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This paper presents a two-step symplectic geometric approach to the reduction of Hamil-
ton’s equation for open-chain, multi-body systems with multi-degree-of-freedom holo-
nomic joints and constant momentum. First, symplectic reduction theorem is revisited
for Hamiltonian systems on cotangent bundles. Then, we recall the notion of displace-
ment subgroups, which is the class of multi-degree-of-freedom joints considered in this
paper. We briefly study the kinematics of open-chain multi-body systems consisting of
such joints. And, we show that the relative configuration manifold corresponding to the
first joint is indeed a symmetry group for an open-chain multi-body system with multi-
degree-of-freedom holonomic joints. Subsequently using symplectic reduction theorem at
anon-zero momentum, we express Hamilton’s equation of such a system in the symplectic

reduced manifold, which is identified by the cotangent bundle of a quotient manifold. The
kinetic energy metric of multi-body systems is further studied, and some sufficient condi-
tions are introduced, under which the kinetic energy metric is invariant under the action of
a subgroup of the configuration manifold. As a result, the symplectic reduction procedure
for open-chain, multi-body systems is extended to a two-step reduction process for the
dynamical equations of such systems. Finally, we explicitly derive the reduced dynamical
equations in the local coordinates for an example of a six-degree-of-freedom manipulator
mounted on a spacecraft, to demonstrate the results of this paper.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In order to better understand the behaviour of Hamiltonian and Lagrangian systems, researchers have been trying to find
conserved quantities that are used to integrate a part of dynamical equations, and derive closed-form equations for some
parameters of such systems. For example, Jacobi in 1884 introduced Hamilton-Jacobi equations, which give the necessary
conditions for integrability of a Lagrangian system [1]. Also, Emmy Noether in 1918 in her famous paper [2] proved that any
symmetry of the action functional of a Lagrangian system corresponds to a conserved quantity. This result is an inflection
point in identifying conserved quantities, and its relation with the reduction of dynamical equations of a system. By reducing
the dynamical equations we mean expressing the differential equations representing a (Lagrangian or Hamiltonian) system
on a manifold whose dimension is less than the original phase space of the system, by quotienting a group action and
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Operators

L, Left composition/translation by r

R; Right composition/translation by r

K; Conjugation by r

Ad, Adjoint operator corresponding to r

adg adjoint operator corresponding to &

[£,n] Lie bracket or matrix commutator

Tinf Tangent map corresponding to the map f at the element m

T f Cotangent map corresponding to the map f at the element m

M Tangent space of the manifold M at the element m
™ Tangent bundle of the manifold M

M Cotangent space of the manifold M at the element m
T*M Cotangent bundle of the manifold M

exp(§) Group/matrix exponential of &

Lie(G)  Lie algebra of the Lie group G

Lie*(G) Dual of the Lie algebra of the Lie group G

Gy Coadjoint isotropy group for i € Lie*(G)

X Semi-direct product of groups

&« +,»> Euclidean metric

lvllx  Norm of the vector v with respect to the metric h

(-, ) Canonical pairing of the elements of tangent and cotangent space
Lx Lie derivative with respect to the vector field X
Em Vector field on the manifold M induced by the infinitesimal action of £ € Lie(G)

Ix$2 Interior product of the differential form £2 by the vector field X

X(M)  Space of all vector fields on the manifold M

£22(M) Space of all differential 2-forms on the manifold M

a2 Exterior derivative of the differential form £2

dH Exterior derivative of the function H

M/G Quotient manifold corresponding to a free and proper action of the Lie group G

eliminating the trivial behaviour of the system or restricting the system to a submanifold of the phase space. In the following,
we first review two existing reduction theories for Hamiltonian and Lagrangian mechanical systems. Then, we report the
reduction methods for multi-body systems, and finally, we state the contributions of this paper.

1.1. Background

1.1.1. Reduction theories
From the geometric point of view, a Hamiltonian system is a vector field X on a symplectic manifold (M, £2) (phase space)
that satisfies (coordinate-independent) Hamilton’s equation

Lxg = dH,

where x §2 is the interior product of the vector field X with the symplectic form §2, and the function H: M — R is the
Hamiltonian of the system. In this formulation, if H and £2 are invariant under a group action, then there exists a conserved
quantity (momentum) for the Hamiltonian system and we can reduce Hamilton’s equation [3]. In this reduction process, we
have to take care of not only the topology of the phase space and its symplectic structure, but also the Hamiltonian H and its
corresponding Hamiltonian vector field X. As for the reduction of the phase space along with its symplectic structure (M, $2),
the symplectic reduction theorem by Marsden and Weinstein [4] gives an instruction to find the reduced phase space and its
symplectic structure. In the following, we state this theorem, and report its impact on the geometric mechanics literature.

Let G be a Lie group, and M be the phase space of a system. The symplectic reduction theorem states that in the presence
of a free and proper G-action and an (Ad*-equivariant) momentum map M: M — Lie*(G), for any value u € Lie*(G) of
the momentum the quotient manifold M,, := M~!(w)/G,, inherits a symplectic form £2,,. Here, G,, is the coadjoint isotropy
group of i, §2,, is identified by the equality i:j.Q = 7,,§2,,and the mapsi, : M~ (1) — Mand Tyt M (n) > M! (n)/Gp
are the canonical inclusion and projection maps [4]. The pair (M,,, £2,,) is called the symplectic reduced manifold. This theorem
by Marsden and Weinstein made a huge impact on unifying the reduction methods that had been previously developed for
Lagrangian and Hamiltonian systems, such as classical Routh method and the reduction of Lagrangian systems by cyclic
parameters [5].

For a mechanical system, the phase space is the cotangent bundle of the configuration manifold T*@ that admits a
canonical symplectic 2-form, which is £2.,, := —dp A dg, in coordinates. As the result, (T*@, £2.4) is a symplectic manifold.
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The Hamiltonian of the mechanical system H: T*@ — R comes from a (kinetic energy) metric and a (potential energy)
function on Q. Let G be a Lie group acting properly on the configuration manifold Q. The cotangent lifted action on the
phase space is symplectic. In this case, if the Hamiltonian of the system is also invariant under the cotangent lift of the
G-action, the group G is called the symmetry group of the mechanical system, and the system is called a mechanical system
with symmetry [6,3]. In the reduction process of mechanical systems with symmetry, we should take care of four structures,
i.e., the topology of the phase space, the symplectic structure, the (kinetic energy) metric and the (potential energy) function
of the system.

The phase space of a mechanical system T*@ also admits a canonical Poisson bracket {-, -} using the canonical symplectic
form. For a mechanical system with symmetry, suppose that the symmetry group G acts freely and properly on @, and
so does it on T*@Q. Clearly, the Poisson bracket is invariant under the cotangent lifted action, i.e., the action is a Poisson
action on (T*@, {-, -}). The Poisson bracket on T*@ descends to a Poisson bracket on the quotient manifold (T*@)/G. This
process, which has been introduced in [3,7], is called Poisson reduction. The major difference between Poisson reduction
and symplectic reduction is the concept of momentum map, which is not necessary for Poisson reduction, and as the
result the induced Hamilton’s equation on the quotient phase space evolves in a bigger space. This approach unifies the
Euler-Poincaré and Lagrange-Poincaré equations for mechanical systems with symmetry [3]. Both of the abovementioned
reduction theories for mechanical systems with symmetry were developed and extended to Lagrangian systems, in the
1990s [8-10].

1.1.2. Dynamical reduction of multi-body systems

An example of a mechanical system with symmetry is a free-base multi-body system, which has been studied in the field
of robotics, aerospace and controls. Vafa and Dubowsky introduce the notion of virtual manipulator [11], and they show that
this approach decouples the system centre of mass translation and efficiently solves for the inverse kinematics [12]. Since
the trivial behaviour of a multi-body system due to momentum conservation is eliminated during a reduction process, the
behaviour of the system is more explicit in the reduced space. The reduction procedures have been helpful for extracting
control laws for space manipulators by restricting the dynamical equations to the submanifold of the phase space where the
momentum of the system is constant (and equal to zero). Yoshida et al. investigate the kinematics of free-floating multi-body
systems utilizing the momentum conservation law. They derive a new Jacobian matrix in generalized form and develop a
control method based on the resolved motion rate control concept [13,14]. McClamroch et al. also propose an articulated-
body dynamical model for free-floating robots based on Hamilton’s equation, and apply it for adaptive motion control [15].
In the case of underactuated space manipulators, Mukherjee and Chen in [16] show that even if the unactuated joints do
not possess brakes, the manipulator can be brought to a complete rest provided that the system maintains zero momentum.
In[17] an alternative path planning methodology is developed for underactuated manipulators using high order polynomials
as arguments in cosine functions to specify the desired path directly in joint space.

Geometric methods have also been used to reduce the dynamical model of free-base multi-body systems and introduce
effective control laws. For example, in [18,19] Sreenath reduces Hamilton’s equation by SO(2) for free-base planar multi-
body systems with non-zero angular momentum. He uses symplectic reduction theory to first reduce dynamical equations
and then derive a control law for reorienting the free-base system. Chen in his Ph.D. thesis [20] extends Sreenath’s approach
to spatial multi-body systems with zero angular momentum. Duindam and Stramigioli derive Boltzmann-Hamel equations
for multi-body systems with generalized multi-degree-of-freedom (multi-d.o.f.) holonomic and nonholonomic joints by
restricting the dynamical equations to the nonholonomic distribution [21]. This is the first attempt to reduce the dynamical
equations of a generic open-chain multi-body systems with generalized holonomic and nonholonomic joints. Furthermore,
Shen proposes a novel trajectory planning in shape space for nonlinear control of multi-body systems with symmetry
[22-24]. In his work he performs symplectic reduction for zero momentum and assumes multi-body systems on trivial
bundles. Then, in [25] he extends his results to include nonholonomic constraints. Also, in the control community, Olfati-
Saber in his thesis [26] studies the reduction of underactuated Lagrangian mechanical systems with symmetry (with
zero momentum) and its application to nonlinear control of such systems. Further, Bloch and Bullo extract coordinate-
independent nonlinear control laws for holonomic and nonholonomic mechanical systems with symmetry [7,27,28].

1.2. Structure of the paper and statement of contributions

In the robotics community, research on the dynamical reduction of multi-body systems is mostly focused on the cases
where the total linear and angular momentum is zero, the symmetry group of the system is either SO(3) or SO(2), and
the configuration manifold of the system is a trivial bundle of the symmetry group over the shape space. In the real
world applications however, it is impractical to have a system with zero angular and linear momentum. In this paper we
systematically develop a two-step reduction process (based on the symplectic reduction theorem) for dynamical equations
of holonomic open-chain multi-body systems with non-zero momentum. We consider any symmetry group, which is a
subgroup of a Cartesian product of copies of SE(3), and we do not assume that the configuration manifold is a trivial bundle.

The following section gives a brief review of symplectic reduction theory for mechanical systems on cotangent bundles.
In Section 3, we introduce generic multi-d.o.f. joints, and show that for a certain class of multi-d.o.f. joints the configuration
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manifold of the system is indeed diffeomorphic to a Lie group. Then, Lagrangian and Hamiltonian of generic open-
chain multi-body systems are derived in Section 4. The main results of this paper are presented in Section 5, where we
introduce the notion of open-chain multi-body systems with symmetry, and show that the relative configuration manifold
corresponding to the first joint is always a symmetry group for such systems. We derive the reduced coordinate-independent
dynamical equations of generic open-chain multi-body systems with symmetry in a vector sub-bundle of the cotangent
bundle of the -shape space. Subsequently, we find some necessary conditions for a reduced open-chain multi-body system
to admit a bigger symmetry group, and we repeat the reduction procedure introduced in this section to further reduce the
dynamical equations of these systems. Finally in Section 6, as an example, we reduce the dynamical equations of a six d.o.f.
manipulator mounted on a spacecraft, and Section 7 concludes the paper with some remarks.

2. Symplectic reduction of holonomic Hamiltonian mechanical systems with symmetry

For a mechanical system, the Lagrangian L: T@ — R is defined by L(vq) = %Kq(vq, vg) — V(q), where Vq € Q we
have vy € T;@, and K;: T,Q x T;@ — R is a Riemannian metric, called the kinetic energy metric, and where V: @ — R
is a smooth function, called the potential energy function. This Lagrangian is hyper-regular, and its corresponding Legendre
transformation FL;: T,Q — T;‘(Q is equal to the fibre-wise linear isomorphism that is induced by the metric K:

(FLg(vg), wq) = Kq(vg, wg). VYvg, wyg € T4Q. (2.1)
As the result, Vp, € T*@ the Hamiltonian H: T*@ — R of the system is

1
H(pg) = SKq(FLy " (p), FLg ' (pg)) + V (@), (2.2)

which is the total energy of the mechanical system. We label a Hamiltonian mechanical system by a four-tuple (T*@, $2,
H, K), where 2., € £2%(T*@) is the canonical 2-form on the cotangent bundle T*@, and H and K are defined as above.

Let § be a Lie group with the Lie algebra Lie(4). Consider an action of § on @, and denote the action by ¢,: @ — @,
Vg € §. This action induces an action of ¢ on T*@ by the cotangent lift of @, which is denoted by T*®,: T*Q@ — T*Q.

Lemma 2.1. Forevery g € §, the map T*® is a symplectomorphism, i.e., it preserves Qcn [3].

Consider the infinitesimal action of Lie(4) on @. For any £ € Lie(4), this action induces a vector field &, € ¥(@) such
thatVq € @,

(q)exp(eé)(Q)) . (2.3)

()—i
E(:ZCI—BE

Denote the fibre-wise linear map corresponding to the infinitesimal action of Lie(§) by ¢ : Lie($) — Tq@, where ¢4(§) =
£0(q). Likewise, we define &1+ € X(T*@) such that Vp, € T;(Q,

Era(py) = % _ (T e Pero—ctrB0)) - (2.4)
Now, consider the fibre-wise linear map M: T*Q — Lie*(4), called momentum map, which is defined by

(Mg(pg). §) = (97 (Pg). §) = (pq. §()). (2.5)
Lemma 2.2. The map M is an Ad*-equivariant momentum map corresponding to the cotangent lifted action T*®,. That is,

Mo T*®y(pg) = Ad; o M(py). (2.6)

Proposition 2.3 (Noether’s Theorem). Let H: T*Q — R be the Hamiltonian of a Hamiltonian mechanical system. If H is

invariant under the cotangent lifted group action, i.e, H o T*®,(pq) = H(pq), the momentum map M, as defined above, is

constant along the flow of the Hamiltonian vector field X for the Hamiltonian H. That is, V& € Lie($) we have £x((M, &)) = 0.
We call X € X(T*@) a Hamiltonian vector field for the Hamiltonian H, if it satisfies Hamilton’s equation:

Lx.an =dH. (2.7)

This equation is a coordinate-independent way of formulating Hamilton’s equation in the language of differential forms,

which is used mostly in the context of geometric mechanics. This equation is equivalent to the familiar form of Hamilton’s
equation in chosen coordinates (g, p) for T*@Q:

. ) dH oH
1xQcan = L(g,p)(—dp A dq) = qdp — pdq = ?qdq + afpdp.

. oH
p= _qu

== oH (2.8)
§=

_5,
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We define a Hamiltonian mechanical system with symmetry to be a five-tuple (T*@, 2.4, H, K, ), as above, where the
Hamiltonian H and K are invariant under the cotangent and tangent lifted action of §.

Theorem 2.4 (Symplectic Reduction Theorem [4]). Let u € Lie*(4) be a regular value of the momentum map M, and assume that
the action of § on Q is free and proper. Then the quotient manifold (T*@),, := M~! (n)/ G where §,, = {g € §| Ad;‘M = u}is
the coadjoint isotropy group, is a symplectic manifold, called the symplectic reduced space, with the unique symplectic form £2,,
that is identified by the equality T*rr,, (£2,,) = T*i, (£2can). Here, the maps 7r,,: M~'(n) — M~ (w)/4, and i, : M~ () <
T*@ are the canonical projection and inclusion map, respectively.

This theorem was first stated and proved in a paper by Marsden and Weinstein in 1974 [4], and since then this result has
been extended to non-free actions [29] and almost symplectic manifolds [30]. An almost symplectic manifold is a manifold
equipped with a nondegenerate 2-form. Based on the symplectic reduction theorem, in the presence of a group action that
preserves the symplectic structure and an Ad*-equivariant momentum map (corresponding to the symmetry group) we say
that the phase space of a Hamiltonian system along with its symplectic 2-form can be reduced to the symplectic reduced
space ((T*@),, £2,,). In order to have a well-defined projection of Hamilton’s equation onto the symplectic reduced space,
the Hamiltonian of the system should be invariant under the group action, as well. Under these hypotheses, Hamilton’s
equation can be written on (T*@),, as

1x, 2, = dH,, (2.9)

where H,, is defined by H o i, = H, o, and X, o, = Tmw, (X oiy,).

We say that the Hamiltonian system with symmetry (T*@, 2., H, §) has been reduced to the Hamiltonian system
((T*@)u» Q;u H/L)'

In the theory of cotangent bundle reduction, there exist two equivalent ways to identify the symplectic reduced space
with cotangent bundles and coadjoint orbits [31]:

(i) Embedding version: in which the symplectic reduced space is identified with a vector sub-bundle of the cotangent
bundle of @ := @/§,,, called u-shape space of a Hamiltonian system.

(ii) Bundle version: in which the symplectic reduced space is identified by a (locally trivial) fibre bundle of the coadjoint
orbit through w over the cotangent bundle of @ := @ /4, namely shape space of the Hamiltonian system.

In this paper, the embedding version of the cotangent bundle reduction is used to write Hamilton’s equation (2.9) in the
cotangent bundle of the u-shape space, i.e., T*@. Prior to reporting the final result, we introduce a number of necessary
objects.

Consider a Hamiltonian mechanical system with symmetry (T*@, 2.5, K, H, $), and Vg € § denote the action map by
®,: @ — Q. Assume that the action is free and proper. The quotient manifold @ = @/4§ gives rise to the principal bundle
T: @ — @ with the base space @, and the fibres of the bundle are isomorphic to the group §. A principal connection on
the principal bundle 7: @ — @ is a fibre-wise linear map #4: TQ — Lie(4), such that A(£4(q)) = & (V&€ < Lie($) and
Vq € @), and it is Ad-equivariant, i.e., A(T;®4(vq)) = AdgA(vg) (Yvg € T4@). Accordingly, for any base element g € @ the
tangent space of @ can be written as the following direct sum

T,@ = ker(Tymw) @ Kker(Ay). (2.10)

Note that, V = ker(Tw) = {&q = ¢(£)| € € Lie(§)} is called the vertical vector sub-bundle of T@, and # := ker(+) is
called the horizontal vector sub-bundle of T@. As a result, any v, € T;@ can be decomposed into the horizontal and vertical
components such that vy = hor(vg) + ver(vy), where ver(vq) = ¢4 o #4¢(vq) and hor(vy) := vq — ver(vg).

Foranyq € @ and g := 7(q) € @ the restriction of the tangent map T,7: T,@ — T;@ to the horizontal subspace of
T,Q, namely #,, is a linear isomorphism between #, and T;@. Therefore, for any vz € T;@ it defines a horizontal lift map

by
hly(vg) = (Tqﬁ|ﬂq)_](§a). (2.11)
The choice of the principal connection » is arbitrary; however, for a Hamiltonian mechanical system, we can use the
Legendre transformation, which is induced by the kinetic energy metric K, to define an appropriate principal connection.

For any g € @ consider the linear map I : Lie(§) — Lie*($), defined by

I == ¢g 0 FLg o g, (2.12)
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such that the following diagram commutes:

[
Lie(§g) — > T,@

v
Lie*(§) < T;@
q

This map is a linear isomorphism for any g € @, and it is called the locked inertia tensor. For a Hamiltonian mechanical system
with symmetry V&, n € Lie(§) we have (I;(§), n) = K;(§0(q), ne(q)). The principal connection 4 can now be chosen to be
the mechanical connection A€ which can be interpreted as the orthogonal projection with respect to the kinetic energy
metric K, and defined by the following commuting diagram:

FL,
Q@ — > Tra
|
|
|
Ag/lech | Mq
|
|
¥
Lie(§) <————— Lie*(§)
Ig

Therefore, Vq € @ we have
Aq = AN =T o My o FL,. (2.13)

For any u € Lie*(4), let the action of § restricted to the subgroup §, = {g € §| Ad;‘u = u} € 4 be denoted by
(15{)‘: Q@ — @ (Vh € §,). Similarly, for this action we have a principal bundle 7 : @ — Q= @/4,.. Using the same proce-

dure detailed above, the locked inertia tensor ]Iff : Lie(§,) — Lie*($,) and the (mechanical) connection Aff 1 T,@ — Lie($,)
(Vq € @) for the §,-action are defined by

Il = (¢})* o FLg 0 ¢}, (2.14)
and
Al = ()" o Ml o FLy, (2.15)

respectively. Here, the map qbf,‘: Lie(4,) — T@ corresponds to the infinitesimal §,-action, and M*: T*Q — Lie*(§,) is
the Ad*-equivariant momentum map for the cotangent lifted §,-action, which are defined based on (2.3) and (2.5). Let the
map i*: §, <> § be the canonical inclusion map. Denote the induced map in the Lie algebras by il Lie($,) < Lie(4) and
in the dual of the Lie algebras by (i*)*: Lie*(§) — Lie*(4,,). The following diagrams commute:

Lie(§) Lie*(§)
M LR
[ b @) o
. 9%
Lie(§,) — > T,Q@ Lie*(§,) ~——— T;Q

(o)H*
Based on these commuting diagrams, we have the following relations:
Hg = ()" o ¢:; oFLjoggoilf = (i) olyoill,
My = (i) o Mg,
Al = ()7 o (") o Mg o FLy = (I) " o (i*)* 0Ty 0 A,



88 R. Chhabra, M.R. Emami / Journal of Geometry and Physics 89 (2015) 82-110

For the principal bundle 7: @ — @ with the principal connection 4", the horizontal and vertical sub-bundles are
FH = ker(A*) and V* = ker(T) = {ne = ¢*()|n € Lie(,)}, respectively. It is easy to check that V* C V and
J C " as vector sub-bundles. The horizontal lift map corresponding to the connection A" can be defined as

hly (%) = (Tg7 | )™ @),
where q := 7(q) and U5 € Ty Q.
Now, consider the 1 form a, = A€ 21(Q).

Lemma 2.5. The 1-form «,, takes values in M~ !(w), and it is invariant under g,.-action.

Proof. Using the definition of the momentum map and principal connection, we have V& € Lie($)
(M), &) = (s Ea) = (Aglt, dq(§)) = (i, (Ag 0 dg)(§)) = (1, §).

As the result, o, € M™1().
Finally, consider the action of an arbitrary element € §,,, and denote the action simply by b - q :== @, (q) and b - v :=
T @y (vq). Based on the Ad*-equivariance of 4 and the definition of §,,, one can show that «,, is §,, invariant. Forall v, € T,Q

(au(b “q),bh- vq) = <‘A’:-qu’ b- Uq) =(u, Abq(h : Uq))
= (1, Adhqu(vq)) = (Ad:—lﬂ, HAq(vg)) = (U, Aq(vg)). O

According to the Cartan Structure Equation [32] VZ, Y € X(@) the exterior derivative of o, evaluated on Y and Z is equal
to

do,(Z,Y) = (1, dAZ,Y)) = (u, BZ,Y) + [AZ), AY)]), (2.16)
where 84(Z;, Yy) = (dA)q(horg(Zy), horg(Yy)) = —Aq([hor(Z), hor(Y)],) is the curvature of the connection 4, and [, -]
in (2.16) corresponds to the Lie bracket in Lie(4,).

Lemma 2.6. Forall n € Lie($,.), the interior product of the 2-form dex,, with nq is zero, i.e., t,,da;, = 0.
Proof.
tyeday, = Lyg(ay,) — dtye0,).

The Lie derivative term is zero since o, is invariant under the § ,-action (see Lemma 2.5), and the exterior derivative term
is zero since

g @ = (@, na) = (1, A 0 ¢* () = (. n)
is a constant function on @, since 4 o ¢*(n) = n,forall n € Lie($,). O

By this lemma and Lemma 2.5 the 2-form de,, is basic; hence, a closed 2-form §,, € .Qz(é) can be uniquely defined by
the relation T*7 (8,,) = de,,, and its pullback &, by the cotangent bundle projection 7z : T*Q — @ will be a closed 2-form
onT*Q,

B, =T*nz(Bu).

Theorem 2.7. There is a symplectic embedding ¢,, : ((T*(,‘z)ﬂ, 2,) = (T* 5 ﬁmn — &,) onto [TZ(V)]° C T*@ that covers

the base @, where an is the canonical 2-form on T*@ and ° indicates the annihilator with respect to the natural pairing between
tangent and cotangent bundle. The map ¢,, is identified by

(@u([vglw): Te (vg)) = (vg — wﬂ(q) Vg) (2.17)
Vyq € My () and Vv, € T,Q, where [-],, refers to a class of elements in the quotient manifold M~"(w)/$,. [31].

Based on the above theorem, the inverse of the map ¢,, exists only on [TZ(V)]° C T*@, and it is a diffeomorphism on
this vector sub-bundle. Hence, one may rewrite the reduced Hamilton’s equation (2.9) in [T7 (V)]° C T*Q as

15(2ean — E) = dﬁ, (2.18)
where H := H, o @, for @, [T7 M1° > (T*Q), bemg the inverse of<pM,X °Pu = T(pu oX,,and =, can be calculated

as follows. Consider two vector fields Z, Y € X(T*@), denote an element of @ by § := 7 (q), and Vo € T*@ define
Z; = TnzZ(05), Yy .= Tng¥%(a):

(B (Z@), (&) = (1, —Aq((hor(h(2)), hor(hl(Y))]g) + [q(hly(Zg)), Aq(hly(Y3))]). (2.19)
Ifin Theorem 2.7 we assume §,, = §, whose special examples are when §, is Abelian or &+ = 0, then the map ¢,, becomes
a symplectomorphism. Under this assumption, since hl = hland 4 o hl = 0, &), can be calculated by a simpler formulation

(B, (Z(@). Y(@) = (11, —Aq([RI(2), hI(V)],)) . (2:20)
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3. Kinematics of open-chain multi-body systems

3.1. Rigid body and observer

A 3-dimensional physical space can be modelled mathematically by a 3-dimensional affine space, which is equipped
with a vector space. A rigid body is the closure of a bounded open subset of the affine space. This paper considers N + 1
interconnected rigid bodies By’s (i = 0, .. ., N), each of which is a subset of an affine space A;. We assume that Ay corresponds

to an inertial observer. Considering two rigid bodies, namely B; and B;, a relative pose of B; with respect to B;, namely rJ can
be defined by an isometry between A; and A; with respect to the Euclidean metric, i.e., r{ : Aj — A;. The collection of all
relative poses forms a smooth manifold, denoted by P’ which is diffeomorphic to the Lie group SE(3). When i = j this
manifold admits a group structure, and it becomes 1som0rphic to SE(3), as a group. The elements of P} correspond to the

possible coordinate transformations of A;. To simplify the notation, when i = j only the lower index is used, e.g., P; := P\.
The identity element and the Lie algebra of P; are denoted by e; and Lie(P;), respectively. A relative motion of B; with respect

to B; is a smooth curve t r’(t) € P’ and the relative velocity at time t is the vector v’(t) = (dr’/dt)(t) € Tr,(t)P’

3.2. joints

Given two rigid bodies B; and B, a joint is a mechanism that restricts the relative motion of B; with respect to B;, and
specifies a subset D’ of TP’ A joint can be time dependent, called rheonomic, or time independent, called scleronomic [33].
A special type of scleronomic joints, which is mostly considered in the literature, is when we have Df - TP{ being a dis-
tribution on P,’ that corresponds to admissible directions of the relative velocity of B; with respect to B;. We only consider
this category of joints in this paper. We also assume in this paper that the distribution Di is non-singular. If Dj is involutive,
i.e. closed under the Lie bracket of vector fields, the joint is called holonomic; otherw1se itisa nonholonomlc joint. Based
on the global Frobenius Theorem [34], for a holonomic joint D’ identifies a foliation of submanifolds of P] The leaf Q c P’
that contains the initial relative pose of B; with respect to B;, 1{’0, is called the relative configuration manifold. The manifold
Q,' is the space of all admissible relative poses of B; with respect to B; considering the joint constraints. The dimension of
Q, is called the number of degrees offreedom (d. of) of a joint. We then defme Qi € P;and Q; € P; by the left and right
composition on by the element r; q where r; oIJO =e;and r,’o or o0 =¢6,ie, Q= L (Q )and Q; = R (Q) These
submanifolds contain the identity element of P; and P; that correspond to the initial relative pose of B; with respect toBjie,

r:,OeQi'

3.2.1. Holonomic displacement subgroups
For a holonomic joint, we consider the left composed distribution D; := T L) (D§) C TP;, which is involutive on P;,
i J

and its integral manifold containing e; is Q; C P;. The Lie bracket on the Lie algebra Lie(P;) is defined by the Lie bracket
of left-invariant vector fields on P; [35]. Therefore, if D; is left-invariant, i.e., D;j(r;) = T, L, (Di(e;)), Vr; € P, involutivity of
D; coincides with the closedness of the Lie bracket on D;(e;) as a linear subspace of Lie(P;), and T,;Q; = D;(e;) becomes a
Lie sub-algebra of Lie(P;). As the result, the integral manifold of D;, denoted by Q;, is a unique d;-dimensional connected Lie
subgroup of P; with the Lie algebra Lie(Q;) = D;(e;) [36].

Definition 3.1. A holonomic joint is called displacement subgroup if the corresponding distribution D; (defined above) on P;

is left-invariant. That is, Q;, which is diffeomorphic to the relative configuration manifold Qi’ , is a connected Lie subgroup
of Pl'.

We identify different types of displacement subgroups by the connected Lie subgroups of SE (3), up to conjugation, which
are tabulated in Table 1 [36]. From this table, we can observe that the displacement subgroups consist of the six lower
kinematic pairs, i.e., revolute, prismatic, helical, cylindrical, planar and spherical joints, and combinations of them. There
also exist other types of holonomic joints, e.g., universal joint and higher kinematic pairs, which are not included in the
category of displacement subgroups.

In this paper, we consider multi-body systems with multi-d.o.f. displacement subgroups, or joints whose relative config-
uration manifolds are diffeomorphic to the (group) multiplication of subgroups of SE(3). That is, Qj =Q = {y1 cYnlVk €
Y CSEQ3),k=1,..., ni} = Y7 x .-+ x Yy, where Y is a Lie subgroup of SE(3). Examples of this type of joints are the
universal joint and ball bearing joint (without considering the nonholonomic constraints). The relative configuration man-
ifold of the universal joint is diffeomorphic to the (group) multiplication of two rotations (SO(2)) about two perpendicular
axes. And the configuration manifold of the ball bearing joint is diffeomorphic to the (group) multiplication of R? and SO(3).
From here on, by holonomic joint we mean a holonomic joint that satisfies the above assumptions.
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Table 1
Categories of displacement subgroups.
Dim. Subgroups of SE (3)/displacement subgroups
6 SE(3) = SO(3) x R3 free?
4 SE(2) x R planar + prismatic”
3 SE(2) = SO(2) x R? planar SO(3) ball (spherical) R? 3-d.o.f. prismatic H, x R? 2-d.o.f. prismatic + helical
2 S0(2) x R cylindrical® R? 2-d.o.f. prismatic
1 SO(2) revolute R prismatic H, helical
0 {e} fixed®

¢ These two subgroups are the trivial subgroups of SE(3).

b The axis of the prismatic joint is always perpendicular to the plane of the planar joint.

¢ The axis of the helical joint is always perpendicular to the plane of the 2-d.o.f. prismatic joint.
4 The axis of the revolute and prismatic joints are always aligned.

3.3. Open-chain multi-body systems

LetBy, ..., By be N+ 1rigid bodiesand i, .. ., Jy be N holonomic joints, which fall in the category of the joints described
in the previous section.

Definition 3.2. A holonomic open-chain multi-body system MS(N) is the collection of N + 1 bodies connecting to each other
with N holonomic joints, such that there exists a unique path between any two bodies of the multi-body system. In an
open-chain multi-body system, bodies with only one neighbouring body are called extremities.

We can label the bodies in a MS(N) starting from the inertial coordinate frame (ground), By, outwards. That is, we label
the bodies connected to By by joints successively as By, ..., By, (Ng < N), and we repeat the same procedure for all Ny
bodies starting from Bj, e.g., all of the bodies connected to B; by joints are labelled as By,+1, . . . , Byy+n, and so on. Thus, we
have ) ,_, Nj = N. We number the joints in a MS(N) using the bigger body label, e.g., we label the joint between B; and B;,
where i > j, as J;. Considering the bodies and joints in an open-chain multi-body system as vertices and edges of a graph,
respectively, we can encode the topology of the system in an N x (N + 1) matrix. We label this matrix by GM. The N rows
of this matrix correspond to the joints, J1, ..., Jy, and the columns represent the bodies, By, . .., By. Row i of this matrix
consists of only two non-zero elements corresponding to the two bodies that J; connects. With the choice of numbering that
was explained above, we define GM as

—1 if]; connects Bj_; to B;
GM; = {1 ifi=j—1
0 otherwise

We have the following properties of the matrix GM.

Corollary 3.1. Let GM; denote the jth column of the matrix GM.
(i) The summation of the columns of the matrix GM is equal to zero, i.e.,

N+1 hi| O
D CM; =
=1 IN 0
(ii) The summation of the rows corresponding to the edges (joints) that connect the vortex (body) B; to B; for i > j, has the
following form
Bo Bj,1 Bj Bj+1 Bi_1 Bi  Bit1 By
[0 .. 0 -1 0 -~ O 1 O - O]

Denote the transpose of GM by GM". Foralli,j=1,...,(N+ 1)
(iii) ((GM)T(GM));; = the number of neighbouring vortices (bodies) connected to B;_1.
(iv) If ((GM)T(GM))ij = —1 for i # j, then the vortex (body) B;_ is connected to B;_,, either with the edge (joint) Ji_1 if i > j,
or with the edge (joint) Ji_1 if j > i.

Note that, foranyi =2, ..., (N + 1), if ((GM)T (GM)); = 1 then the body B;_; is an extremity. The body corresponding
to the kth 1 is called the kth extremity. Accordingly, the path between By and the kth extremity is called the kth branch.

Corollary 3.2. Let the row matrix Ph; represent the path between the vertex (body) B; (Vi = 1, ..., N) and By. The jth element
of Ph; is equal to 1 if the path crosses the edge (joint) J;. Then we have

Bp B Bi-1  Bi Bip1 By
PhixGM= [-1 0 --- 0 1 0 --- 0]
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Hence, the matrix of all paths, i.e.,
Ph,
Ph = :
Phy
is equal to Wq, where GM is the matrix GM when the first column is removed.
For example, consider the following topology of an open-chain multi-body system

h I3 Ja

By B Bs B4 (3.21)
J2
B,
We have
Bo By By B3 By
h -1 1 0 0 0
Rl 0 -1 1 0 o0
CM = I3 0 -1 0 1 0o |
N 0 0 0o -1 1
h L 3 a
Phy 1 0 0 O
M| 1100
Ph=0p 1101 0
e | 1 0 1 1

Since only displacement subgroups and their combinations are considered, the relative configuration manifold
corresponding to the joint J; is diffeomorphic to the Lie group @; = Lr_oORr(iJ 0Q,-, where Q; = Y; X --- X Yy, is defined in
L. ,

Section 3.2 and rfo € Pi0 is the initial pose of B; with respect to By, fori = 1, ..., N. Note that, every @; is a d; dimensional
n;-times nj-times

Lie subgroup of Py x - -+ x Py = SE(3) x --- x SE(3), where d; is the number of degrees of freedom of J;, and D := 25\1:1 d;
is the total number of degrees of freedom of the holonomic open-chain multi-body system. Any state of a MS(N) can be
realizedby q .= (q1,...,qn) € @ := @1 X --- X @y, Where @ is the configuration manifold. The manifold @ along with
the group structure induced by @;’s is also a Lie group. Let rcp,; € SE(3) be the initial pose of the centre of mass of B; with
respect to the inertial coordinate frame. Now, we define the map F: @ — SE(3) x --- x SE(3) =: » by

F(@) == (q1Tem,1> Q1927 em25 - - > 41 - * ANTem,N) - (3.22)

Here, if the joint J; is a combination of displacement subgroups, by g; we mean the multiplication of the elements of the
subgroups of SE(3), i.e., Y;’s. This map determines the pose of the centre of mass of all bodies with respect to the inertial
coordinate frame. Note that, the ith component of this map consists of the joint parameters of all joints that connect By to
B; in the open-chain multi-body system.

For any motion of the open-chain multi-body system, i.e., a curve t — q(t) € @, the velocity of the centre of mass of the
bodies with respect to the inertial coordinate frame (absolute velocity) is calculated by p := %F (q)) = T,F(Q) € Trgay) -
Based on Corollary 3.2, we can explicitly write the tangent map T,F using the matrix Ph. First, we substitute the zero elements
in the matrix Ph by 6 x 6 block matrices of zero. Then, Vi = 1, ..., N we substitute all of the elements in Ph; that are equal
to 1 by the linear maps in the following form:

T(Rre )T (Rr14.)T (L 1)),
r 1

where the maps L, : SE(3) — SE(3) and R, : SE(3) — SE(3) are the left and right translation maps on SE(3), respectively.
Here, [ ], ¢;and [, g- are the product of some elements of the relative configuration manifolds @; C Py = SE(3), considered
as elements of SE (3). In order to specify which joints contribute to the left or right translation maps, in Ph; we look at the
1s that are on the left or right of the corresponding element, respectively. If there does not exist any element equal to 1 on
left (right), then we put the argument of the left (right) translation map equal to the identity element of SE(3). Finally, T,F
is the right multiplication of the resulting matrix by

Tgt1 --- 0
Tt =Tgt1 @ -+ ® Toyin = R
0 cor Tgyin
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where foralli = 1,..., N, : @ — SE(3) is the canonical inclusion map and T¢;: T@; — TSE(3) is the induced map on
the tangent bundles.
This simple procedure becomes clear in an example. Consider the topology of the system in (3.21), we have
TR, 1 Osx6 Osx6 Osx6
T.F = Tchm,ZTRQZ TR"cm.ZTL‘h 06><6 OGXG Tt
q TR;,, s TRy, Ogx6 TR;,,, s TLq, Osx6 a
Tchm.4 TRqs qa 066 TR"cmA TRCM TL, 1 TRrEm,4 TL, 143

4. Lagrangian and Hamiltonian of an open-chain multi-body system

As mentioned in Section 2, the Lagrangian of an Open-chain Multi-body SystemL: T@ — RisL(vq) = %Kq (vg, Vo) =V (@).
In this section, we describe how the Lagrangian L and subsequently the Hamiltonian H of an open-chain multi-body system
is calculated.

Let h; fori = 1, ..., N be the left-invariant kinetic energy metric for the rigid body B; in the open-chain multi-body
system. They induce the metrich := h; @ - - - @ hy on &£, which is left-invariant. The kinetic energy metric of an open-chain
multi-body system is defined by K := T*F(h), where T*F(h) is the pull back of the metric h by the map F. That is, Vg € @
and Yvg, wy € T,@ we have

Kq(vg. wq) = hr(q) (TgF (vg). TyF (wy))

= he (Trg)Leqy-1 (ToF (9)), Teq) L (q)-1 (TgF (wy))) (4.23)

where ¢ is the identity element of the Lie group & and L, is the left translation map by an element p € &. Furthermore, we
can simplify the above expression by calculating the following linear map for multi-body systems:

TrioLeg1 (TF) = (Ad 1 @ @ Ad1 ) o (To (Lo 000) @+ @ Ty (Lt o))
Ad_i 0 Ty @i ot) o 0

cm, 1
= ¢ : : :
0 . AdTSnI.N 0 s Ty (Lq,gl otN)
where §,: Lie() — Lie(#) is the linear map that is calculated in the following, similar to T;F in the previous section. In the
matrix Ph, we start with substituting the zero elements by 6 x 6 block matrices of zero. Then, Vi = 1, ..., N we substitute
all of the elements in Ph; that are equal to 1 by the linear maps in the form of Ad(l—[r q—1- The map g, for the example (3.21)
can be calculated as

ids Osx6 Osx6  Osxe
Ad 1 ids  Ogxs Osxe

_ 9
gq - Adq;1 06><6 ldG 06><6

Adgygy 1 Osxs Adgr  idg

In this paper, wherever we consider a non-zero potential energy function it is induced by a constant gravitational field
g in Ap, which is defined in Section 3.2 as the 3-dimensional affine space corresponding to the inertial coordinate frame.
Using the Euclidean inner product of R3, which is denoted by <« -, - >, the potential energy function for an open-chain
multi-body system is defined as

N
V(g) =) < mg, 0 —F(q)(0) >, (4.24)

i=1

where m; is the mass of the rigid body B;, and F;(q): A; — Ao is the ith component of the map F that is considered as an
isometry between A; and Aq. The points Oy € Ap and O; € A; are the base points for the affine spaces Aq and A;, where 0; is
located at the centre of mass of B;.

Subsequently, using the Legendre transformation one can define the Hamiltonian H: T*@ — R for an open-chain multi-
body system by

H(pq) = (pqs FL;1(pq)> - L(FLgl(pq))- (4.25)

Here, we remind the reader that FL: T@ — T*@ is the fibre-wise invertible Legendre transformation induced by the kinetic
energy metric, i.e.,, Yvg, wy € T;@, (FL;(vg), wq) = Kq(vg, wy). Accordingly, a holonomic open-chain multi-body system can
be considered as a Hamiltonian mechanical system described by the four-tuple (T*@, 2., H, K). Here, the metric K and
the Hamiltonian H are defined by (4.23) and (4.25), respectively.
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5. Reduction of holonomic open-chain multi-body systems

Based on the definition of the kinetic energy metric K for a holonomic open-chain multi-body system, we immediately
find the following symmetry for K.

Theorem 5.1. For a holonomic open-chain multi-body system, the action of ¢ = @i on Q by left translation on the first
component leaves the kinetic energy metric K invariant. For any g €  we denote the action map by ®@,: @ — @ such that Vq =
(1, ---,qn) € @ we have &4(q) = (941, G2, - - -, qN)-

Proof. Forany g € §,letT®,: TQ — T@ be the induced action of § on the tangent bundle. For simplicity, Vg € @ and
Y, € T,@ we respectively write @,(q) and Ty®,(vy) as g - g and g - vg. Then, Yw, € T,Q we have

Kg~q(g * Vg, 8 wq) = h, ((TF(g-q)LF(g.q)*l)(Tg~qF)(g : Uq)a (TF(g~q)LF(g4q)*1)(quF)(g : wq))
= h, ((TF(g-q)LF(g.q)*l)(Tq(F o ®g))(vq)» (TF(g-q)LF(g,q)*l)(Tq(F o q)g))(wq))

= h, (Tq(Lpg-1 © F)(vg), Ty(Lp(g—1 © F)(wy))

= h, ((TF(Q)LF(q)_l)(TqF)(vq)a (TF(q)LF(q)—l)(TqF)(wq)) = Kq(Uq’ wq)-
The first equality is based on the definition of the metric K, and the third and fourth equalities are true since the following
diagram commutes.

g—F

P
(pﬂ ‘/L(g .....
P

g—F o

For the special case of open-chain multi-body systems in space where the potential energy function is equal to zero, this
theorem indicates that the Hamiltonian of the system is also invariant under the cotangent lifted action of 4. In general,
there exist joints for which the potential energy function V defined by (4.24) is also invariant under the g-action, e.g., if
@1 corresponds to a planar joint with the direction of the gravitational field g being perpendicular to the plane of the
joint. For such first joints, the Hamiltonian of the system H becomes invariant under the cotangent lifted action of §. From
here on, we always assume that V is also invariant under the §-action, unless otherwise stated. Accordingly, the five-tuple
(T*@, 2can, H, K, §) with the group action defined in Theorem 5.1 is called a holonomic open-chain multi-body system
with symmetry, which is a mechanical system with symmetry.

For a holonomic open-chain multi-body system with symmetry, the §-action is basically the left translation on @;.
Therefore, the quotient manifolds @ = @/§ and @ = @/§,, are equal to (@, x --- x @y) and (Q1/§, X @2 X -+ X Qy),
respectively. We remind the reader that Vi € Lie*(4) the subgroup §,, < § is the coadjoint isotropy group corresponding
to §. For any q; € @, letq; € @1/4, denote the equivalence class corresponding to ¢;. Indeed, ¥q = (g1, ...,qn) € @
the quotient maps 7: @ — @ and 7: @ — @ are defined by § := 7(q) = (¢, ..., qn) and § := 7(q) = (@1, Gas - . -, qN),
respectively.

For an open-chain multi-body system with symmetry, we then calculate the infinitesimal action of £ € Lie(4) on @ at

qg=(q1,....qn) by

9
ée(q) = 3 (exp(€€)q1, G2, ..., qn) = (§¢1,0,...,0).
0

=

This relation indicates that the map ¢ is the right translation of a Lie algebra element on @1, i.e.,

Te,R

€171

g = . . (5.26)
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Accordingly, based on (2.5)Vp, := (p1, ..., pn) € T*@ the momentummapM: T*Q — Lie*(4) for a holonomic open-chain
multi-body system can be determined by the following calculation,

(Mq(pq)7§) = ((plv"'apN)ﬂ(thO""vO)) = (phgql) (T thp]vE)-
As the result,
M, =¢; =[T;\R, O --- 0]. (5.27)

Denote the block components of the kinetic energy tensor K, which is equal to the Legendre transformation in the case of
Hamiltonian mechanical systems, by K;j(q)dq; ® dg; fori,j = 1, ..., N. Hence, we have FL; = Z?'].:] Kii(q)dgq; ® dg; or
equivalently '

[Kii(q) -+ Kin(Q)
FLy = : :
| Knvi(@) -+ Kw(@)

Lemma 5.2. For all ¢ € @ we have the following equality:

(T, q—l)(Kn(Q))(qu q—l) (Ty, q—l)(Klz(Q)) ce (T, q—l)(Km(CI))
(K21(@) (T, L-1) K22(@) Kon (@)
FLq = o . , . :
i (Em(ﬁ))(quLq;]) Kn2(@) e Knn (@)

where § = 7 (q) and K;;(q) = K;((e1, Q).
Proof. By Theorem 5.1, Vg, wq € T,@ and§ = 7(q) € @ we have
Kq(vg, wg) = Keey g (TQ¢qT1 Vg, thpq;l We).
By the definition of Legendre transformation in (2.1), we can rewrite this equation as
(FLy (vg), wq) = (FL(E@(T,; (), Ty (wq)>
- <(T;<Dq;1)IE‘L(el,a)(qu§q;1)(vq), wq>.

We prove the equality in the lemma, since we have

4o [Tkt O
chbql—l == ql qfl D1 T5Q 0 ldTEa )

where idraa is the identity map on T;Q. O

Based on this lemma we calculate the locked inertia tensor I; = ¢; o FLg o ¢, for a holonomic open-chain multi-body
system by

Ig = (T;,RgDK11(@) (Te, Rgy) = Ad;qEn@)Adq;L (5.28)

Consequently, using (2.13) we determine the (mechanical) connection 4 corresponding to the g-action, for a holonomic
open-chain multi-body system:

Aq = I, oMy o FL,

Ki1 -+ Kin
= (Adg)K11@ '(Ad} ) [T;Rgy O -+ O]| @ -
Kni -+ Kww
= Ad, [qu g Kn@ K@ - En(ﬁ)_]ﬁw(@]
=: Adg, [qulql—l Aa], (5.29)

where the last line of (5.29) is the consequence of Lemma 5.2, and the fibre-wise linear map A: T@ — Lie(4) is defined by
the last equality.
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According to (2.11), Vg € @ and Yvug € Tz@ the horizontal lift map hly: T;@ — T,@Q becomes
—(Te,Lg,)Ag
hl, = e~/
! [ idra 7

where g = (q1, ).
Using the decomposition T@ = # @ V introduced in the previous section, we then show that Vg € @ the map
hory: T,@ — #,, which maps any vector in the tangent space T, @ to its horizontal component, is

horg = idr,o — very = idr,o — ¢q 0 A4

T€1R¢11
0
= iqua - : A(:lq1 I:quLq]—] AE:I
0
0 -~ 0 —T,LyAq
=1: ; (5.30)
0 - 0 idg

We consider the principal bundle 71 : @ — @1/, to locally trivialize the Lie group @;. Let U, C @;/4,, be an open
neighbourhood of €}, where ¢; is the equivalence class corresponding to the identity element e; € @;. We denote the
map corresponding to a local trivialization of the principal bundle 7; by X : §,, x U, — @1. This map can be defined by
embedding U, in @1, for example by using the exponential map of Lie groups. We denote this embedding by x,: U, < @;
such that Vq; € @1/%, we have x, (q1) = exp(¢) for some ¢ € C, where € C Lie(@,) is a complementary subspace to
Lie(§,) C Lie(4). Accordingly, ¥ € §, we define the map X by the equality X ((h, q1)) = bx,(q1). It is easy to show that
the map ¥ is a diffeomorphism onto its image [37]. Using this diffeomorphism, any element q; € ﬁf](UM) C @ canbe
uniquely identified by an element (p, ;) € G, x U,. As the result, we have ¢ = (g1, 9) = (X ((h, 1)), q). Note that, from
now on, for brevity we write ¢ = (b, g1, ). Accordingly, by Lemma 5.2, forallq = (h, 41, q) € §, x U, x @ we can calculate
AM as

= Ad, [Tyl A7, (5.31)

whereq = 7(q) = (¢1,q) € U, x @ and A§: T4(U, x @) — Lie(§,) is calculated by

#=Kr@ K@ K@ k@ - K@K @)- (5.32)
Here, according to the local trivialization that we chose we have the following form for the tensor FL,
K. ) K0 K0 - K, )
K0, ) K0, K 0.3 - KT (0, 3)
Flo= | K3 ((0.D) K™ ((0.)  Kn(0, D) - Kn(®.D) |
Gt Q1/9u 1, - ) s
Kyi ((h, @) Ky ((h,q)  Kn2((h,q@) -+ Kww((h,q)

where ¢ = (5,9), g1 = X (b, q1), and we have the following equalities:

(K (5, 9) Kfl/g“((h,ﬁ))} s .

- T =T 20 X KX 0. D) Tog X
K%u((h q)) Kfl/gu((f] q)) (h,q1) 11 (b,91)

K&, 3 - KX, 9) } e .
=T apX [Ke(X(0, @) -+ Kin(X(, )],
D) o ko] " ]
‘1<3{‘((h,’c7)> 1<§§”9“‘<(h,’c7)> Ka1 (% (5, 7))
= : T X -

<9“((b ) 1<@”9“<(h ) Kni(X (5, D)

And, we have Elg’" @ = Kf’"((eu,ﬁ)), ff{z]/g" @ = Kfﬁl/g"((eu,ﬁ)), and I?ﬁ" @) = (9"((eu, Q) foralli =2, ..., N.Here,
e, € 4, is the identity element of the Lie group §,, € ¢ = @;.
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Now, forany h € §, and Vg = (h,q1, Q) € $, x U, x @, we calculate the horizontal lift map HIq: (U, x @) — T,Q
for the principal bundle 7: @ — @ by

~ — (T, Ly AL
hl, = |, w0 5.33
q |:ldTE1 Up fa>) ldTE@ ) ( )
where id751 u,, is the identity map on the tangent space Ty Uy,. Let u € Lie*(§) be a regular value of the momentum map M.
For a holonomic open-chain multi-body system with symmetry, the level set of the momentum map M at u becomes
M~ (1) = {pg = (p1.....pv) €T*Q|p1 = T{ R} C T'Q.

Furthermore, we determine o, = A*jL € £2'(@) in the local trivialization by
T~ L w1 TF =~ Lo~y
(5,91)~(b.q1) (h,91)(b.q1)
au(q) = [ 1Ai ! ]Ad’("b i [ 1Ai k ]Ad(eu M (5.34)
q q
where (h,q1) " = X' ((X(b. 1)) ~"), by definition. The second equality is true by the definition of the map ¥, and because
h € Gu-

Lemma 5.3. Based on Theorem 2.7, the inverse of the map ¢, : M”/g,u — T*@ is defined on [T7 (V)]° and in the local
trivialization Vpz = (p1, D) € T3 (U, % Q),

T(TJ al)R(b )1 () :|

(5.35)
+ ALAdY,, 7 1)

v, @) = {

Proof. First we show thatp e [T7% (V)] if and only if p; = 0.Forany p € [T7(V)]° and V£ € Lie(§) = Lie(Q;) we have
((1.D). T7 (€0)) = (¢7(0.P1. D). &) = (T Ry, (0, P1), &) = 0.

The first equality is true based on the definition of £, and the local trivialization that is chosen. The second equality is the
consequence of the definition of the map ¢ in (5.26). Since the above equality should hold for every & € Lie(4) and the right
translation map is a diffeomorphism VYq; € @1, we have p; = 0. Now, based on (5.34) and the definition of the map @, in
Theorem 2.7 we have the desired equation in the lemma. O

Based on the definition of ﬁ(ﬁa) = H, o ‘/’,fl(ﬁﬁ) and the above lemma, we calculate H on [T7 (V)]° using the local
trivialization:

ﬁ@a) <(Ad(eu ah-P +A*(Ad(eu i), FL(; . q)(Ad(eu @k P+ A7 (Ad(eu q1)'u))> + V(e 1, D (5:36)
Now we are ready to state the main result of this section in the following theorem.

Theorem 5.4. Let i € Lie*(4) be a regular value of the momentum map M. A holonomic open-c cham multi-body system with
symmetry (T*@, 2¢an, H, K, 4) is reduced to a Hamiltonian mechamcalsystem ([T7 (V)]0 C T*@, (.Qcan uu)h-rn('v)JO H K)

where Qcan is the canonical 2-form on T*@, His defined by (5.36) and K is a metric on @ such that ‘v’”q, wy € Tq(,‘z we have

Ka(ﬁa, wy) = Kq(hlq(ﬁ;j), hlq(wa)).

Here, in the local coordinates =, is calculated as follows. Let mg : T*@ — @ be the canonical projection map of the cotangent
bundle and let Trrg : T(T*(fz) — Ta@ be its induced map on the tangent bundles. For every &z € T*Q and VU, W € X(T*Q) we
introduce 1, Uj = wn@(uw) and Wy = wn@(Wm) In the local trivialization, we have q = G, qQ eU, x Q, uq (t;, u) and
17)~ (wy, w):

~ o~ _ 0A7 0Az
(Eg (U, W) = <,u, —Ady,, @) <[A5u,Aﬁw] + ( 8qq w) u— ( qu u) )

o [ (AT + TRy ) T 10 @) + A i A

(AL + Ty, Ry - (T 20 () +AdXM@)A§E)]>, (5.37)

where x,,: U, < @1 is the embeddlng that is used to define the local trivialization map X.
Fmally, in local coordinates we have X = (] , q @ as a vector field on [T7 (V)]°. Hamilton’s equation in the vector sub-bundle
[T7 (V)1° of the cotangent bundle of p-shape space reads
oH oH
Lorap(—dPAdG— E),) = Fr dp + 5 ]dﬁ + 85{’
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where =, is calculated by (5.37).

Proof. In order to prove (5.37), we start with (2.19):
(B)ay (Uzg» Way) = (11, —Aq([hor(RI(@)), hor(RI(T))1g) + [q(hly (7)), Aq(hly(T7))]).

Using the local trivialization, we write ¢ = (h,G1,q) € . x U, x @, and accordingly & = (ti;, u) and w = (W, w). By
(5.33), the horizontal lift of 7 and W can be calculated as

hlo () = (= (T, L)AYTL T, W), hlg() = (= (T, L)AL, iy, ),
and using (5.30), the terms hor(ffl(ﬁ)) and hOl‘(Hl(lT))) are

horg (hly (i) = (—(Tee,, &) Lo,y JAql. 1),
hory (hlg (7)) = (= (Tee, &) L7y VAgW0. ).

Now, by (5.29) we have

Aq(hly () = Adgz,) ((T(U,HI)L(,,,E]),]) (—(TeﬂLh)A’gﬂ, a‘l) +Aaﬁ) . (5.38)
Using the definition of the local trivialization map ¥ we have

ToanLoao- (~To )AL T ) = Tyl @10 (ToRa o (—Te LA + (TG0 (T, 0 G )

= AdX}L(‘\jl)71 (_AIELE) + (TX/L(al)LXM@l)’])(TE] Xﬂ)(ﬁl)7

where x,,: U, < @, is the embedding map that is defined using the exponential map. Therefore, we have

g Blg @) = Ady (A4 + (Ty, )Ry ) (T 20 () + Ad, ) Agil)

Similarly,

Aq(Rlg (7)) = Ady (—AET + (Ty, 611y, 1) T 0 @) + Ady, Gy ATD ) -

Since forall g € ¢ and &, n € Lie(§) we have the equality Ady[£, ] = [Ady&, Adgn]:

[oAq (Bl @), ARy ()] = Ady | (—AST + (T 600R - Ty 10) @) + Ad Al
(_Agﬂj + (TX;L@)RX;L@)_l)(Tﬁl xu) (W) + Adxﬂ@)AaE):I ’

For all g € @, to calculate the Lie bracket [hor(Hl(ﬁ)), hor(Hl(th))]q, we express the vector fields hor(ﬁl(ﬁ)) and hor(Hl(tT)))
in coordinates:

~ _ d _d
hory (hl () = (—(Te,, ) Lin31) JAgll) 3055 Ve

~ . d _ 0
horg(hly(@g)) = (— (T, 2 Lv31))AqW) FICR) + T

In any coordinates chosen for @; (i = 2, ..., N), §, and @,/§, we have

- - _ N
[hor(hl(1)), hor(hl(i))] = |:((T(eu,F1)L(h.ﬁ1))Aﬁu) (T, 2 Lo YATW) ]

9

(b, q1) 3(h. 1)

+ [ua wa] + |:((T #Lod )A—w)L ua]
36’ g (e ,e1)(h,q1) )/ q 3(‘)’61)’ g

_ 0 0
— | (T2 Liv.3,))Aqt) m’waﬁ .
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Based on the definition of the Lie bracket for Lie groups, ¥g € @ the first bracket on the right hand side can be written as

a

= ((Te, 20 Lov.an)[Agl, Agw]) .7

_ 0 ((Tee, 70 L(o,3))AqD) i ]
8((],61)7 (e €1 L(v,q7) M AqW a(h 1)

N <(T Lo AT (TiowznLod )A—ﬁ))L
(D 08080 oy (M ew e B0, 0 a(h, q1)

[((T«:M 20 Lo )Aql)

ou .
- <(T<e,;e‘1>L<h.,E]))Aam ((T<e,;e‘1>L<h,a‘1>)Aaw))

The second bracket is equal to

_d _ 0 Jw_\ 0 Ju_\ o
U—,w—=|l=\—u)=—\=w)| —=.
dq  9q aq / 9q dq /) 9q

We calculate the third bracket as

9
36,7’

. d _ 0 ou 0
((Tee, 20 Lo 7)) Aq) a0 Yaal = o )(T<eﬂ #)Leo.30))Aqw %
0

(T Loa) aA + (T, Ley1))A aw
w — -
et Lwan q (e &), a7 5= aq 3(h,q1)

Similarly, the last bracket can be calculated. Accordingly, using (5.29),

Aq([hor(hlf)) hor(hl(w))]q) =Adwg) ([A u, Agw] + (86;‘215,7) u-— (%u) w) .

Finally, knowing that h € §,,, we have the equation for &, in the theorem.

Regarding Hamilton’s equation, we should note that based on Lemma 5.3 the restriction of .(NZCQ,, to [T7(V)]° is equal to
—dp A dg, in coordinates. [

Corollary 5.5. Let us assume that §,, = §, in the above theorem. A holonomic open-chain multi-body system with symmetry

(T*@, Q2can, H, K, ) is reduced to a Hamiltonian mechanical system (T*@, 2 cqn — g, , H, K), where 24, is the canonical 2-
formonT*@,

— 1 _ _ _ _

H(g) =5 (0B + Azin), FLGL o) (1, + Az + Vier, 9, (5.39)
and K is a metric on @ such that Vig, Wy € T;@ we have

Kq(tg, tg) = Kq(hly(ttg), hly(Wy)).

Here, in the local coordinates =, is calculated by a simpler formulation. Let mg: T*@ — @ be the canonical projection map
of the cotangent bundle and let Trg: T(T*@) — TQ be its induced map on the tangent bundles. For every a; € T*@ and
YU, W € X(T*Q) we introduce g = T&Eﬂa(ﬂaa) and wg = T&aﬂ@(W&ﬁ). We have

. o A7\ _ 0Ag7
(Eag (‘uaa, Waa) = <M, —[Agu, Agw] — <T;w> u+ < 3 u) > (5.40)

Finally, in local coordinates we have X = (ﬁ, f)) as a vector field on T*@. Hamilton's equation in the cotangent bundle of shape
space reads

oH
Lgp(—dpAdq— &) = 7@"‘ fqtfq,

where &, is calculated by (5.40).

We show the isotropy groups for different types of displacement subgroups in Table 2. Note that, for different values of
u € Lie*(4), the isotropy groups are isomorphic to the groups listed in the table, and the isomorphism map is conjugation by
an element of SE(3). In this table we consider the configuration manifold of the first joint as a Lie sub-group of SE(3) whose
Lie algebra is a vector space isomorphic to s0(3) @ R3, where so(3) is the Lie algebra of SO(3). For any element £ € se(3),
we call its component in R the linear and the one in so(3) the angular component of &, where se(3) denotes the Lie algebra
of SE(3).
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Table 2

Displacement subgroups and their corresponding isotropy groups.
Displacement subgroups G (0= (o, Hew))?
Q=46 Uy # 0,y #0 Mo # 0,0y =0 Mo =0, 1y #0 My = e =0
SE(3) S0(2) x R SE(2) x R S0(2) x R SE(3)
SE2) x R R2(SE(2) x R)® SE(2) x R R?(SE(2) x R)" SE2) x R
SE(2) R SE(2) R SE(2)
S0(3) S0(2) S0(3)
R3 R3 R3
H, x R? R H, x R? R H, x R?
S0(2) x R S0(2) x R S0(2) x R S0(2) x R S0(2) x R
R? R? R?
SO(2) S0(2) SO(2)
R R R
H, H, Hy

2 [, is the linear component and p,, is the angular component of the momentum.
b If the linear momentum is in the direction of the allowed direction of rotation in the space.

5.1. Further symmetries of open-chain multi-body systems

In this subsection we introduce a number of sufficient conditions under which the kinetic energy metric of a holonomic
open-chain multi-body system admits further symmetries. That is, the system is invariant (in the sense that was presented
in the previous section) under the action of other groups in addition to the one presented in Theorem 5.1. We investigate
two approaches:

(AP1) Identifying symmetry groups due to left invariance of the kinetic energy metric hon # = SE(3) x --- x SE(3). See
Section 4 for the definition of the metric h.

(AP2) Identifying symmetry groups by studying the metric K on @.

5.1.1. Identifying symmetry groups using AP1

As for the approach AP1, we consider the embedding F: @ — &, defined by (3.22), which determines the pose of the
centre of mass of all bodies with respect to the inertial coordinate frame.

F(q@) = (qiTan,1> 9192Tem,25 - - > 41 * - ANTem,N)»

where rep i (i = 1, ..., N)is the initial pose of a coordinate frame attached to the centre of mass of body B; with respect to
the inertial coordinate frame, i.e., By.
For any element (p1,0, ..., pn,o) € # we define the group action (~)(';f1 rsBN.0) - P — P by
Olor 0vpn.0) P = (Pr.0P1, (P1.0P2,0)P2, - - s (P10~ - - PN.OIBN),

where p = (p1,...,pn) € L. Since the metric h on &£ is left-invariant, it is also invariant under this action. That is, we
have T*@E;Aa/1 . 0)(h) = h. This action induces an action on @ by the embedding F, if and only if the image of the map
F,ie., F(Q), is invariant under the action ®* for a Lie subgroup of #. We denote this Lie subgroup by §; x - - - Gy, where
i CSE(3)(i=1,...,N)is a Lie subgroup of SE(3). Then the induced action on @, denoted by <D2ffl oo €™ Q, is
defined by <Dafl o) = F‘lo(w)gfgf1 ooon.o) OFrwWhere (p1o, ..., pno) € G-+ gy.Here,F~': F(Q) — @ is only defined

on the image of the map F. In order to identify the group §; x --- x Gy, we impose the condition that F(Q) is invariant

under the action of this group. By the definition of the map F and @gl o o) WE have

,,,,, ono) © F(@ = (p1,0q17em 1, (P1.092,00q1G2Tem,25 - - - » (P10 PN.0)G1 - ANTemN)-
The image of F is invariant under the group action if and only if we have the following conditions:
P10 € @1,

q; 'p2001 € @2, Vg € @4

(@1 qu-1)""pn.o(@1 - qn-1) € @v. Yqi € @;and --- and Vgy_1 € Qy_;.
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Hence, the biggest symmetry group §; X - - - Gy that leaves the kinetic energy metric K invariant under the induced action
@+ is equal to

G1 % ---Gn ={(r1.0, ..., Pn.0)IP1.0 € @1, P20 € ﬂ @4 ", -,

q1€Q1
pN.o € ﬂ (@1 qn-D@N (G- Gn-1) D} S @1 X -+ X Q.
1€
IN—-1€@N-1

Noteworthy examples of open-chain multi-body systems whose kinetic energy metric K is invariant under the action of this
group include but not limited to the systems with identical multi-degree-of-freedom joints and systems with commutative
joints. In general, this symmetry group may be as small as §; = @;, specially when most of the joints are actuated, since
the actuation force can break the symmetry.

5.1.2. Identifying symmetry groups using AP2
For any velocity vector g € T,Q, we denote the left translation of g to Lie(Q) by

T=(tr,....w) :=q 'q¢= (7' q. ..., qy qn) € Lie(Q).

Now let ir{ (i,j = 0, ..., N) be the relative twist of the body B; with respect to B; and expressed in the coordinate frame
attached to B;. In order to determine the kinetic energy of an open-chain multi-body system we need to have the relative
twist of each body B; with respect to By and expressed in a coordinate frame attached to the centre of mass of B;, i.e.,

g, 1) = Ad, -1 (Ad(qz...qi)—l () + -+ Ad 1 (Tima) + Ti)

for a sequence of bodies from By to B; [36]. Then the kinetic energy of a multi-body system can be calculated by

1 LI 1 s i 0 2
SKe(@ @) = 5 ; Iz’ O, (5.41)

where h; denotes the left invariant metric corresponding to the body B; and h. ; is its restriction to se(3), and || - ||, ; refers
to its induced norm on se(3). In the second approach AP2, first the case of a multi-body system with only three bodies and
two joints is investigated in the sequel, and the result is generalized for the case of N bodies.

Let 41 = @ and §, C @; be a Lie subgroup of @,, and consider the action of §; x 4, by left translation on the config-
uration manifold @ = @1 x @, i.e., Y(g1, g2) € $1 X §2 we have (41, G2) — (9141, 9292) forallg = (q1, q2) € Q. It is easy
to show that under this action the kinetic energy of the system becomes

1 ) . 1
EK(mq],gzqz)(ngIa 002) = 3 (||1°&C1rgnlvl'L'1||ﬁe_1 + ||Ad,;"{2 (Ad gq)-171 + T2) ”ie,Z) ,

where (g1q1, g242) denotes the left translation of the velocity vector (g1, §») to (g1q1, g2q2). As it was expected, the kinetic
energy remains invariant under the §-action. We define the metric h), := Ad:‘,1 (h.2) on se(3) corresponding to the body

cm,2

B,. Kinetic energy is invariant under the action of §; x g, if and only if it is invariant under the infinitesimal action of all
elements @ € Lie($;) at the identity element ¢, € 4,. Hence, we have the following necessary and sufficient condition for
the metric K to be invariant under the action of §; x §, by left translation:

1
3 <5||Ad(exp(_m)q2)7m + T2||i/2> = h/z(Adq;adw(r]), Adqz—lfl +17)=0 (5.42)
€ e=0

VqZ € @, VT] € Lle((le) and Vl’z € Lle(az)

The largest Lie sub-algebra of Lie(Q;) whose elements satisfy the above condition is the Lie algebra of §,, and §, can be iden-
tified by integrating this Lie sub-algebra on @,. Noteworthy examples of the systems that admit such a symmetry group are
any two commutative joints, a planar cart with a rotary joint orthogonal to it, and a planar cart moving on a rotating disc.
With similar calculations, we can extend this result to the case of open-chain multi-body systems with N + 1 bodies, and
write the necessary and sufficient condition (5.42) as

N

D hi(Ad .. qy-12dey (1), Ad gy g1 (T + - + Ad gy gy 7)) = 0. (5.43)
i=2

Vge@ (G(=2,...,N) and V7 elie(@) (i=1,...,N)

where k] := Ad:‘_1 (h..;). Note that, the expression in the parentheses in the second argument of h is the relative twist of B;
cm,i

with respect to By and expressed in a coordinate frame attached to B;. Based on this condition, we may derive a sufficient
condition for the metric K being invariant under the action of §; x 4, by left translation.
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Proposition 5.6. For an open-chain multi-body system, the metric K is invariant under the action of 1 X $2, as defined above,
by left translation, if Voo € Lie(4,) and V1, € Lie(@1) we have

adw (‘L’]) =0.

Similarly, we can derive sufficient conditions for the metric K being invariant under the action of a group in the form of
G1 X -+ x Gy by left translation. Here §; C @; is a Lie subgroup of @, fori = 2, ..., N. However, since it is very unlikely
that we have the invariance of K under the action of such a big group, we do not go through the calculations for this most
general case.

Finally, suppose that B;, is an extremity of the open-chain multi-body system. Consider the action of §;, as a Lie subgroup
of @;, by right translation. The kinetic energy of the system after the action of an element g;, € §;, becomes

1 1T 1 ,
: : 02 02
5 Kaa, (@8- G0i) = 5 Z P15, + 5 1Ad o1 Adry, Oz Il (5.44)
i
The kinetic energy metric is invariant under this action if and only if it is invariant under the infinitesimal action of any
element ¢ € Lie(4;,) at the identity element.

d

de
= h,fo (ad, (Ad

1 )
( 5 1A exp(—con 1 (Adry 7p) ”i;) (5.45)
e=0

Tem,ig o Tig)’ Adrcm,io o Tig) =0, (546)

for all o rig, i.e,, all admissible relative twists of B;, with respect to the inertial coordinate frame and expressed in the same
frame. The largest Lie sub-algebra of Lie(Q;,) that satisfies the above condition is Lie(4;,), and §;, < @, is identified by
integrating this Lie sub-algebra on @;,. Therefore, the kinetic energy K is invariant under the §;,-action by right translation
on @, if and only if we have the above condition.

5.2. Further reduction of holonomic open-chain multi-body systems

Let N = G, X - - - Gy be a Lie subgroup of @ =@ x--- X @y, i.e., §; is a Lie subgroup of @; fori = 2, ..., N. We define
the action of & on @, i.e., @,: @ — @, by left translation on @. For any element n = (n,, ..., ny) € N we have

®,(@1,9) = (@1, n2G2, - - ., "N

Hence, the tangent and cotangent lift of the ./ -action are

idralél 0 0 7
R o |
0 0 o Tyl | Low

idTﬁlél . 0 0 ol

6 0 T 'L 1 Z’:N

NAN Ty

Let us assume that the Hamiltonian H and the metric K of a reduced holonomic open-chain multi-body system (T*(§ , .(szn -
E,,H,K) are invariant under the cotangent and tangent lift of the .V-action, respectively. We also have that for all
¢ € Lie(N) the infinitesimal generator of the cotangent lifted action ¢+ satisfies the following conditions:

L;T*& E/L = 0,
Lo Gu =0,
which indicate that the 2-form Z,, is basic with respect to the  -action.
The map corresponding to the infinitesimal .V -action ¢g: Lie(N) C Lie(Q) — T@ is calculated by

0 0
~ Tez (qu ° L2) e 0
7 = : - :

0 o+ Toy(Rgy o)
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where it Gi < @ is the canonical inclusion map for i = 2,..., N. As the result, we define the momentum map
M~ T~(§2 — Lie*(N) by
0 62 " (Rg, oTy) .- 0
== | ; g :
0 0 T;"N (Rgy oly)

Now, we have the locked inertia tensor fg: Lie(N) — Lie*(¥) and the mechanical connection corresponding to the
N-action Az: Tq@ — Lie(N) calculated by

T[% = %k o IF’Z;]* o (75,

t;;a =Tfa71 olﬁao]ﬁ:g,
where, Ffaz TE(Z‘E — Ta*a is the Legendre transformation induced by the metric K:

(FLz(Vy), W7) = Ka(Vy, Wy). Vg, i € T5@.
We use the local trivialization introduced in the previous section to locally trivialize the principal bundle Qa > @ /N,
and find the principal connection Aq ch‘z — Lie(.V) in the form of (5.29). We may also locally trivialize the principal
bundle — N/Ny, where W; is the isotropy group of & for ¢ € Lie* (N ), .and calculate the mechanical connection

T~(Q — Lle(,N,;) corresponding to the principal bundle 7: Q@ —> Q= @/Ng using (5.29). Then we calculate the
Hamlltoman H:T"@ > R by the equality

~

H:=Hyop," (5.47)

where ﬁly M l(z?)/le — R is the induced Hamiltonian on the reduced phase space defined in (2.9), and @y : 1(13‘)/
Ny — [Tnv] C T*cz is defined in Lemma 5.3. Here, V C Td is the vertical vector sub-bundle for the principal bundle
Q — (fz/d\f Plus, # C T@ is the corresponding horizontal vector sub-bundle of this principal bundle.

Finally, we are ready to report the main result of this section in the following theorem, by repeating the reduction
procedure detailed in the previous section.

Theorem 5.7. Let & € Lie*(V') be a regular value of the momentum map M. Under the above-mentioned assumptions, a reduced
holonomic open- chain multl body system Wlth symmetry (T*(Q .an — E,u, H,K, N) can be further reduced to a mechanical

system ([T V] CcT* (,‘2 .Qcm, e .:19, H K) in the sense that was introduced in Theorem 5.4. Here, Qcan is the canonical
2-form on T*@, His defined by (5.47) and K is a metric on @ such that Vg, wg € Tq(,‘z we have

Kq (. g) = Ky(hly (i), hl (i),

whereq = 7(q), and ﬁlﬁ: Tﬁ@ — J?a is the horizontal lift map for the principal bundle 7 : Q — @Q.The 2-form & € QZ(T*(:‘Z)
is calculated in the local coordinates by (5.37). Plus, the basic 2-form &, € Q%(T* 5) (with respect to the N -action) is projected
to the 2-form & E, € QXUT*Q).

Fmally, in local coordinates we have X = (k )3 as a vector field on [T (V)] Hamilton’s equation in the vector sub-bundle
[Tn('v)] of the cotangent bundle of v-shape space reads

- oH oH
L(vj( d’\/\d’\—E —S§)=afﬁdﬁ+afada-

6. Case study

In this section we study the dynamics of an example of a holonomic open-chain multi-body system. We derive the
reduced dynamical equations of a six-d.o.f. manipulator mounted on top of a spacecraft whose configuration is shown in
Fig. 1.

Using the indexing introduced in the previous section and starting with the spacecraft as By, we first number the bodies
and joints. The following graph shows the topology of the holonomic open-chain multi-body system.

B,

By J1 B, J2 B, I3 Bs
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c><,

Fig. 1. A six-d.o.f. manipulator mounted on a spacecraft.

We then identify the relative configuration manifolds corresponding to the joints of the robotic system. The relative pose
of By with respect to the inertial coordinate frame is identified by the elements of the Special Euclidean group SE(3). We
identify the elements of the relative configuration manifold corresponding to the first joint, which is a six-d.o.f. free joint,

by

X
Q=10 = Ry (6y)Rx (6x)Rz (62) |:i’] X.y.7 € R, Og. 0y 0, €S}
[0 0 0] 1

where we have

1 0 0 7

RX(QX):|:0 cos(fx) —sin(bx)
0 sin(fx) cos(6x) |

cos(By) O sin(fy)T

Rywy):[ 0 0
—sin(fy) 0 cos(fy)

cos(fz) —sin(fz) 07

Rz (67) = |:sin(92) cos(fz) O
0 0 1

The second joint is a three-d.o.f. spherical joint between B, and By, and its corresponding relative configuration manifold
is given by

0

= Rx (Y¥x)Ry (Yy)Rz(Yz) |:16:| v, Yy, Yz €S

[0 0 0] 1
The third joint is a one-d.o.f. revolute joint between B3 and B,, and its relative configuration manifold is

1 0 0 0
02=1.2_ 0 cos(yq) —sin(y) b
37137 |0 sin(yy)  cos(yy) O
0 0 0 1

€ SE3)| ¢y € S!
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Fig. 2. The coordinate frames attached to the bodies of the robot.

The fourth and fifth joints are one-d.o.f. revolute joints whose axes of revolution are assumed to be the X;-axis (i = 4, 5).
The relative configuration manifolds of these joints are identified by

1 0 0 c
3 ) .3 |0 cos(yy) —sin(yy) I3 1
U =1"2=10 sin(ys) cos(yn) 0| ESEG|V2€8 ¢,
| 0 0 0 1
1 0 0 —C
3 ) .3 |0 cos(ys) —sin(ys) I3 1
G =110 sinys) cos(y) 0 | EO V€S
| 0 0 0 1
Here, I4, ..., I5 are defined in Fig. 2, and the distance between J4 and J5 is assumed to be 2c.

We assume that the initial pose of B; with respect to the inertial coordinate frame r?’o is the identity element of SE(3).

We have located the coordinate frame attached to B; on its centre of mass. Hence, in matrix form we have r{ ; = ron1 = ids,
where id, is the 4 x 4 identity matrix. For the second body, the initial relative pose with respect to B; is

1 0 0 O
g o_fo1 oy
20010 0 1 0}
0 0 0 1
and we have
1 00 0
01 0 hL+bh/2
Tm2 =10 0 1 0
0 0 O 1

The initial relative pose of B; with respect to B, is

100 0
2 _|0o 10 b
30710 0 1 0]

000 1

and the relative pose of the centre of mass of B; with respect to the inertial coordinate frame is

100 0

0 1 0 Lhtb+l)2
Tm3= 109 0 1 0

0 0 0 1
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Here we have assumed that the centre of mass of B, and Bs is in the middle of the links. For the fourth and fifth bodies we
have (i = 4, 5)

1 0 0 =4c
5|01 0 L
i,.0 0 0 1 0|
0 0 0 1
1 0 O +c 1 0 O —C
S 01 0 hLh4+b+h+L = 01 0 h4+hLb+hk+1
m,4 — 0 0 1 0 B 5 — 0 0 1 0 )
0 0 O 1 0 0 O 1

where the plus and minus signs correspond to the body B, and Bs, respectively.
With the above specifications of the system we identify the configuration manifold of the holonomic open-chain multi-
body system in this case study by @ = @ x - - - x @s, where

-
Q= Ry (6y)Rx (6x)Rz(07) |:JZ’:| esE3) Y,
[0 0 0] 1]
0 07
@={o=| F M‘R[’g € SE®)|R= Re(U0Ry ()R (02) {
[0 0 0] 1
1 0 0 0
_ _ |0 cos(yr) —sin(yn) 2(h + L) sin®(¥1/2)
Q3= 1q3= 0 Sin(l//:) COS(WI; —1(11—512)Sin(121) €SEG) (s
L0 0 0 1
1 0 0 T
_ ) |0 cos(Wr) —sin() 205 + b+ ) sin® (¥2/2)
Q=10=|, sin(I//ZZ) cos(%; —1(114312-513)5111@;2) €SEG) [
10 0 0 1 J
1 0 0 0 ]
) |0 cos(ys) —sin(¥s)  2(; + b + I3) sin?(y3/2)
AB=18=|, sin(wi) cos(gﬁg; —1(11f124:13)sin(x23) € SEG)
10 0 0 1 J

In order to calculate the kinetic energy for the system under study, we need to first form the function F: @ — P =
5-times

SE(3) x --- x SE(3), which determines the pose of the coordinate frames attached to the centres of mass of the bodies with
respect to the inertial coordinate frame.

F(q1,...,95) = (q1Tem,1, 9192Tem,2> 4192437 em,35 1929394 cm, 4> 419293957 em,5) -

Using (4.23), we can calculate the kinetic energy metric for the open-chain multi-body system. In matrix form we have the
following equation for the tangent map Ty(Lp g 1F): T,@ — Lie(P)

Ad i o0 Ty 01) - 0
Tq(Lpg—1F) = #a ’
0 - Ad1 0 o Tylgios)
where we have
idg Osx6 Osx6  Osxs Osxs
Adqz_l ids Osx6  Osxs Osxe
9o = | Adiggp Adq§1 ids  Ogx6 Opxs | |

Ad(gyq30-1 Adgsgp—1 Ad1 ids Osxe
Ad(qu]s)’1 Ad(%%)’l Ad 1 Osxs ids
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and where idg is the 6 x 6 identity matrix. Let us denote the standard basis for se(3) by {E1, ..., Eg}, such that

0 0 0 1 0 0 0 O 0 0 0 O
E — 0 0 0O E — 0 0 0 1 B — 0 0 0 O
1o 0 0 0" 2=1o 0 0 o’ 3710 0 0 1
|10 0 0 O 0 0 0O 0 0 0O

0 0 0 O 0 0 1 0 0 -1 0 O

E— 0 0 -1 0 Ee— 0 0 0 O E — 1 0 0 O

47101 o0 o0 >~ (-1 0 0 0’ =10 0 0 0

|10 0O 0 O 0 0 0 O 0 0 0 O

Using the introduced joint parameters, we have the following equalities:

(R, (62)Ry " (Bx)Ry " (By) 033
T, (L1 o) = cos(6z)  cos(fyx)sin(fz) O
Gt O = 033 [— sin(f;)  cos(fx) cos(6) 0] ’
L 0 — sin(6y) 1
r —lhsin(yy) 0 —h
0 0 0
_ | licos(¥y) cos(yz) —lisin(yz) O
Tolgrow) = | L ostyy)cos(Uy)  sinps) 0 |
cos(yry) sin(yz) cos(yz) 0
L —sin(yry) 0 1

Tq3(Lq;1oL3):[0 0 h+h 1 0 0],
Tq4(LqZ1oL4):[O 0 ht+b+lk 1 0 0]
TqS(Lq§1oL5)=[0 0 h+b+k 1 0 0].

Note that, Vry € SE(3) that is in the following form (Ry € SO(3) and pp = [po.1, Po.2, p0,3]T e R?)

_ | R0 Do
r0_|:0]><3 1i|’

we calculate the Ad;,, operator by

| Ro DoRo
Adr, = |:03><3 Ro :| ’

where
N 0 —Po3  DPo.2
Po = Do;3 0 —Po.1
—Do2  Poa 0
is a skew-symmetric matrix. We choose the standard basis {E1, ..., Eg} for se(3). For this case study, the left-invariant

metrich = hy @ - - - @ hg on £ is identified, in the above basis, by the following metrics on the Lie algebras of copies of SE(3)
corresponding to the bodies:

mids LR
h. . = Jx,i 0 0
o 0343 0 jyi O
0 0 Jzii
wherei =1, ..., 5,id; and 03,3 are the 3 x 3 identity and zero matrices, respectively, m; is the mass of B;, and (ix i, jy.i, Jjz.i)

are the moments of inertia of B; about the X, Y and Z axes of the coordinate frame attached to the centre of mass of B;.
Note that, we chose this coordinate frame such that its axes coincide with the principal axes of the body B;. For the body
Bi (i = 2,...,5), since we assume symmetric shapes with Y;-axis being the axis of symmetry, we have j,; = j, ;. Finally,
in the coordinates chosen to identify the configuration manifold (joint parameters), we have the following matrix form
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for FL,

hey -~ 0 Ki(q) --- Kis(q)
Flo=ToLegF) | 0 01 [ TallpgiF) =1 S
0 - hgs Ksi(q) --- Kss(q)

and the kinetic energy is calculated by

)

.. 1., .
Ky(q,q) = Eq FLqq,

where, with an abuse of notation, § is the vector corresponding to the speed of the joint parameters.
We assume zero potential energy for this holonomic open-chain multi-body system, Hence, we have the Hamiltonian of
the system as

= L
H(g,p) = P FL; 'p,

where p is the vector of generalized momenta corresponding to the joint parameters.

In the following, we derive the reduced Hamilton’s equation for this system, with the initial total momentum yu =
[0 m1 0 wup O O]T € se*(3) represented in the dual of the standard basis for se(3). That is, the system has a constant
linear momentum in the direction of Yy, equal to w1, and a constant angular momentum in the direction of Xy, equal to .
The kinetic energy (and hence the Hamiltonian) of the multi-body system is invariant under the action of § = @; = SE(3).
The isotropy group corresponding to u is

cos(@y) 0 sin@)  2sin@y)
M1
0 1 0
Gu=1b=| w2, €SEQ) T .
—sin(fy) 0 cos(fy) —2—sin“(y/2)
M1
0 0 0

which is a Lie subgroup of 4, and it is isomorphic to SO(2) x R. Now, consider the action of § = SE(3) by left translation on
@,. Using the joint parameters, Y (xo, Yo, 2o, 6x.0, fy.0, 62,0) € $ we have

P xg.30.20.65.0.61.0.67.0) (@) = Ry Oy )R O )Rz (0z0) [x ¥ 2]'
+ [0 Yo ZO]T7RY(QY,O)RX(HX,O)RZ(QZ,O)RY(QY)RX(QX)RZ(QZ)76)

where ¢ = (Yx, Yy, ¥z, ¥1, ¥2, ¥3). We have the principal §-bundle 7: @ — @ = @, x --- X @s, and using the joint
parameters its corresponding principal connection A: TQ — se(3) is defined by (5.29)

X
Aq = Ry (6y)Rx (6x)Rz (87) |:JZ’ Ry (6y)Rx (6x)Rz (07) [quLq]_l Aﬁ],
0353 Ry (6y)Rx (6x)Rz (67)

where we have

—~

X 0 -z y
z -y X 0

R, (02)Ry ' (6x)Ry ' (By) 0353

T — cos(fz)  cos(bx)sin(@z) O
higt T 033 {— sin(6;)  cos(fy) cos(6;) o] ’
0 —sin(0x) 1
A= [Kn@ K@ - Kn@ 'Kw@].
where K1;(G) = Kiyi(e1, q) fori =1, ..., N, and consequently, the horizontal lift map hl;: T;@ — T,Q s
Ry (6y)Rx (Ox)Rz(67) 033
B cos(6z) —sin(6z) 0 A
hl; = 0343 |:sin(92)/cos(9X) cos(6z)/cos(6x) Oj| a1,
sin(f7) tan(fx) cos(fz) tan(Bx) 1

lde
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where idg is the 6 x 6 identity matrix. Then, we use the principal bundle 7 : @ — @/§,, to introduce the local trivialization
of § = @;.The Lie algebra of §,, as a vector subspace of se(3) is spanned by [Ez, Z—?El + Es } and a complementary subspace
to this subspace is spanned by {E;, E3, E4, Eg}. Now, Yq; € U, C @1/%, we introduce the embedding x,: U, < @,

z
01x3 1

X
X @) = Rx (8x)Rz(67) |:0i| ’

which identifies the elements of @1/4, by elements of an embedded submanifold of @4, and in the local coordinates its
induced map on the tangent bundles is

Tg Xu =

OO OO O -~
OO O —=0OO0
[eNeR N eNoNo]
- O OO OO

Subsequently, we define the local trivialization of the principal bundle 7: @ — @/§, by X : §, x U, — @4

%((hv Zil)) = hX;L(al)v

and its induced map on the tangent bundles (in the local coordinates) is calculated as

[0 <& + z) cos(dy) — xsin(@y)  cos(6y) sinBy) O O]
M1
0 0 00
T(h,al)i =10 - (& + Z) sin(fy) — xcos(fy) —sin(fy) cos(@y) 0O O,
23!
0 0 0 10
0 1 0 0 00
Lo 0 0 0o o0 1

where we use (y, 6y), (x, z, 6x, 07), and (x, y, z, 6x, by, 67) as the local coordinates for the manifolds §,, @1/%., and @;,
respectively. Accordingly, we can calculate the map A{; : Tg,.p (U, x @) — Lie($,,) using the following equalities:

A= k@ @K@ - K@ KL @)
[K?*‘((h,a‘)) K9 (0, 3)
K9 (0, D) K3 (9, 7))
[K?z“((hﬁ)) e KR, 7))
K% (0,3 - K™ (5, 3)

:| =Tg 3, X K (X (5, 9)) Toq) X
} =Tz X [Ke(XG,D) - Kin(X(®,9)].

And, we have K% @) = K% ((e,. ), K" @) = K™% ((e,.. §)), and K9 @) = k2" ((e,..G)) foralli = 2,... N. We
also have the reduced Hamiltonian on [T7 (V)]

T T
~ 1 Adle, g - Adge,, ik
H@p) = = [ et FLG 0 ol : (6.48)

2 [p+Alad], oo P+ AgAd(,, )1t
where
0
R} (62)Ry (6x) 03x3 Ui
Ad{ewal) w= 0

X
—RE(QZ)R)T<(9X)|:0:| R} (67)R} (6x) %2
Z
0
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In order to calculate the 2-form Z,,, we compute the following matrices in the local coordinates:

1 0 0 zsin(by)
0 0 z —xcos(fx)
0 1 0 —xsin(fx)
Txu(ﬁl)qu@)*‘ (Tgy X)) = 0 0 1 0 1
0 0 0 —sin(fx)
0 0 O cos(6y)
™
Ady, G, = Rx (6x)Rz(67) 2 Rx (6x)Rz(67)
03x3 Rx (6x)Rz(67)
i)ti = _Ag + [TXuﬁl)Rxﬂ(a])’] (TE1 XM) Aqu@l)Aa] )
07" 111 cos(6) sin(6y) r
M1 1 cos(6x) cos(6z7)
~ _|0 _ — 1 sin(6x)
(I T Ady.an = p1(z cos(0z) — xsin(fx) sin(6z)) + w2 cos(6z)
0 — 1 (z sin(fz) 4+ x cos(6z) sin(6x)) — o sin(6z)
0 —u1x cos(Bx)

Finally, we have the following expression for the 2-form Z,:

6
W = E E a z kA — A q; A dg;)

i<j a=1 9G; aaj I<k

&3]

+ 32 (018} + 1263 (D} Df — D} Dl ) (e A )

i'<j I<k

=Y Ty @day A day,

i'<j

wherea, I, k,i,j € {1,...,6}andi,j € {1, ..., 10}.Here, in the local coordinates § = (x, z, fx, 6z, Wx, Yy, ¥z, Y1, Y2, ¥3),
q = (Yx, ¥y, ¥z, ¥1, ¥, ¥3), and for the standard basis for se(3), i.e., {Eq, ..., Eg}, we have

6
[Ei Bl =) &iEa,

a=1
6
f’ﬁ]= \'Fa(‘jl)Ea,
a=1
A@ - A@
A@ - R@
2/@ - AL®©@
o=
!Df@ ;D?O@)

As the result, in matrix form we have the following reduced equations of motion for the holonomic multi-body system
under study:

T o0 -To@ - e =To(@ ) aH
. T12(9) 0 —T(q) e —Y210(q) A
q ) . ) 04x6 Py
a — : .o c . PO : _ids — ,
] T19(q) Ys9(q) 0 —Yo10(q) 32
T110(q) e e Yo10(q) 0 oH
B [06><4 lda] 06><6 . _37177_

where H is calculated by (6.48).
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7. Conclusions and future work

In this paper we systematically extended the existing reduction procedures for multi-body systems to more general
cases with multi-d.o.f. holonomic joints and non-zero momentum, using the symplectic reduction theorem. Using Lie
group theory, we reviewed the notion of displacement subgroups to introduce a class of multi-d.o.f. joints whose relative
configuration manifolds are diffeomorphic to a subgroup of a Cartesian product of copies of SE(3). We used the symplectic
reduction theorem in geometric mechanics to express Hamilton's equation in the symplectic reduced manifold, for
holonomic Hamiltonian mechanical systems. We then identified the symplectic reduced manifold with the cotangent bundle
of a quotient manifold. Accordingly, we developed a two-step reduction process for the dynamical equations of open-chain
multi-body systems with multi-d.o.f. holonomic joints and non-zero momentum. For such systems, a symmetry group is
indeed the relative configuration manifold corresponding to the first joint. As for the second step, we found some sufficient
conditions, under which the kinetic energy metric is invariant under the action of a subgroup of the configuration manifold.
Finally, we derived the reduced dynamical equations in the local coordinates for an example of a six d.o.f. manipulator
mounted on a spacecraft to illustrate the results of this paper.

The reduction process introduced in this paper can be extended to nonholonomic multi-body systems through the
Chaplygin reduction theorem, which will be the next step of this research.
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