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1. Introduction

Over the last years, there have been increasing interests in understanding the curvature of noncommutative manifolds.
Starting from seminal work on the scalar curvature and Gauss-Bonnet type theorems for the noncommutative torus [1-3]
many interesting papers that discuss different aspects of curvature in the noncommutative setting have followed [4-14].
Note that these are only examples of recent progress in the area; several authors have previously considered curvature
in this context (see e.g. [15-20]). Although connections on projective modules and their corresponding curvatures are
natural objects in noncommutative geometry, classical objects that are built from the curvature tensor, like Ricci and scalar
curvature, do not always have straight-forward analogues. Therefore, it is interesting to study as to what extent such concepts
are relevant for noncommutative geometry.

For Riemannian manifolds, the Chern-Gauss-Bonnet theorem provides an important link between geometry and
topology. It states that the integral of the Pfaffian of the curvature form (of a closed orientable even dimensional manifold)
is proportional to the Euler characteristic, which is a topological invariant. For a two dimensional manifold, the Pfaffian
is simply the scalar curvature, which reduces the Chern-Gauss-Bonnet theorem to the Gauss-Bonnet theorem. Therefore,
to understand similar theorems for two dimensional noncommutative manifolds, one needs to find a proper definition of
the scalar curvature. For a Riemannian manifold, the asymptotic expansion of the heat kernel contains information about
the scalar curvature in one of the coefficients. The expansion of the heat kernel makes sense even for a noncommutative
manifold, and the very same coefficient serves as a definition of noncommutative scalar curvature. For the noncommutative
torus, the scalar curvature corresponding to certain perturbations of the flat metric has been computed, and it is possible to
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show that a Gauss-Bonnet type theorem holds; i.e., the trace of the scalar curvature is independent of the metric perturbation
[1,2]. However, for higher dimensional manifolds, it is not clear how to define the analogue of the Pfaffian of the curvature
form in order to formulate the Chern-Gauss-Bonnet theorem.

In this paper we construct a differential calculus over the noncommutative 4-sphere, in the framework of pseudo-
Riemannian calculi [ 13], and introduce a projective module in close analogy with the space of vector fields on the classical
4-sphere. Moreover, via a suitable localization of the algebra, we find a local trivialization of the projective module and prove
the existence of (unique) metric and torsion-free connections for a class of perturbations of the round metric. Finally, we
show that in this particular case, there exists a naive analogue of the Pfaffian of the curvature form, which allows us to prove
a Chern-Gauss-Bonnet type theorem for the noncommutative 4-sphere.

This paper is organized as follows: In Section 2.1 we briefly recall the concept of a pseudo-Riemannian calculus, and
Section 2.2 introduces a particular parametrization of the classical 4-sphere. Sections 3.1 and 3.2 are devoted to the
construction of a real metric calculus over the noncommutative 4-sphere, and Section 3.3 discusses certain aspects of
localization. These results are then used in Section 3.4 to construct a pseudo-Riemannian calculus, giving metric and torsion-
free connections for a class of perturbed metrics. Finally, Section 4 introduces a trace for the noncommutative 4-sphere, and
formulates and proves a version of the Chern-Gauss-Bonnet theorem.

2. Preliminaries
2.1. Pseudo-Riemannian calculi

Let us briefly recall the terminology from [13] concerning pseudo-Riemannian calculi, as this is the context in which we
shall construct a differential calculus over the noncommutative 4-sphere.

To define a pseudo-Riemannian calculus over an algebra .4, we proceed in two steps. First, we define a real metric calculus
over an algebra A by choosing a (right) .A-module M, together with a non-degenerate bilinear form (the metric), as well
as a Lie algebra of derivations and a map ¢ that associates an element of M to each derivation. Next, a pseudo-Riemannian
calculus is defined to be a real metric calculus for which there exists a metric and torsion-free connection on M.

To fix our notation and terminology, let us recall the following definitions:

Definition 2.1. Let M be aright A-module. Amap h : MxM — A is called a hermitian form on M if
h(U,V + W)= h(U, V)+ h(U, W)
h(U, Va) = h(U, V)a
h(U, V)* = h(V, U).

A hermitian form is non-degenerate if h(U, V) = 0 for all V € M implies that U = 0. For brevity, we simply refer to a
non-degenerate hermitian form as a metric on M. The pair (M, h), where M is a right .A-module and h is a hermitian form on
M, is called a (right) hermitian A-module. If h is a metric, we say that (M, h) is a (right) metric A-module.

Definition 2.2 ([13]). Let (M, h) be a (right) metric .A-module, let g C Der(.A) be a (real) Lie algebra of hermitian derivations
and let ¢ : g — M be a R-linear map. If we denote the pair (g, ¢) by g, the triple (M, h, g,) is called a real metric calculus if

(1) the image M, = ¢(g) generates M as an .A-module,
(2) h(E,E')* = h(E,E')forall E,E’ € M,,.
Definition 2.3 ([13]). Let (M, h, g, ) be a real metric calculus and let V denote an affine connection on (M, g). If
h(V4E, E') = h(V4E, E')*

forallE, E' € M, and d € g then (M, h, g,, V) s called a real connection calculus.

Definition 2.4 ([13]). Let (M, h, g,, V) be a real connection calculus. The calculus is metric if
d(h(U,V)) = h(V4U, V) + h(U, V4V)
foralld € g, U, V € M, and torsion-free if
Vi, ¢(da) — Vg, e(d1) — ¢([dy, da]) = 0
forall dy, d; € g. A metric and torsion-free real connection calculus over M is called a pseudo-Riemannian calculus over M.

Given areal metric calculus (M, h, g,), itis natural to askif it is possible to find an affine connection such that (M, h, g,, V)
is a pseudo-Riemannian calculus. In general, this is not possible, but if such a connection exists, it is unique.

Theorem 2.5 ([13]). Let (M, h, g,,) be a real metric calculus over M. Then there exists at most one affine connection V on (M, g),
such that (M, h, g,,, V) is a pseudo-Riemannian calculus.
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2.2. Embedding of S* in R®

The geometric constructions for the noncommutative 4-sphere will closely follow that of classical geometry. Therefore,
let us review an explicit parametrization of %, giving a chart that covers almost all of the manifold. Furthermore, we present
a particular basis for vector fields over that chart.

As a subset of R®, the 4-dimensional sphere is defined as

S (X R XY € RS (X 4 R 4 O+ (P + (O = 1),
and we let Uy € S* denote the chart of S* given by

x! = cos(&1)cos(p)cos(yr) ¥ = sin(&;) cos(g) cos(V)

x> = cos(&)sin(p)cos(y)  x* = sin(&;)sin(g) cos(y)

X° = sin(y),

where 0 < £1,& < 27,0 < ¢ < w/2and —7/2 < ¥ < /2. Equivalently, one may consider z = x! + ix?, w = x> + ix*
and t = x> with

z = €1 cos(g) cos(¥)
w = %2 sin(g) cos(v)
t = sin(y).
At each point p € Uy, the tangent space T,S* is spanned by the vectors
g, X = (— sin&; cos ¢ cos ¥, cos & cos ¢, cos ¥, 0, 0) = (—x*,x', 0,0, 0)
35,X = (0,0, —sin&, sin ¢ cos ¥, cos & sin g cos ¥, 0) = (0, 0, —x*, x°, 0)
8¢?< = (—cos &1 sing cos ¥, — sin & sin ¢ cos ¥, cos & cos ¢ cos Y, sin &, cos ¢ cos ¥, 0)
dyX = (— cos & cos g sinr, — sin&; cos g sinyr,
— cos &, sing siny, —sin&, sin¢ sin ¥, cos ).

These vector fields are defined in the local chart Uy and we would like to extend them to global vector fields on S* (however,
not providing a basis at each point of $4). As written above, 9, % and 3¢, X may be extended to all of S4, since all components
can be expressed in terms of x', .. ., x°. By rescaling ,% and d,X one obtains

—lzl|w|d % = (X' |w]?, ¥*|w]?, —=x*|z|*, —x*|z|*, 0)
—cos ¥ dyX = (x't, Kt X°t, ¥, —|z|* — |w?),
which are well defined as vector fields on S*. Thus, the globally defined vector fields given by
e; = (—x%,x',0,0,0) e; = (0,0, —x*, %%, 0)
e3 = (X w|?, ¥ |lw|?, —x3|z2, =x*z|%, 0) es = (x't, X%t X°t, x*t, —|z|* — |w|?),

span the space of vector fields over Uy. For later comparison, let us write down the action of the derivations corresponding
to the above vector fields:

8]Z=iZ diw =0 01t=0

822:0 82w:iw 32[':0

95z = z|w|? dw = —wz|? 35t = 0 (21)
duz =zt daw = wt dat =t — 1.

3. The noncommutative 4-sphere
3.1. Basic properties of S

For 6 € [0, 1), we let Sg denote the unital x-algebra (over C) generated by Z, W and T, satisfying the relations [21,22]
WZ =qW W*Z=gw*
ZZ7F + WW* + T? =1 (3.1)
T"=T [T,Z]=[T,W]=[W,W"]=[Z,Z"] =0,
where g = e™%_ Furthermore, ZZ* € Z(S}) and WW* € Z(S;) where Z(S;) denotes the center of S;. It follows from (3.1) that
a linear basis for S; is given by the elements

Zj(Z*)le(W*)st



J. Arnlind, M. Wilson / Journal of Geometry and Physics 111 (2017) 126-141 129

forj, k,I,m € {0,1,2,...} and € € {0, 1} (where, e.g., higher powers of T are eliminated by using the relation T?> =
1 — ZZ* — WW¥). For convenience, let us introduce the multi-index notation I = (j, k, I, m, €) and

el = Ziz Wl wr)nTe

such that, in this notation, every element a € S can uniquely be written as
a= Z ael
I

with g; € C. It is useful to develop the multi-index notation a bit further. Namely, for I = (j, k, [, m, €) we write [ = (I, €)
with I = (j, k, I, m). Furthermore, we introduce

1,=(1,1,0,0,0)=(17,0) and 1w =(0,0,1,1,0) = (1w, 0),

and we write I+] for component-wise addition of multi-indices. Let us now state the result of multiplying two basis elements
in the following lemma:

Lemma 3.1. If11 = (_j], k], l], mq, 61)and L = (jz, ](2, lz, my, 62) then

el — q(h—ml)Oz—kz)ell:F’zAif a+e ASAl -
q(11*m1)02*k2)(e(l1+’2v0) — ellith+1z,0) _ e(l1+lz+1w-0)) if €1+ € = 2.

Proof. Using (3.1) one obtains
elel — Zj1 (Z*)Iq Wl](w*)m1T€1zj2(Z*)k2 le(w*)mz TE?
— gl2i—m1)zivtia (zeykiyl (WY (2 ke Wz (W E Y TE1 e
q 2RI W(WE)TH(ZT R W (W) T
= gih-mi)ghalmi=h)zivtiz (z+ ko yli (e ym (W ymaTerte
— q(’l*ml)UZ*kZ)Z]—1+jZ(Z*)k1+k2W’1+’2(W*)m1+m2'1‘€1+52'

Now, if €; + €, < 1 then the statement in the lemma is proved. If €; + €, = 2, then the statement follows after using that
T? = 1 — ZZ* — WW*, and the fact that both ZZ* and WW* are central. O

Let us now proceed to state a few properties of Sg that we shall need in the following.
Proposition 3.2. The elements ZZ*, WW* and 1 — T? are regular (i.e. none of them is a zero divisor).
Proof. Let us first prove that ZZ* is not a zero divisor. Thus, let a be an element of Sg, given as

a=Y ae

I
and compute (by using Lemma 3.1)
7% q — Z ae'zel = Z qO-0N-Kg, el +1z — Z etz
I I I

Clearly, setting ZZ*a = 0 gives a; = 0 for all I since {e'} is a basis for Sj}. Similarly, we consider

WW*a — Z alelwel — Z q(]—l)(_i—’<)el+1w — Z alel+lw

I I I

and conclude that WW*a = 0 gives a = 0. Finally, we compute

(1—=T%a=(Z]> + |W|*)a = Za,( e'z +ew)e = X:a,e’“Z + Za,e’“w

Zal 1We+ Z ap— 1W€+ Zal 12

j=0,l,m>1 k=0, j,l,m>1 1=0,j,k>1
I I
+ E a-1,€e + E ((11—12 +¢11—1W)€
m=0, j,k,I>1 ik Lm>1

Note that in the above expression, every basis element appears at most once. Therefore, setting (1 — T?)a = 0 immediately
gives gy me = 0 if at least one of j, k, I, mis zero. If j, k, [, m > 1 one gets

a1—0,0,1,1,0) = —01—(1,1,0,0,00 = A = —A1+(1,1,—1,—1)»
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which, by iteration, gives
a; = (—1)"a1(nn,—n,—ny for 0 < n < min(l, m).
Hence, since a; x;m. = O if at least one of j, k, I, m is zero, one concludes that
(=1 '@ 1kt1,0m-1e = 0ifl <m
(=1)"@jm km,1-m0.e = 0if [ > m

which, together with the previous observation, shows thata = 0. O

agj.k,lm,e) = {

We have already noted that ZZ*, WW™* and T are central elements. The next results show that if 8 is an irrational number,
then these elements generate the center of S;.

Proposition 3.3. If 0 is irrational then Z(Sg‘) is generated by ZZ*, WW™* and T. That is, every a € Z(Sg‘) can be uniquely written
as

a=Y " qu(ZZ Y (WW*)T*

Ji.k,e
where ay. € C,j, ke {0,1,2,...}ande € {0, 1}.

Proof. Let a be an arbitrary (nonzero) central element of Sg‘ and write
a= Z ae.
I
In particular, a has to commute with Z, and one computes
[a.Z] = Zal(ele(l,o,o,o,m eloooo)e) Za’ —m )el+(1:0.0.0.0)

I

Demanding that [a, Z] = 0 gives (g™ — 1)a; = 0. If a # 0, there exists an I such that a; # 0, which implies that g™ = 1.
Since 6 is assumed to be irrational it follows that [ = m. Similarly, if a commutes with W then

0=[aW]= Za’ (918(0,0,1,0.0) _ e(0.0,],0,0)eI) _ Zal(l — ¢ )l +0.0.1.00)
I I

giving j = k in analogy with the previous case. Thus, an element a € Z(S;‘) must be of the following form

a=Y e (zz") (ww*) T,

Ji.ke

and it is clear that any element of the above form is in Z(S;‘) since ZZ*, WW* and T are central. O
Remark 3.4. Note that Proposition 3.3 does not hold if § is rational. For instance, if ¢ = 1 then both Z¥ and W™ are central
elements.

Let us introduce

x‘:%(z+z*) Xzz%(Z—Z*)
x3=%(w+w*) x“:%(w-w*)

1ZP?=zz* WP =ww* X°=T
and note that |Z]? = (X")? 4+ (X?)? and |[W|? = (X3)? + (X*)?, as well as

(X' + (2P + 0P + (X + (P = 1ZP + WP +T? =1
Moreover, the normality of Z and W is equivalent to [X!,X?] = [X3,X% = 0. Next, let us show that there exist
noncommutative analogues of the four derivations appearing in (2.1).
Proposition 3.5. There exist hermitian derivations 31, 8, 93, da such that

hZ =iz W =0 HT=0

HZ=0 HW =iw »HT =0

2 =ZIW|P? W =—-W|Z|*> 3T =0

34Z = ZT d4W = WT 9T =T? — 1,
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and it follows that
[91, 021 = [31, 03] = [31, 041 = 0
[02, 03] = [02,04] =0
[93, 04] = —2T05.
Proof. If the derivations exist, the relations given above (together with the fact that they are hermitian derivations),

completely determine their actions via Leibniz’ rule. However, for these derivations to be well-defined, one has to check
that they respect the defining relations (3.1) of S;‘. For instance

H(WZ — qZW) = (0, W)Z + W(9:Z) — q(:1Z)W — gZ(:W)
= iWZ — igZW = i(WZ — qZW) = 0,
and
33(WZ — qZW) = (9;W)Z + W(33Z) — q(:Z)W — qZ(3;W)
—WI|Z]2Z + WZ|W]? — gZ|W|*W + qZW |Z|?
=(WZ — gZW)|W|* — (WZ — qZW)|Z|* =0

(using that |Z|> and |W|? are central). In this way, relations (3.1) can be checked for the derivations 31, 02, 03, 4. O

3.2. Areal metric calculus over S}

In this section, we shall introduce a differential calculus over S in close analogy with the classical parametrization in
Section 2.2. The calculus will be constructed in the framework of pseudo-Riemannian calculi, as developed in [13], and
briefly reviewed in Section 2.1.

To this end, we introduce four elements of the free (right) module (53)5 that correspond to the classical vector fields
e, ez, €3, e4 in Section 2.2. However, in order to properly define a connection, one needs to slightly rescale e; and e;. Thus,
we consider the following elements of (Sj)°:

Ey = (=X*(1 — T?),X'(1 — T%),0,0,0)
E; = (0,0, —X*(1 — T?),X*(1 — T?%), 0)
B3 = (X' |WP, X2 W%, =X°1Z %, —X*1Z%, 0)
Ey = (X'T, XT, X°T, X*T, T? — 1),
and let M be the submodule of (Sgl ) generated by {Eq, E,, E3, E4}. Note that there are no ordering ambiguities when defining

these elements, since |Z|2, [W|? and T are central. This module is the analogue of the local vector fields over the chart Uy,
and the corresponding local triviality is reflected in the following result.

Proposition 3.6. The module M = {Eia + E;b + Esc + E4d : a,b,c,d € S;‘} is a free (right) Sg—module of rank 4, and
(E1, Ez, E3, E4} is a basis for M.

Proof. By definition, {E;, E;, E3, E4} generates M. To prove that {Eq, E;, E3, E4} is a basis, we assume that

Eia+ E;b+ Esc +E4d =0 (3.2)
and show that this implies thata = b = ¢ = d = 0. Relation (3.2) is equivalent to the equations
—X*(1 = THa+ X" W)*c+X'Td =0
X'(1 —T%)a + X3 |W|*c +X?Td =0
—X41 = T?)b - X31ZPc +X*Td =0
X3 —THb - X*Z|*c+ X*Td =0
(1 —-T*d =0,
which immediately implies that d = 0 (since 1 — T? is not a zero divisor by Proposition 3.2), and the remaining equations
may be written as
XA -THa+ X" WPk =0 (3.3)
X'(1 —THa+X*W)*c=0 (3.4)
X1 -THb—X31Z)*c=0 (3.5)
X3(1 =T?)b —-Xx*Z)*c = 0. (3.6)
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The sum of (3.3), multiplied from the left with X', and (3.4), multiplied from the left by X? gives
(X" + (X*P)W)Pc = |ZPW]*c = 0,

(using that [X', X2] = 0) which implies that ¢ = 0 since neither |Z|? nor [W|? is a zero divisor (by Proposition 3.2). Hence,
one is left with the equations

X1 -T>)a=0 X'@1-T>a=0
X1 -T>»h=0 X@@-T*»h=0,
and since 1 — T? is not a zero divisor one obtains
X’a=0 X'a=0
Xh=0 X’b=0,
giving
(XY +X*P)a=1ZPPa=0
(P +(X*)b = W*b =0,

which implies that a = b = 0. Thus, we have shown that E;a + E;b + Esc + E4d = 0 necessarily givesa=b =c =d =0,
which proves that {E1, E;, E3, E4} is indeed a basis for M. O

In the module M, we introduce the restriction of the canonical metric on (53)5:

4
WU, V)= (U")haV"
a,b=1
for U = E,U% and V = E,V?, where
5

hap = ) (EL)*(E}),

i=1

giving
1Z|2(1 — T?Y 0 0 0
(hay) = 0 W1 — T?)? 0 0
¢ 0 0 1Z2 W (1 — T?) 0
0 0 0 1—T?

As we shall be interested in perturbations of the standard metric, we introduce
h® = 8h

where § € Sj is assumed to be a hermitian, central and regular element. Since h° is diagonal, and each diagonal element is
regular, it follows immediately that h® is non-degenerate on M; i.e.

h(U,V)=0foralVeM = U=0.

Thus, the pair (M, h®)is a metric module (cf. Definition 2.1). To construct a real metric calculus over (M, h®) (cf. Definition 2.2),
we need to associate derivations to Ei, E3, E3, E4. In analogy with the classical situation, we consider the following
derivations

h=0—-THd & =1-T»J,
83 = 53 84 = 54,

with 51, 3, 53, 54 given as in Proposition 3.5. (Note that 8; and 9, are derivations since 1 — T? is central.) These derivations
generate an infinite-dimensional Lie algebra.

Proposition 3.7. For n € Ny, the hermitian derivations
85") = Tn(]l — T2)51, 8§n) = Tn(]l — Tz)éz, ag") = Tné3, 04 = 54
span an infinite-dimensional Lie algebra, where
£ - ‘1 9 - 9 -
(n) (n+1) (n—1)
[8a, 8,1 = (n+2)3;"" —ng" Y,
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fori=1, 2,3 (with the convention that n3§"‘” = 0if n = 0). Moreover, it follows that

nlZ)>=0 W2 =0 W1 —-TH=0
%lZIP=0 %IW|? =0 H(1—-TH=0
BIZPP =21ZP WP s|W| = =2]ZP|W|* 95(1 —T?*) =0
34121 = 21Z)*T W|? = 2|W T 94(1 — T?) = 2T(1 — T?),

where 0; = 8fo)for i=1,2,3.

Proof. The proof consists of straight-forward computations using the definition of 31, 95, 5, d4 in Proposition 3.5. O
We let g denote the (real) Lie algebra spanned by 35“), 85"), 8;"), 04,and let ¢ : g — M be the R-linear map defined by
(™) = ET" fori=1,2,3,
©(04) = Eas.
The pair (g, ¢) is denoted by g,,.

Proposition 3.8. The triple (M, h°, g,,) is a real metric calculus over S.

Proof. As already noted, the metric h?® is non-degenerate on M and, by definition, {E;, E», E3, E4} generates M, which implies
that the image of ¢ generates M. Finally, since every component of h® is hermitian, it follows that h*(E, E’) is hermitian for
all E, E’ in the image of . This shows that the triple (M, h?, g, ) satisfies all the requirements of a real metric calculus. O

Given a real metric calculus (M, k%, g, ), there exists at most one metric and torsion-free connection on the module M
(cf. Theorem 2.5). In Section 3.4 we proceed to show that such a connection exists, but let us first discuss certain aspects of
localization on S;.

3.3. The local algebra S .

For the classical 4-sphere, the vector fields corresponding to E1, E,, E3, E4 are linearly independent in the chart given in
Section 2.2. Thus, as already mentioned, the module M does not correspond to the module of vector fields of $, but rather
to a local trivialization in the chart Up. In this chart, the functions |w|?, |z|? and 1 — t2 are invertible, and in analogy with this
situation we shall introduce a localization of the algebra S;‘ in order to be able to perform computations in a “noncommutative
chart”. Moreover, let us also consider the inverse of 1 + T2 (which is globally invertible in the classical setting) as it is an
algebraic prototype of the kind of perturbations of the metric that we will consider. To this end, we let S be the multiplicative
subset of S generated by 1, |Z|%, |[W|?, 1 — T? and 1 + T?. Since every element of S is central, S trivially fulfills the left (and
right) Ore condition [23]. Hence, the localization of S at S exists, and we denote it by S | .. In other words, S | is constructed
from S; by adding the formal inverses of |Z|%, |W|?, 1 — T? and 1 + T2. Clearly, (M, h’, g,,), as constructed above, is also a
real metric calculus over S; ... In what follows, we shall discuss the two algebras in parallel.

Let us take a closer look at the structure of the noncommutative localization we have introduced. The algebra S} has been
localized to include elements, which are classically not globally defined, and the corresponding free module M has been
defined, which we claim to be the local trivialization of the module of vector fields. Now, is there a global module of vector
fields, for which M is a localization? For the noncommutative 4-sphere, a particular projective module presents itself as a
natural candidate. Let {e,~}f:1 denote the standard basis of the free (right) Sg—module (53)5. The endomorphism algebra of
(S5)° is Ms(S3), which implies that an endomorphism can be given in terms of matrix elements with respect to the standard
basis. By defining P to be the endomorphism given by the matrix entries PY = §Y1 — X'X/, one may easily check that P is a
projection; i.e.

5 5
(P = " PP =Y (s — xIx*)(891 — x*X)
k=1 k=1
5
=001 — XX — XX + ) " X(x*)X = 871 — XX = PV
k=1

due to the fact that

(X1)2 + (XZ)Z + (X3)2 + (X4)2 + (XS)Z = 1.
Let us denote the image of P by TS}, which is, by definition, a finitely generated projective module. In classical geometry,
P is the projector that defines the module of vector fields on S*. Let us now show that, over the local algebra Sj |, this

module is isomorphic to the module of the real metric calculus we have previously constructed. As defined above, let S be
the multiplicative set generated by 1, |Z|?, [W|?, 1 — T2, 1 + T2
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Proposition 3.9. The localizations, with respect to the multiplicative set S, of TSQ and M are isomorphic as right Sg loc-odules.

Proof. First of all, it is easy to check that Eq, E,, E3, E4 € TS7; for instance,
szl =X'"(=Xx>)+ X' =0,

since [X!, X2] = 0, which implies that P(E;) = E; and E; € TS;. Thus, it follows that M C TS;. Next, we will show that
TSQ‘ C M, by explicitly writing P(e;) (fori = 1, 2, 3, 4, 5) as linear combinations of E, E;, Es3, E4. Since {P(e,) ~_, generates
ng, this shows that every element of TS(;1 can be written in terms of Eq, E,, E3, E4. We claim that

Pler) = —EiX*|Z|7(1 = T*) " + EsX'|Z| 72 (1 = T?) ' + EX'T(1 — T?)7"
Pley) = EX'Z| 721 = T2) ' + EsX?|Z|72(1 — T?) ' + EX?T(1 — T2)!
Ples) = —EXHW|72(1 — TH ™ — EsX3 W 72(1 — T2 + EX3T(1 — TH)™!
Pley) = E2X3|W|_ (1 —TH ' — EXYW|72 (1 — T3 + EX*T(1 — TH)™!
P(es) =

Let us show that P(e;) can be written as the linear combination given above. The proof of the other four identities is
analogous. First, one checks that

Pler) = (1 — (X', =Xx*X", =x°X", —x*X', —x°X").
Next, write

U=—EX*Z|72(1 =T "+ EXYZ|72(1 = T2 + EX'T(1 — T?)!
=(U", U* U, U, V%),
and compute the components one by one

U' = (XPPI1Z17% + (XTDWPZI 20 = T2 4+ (TPT (- 1)

=(X*P1ZI P+ X WPZI (- T
X -T) =T + (X -T2
= —(CP 4121720 = T (P = T + (X2 + W)
(using |Z|* + |W|> + T? = 1)

= —(X'P 4121720 = T (0P - T + (X1 - )
=—X"P+1ZI (XY +X°P) =1 - (X'),

UZ — _Xle|Z|—2 +X2X1|W|2|Z|_2(1 _ TZ)—] +X2X1T2(IL _ T2)—1

(using [X!, X%] = 0)

=—X*X"Z|72(1 = TH) 7' (1 = T* — W) + X2X'T*(1 — T?)"!
— _X2X1|Z|—2(n _ T2)—l|z|2 +X2X1T2(Il _ TZ)—]
— _szl( _ TZ)—]( _ TZ) _ _szl,

U = —xX3X'1 - ) 1+ X3X'T*(1 — 147!
=-X3X'1-T*)"Y(1 - T?) = =x3X1,

Ut = =X*%X'1 = T2) T+ XT3 (1 = T !
=—XX'1 -T2 - T?) = —Xx*X",

US =(T? —1)X'T(1 —T>) ' = —X'T = —X'X°.

Thus, we have shown that
Pler) = —E:X*|Z)2(1 = T?) ' + EsX'1Z|72(0 = T?) 7 + EaX'T(1 — T2)

which, together with the other four analogous computations, shows that TS, is contained in M. Combined with the fact that
M C TSg one can conclude that TSj = M as right Sj} |\ .-modules. O
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3.4. Pseudo-Riemannian calculus

To construct a connection V on M, such that (M, k%, gy, V) is a pseudo-Riemannian calculus, we consider the following
class of perturbations. Let us assume that
040 = 248,
where o, € Sj . is hermitian, for a = 1,2, 3, 4. The connection will be constructed over S
perturbations in certain directions give connections over Sg.

4

9 1o DUt We shall see that

4
0,loc

Proposition 3.10. Let § € S be a hermitian, regular and central element, such that 0,6 = 2w,4, for a = 1, 2, 3, 4, where

g € Sﬁ,m and a} = ag. Then there exists a unique connection V, such that (M, he, 9y, V) is a pseudo-Riemannian calculus over
Sg 1o and V is given by
ViEr = Ein — B2 |ZP|W| ™2 — E3(a3|W| 2 + 1)(1 — T?) — Ea(eta + T)|Z(1 = T?)
ViE; = VoEy = Eqap + By
ViE3 = V3E1 = Eq(as + [W|?) + Esoy
ViEs = E1(aq + T) + Eso4
V4E1 = Eq(ag + 3T) + Egar4
V2E; = —Erai|W[*IZ|7? + Eaorz — Es(a312| 72 — 1)(1 — T?) — Eafta + T)W|*(1 — T?)
V2E3 = V3E; = Ey(as — |ZI*) + Esara
VioE4 = Ex(otg + T) + Egorp
V4E; = Ex(aq + 3T) + Egy
ViEs = —Eyan|W A1 = T?)7! — B |Z)2(1 — T?) ' + Es(as + [W|? — |Z*) — Ea(aa + T)|Z)* W]
V3E4 = Es(aq + T) + Eqas
V4E3 = Es(aq + 3T) + Eqo3
ViEs = —E10n|Z|7%(1 = T?)™" = By W|™2(1 = T*)7! — E33|Z| 72 |W| ™2 + Ea(cta +T),
and

VymEa = (ViEa)T"
fori=1,2,3,a=1,2,3,4 where V, = Vj,,.

Proof. Let us recall (cf. [13]) that Kozul’s formula

2h(Vy, Ez, E3) = d1h(Ey, E3) + dah(E3, Eq) — d3h(Eq, Ez)
—h(Eq, ¢([d2, d31)) + h(E2, ¢([ds, d1])) + h(Es, ¢([d1. d2])).
where E, E;, Es € M, and dy, dy, d3 € g, gives a straight-forward way of finding a connection on M such that (M, h?, gg, V)
is a pseudo-Riemannian calculus. Namely, if one finds Uy, € M such that
2h (Uab» Ec) = 8ah(Eba Ec) + 8bh(Eaa Ec) - ach(Eav Eb)
—h(Ea, ¢([8b, 1) + h(Ep, ¢([3c, 8a1)) + h(Ec, ¢([8a, 31))
for all a, b, c € {1, 2, 3, 4} then (since the module M is free) one may set V,E, = Ug, and it follows that (M, h%, 9y, V)

is a pseudo-Riemannian calculus (see Corollary 3.8 in [13]). It is straight-forward to check that the expressions given in
Proposition 3.10 fulfill (3.8). For instance, to check Kozul’s formula for V{E; one sets

(3.7)

(3.8)

Ko = ROy B) = (B, B0+ 5 By, E9) -+ B By, (91, 20])
which gives
Ki = h’(V1Eq, E1) — a18|Z)*(1 — T?)?
= a1h’(E1, E1) — a181Z)2(1 — T?)?
= a18|Z(1 — T°) — ay8|Z(1 — T*)* = 0,
Ky = h°(ViE1, Ep) + a28|Z)2(1 — T?)?
= —w|ZP|W|2h*(Ey, E2) 4+ a28|Z[*(1 — T?)?
= —|Z W2 |WA(1 — T?Y + a28|Z|*(1 — T?Y* = 0,
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1
K3 = h*(ViE, E3) + 5a‘3(5|2|2(11 —T?Y)

= —(1 + o3|W|2)(1 — T?)h*(E3, E3) + (3812 + 81Z|W[*)(1 — T?)?
= —(1+a3|W[BIZP WL = T?) + (a38|Z[* 4 81Z*|W[*)(1 — T?) =0,
1
K = h*(ViE1, Eq) + S0 (8121 — T*)) — h°(Ey, E1)2T
= —(a4 + T)SI1ZI*(1 — T?)* + (ot + 3T)S|Z|*(1 — T?Y — 281Z*T(1 — T*)’
=0.

This shows that V{E; satisfies Kozul's formula (3.8). The other connection components can be checked in an analogous way.
Let us now consider the claim that

VymEa = (ViEa)T".

This fact is easily derived from Kozul’s formula. Namely, one notes that
¢([8a. 8™1) = ¢(19a. &1)T" + Ei(8,T")

and computes using Kozul’s formula:

2h° (VywEp, Ec) = (ih°(Ep, E))T" + 0y (h°(Ec, ET™)) — oc (R*(E:T", Ep))

— 1 (Ei, @[3y, 3))T" + 1 (Ev, @([0c, 3;"1) + h° (Ec. 0([3]", 3p1)
= (e + Ophls — Bch,)T" + (B, T") — hiy(3cT") — h* (Ei, ([3p, 1)) T"
+ 1 (Ep, @([0c, 0i1))T" + hp,(3cT") + h° (Ec, @([0;, 31))T" — (3, T")
= 2h° (VyEp, Ec)T" = 20° ((Vy,Ep)T™, Ec),
using that hﬁb = hga and the fact that T is hermitian and central. Since the metric is non-degenerate, it follows that

Va;n)Eb = (VaiEb)Tn. O
1

Note that if &y = oy = a3 = 0, the connection in Proposition 3.10 only involves elements of Sg,‘ and is therefore a valid
connection for (M, h?, g,, V) over S. In particular, this is true for the unperturbed metric; i.e. for § = 1.

In Section 3.3 we constructed the projective module TS; and showed that it is isomorphic to M (as a right S -module)
in Proposition 3.9. As is well known, a projective module defined by a projector P, admits a connection of the form

VyU = P(e;d(U"))
which is compatible with the canonical metric on the free module. Thus, having argued that one may regard the module M as

a localization of the (global) module ng, itis natural to ask if the connection on ng, defined in the above manner, coincides
with the connection found in Proposition 3.10 for the unperturbed metric.

Proposition 3.11. Let U = e;U" be an element of TS, and set
VaU = P(eida(U")),
fora=1,2,3,4 Then V4E, = VoEy fora,b=1,2,3,4and § = 1.
Proof. Let us prove the statement by computing V.Epfora,b=1,2,3,4(ie. 16 components in total) and compare it with

Proposition 3.10 for § = 1. Since the calculations are straight-forward we shall only present one of them here to illustrate
how they are performed. Thus,

ViEr = P(8:(—X(1 — T?),X'(1 — T?), 0,0, 0))
=P((—=X", —X*,0,0,0))(1 — T*)?
=(—X',—=X2,0,0,0)(1 — T?)* — eX'(—(X")* = (X**)(1 — T?)?
=(=X',=X2,0,0,0)(1 — T3> + (X", X2, X3, X%, T)|1Z%(1 — T?)?
= (X'(1ZP? — 1), X*(1Z)> — 1), X*1Z)”, X*1Z*, T1Z*) (1 — T?)*.
Now, for comparison, we find V;E; from Proposition 3.10 when § = 1:
ViE; = —E5(1 — T?) — E,T|Z)?(1 — T?)
= —(X"|WP, X2W|?, =X|Z|*, —X*|Z|*, 0)(1 — T?)
— (X', X°T, X3T, X*T, T? — 1)T|1Z|2(1 — T?),
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and, by using |W|? + T?|Z)? =1 — |Z|> — T> + T?|Z|> = (1 — T?)(1 — |Z|?), one obtains
ViEr = —(X'(1 — |Z17), X*(1 — 1Z1%), =XP|1Z %, =X*|ZI?, —TIZ)?)(1 — T?Y?

which equals V;E;. The remaining computations are done in an analogous way. O
4. The Chern-Gauss-Bonnet theorem
4.1. The trace

Just as for the noncommutative torus, one may introduce a linear functional on S corresponding to integration on the
classical manifold. Namely, for a given basis element e/ with I = (j, k, I, m, €) (in the notation of Section 3.1) one defines a
linear map ¢ : S5 — C>°(S%) via

(') = 7M1 (cos ¢ cos 1 ) el (sin g cos yr) " (sin )¢

2r 2
/ d&lf dfz/ d\/// do $(e') sin ¢ cos pcos’yr,
—/2

which are extended to 59 as linear maps (cp. [24] for a similar approach in the unperturbed case). The volume element of
the round metric gy on $% is given by sin ¢ cos pcos>y d&;d&,dyrde and for the perturbed metric 8g, one obtains

dV = 82 sin ¢ cos pcos>yr d&1de,dyrdg.

and

In order to reflect the fact that one would like to integrate with respect to the perturbed metric, we introduce
75(a) = (8as).

Let us note a few properties of the linear functional t;. We start with the following lemma:
Lemma 4.1. Assume that 6 ¢ Qand § € Z(S;). If e' ¢ Z(Sg) then ts(e') = 0.

Proof. Let us start by considering zs(e') when I = (j, k, I, m, 0). Assuming that § € Z(S;‘) and 6 ¢ Q, one may write
8= a2 1(IW|?)2Te
i]izé
by Proposition 3.3, and
z(e') = Y aiiet (€M O(1Z2 )1 (W 2)2T)
i1i2€

j+i1,k+iq, 14y, m+iy €
_ E ailizef(eu 1.k+iq, i 2 ))'

i]ize

/27[ dg, /271 dszeiklgleikzgz _ {47(2 if kq = k, =0,
0 0

0 otherwise,

Since

we conclude that 75(el*1™0) = 0if j # k or | # m, which is equivalent to eU"*!™0 ¢ 7(s4). Similarly, for I = (j, k, [, m, 1),
terms proportional to aj,;,1 are of the form

i ].L.(e(i+i1,k+i1.l+i2.m+1‘2,0) _ Uit Lkt LIt m+i2,0) _ e(j+i1,k+i1.l+i2+1,m+i2+1,0))
112

which, by using the same argument as above, implies that t5(elt™ D) = 0ifj £ korl #m. O

Proposition4.2. If § € Z(Sg‘) and 6 ¢ Q, then 7 satisfies

(1) 75([a, b]) =0,
(2) 75(a*) = ws(a),
foralla,b € S;.

Proof. To prove (1), we show that ts([e", e2]) = 0. By using Lemma 3.1 one obtains

7 (leh, e2]) = <q(11—m1)02—k2) _ q(lz—mz)u‘l—kl)) 73 (e *h)
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ifé] +e <1, and

r(;([ell , e’z]) _ (q(ll—ml)(iz—kz) _ q(lz—mz)(il—kl)) x (e(i1+72,0) _ e(il+iz+iz,0) _ e(i1+7z+iwv0)) (4.1)
if €; + €, = 2. From Lemma 4.1 it follows that if j; 4 jo # ki + ky or I[; + I, # m; + m; then t5([e'1, e"2]) = 0. On the other
hand, ifj; +j» = ky + k; and l; + I, = mq + m; then

(h —mq)(2 — k2) = (b — ma)(j1 — k1)

which gives t;5([e"1, e2]) = 0 from (4.1).
For (2), we again consider a = Z,a,e’ and find

() =Y an(E)) =) ¢ ).
1 1

Since t5(e!) = 0ifj # k or I # m (by Lemma 4.1), the above sum equals

(@) =Y _am(e) = 7(a)
1

using that ts(e') e Rwhenj=kandl=m. O

For the forthcoming discussion of the Chern-Gauss-Bonnet theorem, we extend 75 to the commutative subalgebra
Zioe € Sj 1oc given by

Zioe = C(1,1Z1,1Z] 72, WP (W[, T, (1 = T*) 7, (1 + T2)7Y),
by defining a homomorphism (of commutative x-algebras) ¢ : Zjoc — C*°(Up) as

$o(1Z|*) = cos’(p)cos’(¥)  do(IW[*) = sin*(¢)cos*(¥)

¢o(1) =1 ¢o(T) = sin(yr)
as well as
(1—-1>)") = 1 _ !

w1 =T = o) = w1 =1

PRI 1 _ 1
Po((1+T57) = 1+4sin®(y)  ¢o(l +T2)
() [ ———
0 cos2(p)cos2(V)  ¢o(|Z]?)

1 1

do(IW|7?)

sin’(p)eos’()  go(IW[P)
For ¢ to be well-defined, one needs to check that the above definition is compatible with the relations in Zj.. The only
nontrivial relation to check is

$o(1Z” + [W|* + T? — 1) = cos*(p)cos* () + sin*(p)cos?(y) + sin*(yr) — 1
= cos(y) + sin®(y) — 1 =0,

which shows that ¢, is indeed well-defined. Note that ¢, coincides with ¢ on Z (Sg). Finally, for é € Z,., we define

27 2 /2 /2
i) = [ de [ e [ aw [ do @62y cos’u sing cose.
0 0 —/2 0
for a € Zio., whenever the above integral is convergent. (For instance, the integral does not exists when a = (1 — T?)72.)
4.2. The Chern-Gauss-Bonnet theorem

For a closed surface X, the Gauss-Bonnet theorem states that the integral of the Gaussian curvature over X' is proportional
to the Euler characteristic of X'. This provides an important link between topology and Riemannian geometry. In particular,
since the Euler characteristic is independent of any metric tensor, the integral gives the same value if we perturb the metric.
This theorem has been generalized to closed even dimensional Riemannian manifolds, where the scalar curvature is replaced
by the Pfaffian of the curvature form. In case of a closed four dimensional manifold M, the Chern-Gauss-Bonnet theorem
states that

x(M)

1
T 3272

f (R™Rapeg — 4RicapRic™ + S?)dp (4.2)
M
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where Rgpcq is the Riemann curvature tensor, Ricgy, is the Ricci curvature, S denotes the scalar curvature and y (M) is the Euler
characteristic of M. (Recall that x(S*) = 2.) In this section, we will show that there exists an analogue of the Chern-Gauss—
Bonnet theorem for the pseudo-Riemannian calculus of Sg we have developed. Our approach is based on the fact that all
coefficients of the curvature tensor lie in the commutative subalgebra Zj,., which allows us to compute directly the Pfaffian
of the curvature form.

Let us consider a metric perturbation § € Zj,. that is a polynomial in T, and such that § is invertible in Zjy. It follows that
o1 = ap = a3 = 0 (in the notation of Section 3.4), since 91T = d,T = 93T = 0. Moreover,

948 = 8'(T)(84T)s 186 = —8'(T)(1L — T?)87'8

where §'(T) denotes the (formal) derivative of the polynomial §(T) with respect to T, which implies that
o=y = —%(]1 —T?)8's7 1.

An example of such a perturbation is given by § = (1 + T?)¥ which gives
o =—NT(1 —TH(1 +TH "

Moreover, by o’ we shall denote the (formal) derivative of «(T) with respect to T. For easy reference, let us recall the formulas
from Proposition 3.10 in the situation where o; = @y = a3 = 0:

ViEr = —E3(1 — T?) — Eo(a + T)|Z[*(1 — T?)
VyE; = E3(1 — T?) — Eq(er + T)W|*(1 — T?)
V3E3 = Es(IW[? — |Z|*) — Ea(a + T)IZ)2|W|?

V4E4 = Eg(a +T)
ViE; = VoE; =0 ViE; = V3E; = E1|W)?

ViEs = Ei(x +T) V4E1 = E1(a + 3T)
VyE3 = —E |z V3E; = —E|Z|?

VoEs = Ey(a +T)  V4Ey = Ex(a + 3T)
V3E4 = Es(a +T)  V4E3 = E3(a + 37).

It is now straight-forward to compute the curvature:

R(d1, 3)E1 = —E> (1 — (a + T)?)|Z|X(1 — T?)
R(D1. 05)E; = Eq(1 — (@ + T)?) W[ (1L — T?)
R(81,3:)E3=0 R(81,3,)Es =0

R(31, 83)E1 = —E3(1 — (@ + T)*)|Z*(1 — T?)
R(31, 83)Es = Eq (1 — (@ + T?)IZP|W?

R(01, 03)E, =0 R(01,03)E4 =0

R(31, 34)E1 = —E4(1 + ')|Z)*(1 — T?)?
R(D1, 04)Es = Eq(1 4 o/)(1 — T?)

R(01, 04)E; =0 R(d1, 04)E3 =0

R(d2, 03)E; = —E3(1 — (a + T)*)[W[*(1 — T?)
R(d2. 83)Es = Ex(1 — (a + T)?)|1Z*|W?

R(35, 83)E; = 0 R(8,, 83)E4 = 0

R(D2. 04)E; = —E4(1 + &)W [*(1 — T?)?
R(D2, 04)E4 = Ex(1 4 o')(1 — T?)

R(0,, 94)E; =0 R(3,, 04)E3 =0

R(d3, 04)E3 = —E4(1 + o )ZP WX (1 — T?)
R(93, 34)Es = E3(1 + ')(1 — T?)

R(03, 04)E1 =0 R(03,04)E; =0
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and the only non-zero curvature components Rgppq = h®(E,, R( dp, dq)Ep) turn out to be
Ripip = 8(1 — (a + TP)1ZP W [*(1 — T?)?
Rizis = 8(1 — (@ + TP)IZI*|WI*(1 — T?)?
Riga = 8(1 4 o)|Z|*(1 — T?)?
Royps = 8(1 — (a + TY)|ZPW[*(1 — T?)?
Roapa = 8(1 + o )\W|*(1 — T?)?
Ragza = 8(1 + )| Z2 W31 — T?)%.
In the local algebra Z;,, the metric h? is invertible since § is invertible. Moreover, every component of the metric, as well as
of the curvature, is central, which implies that there exists a naive analogue of the integrand in (4.2). Setting
R = ()P (R (1°)7 () Rygrs
Ricay = (h°PIRapbq
Ric®™ = (h®)(h®)"Ric,,
S = (h*)™Ricg
one finds that

R™Rapeq — 4RicapRic™ + S* = 24(1 — (a + T)*)(L + o/)(1 — T?) 1572, (4.3)

Theorem 4.3. Let §(T) be an invertible polynomial in Zj,. and define « via the relation 048 = 26. If
r = x = 07
)y = do(@)],__4
then

1
x(S5) = T53 Toc (R™“Rapcq — 4RicqpRic® + S?) = 2.
Proof. Since § is a polynomial in T and 3,T = T? — 1, one can express « in terms of T and, by a slight abuse of notation, we
let (t) be such that ¢o(«r) = «(sin ¢). In this notation, the assumption on ¢p(c«) may be stated as (1) = a(—1) = 0.
From the definition of 5 jo it follows that

1
X = 30722 —— Ts.loc (R Rabcd - 4R1CaleCab + 52)
2 2 7
211/// da/ déz/ sin ¢ cos ¢dg,
0 0 0
where
24 (% . N e
I, = 27 | . (1= (a(siny) + siny)*)(1 + o/(siny)) cos ydvy.
-2

Substituting t = sin i gives
L — 24
VT 32n2

which can easily be integrated to

1
[ -0+ oA +aton
—1

I 24 [ (6)+ ¢ 1( (t)—i—t)s]l 24 (1 14_1 1) 1
= o — -\ = - - — =)= —,
ETEZ 3 -1 3272 3 3 72
since «(1) = a(—1) = 0. Finally, one obtains
2w 2
X —Iw/ d~§'1/ d%zf sin g cos pdg
2 21 ] 1
= 7 dél/ déz/ singcospdp = — -4n? . = =2,
T 2

which proves the statement. [

Remark 4.4. The condition that ¢p(r) = 0 at v = +m /2, in Theorem 4.3, can be understood as a reminiscence of the fact
that 6 has to be the restriction (to Up) of a non-zero function f € C>(S#). Namely, if § approaches zero at i/ = 4 /2 then
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f has to be zero at these boundary points. The purpose of the condition in Theorem 4.3 is to avoid this situation. Let us be a
little more precise in the case when §(t) (with t = sin i) is a polynomial. One finds that

_ O48(siny) _ dyd(siny) _1 5, 8(siny) _ _1 2 w
= ssiny) — Y 2ising) — 2% Vising) 20 T o

Clearly, if §(+1) # 0 then a(+1) = 0. Conversely, assume that §(1) = 0. Then, one may write §(t) = (1 — t)"p(t) with
p(1) # 0(and n > 0); it follows that

pi) 1

=——(1—-t)"—=+ —n(1+t

o 2( )p(t) + 2n( +t)

which implies «(1) = n > 0. The case when §(—1) = 0 is treated analogously.

In this paper, we have preferred to stay in the purely algebraic regime, and have thus not considered any smooth
completion of Sg, in order to stress the point that our results do not depend on the analytic structure. However, we expect
that Theorem 4.3 holds true even for more general perturbations in a potentially larger algebra. For instance, if § = e*T
exists for all A € R, one obtains o = %(T2 — 1) which clearly fulfills the conditions of Theorem 4.3. Moreover, one may
consider perturbations given, not only as functions of T, but as more general elements of Zj,.. Although our approach to the
Chern-Gauss-Bonnet theorem may be too naive to have any impact on the general problem, we hope that our investigations
will contribute to the growing understanding of Riemannian curvature in noncommutative geometry.
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