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1. Introduction

For a compact Riemannian spin manifold (M", g) of dimension n > 2, Friedrich [1] showed that any eigenvalue A of the
Dirac operator satisfies
W22 =—" infs (1)
L TO IR T Vel

where S, denotes the scalar curvature of M. The limiting case of (1) is characterized by the existence of a special spinor
called a real Killing spinor. This is a section i of the spinor bundle satisfying for every X € I'(TM),

M
Vxy = _?X Y,

where X - ¢ denotes the Clifford multiplication and V is the spinorial Levi-Civita connection [2]. On the complement set
of zeros of any spinor field ¢, we define £2, the field of symmetric endomorphisms associated with the field of quadratic
forms, denoted by T?, called the energy-momentum tensor, which is given, for any vector field X, by

T(X) = g(£?(X), X) = Re <x Vi, |Z’|2>

The associated symmetric bilinear form is then given for every X, Y € I'(TM) by

1
g(t*(X). Y) = SRe <x Vyh +Y - Vi, %>
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Note that if the spinor field ¢ is an eigenspinor, Biar showed that the zero set is contained in a countable union of (n — 2)-
dimensional submanifolds and has locally finite (n — 2)-dimensional Hausdorff density [3]. In 1995, Hijazi [4] modified the
connection V in the direction of the endomorphism £¥ where 1/ is an eigenspinor associated with an eigenvalue A of the
Dirac operator and established that

1
A2 >inf( =S + 1€V %) . 2
> in ( o Rl ) )
The limiting case of (2) is characterized by the existence of a spinor field v satisfying for all X € I"(TM),
Vi = =V (X) - . (3)

The trace of £¥ being equal to A, Inequality (2) improves Inequality (1) since by the Cauchy-Schwarz inequality, |[¢¥]? >
w, where tr denotes the trace of £ . Ginoux and Habib showed in [5] that the Heisenberg manifold is a limiting manifold
for (2) but equality in (1) cannot occur.
Using the conformal covariance of the Dirac operator, Hijazi [6] showed that, on a compact Riemannian spin manifold
(M™", g) of dimension n > 3, any eigenvalue of the Dirac operator satisfies
) n
Z —— U1,
an—n"
where (1 is the first eigenvalue of the Yamabe operator given by

n—1
zAg—}—Sg,

(4)

L:=4
n_

and A, is the Laplacian acting on functions. For dimension 2, Bér [7] proved that any eigenvalue of the Dirac operator on M
satisfies

2, 2D (5)
Area(M, g)

where x (M) is the Euler-Poincaré characteristic of M. The limiting case of (4) and (5) is also characterized by the existence
of a real Killing spinor. In terms of the energy-momentum tensor, Hijazi [4] proved that, on such manifolds any eigenvalue
of the Dirac operator satisfies the following:

1
—q + ihr}fwhz ifn > 3,

PR
> M
TXM) et ifn =2,
Area(M, g) M

Again, the trace of £¥ being equal to A, Inequality (6) improves Inequalities (4) and (5). The limiting case of (6) is characterized
by the existence of a spinor field ¢ satisfying for all X € I"(TM),

Vxg = —t7(X)9, (7)

(6)

where ¢ = e’nz;l”w, the spinor field v is an eigenspinor associated with the first eigenvalue of the Dirac operator and
is the image of ¥ under the isometry between the spinor bundles of (M", g) and (M", g = e®g). Suppose that on a spin
manifold M, there exists a spinor field ¢ such that for all X € I"(TM),

Vx¢ = —E(X) - p, (8)
where E is a symmetric 2-tensor defined on TM. It is easy to see that E must be equal to £¢. For the two-dimensional case,
Friedrich [8] proved that the existence of a pair (¢, E) satisfying (8) is equivalent to the existence of a local immersion of
M into the euclidean space R* with Weingarten tensor equal to E. In [9], Morel showed that if M" is a hypersurface of a
manifold N carrying a parallel spinor, then the energy-momentum tensor (associated with the restriction of the parallel
spinor) appears, up to a constant, as the second fundamental form of the hypersurface. Habib [10] studied Eq. (8) for an
endomorphism E, not necessarily symmetric. He showed that the symmetric part of E is £¢ and the skew-symmetric part of
E is q¢ defined on the complement set of zeros of ¢ by

1 ¢
2q°X).Y) = ERe <Y - Vx¢p —X-Vyg, |¢|2>
for all X, Y € I'(TM). Then he modified the connection in the direction of £¥ + q¥ where 1 is an eigenspinor associated
with an eigenvalue A and obtained that

1
22> i}\}f(zsg + eV 12+ |q'”|2> . (9)

The Heisenberg group and the solvable group are examples of limiting manifolds [10]. For a better understanding of the
tensor g%, he studied Riemannian flows and proved that if the normal bundle carries a parallel spinor, the tensor g® plays
the role of the O’'Neill tensor of the flow. Here we prove the corresponding inequalities for Spin® manifolds:
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Theorem 1.1. Let (M", g) be a compact Riemannian Spin® manifold of dimension n > 2, and denote by i$2 the curvature form
of the connection A on the S'-principal fibre bundle (S'M, 7, M). Then any eigenvalue of the Dirac operator to which is attached
an eigenspinor  satisfies

1 C
2 . _ _i V2 V2
Py >1Ar/1’f(45g 21205+ 1677 +1q |), (10)

where ¢, = 2[3]% and |$2|g is the norm of £2 with respect to g.
In this paper, we only consider the deformation of the connection in the direction of the symmetric endomorphism £¢ and
hence under the same conditions as for Theorem 1.1, one gets
A2>inf(15 T +|N|2) (11)
T M\g478 4 "7E '

In 1999, Moroianu and Herzlich [ 11] proved that on Spin® manifolds of dimensionn > 3, any eigenvalue of the Dirac operator
satisfies

n
W=
1T -t

where 1 is the first eigenvalue of the perturbed Yamabe operator defined by

L? =L — cy| 2]

(12)

The limiting case of (12) is characterized by the existence of a real Killing spinor i satisfying 2 - ¥ = i%" [$2|g3. In terms
of the energy-momentum tensor we prove:

Theorem 1.2. Under the same conditions as for Theorem 1.1, any eigenvalue A of the Dirac operator to which is attached an
eigenspinor  satisfies

1
S Hinf e ifn>3,
M 1 2|gv (13)
M) 1Rl e 2o,
Area(M,g) 2Area(M,g) M

where 11 is the first eigenvalue of the perturbed Yamabe operator.

2
A2

Using the Cauchy-Schwarz inequality in dimensionn > 3, we have that Inequality (13) implies Inequality (12). As a corollary
of Theorem 1.2, we compare the lower bound to a conformal invariant (the Yamabe number) and to a topological invariant,
in the case of four-dimensional manifolds whose associated line bundle has self-dual curvature (see Corollaries 4.1 and 4.2).
Finally, we study the limiting case of (11) and (13), and we give an example.

Even though the number infy |[€¥|? is not a nice geometric invariant, it appears naturally in some situations. For
example, for hypersurfaces of certain limiting Spin® manifolds it is easy to see, with the help of the Spin® Gauss formula,
that it is precisely the second fundamental form. Also, when deforming the Riemannian metric in the direction of the
energy-momentum tensor, the eigenvalues of the Dirac operator on a Spin® manifold are then critical (see [ 12]). The author
would like to thank Oussama Hijazi for his support and encouragements.

2. Spin® geometry and the Dirac operator

In this section, we briefly introduce basic notions concerning Spin® manifolds and the Dirac operator. Details can be found
in[13,2,14].

Let (M", g) be a compact connected oriented Riemannian manifold of dimension n > 2 without boundary. Furthermore,
let SOM be the SO,-principal bundle over M of positively oriented orthonormal frames. A Spin® structure of M is a Spinj-
principal bundle (Spin°M, , M) and a S!-principal bundle (S'M, 7, M) together with a double covering given by 6 :
Spin°’M — SOM x; S'M such that

6 (ua) = 0(u)é(a),

for every u € Spin°M and a € Spin;, where & is the twofold covering of Spin;, over SO, x S'. A Riemannian manifold that
admits a Spin® structure is called a Riemannian Spin® manifold.
. . (51 .
Let ¥“M = Spin°M x,, X, be the associated spinor bundle where X, = C?? and p, : Spin{, —> End(X},) the complex
spinor representation. A section of XM will be called a spinor and the set of all spinors will be denoted by I"(X°M). The
spinor bundle XM is equipped with a natural Hermitian scalar product, denoted by (., .) and satisfies

(X-v,0)=—(,X @) foreveryX € I'(TM) and ¢, ¢ € I'(X°M),
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where X -y denotes the Clifford multiplication of X and . With this Hermitian scalar product we define an L?-scalar product
W)= [ o
M

for any spinors ¥ and ¢. Additionally, given a connection 1-form A on S'M, A : T(S'M) — iR and the connection 1-form
oM on SOM for the Levi-Civita connection V¥, induce a connection on the principal bundle SOM x, S'M, and hence a
covariant derivative V on I'(¥°M) [13], given by

Ve = |:b, ei(o) + % Z e - Vé\:lej ‘o + ;A(S*(Ei))0:| , (14)

=1

where Y = [b, o] is a locally defined spinor field, (eq, ..., e,) is a local oriented orthonormal tangent frame ands : U —
S'M is a local section of S'M.

The curvature of A is an imaginary valued 2-form denoted by F, = dA, i.e., F; = i§2, where §2 is a real valued 2-form on
S'M. We know that £2 can be viewed as a real valued 2-form on M [13]. In this case iS2 is the curvature form of the associated
line bundle L. It is the complex line bundle associated with the S'-principal bundle via the standard representation of the
unit circle. The spinorial curvature R associated with the connection V, is given by

1< i
Rxy = 2 U;g(Rx,yei, e)ei-e- —I—EQ(X, Y).

In the Spin© case, the Ricci identity translates to
1. i
> e Rextr = SRICK) ¥ = S (Xu2) - ¥, (15)
J
where _ denotes the interior product. For every spinor 1, the Dirac operator is locally defined by
n
DY =) e Ve
i=1
Itis an elliptic, self-adjoint operator with respect to the L?-scalar product and verifies the Schrédinger-Lichnerowicz formula
2 * 1 i
D* = V*V + *Sg IdF(Z'CM) + *Q',
4 2
where £2- is the extension of the Clifford multiplication to differential forms given by (ef A e]f“) “Yr=e-e-Y.

3. Eigenvalue estimates on Spin“ manifolds

In this section, we prove the lower bound (10). This proof is based on the following lemma given by Moroianu and Herzlich
in[11]:

Lemma 3.1 ([11]). Let (M", g) be a Spin® manifold. For any spinor ¥ € I'(X°M) and a real 2-form $2, we have
‘ Cn )
(lQ'I//a‘/f>>_E|~Q|g|1//| , (16)

where |§2|, is the norm of $2 with respect to g given by |£2 |§ = Zi<j(9ij)2, in any orthonormal local frame. Moreover, if equality
holds in (16), then

Q- :icz—”|:2|gw. (17)

Proof of Theorem 1.1. Let E (resp. Q ) be a symmetric (resp. skew-symmetric) 2-tensor defined on TM. For any spinor field
¢, the modified connection

Vi = Vx¢p +E(X) - ¢ +Q(X) - ¢

satisfies [Vo|2 = [V¢|? — |E|?|¢|> — |Q|2|$|. Aftter integration over M, the Schrédinger-Lichnerowicz formula gives

- 1 i
/ |V¢|2vg=/ |D¢|2vg—/ fsg|¢|2vg—/<|E|2+|Q|2>|¢|2vg—/ <’sz~¢>,¢>vg.
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Let ¥ be an eigenspinor corresponding to the eigenvalue A of D. For E = £¥,Q = q¥ and by Lemma 3.1, it follows that

1 .
AZ/ P, > —/ sg|1/f|2vg+/<|ﬂ’|2+|q‘”|2)|w|2vg+/ <'9-w,w>vg

1 C
/<25g—;”|9|g+|N|2+|qw|2)|w|2vg-
M

Vv

Finally,

1 ¢
A2>'f(75——"9 P \“). 0
inf( ;5 — 12l + 16"+ la”|

4. Conformal geometry and eigenvalue estimates

Before proving Theorem 1.2, we give some basic facts on conformal Spin® geometry. The conformal class of g is the set
of metrics g = e?'g for a real function u on M. At a given point x of M, we consider a g-orthonormal basis {e1, ..., e,} of
T,M. The corresponding g -orthonormal basis is denoted by {e; = e Yeq, ..., e, = e e,} . This correspondence extends
to the Spin© level to give an isometry between the corresponding spinor bundles. We put a “~ " above every object which is
naturally associated with the metric g, except for the scalar curvature where S, (resp. S, or S;) denotes the scalar curvature

associated with the metric g (resp. g = e?!g = h%g). Then, for any spinor fields 1 and ¢, one has
W, 9) = (¥, 9),
where (., .) denotes the natural Hermitian scalar products on I"(X°M), and on I" (£ M). The corresponding Dirac operators

satisfy
(n— _(+D

D "' y) =e "7 Dy.

The norms of any real 2-form 2 with respect to g and g are related by
|21 = e7|R2],.

Hijazi [4] showed that on a spin manifold the energy-momentum tensor verifies
|£¢|2 — e—2u |€¢|2 — e—2u |£xp|2,

(n—1) . . .
where ¢ = e~ "2 “4r. We extend the result to a Spin® manifold and get the same relation.

Lemma 4.1. Under the same conditions as for Theorem 1.1, any eigenvalue A of the Dirac operator to which is attached an
eigenspinor  satisfies

1
2? > — supinf(S,e® — c,|$2|g) + inf €V 2.
4 4 M M

Proof. For any spinor field ¢ and for any symmetric 2-tensor E defined on TM, the modified connection introduced in [4]:
Vi = Vx¢ +EX) - ¢,

verifies |[VEp|? = |Vo|?> — |E|?|¢|?. Using the Schrodinger-Lichnerowicz formula on M, applied to the spinor field ¢ with
respect to the metric g, yields

g _ 1 _ _ i _
/W%sz/ |D¢|2vg—f fsu|¢>|2vg—/ |E|2|¢|2vg—/ <’9-¢,¢>vg. (18)
M M M 4 M M 2

For the spinor ¢ = e~ U7 u Y with Dy = A1, one gets D @ = Ae ™" @, and hence by Lemma 3.1 and for E = £%,

1 c
| [xz_ (Zsue2u+|ﬂ|2— pmg)}e‘“wvgw 0 (19
M

Lemma 4.2. Let (M", g) be a compact Riemannian Spin® manifold of dimensionn > 2 and S, (resp. S, or Sp) the scalar curvature
associated with the metric g (resp. T = e*'g = hn%zg). The 2-form i$2 denotes the curvature form on the S'-principal bundle
associated with the Spin® structure. We have

if n> 3,

(20)

231
sup i’rvllf(Suez“ —alR]g) = { 4T x (M) =2 [, 12]vg
u

ifn=2,
Area(M, g)

where 11 is the first eigenvalue of the perturbed Yamabe operator L.
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Proof. For n > 3,leth > 0 be an eigenfunction of L? associated with the eigenvalue p; such that fM h2vg = 1.Fora
4
conformal metric g = e*g = hi-2g, we have
4
Sphi=2 — ¢y| 2| = Sye™ — ¢;|2]g = h'L?h.

Sou; = h™'L?h = Shh% — €| 82],. For any positive function H, we write fH = h, where f is a positive function, and
referring to [15] we get

wi= /(H—lLH)fZH2 Vg — c,,/ |2|gf*H? vg +/ H?|df |2 vg.
M M

Finally,

w1 > inf(H 'L?H) = inf(S,e*” — c,|£2],),

M M
where e’ = H#2; then p1 = sup, infy (S,e®" — cy|£2|g). For n = 2 and for every u we have S,e?" = S; 4+ 2 A, u. The
Stokes and Gauf3-Bonnet theorems yield
fM(Suezu _2|~Q|g)vg 4 x (M) — 2 f,, 1925,
Area(M, g) o Area(M, g) '

Let ug be a solution of the following equation [16]:

f (Sg — 2|82|g)vg
20, u= aMe el %
Area(M, g)

ilrvllf(SueZ“ —2|2]y) <

— Sg + 2|2/, (21)

Hence,

4 x (M) =2 [, 121gvg

Suoezm)_2|Q|g:2Aguo+5g_2|‘Q|g: Area(M, g)

Proof of Theorem 1.2. Combining Lemmas 4.2 and 4.1, Theorem 1.2 follows. O

Remark 4.1. Inequality (11) improves Inequality (12), which itself implies the Friedrich Spin® inequality given by

n
A2 > ———inf(S, — ¢;|82],). 22
4(n_1)M(g al$21g) (22)

Equality holds in (22) if and only if equality holds in (12), i.e., if and only if the eigenspinor i associated with the first
eigenvalue of D is a real Killing spinor and 2 - ¢ = i%‘ |29

Corollary 4.1. Any eigenvalue of the Dirac operator on a compact Riemannian Spin® manifold of dimension n > 3 satisfies
21 -2 . V2
32> VoM. 8) % (Y(M. [g]) — call 2113 ) + infiy 1€V,

where Y (M, [g]) is the Yamabe number given by
¢ Ju 4%"17”2 + Sgn’
0

—2
on \ n

(i Inl2 )

Proof. Using the Holder inequality, it follows that

45=2dn)? + (Sg — clR21g)n? '
= inf M= g E S inf Ju
n#0 Sy n? n#0

Y(M, [g]) = ;2

4r=31dnl® + (Sg — cal2Dn?

1251 n—2
o\ 2
(o In172) ™ vol(, &)

Using the Holder inequality again, we deduce

2 Jydisldn? 4 S0P N
o vol(M, )7 > inf MR —cn(f 212)" =Y, [g) — all 21l
n M

(fynl2) ™

Finally, replacing in (13), we get the result. O
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Corollary 4.2. On a compact four-dimensional Spin® manifold with self-dual curvature form i$2, any eigenvalue of the Dirac
operator satisfies

22> %vol(M,g)_%(Y(M, g — 4nxf2\/cl(L)2) + infy |€7 2,

where c{(L) is the Chern number of the line bundle L associated with the Spin® structure.

Proof. It follows directly from Corollary 4.1 and the fact that if n = 4 and 2 is self-dual, then [, |22[7v; = 47°ci(1)?
(see[13]). O

5. The equality case

In this section, we study the limiting case of (11) and (13). An example is then given.

Proposition 5.1. Under the same conditions as for Theorem 1.1,

Equality in (11) hold Vap = L1 4. (23)
uality in olds «<—= .

quality 9.1/,:,5”|_Q|g1/f,

forany X € I'(TM) and where v is an eigenspinor associated with the first eigenvalue of the Dirac operator.

Proof. If equality in (11) is achieved, the two conditions follow directly. Now, suppose that Vxiy = —£¥(X) - ¢ and

-y = i% |$2|g3. The condition Vxyr = — 2% (X) - implies that |y/|? is constant. Denoting by R the curvature tensor on
the Spin® bundle associated with the connection V, one easily gets the following relation:

Ry ¥ +de? X, Y) -y + 6700, £ (] -y =0,
where d¢¥ is a 2-form with values in I"(TM) given by
dev (X, Y) = (Vxe")Y — (Vyt¥)X.
Taking Y = e; and performing its Clifford multiplication by e; yields by the Ricci identity (15) on a Spin® manifold

1 i
—ERlc(X) U+ 5(foz) Y+ Xj:e,- eV (X, e) - Y + ;ej [0V (X), €7 ()] - ¥ =0. (24)

We then decompose the last two terms in (24) using that X - « = X A @ — X_« for any form «; it follows that

D e dt (X, e) -y =) e AdeY (X, )] - ¥ — [X(tr £V) + div£¥ (O
J J
D e VX, (el Y =20 )V X) g —2) (X, £V () £ (e) - .
J J
Taking the scalar product of (24) with 1/, and separating real and imaginary parts, yields for every vector field X the relation

i
(Xt e +div £ 00 ) Wl = S(X-2) - v 9. (25)
But since Equality (17) holds we compute

((X2) Y 0) = (KA 0) = (X 29, 9)
=@ n2) -y =i 5] 121X v 9.

After separating the real and imaginary parts, ((X.$2) - ¥, ¥) must vanish. Using this and 2}121 ej - (eju82) = 242, Clifford
multiplication of (24) with e, and for X = ey, gives

1 .
—5SeV —iQ Y =) e (e AdE (g ) - ¥ — 20t €)Y+ 2007 Py
k.j
An easy computation implies that Zk,j ej - (ex A dZ"’(ej, ex)) - ¥ = 0; hence
1 n1s U2 w2
—3S+ [E] 1Q1g = —2(tr £¥)2 +21¢V 2, (26)
which implies equality in (11). O
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Proposition 5.2. On a compact Riemannian Spin® manifold (M", g) of dimension n > 3, assume that the first eigenvalue A of
the Dirac operator to which is attached an eigenspinor v satisfies the equality case in (13). Then, |£¥] is constant and if h > 0
denotes an eigenfunction of the Yamabe operator corresponding to (11, then for any vector field X

g(X, £¥(dh) — x1dh) = g(A1X — €Y (X), dh) = 0. (27)

Proof. If n > 3 and equality holds in (13), we consider the positive function v > 0 defined by e?¥ = h'14T2 where
h is an eigenfunction of the Yamabe operator corresponding to j;. Inequality (19) with u = v gives |¢¥] is constant,
Vxp = —0¢(X) "pand 2" ¢ = i%” |$2|g@. By Proposition 5.1, Equality (26) and (25) can be considered for the conformal

metricg = e?g = hn%zg to get
722 ] Cn 72
(tr &%) :=f* = ZSV - Z|9|§+ €917,
gradf = —div£®.
It is straightforward to see that these two equalities give (27). O
Example. If the lower bound (22) is achieved, automatically equality holds in (11). Here we will give an example where
equality holds in (11) but not in (22).

Let (M3, g) = (S3, can) be endowed with its unique spin structure and consider a real Killing spinor v with Killing constant
%. As the norm of  is constant, we may suppose that || = 1. Let £ be the Killing vector field on M defined by

igE. X)=X-v,9y).
In [11], it is shown that:

1.idéXX,Y)=—XAY -, y) forany X,Y € I'(TM).
2. d|E> = —2dE(&,.) = —2g(V:E, ) >~ —2V:& = 0.
.-y =ifYand |&] = 1.

4. & -y = —eq - ey -, where {£/|&], eq, e,} is an oriented local orthonormal frame.

Let h be a real constant such that h > 1. We define the metric g" on M by

g, X) = g(&, X) pour tout X € I"'(TM),
g"(X,Y) = h2g(X,Y) pour X, Y L £.

Using the following isomorphism:

(TM, g) —> (TM, g")

Z siZ=E§,

h __
Z—12 _{hZ siz L E,

if u = {&,eq, e,} is a positive local g-orthonormal frame defined in a neighborhood U of x, then u" = {&'" = &, e'} =
heq, eg = he,} is a positive local g"-orthonormal frame defined in a neighborhood U of x.
There exists an isomorphism of vector bundles (see [11]) given by

M — Z M
v =i ¢l — y" =[i" ¢],
satisfying
(W1 ¥2)mem = (V1. ¥3)z,m and - (X-y)" = X" y" forany X € I'(TM).

The covariant derivative of the spinor ¥" = [ii", ¢] is given by (see [11])
h? .
Vi = X"yt i - P XY

Let o = (1 — h?)£ be a 1-form on M. We may view i« as a connection 1-form on the trivial S! bundle. Let L = M x C be the
induced trivial line bundle over M. We denote by & the global section of L and by V° the covariant derivative on L induced
by the above connection. It satisfies

Veo =ia(X)o, foranyX e I'(TM).
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We consider, on the twisted bundle ZapM L, the connection V = V" ® V° and we calculate

2
Vo' ®o) = %e’; Y'®o),
2
Vo' ®o) = %e’; (W' ®o),
. ()1 —3h h
Ve("®o0) = T+2 §-(Y'®o).

The spinor ¥" ® o is a section of XM ® L, which is, of course, the spinor bundle associated with the Spin® structure with

auxiliary line bundle 2. It is easy to see that ¢/ ® o is an eigenspinor associated with the eigenvalue % — 2,and it is clear

that ¥" ® o is not a real Killing spinor since h 1, so (M, g") is not a limiting manifold for the Friedrich Spin® inequality.
But it is a limiting manifold for the lower bound (11); in fact we will prove that (23) holds.
The complex 2-form ide is the curvature form associated with the connection V° on L. We have

de-(Y"®0)=(1-m)de - W' ®0) =i(h®> — D*Y" @ 0.
The norm of da with respect to the metric g" is given by
Idalﬁh =(1- h2)2|d$|§h = (1—h*)*(d& (e}, e5))* = h*(1 — n*)°.

Since h > 1, |dafgh = h?(h? — 1), then the second equation of (23) is verified. Furthermore, it is easy to check that

2
TV (&) = TV (e) = g (). o) = 8" (")), ) = =
h h h
g' (L7 (€h). &) = g" (V7 (e). §) = g" (L (€). €5) = 0,

3h?

V') = @) = T - 2.

Finally, it is straightforward to verify that the first equation of (23) holds:

2
") (P @ o) = %eq Y ®0) =Va(' ®0),

2
—e"e ) (' @ o) = %63 W' ®0) =V (¥ ®0).
2

~® W oo = (% +2) (' @0) =V ® o).
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