge = e - x

4 (@mn)2 + x)2 ’

by the Fubini theorem we have the formula
2
R f®e ™de,  f(t):= 202mwn)’t — 1) e~ @t
4smh2 “/— / ’g ( )

when x > 0.
Next, let us determine the behaviour of the function f(t) as t — 0% and t — +o0.

Lemma 4.3. Let
fo=Y (Z(Znn)zt - 1) et
neZ

The function f (t) is rapidly decreasing as t — 0" and approaches —1 as t — +o0.

Proof. Consider the theta function 6(t) = ) e~ Let g(t) = =2t 0'(t) — 6(t). We have f(t) = g(4mt). Thus it suffices
nezZ

to show that g(t) is rapidly decreasing as t — 07 and approaches —1 as t — +oo. Since 6/(t) is rapidly decreasing when

t - +o00, and 6(t) - 1 as t — 400, we proved that g(t) approaches —1 as t — +o0.

Now, using the Jacobi inversion formula, 0(t) = %9 (%), we have

oYz (1Y Ly (1Y, —2)
g(t) = 2t< St 9<t> ﬁe (t)r ) 0(t)
=t 12 G) +2t73/2¢ G) —0(t)
— 232 (1) .
t

Since as t — 0T, ¢’ (%) is rapidly decreasing, g(t) is rapidly decreasing, and also the function f(t) is rapidly decreasing as
t—0t. O

Then we have the following lemma:

Lemma 4.4. When x > 0, one has

oo

k(x) = / e~ F(t)dt, (29)
0
here

_f® 1 2 —Qun)t
fo=-5- __ZXZ:(M”") t—l)e e

19
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Proof. According to Lemma 4.3, f(t) is rapidly decreasing as t — 07, Thus when x > 0, the integral on the right hand side
is well-defined. We denote the integral on the right hand side of (29) by k(x). We have

Ak (X) = —2x / e~ tF(t)dt = —

0

L S Oxk (%)
4sinh2(§) T

and since both k(x) and l~<(x) approach to 0 when x — oo, thus k(x) = E(x). m]

Thus immediately we have

Proposition 4.5. When the chemical potential ;u <0, for all x € R,

o0

kﬂ(x)=/e_txzj~‘u(t)dt,
0
where
~ 2~ e~ 2t ,
fu(t) —e M ff(t) = — T Z (2(2nn)2t _ 1) e—(Znn) t

nez

For the bosonic Fock space, we can get results for the moments of the function k, which are analogous those in
Lemma 3.3 for the fermionic case.

Lemma 4.6. When v > —1, one has the integral formula

T 1 +1) <

v v 1% v
/ku(x)x”dx=|u|i+227—r< ) § 2Ky, ().
, T 2 — 2

Let us denote by x, (a) the a’th order spectral action coefficient of ku(\/}), that is,
o0
xwm=/ﬂhmm
0
Analogous to Proposition 3.4 and 3.5, we have the following lemma:

Lemma 4.7. For a fixed chemical potential . < 0, we can express the a-th order spectral action coefficient of k,, (+/x) as:

1 1 .3 > 1
Xu(@) = —=2""F2|u|7% 2 Y n"T2K__ 3 (n|ul), (30)
J +2
n=1
and

o0

T'(a) Z (2a—1)2n)*m? — p?
2 ((2n)27r2 + 'uZ)aJrl

Xu(@ =—

n=—
Moreover, the expressions (30) and (31) both are entire functions with respect to a € C.

We can also express the function x, (a) in terms of the Riemann & function when |u| is small enough.

Lemma 4.8. For a fixed u € (—2m, 0), we have the formula

L@, 5 axm+a o
m@=7ﬂm“+;ew el

_ Qo 1
X@= e =2 1/ @

20
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Hence with the assumption of the heat trace expansion (45), using a similar argument as in the proof of Proposition 3.12,

we finally obtain the asymptotic expansion of Tr(kg, (8D)):

Proposition 4.9. With the heat trace expansion (45), let

W)= [ P Fpu(0dt = 3 0z (-2
0 zeX|

we obtain the following asymptotic expansion for the von Neumann entropy S(op):

S(pp) =Tr(kgu (BD) ~ Y (. ). p— 0T, |ul — 0%
1

More precisely,
L
Tr(kgu (BD) — 3 i(B. 16) = Oo(B) + Oo (| 21+1),
=0
and each term y(B, b) = Oo(BX1) + O (||~ 2H+1).

4.2. The average energy of K ;,

In the bosonic case, the
average energy with respect to the operator K , =dI'Hp , is equal to

d Hp.p
(dTHp, )5 = 38 (log Zpp.) = —Tr <1_6W> '
T
1_9W

1
(dTHp,u)p = 5 Tr(pgu(BD)).

If we write p,, (x) :=— , then the average energy is equal to

As with the discussion in section 3.2, with the chemical potential u < 0, the function p,(x) is given by the following

Laplace transform:
oo

pu(Vx) = / Su (t)e tdt, u<0, x>0,
0

where

$u0) = — ts/zi(nz t)e*%eﬂff
" B y— — — = .
7w =\1 2

(32)

In contrast to the case of fermionic second quantization, here we cannot take © = 0, as then the integral on the right-hand
side of the formula (32) does not converge. This is consistent with the fact that pg(x) is singular at x =0.

1.0

10

-10 -5 5 10 -10

(A) The image of po(z)
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(B) The image of p_o.1(x)
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When the order a < 0, we denote by «,,(a) the spectral action coefficient of the spectral action function p,, (+/x), namely,

_ i a _L i —a—1 _L i —2a—1
Ku(a)_/su(t)t dt = - /pu(«/)_()x dx = A fpu(x)x dx.
0 0 0

Using the same argument as in section 3.2, we have

Lemma 4.10. For any fixed chemical potential i < 0,

—a+ 1 o0

2 2 a1 _1
K@ = =l Y (U Ky (i) = 2an* 3Ky @) (33)
n=1
and it can be extended to a holomorphic function on C. Thus this formula gives the spectral action coefficients of all orders. Moreover,
(2n)2 2 |M|—2&+1 1
Kkpy@=-T'la+1 'Na-— =), 34
(@) @a+1 Z ((zn)2n2+M2)a+1 + a7 2 (34)

which can also be extended to an entire function for any fixed chemical potential ;1 < 0.
Using the same trick as in the previous section, we can express k (a) in terms of Riemann £ function as follows:

Lemma 4.11. Let

@ 26(2a) 2a )
KO=amea—1) T Qa—-1E— 1)7/(“ ’

when u e (=27, 0), we can express the function o, (a) as

|1—2a

_ S _ n+1K(a+n) 2n |,U, _1
Ku(a)_g( 1) P Wi F(a 2). (35)

Proposition 4.12. In terms of the heat trace expansion (45) let

.= f A0 = 5 3 0 (-2

zeX;

We then obtain the asymptotic expansion for the average energy:
1 + +
(Ko = 5 T (Pp(BD) ~ 3 Swi(B o). p— 0%, |ul 0%,

in the sense that

1 L
5 Tr(Ppu(BD)) - D Wi(B, 1) = 0o(B 1) + Op (I ~211),
=0

and each term Y (B, b) = Oo(BX1~1) + O (|1 —21+1).
4.3. The entropy of ¢;,

Let kh (x) =k(x — 1), where the function k(x) is given in (28). Then the entropy of the state ¢; is given by

S(¢p) = —Tr(py log py) =Tr(ky,, (BD)).

Now we shall consider the spectral action
x
Tr(kg,. (BD%)) = / F(o) Tre~t#* @1 gr.
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Proposition 4.13. With the asymptotic expansion (50), let

V(B ) = / Fon® B Bra(cpd,

and, more explicitly,

1 k —z+k
B =5 Y r(%)Res(@z(sxz)xW( - )ﬂ‘”k

zeX|
(z+k)/2¢Z~
( 1) k+z z+ k
_7 TR —z+k
+ > ( l<+z> {p2(D Xpu ( 3 )5 .
zeX| 2
(z+k)/2eZ~

Then there is the following asymptotic expansion:

8(¢g>=Tr(kﬂﬂ<ﬁDZ>)~Z( I By, B> 0%, |l > 0%,
Lk
More precisely,
2 (ZM)k _ ro+K 1o
Tr(kgu (BD?)) — Z i Vik(B, ) =Oo(B°77) + Oo (1] ™),

0<k<K
T41<ro+K—k

and each term

k
@ M) Yir(B. 1) = 0o(B") + 0o (|| ).

4.4. The average energy of K, M

Let p, (x) = ;x 7 and recall that H’ = D2 — u1. By definition, the average energy of Ky = dTH}, " is given by

(1<;,7M)ﬂ:-i(logzb,ﬁ,u)z%Tr(pﬂ#(ﬁuz))_ /(t)Tr —‘ﬂZ(DZ—WZ)dt.
0

ap
Using similar argument as before, we obtain the following proposition:

Proposition 4.14. With the asymptotic expansion (50), let
oo
V(B ) = / spu () (™) Prr(tpHdt,
0

and, more explicitly,

! k —z+k—1
=5 > T (%) Res(Zp2(s), 2)Kpp <%> g+

zeX|
(z+k)/2¢Z~

—1'F z+k
— _ —z+k—-1
o (—kj)ngz(z)Kﬂ“< 2 )ﬂ '
zeX| 2 )
(z+k)/2eZ~

We then obtain the asymptotic expansion:

o0

(K )8 =% / s(o)Tr (e~ @107 ) ge ~ 3 1 Wt B— 0%, |ul 0%,

0 Lk
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More precisely,

2 k
(Ko, op— > ( lf,) Yk(B. 1) = Oo (ﬂr°+’<)+oo(|u|—f0)

k
0<k<K
T4 <ro+K-—k

and each term

ek
k!

V(B ) = 00 (BTT) + oo(lpel '),

Appendix A. Modified Bessel functions of the second kind

The modified Bessel functions {I,(z), K, (z)} are the solutions of the modified Bessel differential equation

zzy”—i—zy/—(zz—i—vz)y:O,
where
2n
VS ()
ILy(2)=|=z 27
V@) (2 ) gl“(n—i—v—i—l)n!
and

_nloa@ -
K@) = 2 sinvr

The right-hand side of (36) should be determined by taking the limit when v is an integer. The function I, (z) is called the
modified Bessel function of the first kind, and K, (z) the modified Bessel function of the second kind.

We shall introduce some basic properties of the modified Bessel function of the second kind referring to [11,2,8] for
more details.

, —T<argz<rm. (36)

Lemma A.1. When o € R, one has the formula

Ky(2) = K_y(2).
Lemma A.2. We have the formula

i1<0 (2) = —K;1(2).
dz

Lemma A.3. For a > 0, when z — 0%, one has the asymptotics

« —log(é)a—y a=0,
“@7 M (2" a0,

z

where y is Euler’s constant. When z /' 0o, one has

T
Ky (2) ~ Ze .

Lemma A.4. One has the integral representation formula of the function K, (z):

oo

v z ”/ —2x,.2 V=12 1
Ky(2)=—>—(= -1 d -
(2) F(V—i— %) (2> 1 e “(x ) x for v> 3

Lemma A.5. [8, 8.486] Let K, (z) be the modified Bessel function of the second kind. Then one has

zKy_1(2) — 2Ky 41(2) = —2vK,(2), (37)
Ky-1(2) +1<v+1(2)=—2%1<v(2), (38)
z%KU (@) +vKy(2) = —zKy_1(2), (39)
z%KU(z) —VKy(2) = —zKy11(2). (40)
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Lemma A.6. [8, 8.432] When v > —1 a > 0, and x > 0, we have the integral formula

o0
r Yy @ayy
XUKU(GX): (U—li_‘_ 2)( 9 / cosxt dt.

1
o (t2 + a2)U+7

Using Lemma A.6, we obtain the following Lemma:

Lemma A.7. When v > —%, a > 0, and x € R\{0}, one has

al(v+ 1) QoY

X" Ky (alx]) = Yrv,a(X), (41)
r(z)
and
. r(v+1)@2ay~
ex| VK, (alx]) = - (”F (f))( V30 a0, (42)
2
where
1 1
Yy,a(t) = T oAl Gvat) =Yva (t + 5) s
2

(@mt)? +a?)

and 17/\1),(1, fﬁv,a denote the corresponding Fourier transforms of Y, q and ¢, q. Namely,
o0 o0
Toat= [ a2t Goato= [ prae e
—00 —0o0

Proof. According to Lemma A.6, one has

rv+Heo” o1 :
x|V Ky (alx]) = 21 / —e~ ™,
2r (3) (2 +a2)""2

and then changing the variable t — 2mt, we can obtain formulae (41) and (42). O
From Lemma A.7, one can easily deduce the following lemma:

Lemma A.8. When v > —%, a > 0, and x € R\ {0}, one has

rv+3) QoY

U+2I<v — //va , 43
x| (alx) Zanr (1) Y a(X) (43)

and

r(v+3)(a)Y

e X[V 2K, (alx]) =
|x] v (@lx]) “anr (1)

¢ .a(0). (44)

Appendix B. Asymptotic expansion

Before the discussion we recall the big-O and small-© notation: Let X be the space C U {oc} or R U {oo}, U be a
neighbourhood of 0 and V = U\{0}. For two functions f, g:V — C we write

fx)=00(gx) if ligl_félp |f(x)/g(x)] < oo,

fx)=00(gkx) if ilj% If(x)/g(x)]=0.
Similarly, if U is a neighbourhood of co we write

f() =000(gk) if ligsolgp |f(x)/g8X)| < oo,

f0)=000(gx) if  lim [f(x)/gX)]=0.
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We deduce, under suitable conditions, a heat trace expansion for Tr(e~t(PI=%?) and for Tr(e~t®’~%)"), from the heat
trace expansion of Tr(e~tP%).

Let D be a self-adjoint unbounded operator acting on a Hilbert space .77 such that ker D = 0. We assume that for some
p>0,and all € >0,

Tr|D|™P~¢ < 0o, but Tr|D| P*¢ = 0.
We obtain the spectral zeta function
¢p2(s) :=Tr|D|™%, R(s) > p/2,
and we denote by
Z1(s) :=T(s)¢p2(s —k/2), keN.
We assume that

(1) There exists a sequence ro <1y <T3 < --- strictly increasing to +oo and a discrete set X C C such that for each vertical
strip U;:={z € (C‘ — 1141 < R(2) < —1y} the intersection X;:= U;N X is a finite set and

o Z pi(t), with py(t) =) " a ™. (45)

zeX)

Remark B.1. Recall from [6, Theorem 3.2] (see also [7,9]) that by assumption (1) we may conclude that ¢{p2(s) admits a
meromorphic extension to the whole complex plane with only simple poles in the dimension spectrum X (D). Moreover

Res(Zy(s), z) = a,.
(2) ¢p2(s) is regular at s = —n for all n € N.

By assumption (1)

N
—tD? _
Tre ™" =" pi(t) + Ry (1),
1=0

where Ry (t) = Og(t"N+1),
Moreover, for each k € N

N
_tn2
Tr(ID*e ™) = " prac(t) + R (0).
1=0

In more detail, o x can be expressed as

oLkt = Z I'(z+k/2)Res({p2(s), 2)t 2 k2
zeX|
z+k/2¢ 7~
(_1)Z+k/2 (46)

L T @

zeX|
z+k/2€eZ~

so that py(t) = 0o (t"%/2), and pp(t) = Oco (t+17K/2).
Now we apply the functional calculus to show that

e—f(|D|—,lL)2 tﬂ Z (Ztﬂ) —tD2|D|k —t/,L |2tl’L| K+ —ID2|D|K+1 (47)
K+ 1)!

Indeed, we can consider the Taylor expansion of e~t(*I=%)* on an eigenvalue A of D:

e~ tM=w? _ o—tu? p—ta? (Z ik K+ Ry (tM))
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where the remainder satisfies

0
—2|A K+1
R (tp) = %/ezsm(s—tu)'ﬂis
! o
(2|)\|)K+1
= /(s t,u)de
B |2t,bL)»|K+l
K+

Journal of Geometry and Physics 167 (2021) 104285

Now the operator inequality (47) follows. Taking the trace on both sides of that inequality yields

Tr (e—t(IDI—M)Z)

—tu? Z (ZfM)
We now realise that for k < K

Tr (e’tD2|D|") - )

K
Tl+1§TO+T

pLi() + o k),

and
2 K+1
Tr(e_tD |D|K+1> o(trO_L), t— 0%,

hence we obtain the asymptotic expansion

2
Tr(e—t(lDl—M) )~

2 Qtuk
et Z W pLk(t), t—0t.
k,[>0

More precisely,

Tr(e tIDI=w?y _

k
e’ > @ ,/,L) PLi(t) = O™ 1),

0<k<K
rp1<ro+ 5%

K+1
( —ID2|D|k) < e—t/j,z |2tu’|
= K+1)!

t— 0T,

Tr (e_tD2|D|K+1).

t—07 .

We should also compute the asymptotic expansion of Tr(e‘t(Dz"”z). We denote Y(s) :=I'(s)¢p2(2s). According to [6,

Corollary 3.9], we obtain the asymptotic expansion:

Tre™ ) ~ Y A, ay =y at,
1

zeX|

t—>0+,

with a, = Res()/(s), z). Moreover, we have

_tD4 ~
(D) ~ >~ pra(o),
l

where
F((z+k)/2 z
= Y P Respa(e), o
zeX
(z+k)/2¢Z~
(_])(Z-H()/Z otk
+ Y @t
& =@+
(z+k)/2eZ~

Thus we get the asymptotic expansion

t k
et 3 E 0, o,
k,I>0

Tr(e tP*~1?)
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so that

2[‘ k _ ro+K
Tr(e tP*—1)?y _ o—tu? Z @tu) PLk(t) = O(t%), t— 0.

k!
0<k<K
Ti41 <ro+K—k

Appendix C. Spectral action basics

In this appendix we shall briefly recall the spectral action principle, originally formulated by Chamseddine and Connes
[3]. Note that we assume a slightly weaker condition on the spectral triple compared to our assumptions in Appendix B
in Eq. (45). Also we use a slightly different notation in this Appendix, in conformity with the original formulation in [3].
Assume (A, H, D) is a finitely summable regular spectral triple with a simple dimension spectrum X(D). The spectral action
is defined as

Tr(f(D/A)),

where f(x) is a non-negative even smooth function which is rapidly decreasing at +o00, and A is a positive number called
mass scale, or cutoff. Note that f(D/A) is a trace-class operator. We denote by x (x) = f(4/X), and assume that y (x) is
given as a Laplace transform

o0

X(x) = / e~*g(s)ds,
0

where g(s) is rapidly decreasing near 0 and co. We also assume that there is a heat trace expansion
2
Tr(e’tD )NZaato‘, t—07.
o

It was proved in [3] that the spectral action has an asymptotic expansion for A — co, namely,

o0

e (02/A) ~ Y aun ™ [ s
0
When « < 0, by the Mellin transform,

o0
1
¥ = e Xx~ % 1dx,
0

IN—o)

Thus the spectral action coefficient is

oo

o — 1 i —o—1
/s g(s)ds = ) /X(x)x dx.
0 0

When o =0,

oo

/ g(s)ds = x(0).

0

When « > 0, the spectral action coefficient f0°° s*g(s)ds is of order A~'. Thus we get

1
IN—o)

Tr(x (D*/A) ~ ) ag A~ f XX *ldx +agx (0) + O(A™), A — oo
a<0 0

And when « =n is a positive integer, since (dx)"(e~%*) = (—1)"s"e~**, we have that

/ s"g(s)ds = (—1)" / (0" (™) g(s)ds =(=1"x™(0).
0 0 x=0
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