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The real Jacobi group G],I(R), defined as the semidirect product of the Heisenberg group
H,(R) with the symplectic group Sp(n, R), admits a matrix embedding in Sp(n + 1, R).
The modified pre-Iwasawa decomposition of Sp(n, R) allows us to introduce a convenient
coordinatization S, of GJn(R), which for Gjl(R) coincides with the S-coordinates. Invariant
msc: one-forms on G]n(R) are determined. The formula of the 4-parameter invariant metric on

ggg Gjl(R) obtained as sum of squares of 6 invariant one-forms is extended to G],,(R), neN.
53821 We obtain a three parameter invariant metric on the extended Siegel-Jacobi upper half
81R30 space x’,, ~ DC],, X R by adding the square of an invariant one-form to the two-parameter
J
p is: balanced metric on the Siegel-Jacobi upper half space x’n = UG(;'[(Z)R.
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1. Introduction

The real Jacobi group [23,35,80,92] of degree n is defined as G]n(R) := Hu(R) = Sp(n, R), where H,,(R]) denotes the
Gn(R)

real Heisenberg group. The Siegel-Jacobi upper half space is the G]n(R)—homogeneous manifold xjn = xR

R?" [14,15,86-88], where X, denotes the Siegel upper half space realized as S‘{S&?) [44, p 398].

The Jacobi group GJ,1 := H, x Sp(n, R)c, where Sp(n, R)c := Sp(n, C) N U(n, n) [9,11] is also studied in Mathematics,
Mathematical Physics and Theoretical Physics, together with the G{q-homogeneous Siegel-Jacobi ball D’,, ~ C" x D, [9],

where D, denotes the Siegel ball realized as SPL(JZ;)C) [44, p 399].

It is well known that Gﬁ(R), Sp(n, R), Hy(R), x’,., and X, are isomorphic with Gjn, Sp(n, R)c, Hy, D{, respectively Dy,
see [8-12,16,23,35,86,87].

The dimensions of the enumerated manifolds are: dimSp(n,R) = 2n? + n, dimH,(R)= 2n + 1, dim GJn(R) =
(2n+ 1)(n + 1), dimU(n) = n, dim %, = n(n + 3), dim %, = n(n + 3) + 1, dim X, = n(n + 1).

The Jacobi group, as a unimodular, non-reductive, algebraic group of Harish-Chandra type [16,54,71-74], also a
coherent state (CS) type group [5,55,56,62-65] is an interesting object in Mathematics [11,14]. D’n is a partially bounded
domain, non-symmetric, a Lu Qi-Keng manifold, a projectively induced quantizable Kédhler manifold [14,86,87].
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The Jacobi group has many applications in several branches of Physics: quantum mechanics, geometric quantization,
nuclear structure, signal processing, quantum optics, in particular squeezed states and quantum teleportation, see
references in [15]. The Jacobi group was known to physicists under other names as Hagen [43], Schrodinger [66], or
Weyl-symplectic group [84]. The Jacobi group is responsible for the squeezed states [45,48,57,79,90] in quantum optics
[1,32,34,59,78].

The Jacobi group was investigated in several publications [6,8-11,14] with Perelomov’s CS method [68] based on
Kédhler manifolds [17-20,55,56,62-65] associated to G{h determining the balanced metric [33]. Berezin's quantization
[17-20,26,27,36,70] related to the Jacobi group has been also investigated [14,24,25]. But the CS method is applicable
only to Kdhler manifolds. Because it is desirable to impose the invariance of metric also on manifolds of odd dimension,
the CS method must be abandoned.

In this paper we introduce an odd dimensional manifold, called extended Siegel-Jacobi upper half S})ace of order n,

- J -
JC],, = % ~ x’,, x R, a generalization of the 5-dimensional Siegel-Jacobi upper half-plane le = gg)((;) ~ X; x R

considered in [3,15]. Because the Jacobi group governs the squeezed states [8,10], we are expecting that the manifold 56{1
to have applications in quantum optics. We recall that the squeezed states are a particular class of “minimum uncertainty
states” (MUS) [61] and that “Gaussian pure states” (“Gaussons”) [77] are more general MUSs.

The invariant metrics on homogeneous manifolds associated to the real Jacobi group GJ](R) were obtained in [3,15],
applying Cartan’s moving frame method [28,29,37]. We have determined a 3-parameter invariant metric on the extended
Siegel-Jacobi upper half-plane [3,15]. To get the invariant metric on 5611 we have determined the invariant one-
forms Aq,..., A ON GJ1(R). Then we have calculated the invariant vector fields I/ verifying the relations (A;|l/) = Bij,
i,j = 1,...,6, such that I/ are orthonormal with respect to the 4-parameter invariant metric dsé](R) expressed in the

1

S-coordinates (x,y, 0, p, q, ) [23, p 10], where 6 € [0, 27r) and the other S-coordinates are in R.

In the present paper we apply to Gﬁ(R), n € N, the method applied in [14] to Gjl(R). Firstly we determine the
invariant one-forms on G]n(R). If a point g € GQ(R) is parametrized by the coordinates (M, X, «), where M € Sp(n, R),
X = (x u) e M(1,2n,R),k € R, and (p, q) = XM, then we have the following representation of the real Jacobi group
embedded in Sp(n + 1, R) [85,92]

a Onl b q[

A 1 a b
C o 4 —p |- =( d)eSp(n,R). (1.1)

0, 0  Oqp 1

g:

In this paper we parametrize the group Gj,,(R) with a system of coordinates (x,y,X,Y, p,q, k), where x + iy € X,
X 4+1iY € U(n), while (p, g, ) characterize the Heisenberg group H,(R). This system of coordinates, denoted S,, n € N,
coincides for n = 1 with the S-coordinates of Gjl(R) [23, p 10]. The main ingredient of the S,-parametrization of GJn(R) is
the modified pre-lwasawa decomposition of the symplectic group Sp(n, R), inspired by [2,42]. We obtain a 4-parameter
invariant metric on GJ,,(R), which in the case n = 1 coincides with the 4-parameter invariant metric determined in [15].
However, the explicit expressions for the metrics in Proposition 2 obtained from the invariant one forms on Gﬁ(R) are
quite complicated, so in order to obtain the invariant metric on the odd dimensional extended Siegel-Jacobi space 561,., we
just add the square of an invariant one-form attached to « to the 2-parameter balanced metric of the Siegel-Jacobi upper
half space obtained via the CS method in [11,14].

The paper is organized as follows. Section 2 summarizes the embedding of the Heisenberg group H,(R) in Sp(n + 1, R).
Section 3 describes the symplectic group. The pre-Iwasawa decomposition is introduced in Lemma 4, while Lemma 5
shows that the modified pre-Iwasawa decomposition is compatible with the linear fractional action of Sp(n, R) on X,.
Section 4 considers the real Jacobi group G]n(R). The embedding of G]n(R) in Sp(n + 1, R) is described in Lemma 6. After
choosing a base of the Lie algebra gL(R) which in particular for n = 1 coincides with that in [15], Lemma 8 describes
the action of the Jacobi group on the homogeneous manifolds xfn and 561,1 In Section 4.4 are calculated the fundamental
vector fields (FVF) associated to the generators of the Jacobi group on DC{7 and 56{1 In Section 4.5 are obtained the invariant
one-forms on Gjn(R) in the S,-coordinates, see Lemma 10 and (4.32). The difficulties to calculate the invariant vector fields
once the invariant one-forms are known are exemplified in Section 4.6. Proposition 2 expresses the 4-parameter invariant
metric on Gﬁ(R). Proposition 3, an extension to n € N of [3, Proposition 1], expresses the Kdhler two-form on DC]n in several
types of variables. Remark 11 gives a CS-meaning to the S,-parameters p, q describing Gﬁ(R). The invariant metric on the
odd dimensional manifold 5C]n is given in Theorem 1. Finally, other parametrizations of the Jacobi algebra gjn(R) are recalled
in Appendix A, while Appendix B summarizes the method of calculating the differential of square root of a symmetric
matrix.

To conclude, the new results of this paper are contained in Lemmas 4, 5, parts of Lemma 8, the base (4.6) of gj,,(R),
Lemma 10, Propositions 1-3 and Remark 11. The main result of the present investigation is stated in Theorem 1.

Notation We denote by R, C, Z, and N the field of real numbers, the field of complex numbers, the ring of integers,
and the set of positive integers, respectively. We denote by i the imaginary unit +/—1, and the complex conjugate of
z by z. We denote the set of m x n matrices with entries in the field F as M(m, n; F) and if n = m we write M(n, F).
M(n, F) for F equal with R or C is denoted by M(n). We denote the transpose (the Hermitian conjugate) of the matrix

2
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A by A, (respectively A"). 1, denotes the identity matrix of M(n, F), while 0,, € M(n, m, F) denotes the matrix with all
elements zero and 0, means O,,. E, € M(1, n, R) denotes the matrix with 1 on the position p, (E,); = 8 and similarly
for Eq, p,q = 1, ..., n. E; denotes the square matrix with entry 1 at the intersection of the ith row with the jth column,
(Eij)u = 8idji, and EjEy = 8jxEy. When the dimension of a submatrix of a block matrix is not evident, the subindices pq
specify that the respective submatrix is in M(p, g, R). We denote by d the differential. We use Einstein convention that
repeated indices are implicitly summed over. We denote by dg(ay, ..., a,) the diagonal matrix which has on diagonal
ai, ..., a,. We denote by (A|L) the pairing of the one-form A with the vector field L. We consider a complex separable
Hilbert space $ endowed with a scalar product (-, -) which is antilinear in the first argument, (x, y) = A(x,y) X,y € $,
A € C\ 0. If 7 is a representation of a Lie group G on the Hilbert space $ and g is the Lie algebra of G, we denote
X =dn(X)forX €g.

2. The Heisenberg group H,(R) as subgroup of Sp(n + 1, R)

The real Heisenberg group H,(R), parametrized by (A, u, ), A, u € M(1,n,R), kx € R, has the composition law
[16,54,71,74,85,92]
o) x W1 )y =+ M, w4+ w4+ 6"+ A — pd). (2.1)

H,(R) is a particular case of the Heisenberg group Hé"’m) for m = 1, see [86] and [89].
If g € Hy(R), we represent it [85,92] and its inverse embedded in Sp(n + 1,R) as

100 u 1 0 0 —puf
Al K — T B —K

e=loo g =0 o1 x| (22)
000 1 0 0 0 1

see also notation in (1.1) and Lemma 6.
If the generators Pp, Qq, p, ¢ = 1, ..., n, R, of the Heisenberg group are defined in (2.3), see also the last three equations

in (4.5) and Lemma 6,

0 0 0 O
E, 0 0 O
Py, = 6’ 0 0 —E ,p=1,...,n (2.3a)
0 0 0 O
0 0 O Efl
_ | 0 0 E O .
Q= 00 0 0 ,q=1,...,n, (2.3b)
0 0 0 O
0 0 0O
0 0 0 1
R=106 00 0ol (2.3¢)
0 0 0O
then
g 'dg =PyAP + QA7+ R (2.4)
With (2.2) and (2.4), the left invariant one-forms on H,(R) are
W=dxr, AM=dpg AN =de—xrdu'+pdr. (2.5)

The left action of the Heisenberg group on itself is obtained from (2.1)

exp(AP 4+ 11'Q + kR)(Ao, po, ko) = (A + Ao, i + o, & + Ko + Ay — pAg).
The left invariant metric on the Heisenberg group is

g k) =dr? +dpu® +(de —rdpt + pdah)2

The fundamental vector fields, see [44, p. 121, Ch I § 3], [51, p. 42], or [15, § 6.1, v1], on the Heisenberg group H,(R)
are

See also (4.25).
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3. The symplectic group Sp(n, R)
3.1. Basics
The group Sp(n, K) admits a matrix realization in M € M(2n, K), where K is R or C, verifying the relation
MM = o, Ju = ( oy ) . (3.1)

If there is no possibility of confusion, we denote J,, just with J.
Let us consider a matrix

M=(g Z) a,b,c,d e M(n,R). (3.2)

It is easy to prove [38-40,76] that

Remark 1. (a) If M € Sp(n, R), then M is similar with M‘ and M~ and also J € Sp(n, R).
(b) If M € Sp(n, R) is as in (3.2), then the matrices a, b, c, d in (3.2) verify the sets of equivalent conditions

ab' — ba' = 0,, ad' — bc' = 1,, cd' — dct = 0y; (3.3a)
alc—cta=0,, ad—c'b=1,, b'd—d'b=0,. (3.3b)
(c) If M € Sp(n, R) has the form (3.2), then
_ d —bt
M= (_C[ o ) . (3.4)

(d) The matrices in Sp(n, R) have the determinant 1.
(e) The following subsets of GL(2n, R) are subgroups of Sp(n, R)

_ 1, A . A__at N 1, Op .p_npt
ol &)l %))

Dz{( Cfn (C?)”,l ):CeGL(n, R)}.

Sp(n, R) is generated by DU NU {J}and DUN U {J}.

Using (3.4) it can be shown that the matrix M € Sp(n, R) N O,, has the expression
M= ( _Xy ; ) , XX Y'Y =XX+YY =1, X'Y=Y'X, YX'=XY'. (3.5)

If M € M(2n, R) has the properties (3.5), let

M =X +iY € M(n, C), (3.6)
and
Remark 2. The correspondence M — M’ of (3.5) with (3.6) is a group isomorphism

Sp(n, R) N Oy, =~ U(n).

3.2. The real symplectic algebra sp(n, R)

The real symplectic Lie algebra g = sp(n, R) is a real form of the simple Lie algebra sp(n, C) of type ¢, and X € sp(n, R)
if X'J +JX = 0, or equivalently

_fa b ot ot
X_<C —a‘)’ b=b", c=c, (3.7)

where a, b, c € M(n, R), and similarly for sp(n, C).
We write an element X (3.7) as

X = agHy+2) (biFs+ ciGy) + Y _(byFy + ciGy). 1 <ij<n,
ij i<j i=j

e Ejj On e On Ej+Ej . e Oy On
Hj .= < 0n —E; ),ZFU = ( O o, ; 2Gjj = Ej+Ei On ) (3.8)

4
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In the matrix realization (3.7), the real algebra sp(n, R) has the 2n? 4+ n generators

H,‘j, Fjj, G,’j, 1<i S] <n. (39)
3.3. X, as Hermitian symmetric space

We briefly recall some well known facts about Hermitian symmetric spaces [9,44,83]. We use the notation

Xn: Hermitian symmetric space of noncompact type, X, = Go/K;

X.: compact dual of X, X, = G./K;

Go: real Hermitian group;

G=G§: the complexification of Go;

P: a parabolic subgroup of G;

K: maximal compact subgroup of Go;

G.: compact real form of G.

The compact manifold X, of @—complex dimension has a complex structure inherited from the identification of X,
with G/P. The group G, acts transitively on X. with isotropy group K = Go NP = G. N P.

Xn = Go/K = Gy(xo) is open in X., where xq is a base point of G corresponding to K. If {e;, ..., e5,} is a base of C?", in
our case we take Xo = ep1 A - -+ A e € X, as base point, and Gy = Sp(n, R) &~ Sp(n, R)c.

X, includes X, under Borel embedding X, C X, : gK — gP, g € Go.

The Hermitian form on C?"

n n
(U, v) = — Z Wi + Z u gtk
j=1 k=1

specifies the indefinite unitary group U(n, n), hence the transformation group Sp(n, R)c acting on X,
G :=Sp(n, C), G, :=Sp(n) = Sp(n, C)NU(2n) C SU(2n), K := U(n).

We have also
P:={g €G:gx)=x}= {(g ?;) ca'c =cla, afdzln}.

Let us consider also

+._ {0 b\ .:_
m ’_{<0n on>‘b = },beM(n,C).

Then
0, W

W — Wz(on 0,

),E(W):(expW)xozvl A A u,,,(vl,...,u,,)=( v > (3.10)

and & maps the symmetric n x n matrices W of m* such that 1, — WW > 0 onto a dense open subset of X, that contains
X
X, is a Hermitian symmetric space of type CI (cf. Table V, p. 518, in [44]), identified with the symmetric bounded
domain of type II, %Ry in Hua’s notation [46].

Let us denote by X, the set

Xy ={veMn,C)lv=s+ir,s,r e M(n,R), 7 >0,s" =s;1" =r}. (3.11)

Remark 3. The action (3.12) of Sp(n, R) on the Siegel upper half space X,

v1 = M(v) = (av + b)(cv +d)~! = (vet + d') " (vat + bY), (3.12)
is a transitive one. The correspondence

¢ 1 Xp = Xp =Sp(n,R)/K, K = Sp(n, R) N Op; v > Mx4iyK,
where My iy is defined in (3.13), is a 1-1 map which realizes the Siegel upper half space (3.11) as the homogeneous

manifold X,,.

Proof. Firstly it is proved that the matrix cv 4+ d in (3.12) is invertible, see e.g. [40, pp 1-11]. Then it is proved that
M(v) € X, [40,76].

It is find a symplectic map that sends i1, to X +iY € X,, Y > 0 as the composition of the symplectic maps
V = JYVVY and V — V + X associated with the symplectic matrices

(o =) = (o 2)
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We introduce the notation

Mx+w¢=<3: i)({y x/%)z(f Xg)

The subgroup of Sp(n, R) which stabilizes i 1,, € X, is the subgroup of orthogonal symplectic matrices of the form (3.5). O

(3.13)

Note that an argument similar with that used in Remark 3 was given in [1], following [77].

3.4. Pre-Iwasawa and modified pre-lwasawa decompositions

We recall that the Iwasawa decomposition [44, Ch VI, §3] of SL(2, R) is used for the so called S-parametrization of the
Jacobi group Gjl(R), see [21, p 4], [22, p 15],[23,p 7].

In the present paper we find a similar decomposition for G,(R).

We recall the Iwasawa decomposition [44, Ch. VI, §3] of Sp(n, R) > G = KAN [82, p. 285] corresponds to

e {( 2 2) e un).

A= {diag(al,...,an,al_l,...,a,j]);al,...,an >0},
A B . . r t
N = 0, (A1) : A real upper triangular,1 on diagonal, AB* = BA" ¢ .
n
For Cholesky factorization see [82, p. 287] and [81]; for QR decomposition see [75, p. 143]. We also mention the Iwasawa

decomposition for GJ,,(R) was considered in [86, § 9.1.2].
Following the method of [2] and [42, §2.2.2], we find similarly

Lemma 4 (Pre-lwasawa Decomposition). Let us consider the pre-Iwasawa decomposition of M € Sp(n, R)

a b 1, X y 0, X Y
m=(ea)=(aa)(a ) (5 )

where the last matrix in (3.14) in U(n) verifies (3.5).
We find

y=(dd +ccty 2, X —iY =y(d+ic). (3.15)
Let us also define

t .= y*(db' + ca')y™' = (bd' + ac')y.
The matrices y and x := ty are symmetric, y is positive definite, and all the factors in (3.14) are unique. We have also

x = (dd* + cc®)"Y(db* + ca’) = (bd' + ac)(dd" + cct) 7. (3.16)
The inverse of the transform (a, b, c,d) — (x,y, X, Y) in Egs. (3.15), (3.16) is

a=yX —xy 'Y, b=yY+xy7'X, c=—y Y, d=y X. (3.17)

In the case of SL(2, R), the expression (3.17) corresponds to (46.b) in [15] if we replace y — y'/? and take X =
cosf, Y =sinf.

The first factor in (3.14) corresponds to the “free propagation subgroup” [2].

In the next lemma we modify the pre-Iwasawa decomposition of Sp(n, R) so that it coincides with Iwasawa decom-
position of the group Sp(1, R) &~ SL(2, R) in [23, p 9].

We get

Lemma 5 (Modified Pre-lwasawa Decomposition). The action of M € Sp(n, R) (3.2) on X,, expressed in the parameters of the
pre-lwasawa decomposition in Lemma 4

(a,b,c,d) x X,y , X', Y) = (x1,¥1, X1, Y1), (3.18)
where X',y € M(n,R), X = (X)\,y' =),y > 0, and

a=y"?X —xy 2y, b=y2Y +xy"V2X, c = —y %y, d =y /%X, (3.19a)

X = y(db' +ca'), y = (dd" +cc')!, X —iY = y2(d+ic), (3.19b)

6
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is given by the formulas
Xi+iyn = [/ + Xy 7K +dy)d + X () +dy )X

/ S/ \— 13/ A rea =11t =1,/ At IN—=T1pnt | (3-20)
X [c(y) +x(y)" ¥)a" +ex'(y)” b +d(y) xa +d(y) b +1l,

Xi =i = ) (e +d) X + ) Y
+ ilely) X = (X + )Y,

while the action given by (3.12) M x (X', y') — (X1, V1), v1 := X1 +1Yy1 expressing the linear fractional (3.12) transformation is

(3.21)

. - B
X1 +iyr = (V' +d) 1(5 +iy)cv' +d)7,

i i (3.22)
B = 2v'c'av’ + v'(c'b + d'd) + (b'c + d'a)v’ + 2b'd.
The modified pre-Iwasawa decomposition (3.19) is compatible with the Mébius transform (3.22), i.e.
X1 +iyr =x1+1iyr. (3.23)

The transformation of the matrices associated as in Remark 2 to the pair (X, Y) defined in (3.21) under the action (3.18) reads
X Y l _l , l X/ Y/
( VY ) =y} [(© + a0 F 10 — )21 ( X ) :

Proof. This is an easy but long calculation and we indicate only the main steps.
We write (3.20) as

X1 +iyr =AM +1),
where
A=cly +xy X))t +dy)d 4 X (YY) +dy ) K
M = cly +X(/)"'¥)a + o ()b + i)W+ dy) D
Firstly it is proved that y; defined in (3.20) is equal with y; in (3.22) and then it is obtained
A=(cv +dy (et +d,
or
Al =t +d) Y (cv +d) (3.24)
In order to prove that x; in (3.20) is equal with x; in (3.22), with (3.24), we have to verify that

B
Y(cv' +d)" M = 5(“/ +d)71,

M(cv' +d) = (cv’ + d)(y’)“g. (3.25)

Using Egs. (3.3), it is verified the identity of the imaginary parts of both sides of (3.25) and then the identity of the real
parts. O

4. The real Jacobi group G{,(R)

The real Jacobi group G]n(R) has the composition law
(M, (A, o)) x (M (A k")) = (MM, (R 4+ 2 i+ sk + i 4 = i), (4.1)

where M, M’ € Sp(n,R) have the form (3.2) and verifies the conditions of (3.3), (A, u, k), (A, ', k") € Hy(R), and
(%, i) = (A, )M’ [16,54,71,74,86,92].

4.1. The Jacobi group G{,(R) as subgroup of Sp(n + 1, R)
Let us consider a matrix M € Sp(n, R) as in (3.2) verifying (3.3). Let us introduce the block matrix

g = ( ? g ) € M(2n + 2, R), (4.2)
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where the submatrices A, B, C, D € M(n + 1, R) are defined as in (1.1), i.e.

a 0 b q C Onm d —pt
A= nn nl B:= nn nl ,Ci= nn n ,D:= nn nl . 4.3
(Mn 11 ) ( Kin K11 ) (0111 0 Om 11 (4.3)
We verify that indeed

Lemma 6. The matrix g defined in (4.2), (4.3) is in Sp(n + 1, R).

Proof. We calculate the submatrices of the matrix L

u v
L:=g1n+1g[=< Z T )

We find
U=0n41, V=141, Z= 1441, T = Opq1,
i.e. L = J,41 and the conditions (3.1) are verified. O

Ifg=WM,X,k) € Gﬁ(R), then g~! = (M~!, —Y, —«), i.e,, with the conventions in (4.2), (4.3), we have the following
representation in Sp(n + 1, R), see also (1.1)

a 0 b ¢ @ 0 —b —ut

_|* b r x a_|[ -p 1 g —x (a b

€=l c 0o da —p |'8 T| =t 0 « o M= 4 €Sp(n, R). (4.4)
000 1 0 0 0 1

4.2. The Lie algebra g’,l(R)

Now we introduce a set of matrices that form a base for the Lie algebra g’n(R) embedded in sp(n+ 1, R) as in Lemma 6
which in the case n = 1 corresponds to the base F, G, H, P, Q, R in [15]

2(Fy)ij = 01.i6pnt14j + 016y np1+i- 1L, =1,....2n+2;0,j=1,...,m; (4.5a)
2(Gy)j = S1.nr14i01j + Srnv14597.is (4.5b)
(Hy)ij := 81.i8),j — 81.n+1+i0) n1-+is (4.5¢)
(Py)ij = 81,n110]j — O1.n+1+i0 20425 (4.5d)
(Qy)ij = 81,i6) 2n4+2 + 81,0410 n1+is (4.5e)
Ry = 81,n+18),2n42- (4.5f)
With the conventions (4.2), (4.3), the first three matrices in (4.5) can be written down as
0 0 Ej+E 0
2F; = 8 8 8 8 ,Lj=1,...,m (4.6a)
0 0 0 0
0 0 0 O
6= g5 00 0 | (460
0 0 0 O
EE 0 0 0
Hi=| o o —(1)5ﬁ 0. (4.6¢)
0 O 0 0

while the matrices Py, Qg, p, ¢ = 1, ..., n, R have already been defined in (2.3).
An element X € g{i(R) can be written as matrix of Sp(n + 1, R) in the base (4.6) as

n
X = ZCIUH,']-FZ Z (b,’jF,'j-i-CijG,'j)

ij=1 1<i<j<n
n
+ Y (b +cGy) + Y (PiPi+qiQ) + 1R, b =D, ¢ =c".
1<i=j<n i=1

It can be verified that
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Lemma 7. The commutation relations of the generators (4.6) of the Jacobi algebra 9{1(R) are

[H, Fy] = 8jiFi + 8iFyj, (4.7a)
[Gij, Hil = 8kiGyj + 84iGi, (4.7b)
A[Fyj, Gu] = 8;Hyj + 8iHi + 8xHy + SucHyr, (4.7¢)
[Pp, Qq] = 28p4R, (4.7d)
2[Py, Fy] = 8,iQ; + 6iQs, (4.7¢)
2[Qq, Gyl = 8igP; + 8j4Pi, (4.7)
[Py, Hj] = 8P, (4.7g)
[Hij, Qq] = 6;4Qi. (4.7h)

The commutation relations (4.7) of the generators of GL(R) represent the generalization of the corresponding commu-
tation relations (3,4), (5.1) and (8.20) of the generators of GJ1(R) in [15].

4.3. The action

Following [11, §5], let us consider the restricted real group GJn(R)o consisting of elements of the form defined in (4.1),
but g = (M, X), where X = (A, u).

We consider the Siegel-Jacobi upper half space X, realized as in (3.11).

We introduce for x’n the analog of parametrization used in [21, p 7], [23, p. 11], [47, § 38] for t)cjl

Uu=pv4q, vi=x+iy, v=10", y>0, p,qgeM(1,n,R). (4.8)

It should be noted that there is an isomorphism GJn(R) > (M, X,K) —> (M,X) € Gjn(R)o through which the action of
GJ,I(R)O on xjn can be defined as in [11, Proposition 2].
It is easy to prove that

Lemma 8. (a)If X, > v = x+1iy, then the action ofG{l(R)o on x{1: (M, X) x (v, u') — (vy, uy), where M € Sp(n, R) has the
expression (3.2), is given by the formulas
v1 = (av' + b)(cv +d)"! = (vt +d)7I(va + bY), (4.93)
up =W + 10 + p)cv +d)7L (4.9b)

If the modified pre-Iwasawa decomposition (3.19) is used, v; in (4.9a) has the equivalent expressions (3.20), (3.22) via the
identification (3.23).
(b) For A, u € M(1, n, R), let us consider (p, q) such that

(P.q) = (b, wM~" = (Ad" — puc’, =AD" + pd'), (4.10a)
(A, u)=(p,gM = (pa+qc,pb+qd), p,q,r, pneM(,nR). (4.10b)
Then the action of GL(R)O on DCJ,.,: M, X)x (X,y,p0,q)— (x1,¥1. P1, q1) is given by (4.9a), while
-1
(p1.q) = (p. Q)+ (P q) ( . Z ) =(p+pd —qc.q-pb +qa). (4.11)

(c) The action of G(R) on &, ~ %, x R:
(M, (A, ), ) x (v, u', k) = (1, Uy, K1), (4.12a)
(M, (&, 1), ) x (X, ¥, 0/, 4" k') = (x1, 1, P1, 1, k1) (4.12b)
is given by (4.9), (4.11) and
ki =k +« +1q" — up".
(d) The 1-form
A =dk—pdq +qdp (4.13)

is invariant to the action (4.12) of GJn(R) on 561,1
(e) The action of Gﬁ(R) on Gjn(R)

(Mv ()‘a M)a K) X (Sn)/ i (sn)lv
is given in (3.21) for X', Y', while the other actions are given in (a)-(d) of the present lemma.

9
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4.4. Fundamental vector fields on xL and 56{1

We calculate FVF associated to the generators of the Jacobi group on homogeneous manifolds attached to GJ,,(R).
For a symmetric matrix x € M(n) we introduce the notation

B
Oy = ((2 - 5,,-)—) ) (4.14)
0xij ij=1,..n
Ifa=(ay,...,a,), b= (by,...,b,) are two n-vectors, we introduce also the notation
(a® b),] = a,-b]- + a]-b,~ — aibjBij, ij=1,...,n. (4.15)

Note the isomorphism of the representations (3.8) and (4.6) of sp(n, R). To a matrix A as in (4.6), let us denote by A
the corresponding matrix in the representation (3.8).
We make the following

Remark 9. Let z € M(n). Then we have the relation (4.16)
0 . 82,-]-
—dz=1,, ie.— =jdj- 4.16
0z P (4.16)

If the matrix z is symmetric, instead of (4.16) we have (4.17)

D,dz =1y, z=12", ie (D) dzvy = 8y, Zuy = Zuy, (4.17)
where
d 1+6,, .
(D2)py =y —, €y == + o , no summation! (4.18)
0z, 2

Proof. (4.16) is evident.
Using equation [11, (4.5)] which says that for a symmetric matrix w we have

Bwij

= Sipéjq + Biqajp - SUSPCI&'P! wij = wjj, (4.19)
dWpg

(4.17) it is verified, where the symbol D in (4.18) was introduced in [11, (3.39)]. O
We obtain the following representations of the FVF associated to the base (2.3), (4.6) of the Lie algebra 9{1(R)

Proposition 1. (a) The fundamental vector fields in the coordinates (v, u) of x{, on which Gﬁ(R) acts as in Lemma 8(a) are
given by the holomorphic FVF

~ 0
F;:Fija—, iLj=1,...,n; (4.20a)
v
, N R I
Gij = _vGijU% — (a) uGijv; (4.20b)
o ~ 0 a A
Hi = (Ejv + UEﬁ)% + (ﬁ)tUEjﬁ (4.20c)
A d ~ 0
Py = Epv(ﬁ)f; Q = Eq(ﬁ)t; R*=0, p,g=1,...,n (4.20d)

(b) The real holomorphic FVF associated to (4.20) in the variables (x,y, &, p) on x’n where v :=x+iy,y>0,u:=&+ipas
in (4.8), are

Fj = (F{)j. (4.21a)
3, . 3 . .
G = (G + (g)f(pGijy — EGjx) — (%)t(écyy + pGx), (4.21b)
. . 3, a 3, o«
Hj = (Hy)y +(£)t55ji +(%)tp5yv (4.21¢)
P*—E‘x(i)tntlg' (i)f- *—E(i)f R =0 (4.21d)
p—pag pyap’Qq_qaf’ =0, .
where
W a0
(F1)j = Fijaa (4.22a)

10



S. Berceanu Journal of Geometry and Physics 162 (2021) 104049

0 0
(G = a = ﬁg, (4.22b)
* r £ 0 3 £y 9
(H7)j = (Ejx + XE]',‘)& + (Ejy + yEﬁ)@, (4.22¢)
o= yCUy - x@yx, B = x@ijy + y@,;x, (4.22d)

are FVF associated with the generators of sp(n, R) corresponding to the action (4.9a) of Sp(n, R) on X,.
(c) The FVF (4.21) in the variables (x, y, p, q) on qu where

v=x+iy, u=pv+q=£&+ip, (4.23a)
p=py .q=£&—py ' (4.23b)
are
A I
(F*); =Ffj(a— "% op), (4.24a)
(€ =(Cy— (Y Py B+ By op—at op+(-)p)
ij =(G7)jj %PJ’/S 5@)’ Op Ola*qQP 3711’0!
PV KA
ﬂ(aqu )®p+((8q)p)(y xpB) (4.24b)
_ i tyw=1¢.. i toy,—1
((ap)q)y Guy+((aq)q)y a,
R . 3 9
(H*)yj =(H7)y + (Ezy +J/Eﬁ)[—(@y71) Op+ (;qufl) o pl
. L9 3 . R
- (Ein+XEji)87q Op+ ((a*q)tp)(xﬁi — vy 'XyEj) (4.24c)
3 3
+((3q) )jl+(( ) )E,],
— 3 * __ i t * __
Py Ep(ap), Q, —Eq(aq), R*=0. (4.24d)

(d) Now we consider the action of G]n(R) on (u,v, k') € )~(,]1 as in Lemma 8(c). We find for FVF F;, Gj;, H* the expressions
(4.20a), (4.20b), respectively (4.20c), while instead of (4.20d), we find

* r 0 * A 0 t . p*
Pp :E (au) +qaks Qq :Eq(aiu) —Palm R* = 0.

(e) The FVF on 5C{1 in the variables (x,y, &, p, k) are given by (4.21a), (4.21b), respectively (4.21c) for F;, Gl’;, H* while
(4.21d) became

SR 9 _ .
Py =By +y5-)+ 400 Q) =Erge —pd, R =0, p=py ', g=§—py 'x

0 9§

(f) We express the FVF F. G,’;, Hj on xf in the variables (x,y, p, q, k) as in (4.24a), (4.24b), respectively (4.24c), and

P*—E(xa ax—1+ 9 “+qd,, Q* =E 9 3., R =29 (4.25)
p_p aq yaq.y yapy qK7Qq_ qaq pK7 — Uk~ 5

Proof. (a) We apply the definition of fundamental vector fields. For P,, Q4, R on components, we find

8 3k
(Pp)l_ Ep Qq)l (Eq 8u R =07

which we write as in (4.20d).

(b) In order to determine the real holomorphic FVF associated to the holomorphic FVF (4.20), let Z be a holomorphic
vector field on a complex n-dimensional manifold

n
d :
Z:= ZZ’{TZJ Z == A; +1iB;, A}, Bj € C*(M).

11
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Then the real holomorphic field X = Z + Z in coordinates (%, ¥j)h zj = X; + 1y; is, see [15, Proposition 22 in v1] or

[52, Proposition 2.11],

n
9
X = ZAjaTg +B
i=1

a

oy

(c) In order to make the change of variables (x,y, &, p) — (X, ¥, p, q) as in (4.23), firstly it is observed that the Jacobian

of the transformation is non-zero: %(():{,yﬁ

With formula (4.19), we get the following formulas

a a
— 2> 2=8)——PO

0Xij 0Xij aq
d 0 a _
- (2=8)— —(=y'
a9y 0y ap
0 0
—
0&; 04
b 4 .
oo - (apy )/ (aqu )5
which can be written down in the conventions (4.14), (4.15) as
9 0
=, — — :
ox x 3q Op
0 0 0
— =9 _ v 2y ! .
ay y 4 [( 8p+8q Vo 1op
a_39,
e~ g’
RN B
ap ot g

4.5. Invariant one-forms on the Jacobi group

From (4.4), we obtain

Any

—1 An
deo =
g g Az

An

where

A11:dtda—b[dC;Au:O;AB:dtdb—b[dd;AM:dtdqt +btdpt;
Ayn=dr—pda—qdc; Ay =0;A3=du—pdb—qdd; Ayu=dx —pdq'+qdp’;
Asy=—c'da+a'dc; A3 =0;A;3=—c'db+a'dd; A3y = —c'dq' —a" dp';

A
Axn
Az
Ap

A3
A3
As3
Ag3

Ap=Ap = A3 = Ay = 0.

With (4.10) and (3.3), we get from (4.29) the relations
Ay =dk —pdq' +qdp'; Ass = —AS; Az = Al A = —AS,.
With (4.28) and (4.30), we get

Lemma 10. For g e g’n(R) as in (4.4), we have in the basis (4.6), (2.3) the expression

g ldg=) (WyH+ Y [ )F+00)Gil+ > [P+l +A"R,

1<i<j<n

ij=1

where the invariant one-forms corresponding to the generators (4.6) are
AF=ddb—b'dd=(AF),
¢ = —ctda+adc=(°),
M =dda—-b'dc=dbc—dda="Y,

d
Oplyj+(
q

Ay
Az
Az
Ay

(4.28)

(4.29)

(4.30)

(4.31a)
(4.31b)
(4.31c)
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W =dr—pda—qdc=dpa+dqgc=r" —art — uab,
2 =dgd+dpb=du—pdb—qdd=1r%— xF + urfl,
AR =dix —pdg' +qdp’ = 1" + axFAl — pualut — 2a2

and AP, A%, A" are given by (2.5).
Let us introduce the notation

L=y 'dy, R==dyy ', C:=y ldxy .
With Lemma 4, we rewrite the invariant one-forms (4.31) for G{1(R) as
AP =XtdYy — Y dX + XLY + X'CX + YRX,
A8 = —X'dY 4+ Y'dX + YILX — YICY + X'RY,
A =XtdX +YidY + XX — X'CY — YIRY,
AP =dpyX —xylY)—dqy 'y,

28 =dqy X + dp(yY + xy~1X),
AR =dix —dgp* +dpq-.

We have also

AP+ A =X L+ R)Y+YHL + RX+X'CX—YiCY,
AF—AC=2X'dY —Y"dX)+2X" (L — R)Y +X'CX+Y'CY.

Journal of Geometry and Physics 162 (2021) 104049

(431d)
(4.31e)
(4.31f)

—~

4.32a)
4.32b)
4.32¢)
4.32d)
4.32e)
4.32f)

—~
— —_

(4.33)

Eqgs. (4.31) generalize to GJH(R), n € N, the corresponding equations (4.4) and (5.19) in [15] for G]](R). The last expression
of AR was obtained previously in (4.13) just in analogy to [15, (5.5f)] for the Jacobi group Gjl(R) and the invariance of the

1-form was verified.

We see in (4.33) that for any n € {N} \ {1}, Af + A® does not depend on d X, d Y, but A" does, while in the case n = 1

both AF + A% and A" they does not depend on d 4.

Indeed, in the case of G]1(R), X =cosf, Y =sinb,y — y%, we get equations (4.11) in [15]

dx d
A= ""cos?o + —ysin29+d9,
y 2y

d d
26— —7" sin 9 + z—jsinze _de,

H dx | dy
A7 = ——ssin260 + — cos 26,
2y 2y

dx d
AF 2% = " cos20 + —ysinze,
y y

d
AF—AG=7"+2d0,

d d
21 = — g + L os26.
y y

With the first equation (4.33), we get

(AF 4282 =tr[2(X LYX RY-EX LYX RY4X LYY LX—X LYY CY)
+ X'LYY'RX + X'LYX'CX
+ 2(X'RYX'LY + X'RYX'RY — X'RYY'CY)
+ X'RYY'LX + X"RYX'CX
+ 2(YULXX'LY + Y'LXX'CX — Y'LXY'CY) + Y'LXX'RY
+ 2(Y'RXX'CX — Y'RXY'CY)
+ Y'RXX'LY + X'CXY'RX + X'CXY'LX].
13

(4.34a)
(4.34b)
(4.34c)
(4.34d)
(4.34e)

(4.34f)

(4.35)
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With (4.32c), we get
(1?2 = (3" + (33
(M2 = tr[ X (IX —CY)X" d X +X" d XX (d X +LX)+Y (dY —RY)Y'dY
—Y'dY(Y'R+X'C)Y + X' dXY'(dY — RY) — X" dXX'CY

t t t t t t (436)
+XYIX —CY)Y'dY + Y dYX'(dX + LX) — Y'RYX' dX];
(A = tr{X"(LX — CY)X'LX + Y'RY(Y'R + X'C)Y
+X[(CY — LX)Y'R — RXY'L + (CY — LX)X'C]Y}.
With the second equation (4.33), we get
(A= A8? = r{4[(X'dY — Y dX)? + (X' dY — YO dX)(X'CX + YiCY)]
+ 2XCX'YCY' + (X'CX)? + (Y'CY)? + 4[X"(L — R)Y]? (437)

2(X CXHY CY)IX (I-R)Y+Y (R-L)X]
+ 4XY-R)Y (X" d Y=Y"'dX)}.
In the case of the Jacobi group Gjl(R), when X = cos@,Y = sinf and y — y'/?, (4.35), (4.37), respectively (4.36) become
what is obtained from (4.34d), i.e.

(cos26 dx)* + (sin26 dy)* 4 sin46 dxdy

OF 4267 = . ,
Wy =0
Ho  (sin26dx)* + (cos20 dy)* —sin4fdxdy
()\2) = 4y2 5
dxdo  dx?
(F — 2P = 4d6? + 4<% +y—’§.

4.6. Invariant vector fields on the Jacobi group

Once we have determined the invariant one-forms (4.31), we have to determine the invariant vector fields orthogonal
to them solving the equations

(ILPYy = 84, a, B =F, G, H; ((L*)'|AP) = 84,0, =P, Q,R. (4.38)
We find
Fyt 0 0
() z(a—b)a+(a—d)c, (4.39a)
=+ a%)b r a%)d, (4.39b)
e — Oy Oy 80
(L") —(aa)a+(ab)b+(ac)c+(8d)d, (4.39¢)
p_ (O By D
L _(a,, )d (aq )b (aK )(pb + qd), (4.39d)
o_ (9., 9 3
<= (a,,)cﬂaq)a“pa”c)a/ (4.39)
9
R—i
L" = 5 (4.39f)

In order to determine the invariant vector fields orthogonal to the invariant one-forms (4.32) as in (4.38), we have to
calculate the derivative of (a, b, c, d) expressed as in pre-lwasawa decomposition (3.15), (3.16) or modified pre-Iwasawa
decomposition (3.19), but this is not an easy task.

For example, let us take the simpler case d = y~'X in (3.15), then dd = —y~!dyy~' 4+ y~'d X. More generally, let us
consider the one-forms

qu = Apj dy,-ijq + Cp,' ClXiijq, A,B,C,D € M(n,R).
We have to determine the invariant vector field

fqr = quDmn(y)Nﬂr + quDm”(X)Q“r
14
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such that
(Fpqlfar) = 8pr-

The matrices M, N, P, Q such that satisfy the following matrix equation
tr{(MB)(AN) + (CP'Q)] = 1p,

must be determined, which is generally a difficult problem. If we consider the expression of d in (3.19a) the situation
is even more complicated because of the difficulties to calculate the differential of the square root of a matrix, see
Appendix B, and we abandon the task of explicitly determining the invariant vector fields orthogonal to the left invariant
one-forms (4.31).

5. Invariant metrics on homogeneous manifolds associated to G{,(R)
We follow the notation in [15, (4.15), (5.21)] for the invariant one-forms on G]1(R).

Proposition 2. Let us introduce the invariant one-forms on GJ,,(R)

A= a4+ 16), Ay = Var, as = /B —1%)
ha = JYAP a5 = 7l de = VAR @ By.8>0,

where we use the expressions (4.32) for AF, ..., AR. The composition law (4.1) in the variables (x,y, X, Y) is given in Lemma 4
or in Lemma 5, and for p, q, k in Lemma 8. Let us consider the 4-parameter left invariant metric on GQ(R), which coincides
with metric (5.32) on G](R) in [15]

G"(R) Z)“ (5.2)

where the square of the invariant one-forms A1, A3, Az in (5.2) are given in (4.35), (4.36), respectively (4.37), and the squares
of A4, As, Ag are given taking the square of (4.32d) ...(4.32e).

Depending of the values of the parameters «, 8, y, §, (5.2) gives the invariant metric on the following manifolds:

(1) if B,y,8 = 0 - the Siegel upper half-plane X,;

(2) ify,§ =0,aB # 0 - the group Sp(n, R);

3) if B, 8 = 0 - the Siegel-Jacobi half space x’

(4

(5

(5.1)

) if B = 0 - the extended Siegel-Jacobi extended half space 5C{1;
) if Byd # 0 - the Jacobi group G]n(R).

The invariant vector fields (4.39), orthonormal with respect the invariant one-forms (5.1) in the sense of (4.38), are
orthonormal with respect to the metric (5.2).

Proposition 2 is an extension to G],,(R), n € N, of [15, Theorem 1] for Gjl(R). However, the expressions (4.35), (4.36),
(4.37) are complicated and also the invariant vector fields (4.39) are in fact not explicitly calculated due to the difficulties
signaled in Section 4.6. Even the metric on the Siegel upper-half space given at (1) in Proposition 2 is difficult to recognize.

We give a simple expression of the invariant metric on I)C{1 without the invariant one-forms, using the metric
determined on the Siegel-Jacobi upper half space x’n [9,11,14].

5.1. Invariant metrics on xjn and 56{1

Below k, 2k € N indexes the holomorphic discrete series of Sp(n, R) and v > 0 indexes the representations of the
Heisenberg group. We reformulate for Gﬁ(R), n € N, [3, Proposition 1] for GJ](R). The starting point is [11, Proposition 3],
see also [14, Theorem 3.2].

Proposition 3. (a) The Kdhler two-form
k
—iw, (W Z):E tr(B A B)+v tr(A'M A A), AW, z):=dz' +d W7, W € D,
BW):=MdW, M:=(1, — WW)™!, ze M(1,n,C), n € M(n, 1,C),

is (0{1)0 invariant to the action Sp(n, R)c x C": (W, z') — (Wy,2})

(( g g-i ),a) x (W, z2)=(waf+2H (o +wo"), (Wal + P11zt +af —Wa't)), (5.4)

15
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where (3.3a) are verified, i.e.
ppt — a0t =1,, Pof =09, Pfp—0d=1, 2P3q=0fp
We have the change of variables (W, z) — (W, n)
FC: Z'=n—Wi; FC7': n=M(EZ +wzh),
and
AW,z)—> AW, n)=dn—Wdi.
The complex two-form
a)D]n(W, n) = FC*(wD]n(W, z))

is not a Kdhler two-form.

The symplectic two-form 23N (W, n) is invariant to the action (g, @) x (W, n) — (W1, n1) of(Gjn)o on D, x C"

ny =2 +a) +9on+a),

where W is defined in (5.4) and (P, Q) verify (5.5).
(b) Using the partial Cayley transform

=il - W)L+ W) vt =1, - W)T'Z, We D, ve Xy
D W=w—i1,)(v+ily), 28 =2iv+i1,)" ", z,u e M(1,n, C),
we obtain
AW, z2)=2iv+i1,)""'Gv,u), G, u)=du’ —dv(v— )" Hu— ).

The Kdhler two-form on x’n depending on two parameters, invariant to the action (4.9) of GJH(R)O, is
k _ 2 -
—iw (v.u) = 5t A H) + Y 4GDAG), D:=(5—v)", H:==Ddv.
n 1

We have the change of variables FCy : (v, n) — (v, u), where
n=(®—11,)Dv —i1)[(v —ily) ' — (v —i1y) 'ufl,
W= i1~ (0~ 1)

(c) If we make the change of variables (4.8), then (5.8) becomes
G'(v,u)=du—pdv,

and

G'(v,u) =G'(x,y,p,q) =dpv+dq=dpkx+iy)+dq.

(d) With (5.9), (4.8) and
M(1,n,C)>n:=x+ivy, x,¥ € M(1,n,R),

we have the change of coordinates

*y.0.0) > ®y. x.¥), p'=v.q =y,

and
G'(v,n) =Gy, x, ¥)=dy'x+dx" +idy'y.
We obtain
EN 2 t 1 = t 1 =
n=@q+ip); q =sm+n), p=0n-n).
2 21
Given the change if variables (4.8) and

u==~&+ip,
we have the change of variables

*xy,&,0)—> (x,y,p,q), E=px+q, p=py,
16
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(5.9a)
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and (5.11) becomes
Giv,u) =G'(x,y,§,p) =d& — py~ ' dx+i(dp — py~' dy).
With (4.8), (5.10) and (5.9), we have the change of coordinates
Xy, 6.0) = (Y. x. V) E=¥'x+x" p=1'y.

We recall that in Perelomov’s approach to CS it is considered the triplet (G, &, $), where 7 is a unitary, irreducible
representation of the Lie group G on the separable complex Hilbert space § [68].
We can introduce the normalized (un-normalized) CS-vector e, (respectively, e,) defined inz € M = G/H

e, = exp( Z XpX ) — XX )eo, €, = exp( Z 25X} )eo, (5.12)
peAt peAt

where eq is the extremal weight vector of the representation 7, A™ denotes the set of positive roots of the Lie algebra
g of G, and X,, ¢ € A are the generators. Xd‘f (X4 ) corresponds to the positive (respectively, negative) generators. See
details in [5,13,68].

Let us denote by FC the change of variables x — z in formula (5.12) such that

e, =(e..e,) 2e,; z=FC(x).

[13, Lemma 2] verifies the assertion above for CS defined on D’l see also [4, Lemma 3], [6, Lemma 6.11 and Remark 6.12].

But the same assertions are true for CS defined on D{1 see [7, Lemma 7 and Comment 8] and [9, Lemma 3.6 and Remark
3.7].
Next remark generalizes [3, Remark 1] established on GJI(R) to Gﬁ(R), neN.

Remark 11. The FC-transform (5.6) relates the un-normalized CS-vector ey, to the normalized one ewn
ewy = (ews, eWz)_%eWz, WeD,, z 77t e M(1,n, C),
and the S,-variables p, q are related to parameter n defined in (5.6) by the relation
n=(q+ip).
If we denote o := i{, y =: v and take into consideration assertion (d) in Lemma 8, it is obtained

Theorem 1. The metric on xjn G],I(R)o—invariant to the action in Lemma 8, has the expressions

ds?, (x,y.p.@)=atr{(y™ dx)* + (v~ dy)’]

+ yldpxy~'x+yy ly)dp' +dqy "dg" +2dpxy ' dq']; (5.13a)
ds?, (% y, x, y)=atrl(y~ dx? + (v~ dy)’]
+ yldy' (xy x+yy ly)dy+d 'y T d g +2dyixy T d s (5.13b)

ds’y (x.y. & p)=atlly " dx)’ + (' dyy]
+ yldéy 'dE +dpy tdp' + py dxy oy dx)
+ py tdyy Yoyt dy) — 20y T dxy ' dE — 20y dyy " dp'] (5.13¢)
The three parameter metric on 56’,1 G{,(R)-invariant to the action (c) in Lemma 8, is
ds?, (6 y,p, 4, 6) = ds3 (%, p, @) + 43
= atrl(y'dx)’ +(y " dy)] (5.14)
+ yldply 'x+yy 'y)dp' +day ' dg* +2dpry 1 dq]
+ 8(dx —pdq' +qdp').
Formula (5.13) (5.14) is a generalization to f)d1 (561,1), n € N, of equation (5.25b) (respectively, (5.30)) in [15]
corresponding to n = 1.
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Appendix A. Other representations of the Jacobi algebra

We remind that the Jacobi algebra gL also denoted st(n, R) by Kirillov in [49, §18.4] or tsp(2n + 2, R) in [50], is
isomorphic with the subalgebra of Weyl algebra A, (see also [31]) of polynomials of degree maximum 2 in the variables

Pts---sDn>q1, -5 qn.
In [9] we have considered complex and biboson realization of Lie algebra sp(n, R) as sp(n, R)c

n

sp(n, R)e = <Z(2a,-,-1<§ + bk — B,~,-1<U?)>,
ij=1

where matrices a = (a)j, b = (b);, i,j, = 1, ..., n verify conditions a’ = —a, b* = b. The realization of the generators of
the symplectic group in biboson operators was observed firstly in [41,60].
The correspondence between the generators (4.6) and the generators in [86, p. 248] of Gj,,(R) is

2H —> A+S, 4F - B+T, 4G — B—T, D’ — R, Dy; — P, Dig — Q.

The algebra wsp(2N, R) in [69], the semidirect product of sp(n, R) and Heisenberg, is essentially the algebra in [9],
except a factor 2.

The algebra of the inhomogeneous symplectic group ISp(2, R) in [53] is the same as our Jacobi algebra g’l in [6].

The Jacobi algebra g{1 of the Jacobi group G{l is realized as two-photon algebra [91] and 6{1 is embedded in Sp(n + 1, R)¢
in the context of mean-field theory in Nuclear Physics [67].

Appendix B. Differential of square root of a symmetric matrix
Let us consider a matrix A € M(n, R) with the eigenvalues Xq, ..., A, and let R € @ > 0. Then there exists a unitary
matrix U such that
A* = Udg(rs, ..., A9Ut.
For o = 1/2, i.e. AY2A1/2 = A, we have
dAV2AY?2 4 A2 4 A2 = dA. (B.1)
(B.1) is a particular case of the matrix Sylvester equation
AX +XB=C, (B.2)
where A € M(n), B € M(m) and X, C € M(m, n). Then the solution X of the matrix equation (B.2) can be written as [30]
(1m ® A+ B' @ 1,)vec(X) = vec(C), (B.3)
and the solution of the differential equation (B.1) becomes
vec(dA?) = ((ADY? @ AY?) vec(d A). (B.4)

® denotes in (B.3), the Kronecker product, & in (B.4) denotes the Kronecker sum, while vec(X) denotes the vectorization
of the matrix X [30,58].
If the matrix A is symmetric and positive definite, we introduce the notation [30]

o :=vech(A) =LA, a: =Dy«

o =vech(AY?) o =L,s, s=Dyo,

where vech(X) denotes the half-vectorization of the matrix X, while D, and L, denotes the duplication, respectively
elimination matrix, see [58] for definitions.
It is obtained

d
do = Ly((AY'? @ AV*) 'Dyda, £ = Lo((A)"* ® AV?)7'D,,.

In our case of (4.32), due to (3.19), we have to replace for the symmetric positive definite matrix y — y'/2, and formula
(B.4) reads
vec(dy'?) = (y'* @y"?) 'vec(dy) = (v @ 1, + 1, ® y'/*) 'vec(dy).
vech(dy'?)=L,(y"*@®y'/?)~'D,vech(d y)
=Ly(y"? ® 1,41, ® y'/*)"' D vech(d ).
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