Journal of Geometry and Physics 58 (2008) 1343-1345

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Twistor forms on Riemannian products

Andrei Moroianu®*, Uwe Semmelmann®

3 CMLS, Ecole Polytechnique, UMR 7640 du CNRS, 91128 Palaiseau, France
b Universitit zu Kéln, Mathematisches Institut, Weyertal 86-90 D-50931 Koln, Germany

ARTICLE INFO ABSTRACT
Article history: We study twistor forms on products of compact Riemannian manifolds and show that they
Received 15 May 2007 are defined by Killing forms on the factors. The main result of this note is a necessary step in

Received in revised form 21 March 2008
Accepted 12 May 2008
Available online 17 May 2008

the classification of compact Riemannian manifolds with non-generic holonomy carrying
twistor forms.
© 2008 Elsevier B.V. All rights reserved.

MSC:
primary 53C29
58]50

Keywords:

Twistor forms

Killing forms
Riemannian products
Conformal vector fields

1. Twistor forms on Riemannian manifolds

A twistor p-form on a Riemannian manifold (M", g) is a smooth section ¥ of APT*M whose covariant derivative only
depends on its differential diy and codifferential 1. More precisely, ¥ satisfies the equation

1 1 )
for all vector fields X, where X” denotes the metric dual of X.

If the p-form v is in addition coclosed (i.e. ¢ = 0), then it is called a Killing p-form. We denote by (M), &(M) and B (M)
the spaces of twistor, Killing and parallel forms on M respectively. Notice that T(M) is preserved by Hodge duality, and that
the Hodge dual of a Killing form is a closed twistor form. For a comprehensive introduction to twistor forms, see [8].

A few years ago, a program of classification of twistor forms on compact manifolds was started. By the de Rham
decomposition theorem, every simply connected Riemannian manifold is a Riemannian product of irreducible manifolds.
Moreover, the Berger-Simons holonomy theorem (see [2], p. 300) implies that any simply connected irreducible Riemannian
manifold is either symmetric or has holonomy SO, Up,, SUp,, Spy., Spk-Sp;, G2 or Spin;. Killing forms on symmetric spaces
were studied in [1]. Twistor forms on Kdhler manifolds (covering the holonomies U,,, SUp,,, and Sp,) were described in [4],
and Killing forms on quaternion-Kdhler manifolds (holonomy Sp,-Sp;) or Joyce manifolds (holonomies G, or Spin;) were
studied in [5,9] respectively. In Theorem 2.1 below, we prove that the general case (twistor forms on a Riemannian product
of compact manifolds) reduces to the study of Killing forms on the factors. By the discussion above, besides the case of
generic holonomy (SO,,), all other cases are fully understood.
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2. The main result
Let M = M; x M, be the Riemannian product of two compact Riemannian manifolds (M1, g;) and (M-, g») of dimensions
m and n respectively. We denote by ; the projection 7r; : M — M;. From (1) it is clear that 7r;* (R(M;)) C &(M), so the space
fo(M) = 7§ (RIMY)) + 705 (R(M3)) + B(M)
is a subspace of &(M). For later use, we give the following description of 7;* (&(M;)):
7 (R(M1)) = {u € RM) | Vxu =0, VX € TM>} (2)
and
75 (R(My)) = {u € &M) | Vxu =0, VX € TM;}. (3)
The aim of this note is to prove the following result:
Theorem 2.1. Every twistor form on M is a sum of forms of the following types: parallel forms, pull-backs of Killing forms on M,
or M,, and Hodge duals of them. In other words, (M) = Ro(M) + *&y(M).

Proof. Since (M) C R(M) C (M) and xT(M) = (M), we clearly have £y(M) + *x&o(M) C T(M). It remains to prove
the reverse inclusion. Let us define the differential operators

n

m
=) €AV da=) f AV
i=1

=

where {e;} and {f;} denote local orthonormal basis of the tangent distributions to M; and M,. Using the Fubini theorem, we
easily see that the adjoint operators to d; and d, are

m n
6= — Zepvei, 8y = — ZfJJVfJ
i=1 j=1

The following relations are straightforward:
M=di+d,  M=81+8 ()= =) =) =0,
0 = dqdy + dad; = 618, + 6261, 0 = d16; + 82d1 = 61dy + dré;.

The vector bundle APM decomposes naturally as
APM = @F_ ) AP,

where A"P~'M = A'M; ® AP~'M,. Obviously, d; and 8; map A*?~*M to A"T1P~'M and A"~ ""P~M respectively, and d, and
8, map A"P7IM to APP~HIM and A®P~"1M respectively.

With respect to the above decomposition, every p-form can be written u = ug + - - - 4 u,, where y; € AM; ® APTIM,.
From now on, u will denote a twistor p-form u € (M), with 1 < p < n+ m — 1. The twistor equation reads

1
Xi(diu+dyuy) — ———— X A (Sju+ 6u), VX e TM. 4
+1J(1+2) min—pti (81u + Su) (4)

By projection onto the different irreducible components of A”M, (4) can be translated into the following two systems of
equations:

Vxu =
p

Vxuy = T ]XJ(dluk + datigg1) — mx A (G1ug + Su—1), VX € TMy, (5)
and

Vxuy = ! Xa(diug— + dau) — ;X A (B1lir1 + Sa2uk), VX € TM,. (6)

p+1 m+n—p+1
Recall that if u is any k-form and {eq, ..., e} is an orthonormal basis on a manifold M, then
m
Z eib A eiaw = ko. (7)
i=1

Taking the wedge product with X in (5) and summing over an orthonormal basis of TM; yields

m

m
1 o k+1
dyu, = e A\ Vol = —— ei A eia(diug + datlgy 1) = —— (dqug + dotlgr )
; p+1= p+1
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(0 — kydqu, = (k + 1)datigy 1. (8)
Similarly, taking the interior product with X and summing over an orthonormal basis of TM; yields §;u; = mﬁ%ﬁrl (Srur +
SUk—1), thus

(n+k—p)diug = (m—k+ 1Dduy_q. 9)
We distinguish three cases:
Case 1. Suppose that p is strictly smaller than m and n. For k < p, (8) and (9) imply

+1 k+1 (k+1D(m—k)
S1datlpy = — 81Uy = — d
k p—k p—k(n+k—p+1)
Integrating over M yields 0 = dqiuy = Su, Vk < p. Similarly one gets 0 = dou, = §1u, Yk > 0. Moreover, we have

0 = 8,u, = d1up (tautologically), so in particular §iu, = d,ur = 0, Vk. From (5) and (6), together with (2) and (3), we see
thatus, ..., up—1 € PM), up € 75 (R(M>)) and u, € 7y (R(M1)),sou € Ko(M).

Case II. Suppose that p is strictly larger than m and n. Since the Hodge dual xu of u is a twistor (m+n—p)-formandm+n—p
is strictly smaller than m and n, the first case implies that xu € £,(M), so u € xKo(M).

k
S1dquy = 82y (10)

Case IIL If p is a number between m and n, we may suppose without loss of generality that m < p < n. Obviously
Unt1 = -+ = U, = 0.Using (10) and integrating over M, we obtain that 0 = dijuy = Su for0 < k < m — 1 and
similarly, 0 = dyuy, = 8quy for 1 < k < m. As before, (5) and (6), together with (2) and (3), show thatuq, ..., un_1 € PM),
ug € 5 (R(My)), and *up, € my (R(Ms)). This proves the theorem. O

As an application of this result, we have the following:

Proposition 2.2. Let (M", g) be a compact simply connected Riemannian manifold. If M carries a conformal vector field which
is not Killing, then Hol(M) = SO,,.

Proof. Assume first that (M, g) = (M, g1) X (M>, g») is a Riemannian product with dim(M;), dim(M,) > 1. Then, taking
into account that the isomorphism between 1-forms and vector fields defined by the Riemannian metric maps twistor forms
to conformal vector fields and Killing forms to Killing vector fields, Theorem 2.1 implies that every conformal vector field
on M is a Killing vector field. Thus M is irreducible.

Assume next that Hol(M) # SO,. From the Berger-Simons holonomy theorem ([2], p. 300), M is either an irreducible
symmetric space (in particular Einstein), or its holonomy group is Uy,, SUp, Spy, SPk-Sp1, G2 or Spin;. In the first three cases
the manifold is Kédhler and in the last three cases it is Einstein. Now, two classical results state that a conformal vector field
on a compact manifold M is already a Killing vector field if M is Kahler (see [3], p. 148) or if M is Einstein and not isometric
to the round sphere (see [6,7]).

The only possibility left is therefore Hol(M) = SO,. O

Example. Take any compact simply connected Riemannian manifold (M", g) carrying a Killing vector field & and let f be a
function on M such that £ (f) is not identically zero. Since £ ¢ (e¥g) = 2£(f)e¥ g, & is a conformal vector field on (M, e¥ g)
which is not Killing. From Proposition 2.2, (M, e¥ g) has holonomy SO,,.

Corollary 2.3. Let (M", g) be a compact simply connected homogeneous Riemannian manifold. Then for every non-constant
function f on M, (M, e¥ g) has holonomy SO,,.

Proof. Since f is non-constant, there exists x € M such that df, # 0. Killing vector fields on M span the tangent spaces at
each point, so in particular there exist a Killing vector field & such that & (f) is not identically zero. The corollary then follows
from the example above. O
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