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0. Introduction

The study of constant negative Gauss curvature surfaces (pseudospherical surfaces, PS surfaces in this paper) in Euclidean
three space E* was important in classical differential geometry, see for example [ 1]. On the one hand the method of integrable
systems in theory of differential equations, which started from 1960s, gave a new aspect for the study of PS surfaces: The
structure equation for PS surfaces is a famous integrable system sine-Gordon equation, that is, u,, — sinu = 0 under the
asymptotic Chebyshev coordinates (x, y) € R? for PS surfaces.

Moreover, PS surfaces can be characterized as the existence of a moving frame with an additional parameter > € R*,
the so-called spectral parameter, and the compatibility condition of the moving frame becomes the sine-Gordon equation,
that is, PS surfaces can be characterized by the existence of a family of flat connections on a trivial bundle R? x SU,. Such
moving frame is called the extended frame, and it is known that derivative of the extended frame with respect to the spectral
parameter reproduces the original PS surface. It is fundamental to see that the extended frame takes values in the loop group
of SU; and thus the loop group method can be applied for PS surfaces.

In [2-4], it was shown that loop group decompositions (Birkhoff decompositions, see Theorem 1.2) of the extended frame
F of a PS surface induced a pair of 1-forms (&, &), thatis, F = F,F_ = G_G, with&, = F;'dF, and&_ = G_'dG_. Then it
was proved that &, and £_ depended only on x and y, respectively. Conversely it was shown that solving the pair of ordinary
differential equations dF, = F. &, and dG, = G,&_ and using the loop group decomposition, the extended frame could be
recovered. This construction is called the nonlinear d’Alembert formula for PS surfaces.

A discrete analogue of smooth PS surfaces was defined in [5]: First of all discrete surfaces are maps from quadrilateral
lattice (n, m) € Z? into E>. Then discrete PS surfaces are defined in terms of some geometric properties which are analogous
to the case of smooth PS surfaces. It is essential to see that the discrete PS surfaces have a discrete extended frame which is

E-mail address: shimpei@math.sci.hokudai.ac.jp.

http://dx.doi.org/10.1016/j.geomphys.2017.05.001
0393-0440/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.geomphys.2017.05.001
http://www.elsevier.com/locate/geomphys
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2017.05.001&domain=pdf
mailto:shimpei@math.sci.hokudai.ac.jp
http://dx.doi.org/10.1016/j.geomphys.2017.05.001

S. Kobayashi / Journal of Geometry and Physics 119 (2017) 208-223 209

an exact analogue of the smooth extended frame of a PS surface. Therefore it is natural to expect that the loop group method
can be applied. In fact in [6], the discrete PS surfaces were obtained by a loop group action, and in [7], several examples were
discussed with taking into account a loop group structure.

In this paper, we show that there exists a discrete version of nonlinear d’Alembert formula for discrete PS surfaces:
Decomposing the discrete extended frame F by loop group decompositions (Birkhoff decompositions), thatis F = F, F_ and
F = G_G,, the discrete extended frame F induces a pair of discrete potentials (&, §_)with&, = F;](n, m)Fy(n+1, m)and
£_ = G_'(n, m)G_(n, m+1). It will be shown that £, and £_ depend only onn € Z and m € Z, respectively, see Theorem 2.1.
Conversely using the loop group decomposition and a pair of ordinary difference equations F.(n + 1) = F,.(n)é,.(n) and
G_(m+1) = G_(m)&_(m), one has the discrete extended frame F of the original discrete PS surface, see Theorem 2.2. Finally
derivative of the discrete extended Frame reproduces the original discrete PS surface. We call this construction a nonlinear
d’Alembert formula for discrete PS surfaces. Moreover using the nonlinear d’Alembert formula, we consider two examples
of discrete PS surfaces in detail. It is interesting that difference equations obtained by these examples (see Eqs. (3.2) and
(3.10)) are the same difference equations obtained by previous works [7,8].

This paper is organized as follows: In Section 1, basic results about smooth/discrete PS surfaces will be recalled. In
particular we will recall the nonlinear d’Alembert formula for smooth PS surfaces in Theorem 1.3. In Section 2, we will
give a nonlinear d’Alembert formula for discrete PS surfaces using loop group decompositions. Theorems 2.1 and 2.2 are the
main results of this paper. In Section 3, two examples of discrete PS surfaces are discussed in detail. In Appendix, we will
discuss a relation between a smooth/discrete flow of constant torsion space curves and a smooth/discrete PS surface in E3.

1. Preliminaries

In this section, we recall basic notation and results about smooth and discrete PS surfaces in E* [5,9] and the nonlinear
d’Alembert formula for smooth PS surfaces [2,3,10]. Throughout this paper, we use the Pauli matrices o; j = 1,2, 3) as
follows:

0 1 0 —i 1 0
o1 = 1 0,0’2= i 0 and03= 0o —-1)-

1.1. Pseudospherical surfaces

We first identify E* with the Lie algebra of the special unitary group SU;, which will be denoted by su;:
i i i
x,y,z) € E® «— X1 = 5¥o + 5203 € suz.

Let f be a PS surface with Gaussian curvature K = —1inE3. Itis known that there exist the asymptotic Chebyshev coordinates
(x,y) € R? for f, that is, they are asymptotic coordinates normalized by |fy| = Ify] = 1. Here the subscripts x and y denote
the x- and y-derivatives dy and dy, respectively. Let {eq, e, e3} be the Darboux frame rotating on the tangent plane clockwise
angle u, where u is the angle between two asymptotic lines. Then there exists a F taking values in SU, such that

i o~ i~ i o~
e :—EF()'lF 1 ezz—EFazF ! and e3:—§Fo3F 1 (1.1)

see for example [10]. Without loss of generality, at some base point (x,, y,) € R?, we have F(x,, ¥x) = Id. Then there exists
a family of frames F parametrized by A € R, := {r € R | r > 0} satisfying the following system of partial differential
equations:

Fr=FU and F, =FV, (1.2)
where

L TR i 0 A le
U‘E( A ux>’ V==3 (k‘le‘i” o ) (1.3)

The parameter A € R will be called the spectral parameter. We choose F such that

Fl,_, =F and F|, Id.

X Yx)

The compatibility condition of the system in (1.2), that is U, — Vx + [V, U] = 0, becomes a version of the sine-Gordon
equation:

Uy — sinu = 0. (1.4)

It turns out that the sine-Gordon equation is the Gauss-Codazzi equations for PS surfaces. Thus from the fundamental
theorem of surface theory there exists a family of PS surfaces parametrized by the spectral parameter . € R, see [10]
for a clear explanation of it.
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Then it is easy to see that F defined in (1.2) together with the condition F|,_,. , = Id is an element in the twisted SU,-loop
group:

t—1

ASU, = {g :R*US! = SL,C | g is smooth, g(1) = g() and og(}) =g(—k)} , (1.5)

where 0 X = Ad(03)X = 03Xo; !, (X € SL,C) s an involution on SL,C. In order to make the above group a Banach Lie group,
we restrict the occurring matrix coefficients to the Wiener algebra A = {f(A) = >, ,fid" : st > C | Y nezlfnl < 0o}
Then the Wiener algebra is a Banach algebra relative to the norm ||f|| = ) |f,| and the loop group ASU, is a Banach Lie
group, [11].

Then the family of frames F will be called the extended frame for f. We note that in fact the extended frame F of a smooth
PS surface is an element in the subgroup of ASU,, consisting of loops which extend to C* := C \ {0} as analytic functions
of A.

From the extended frame F, a family of PS surfaces f*, (1 € R..)is given by the so-called Sym formula, [12]:

F
fr=x 8—F4 ) (1.6)
ar AeR4

Remark 1.1.

(1) The immersion f*|,_, is the original PS surface f up to rigid motion. The one-parameter family {f*}m‘br will be called
the associated family of f.

(2) Itis known that a surface of negative Gauss curvature is a PS surface if and only if the unit normal of the surface (Gauss
map) is Lorentz harmonic. Note that the Lorentz structure is induced by the second fundamental form of a surface.

1.2. Nonlinear d’Alembert formula

In this subsection, we recall the nonlinear d’Alembert formula for smooth PS surfaces in [2,3,10]. Let DT and D~ be the
interior of the unit disk in the complex plane and the union of the exterior of the unit disk in the complex plane and infinity,
respectively. We first define two subgroups of ASU,:

A*SU; = {g € ASU, | g can be analytically extend to D™}, (1.7)

A™SU; = {g € ASU, | g can be analytically extend to ]D_} . (1.8)
Then A} SU, and A} SU, denote subgroups of A*SU, and A~SU; normalized at A = 0 and A = oo, respectively:
AfSU; = {g € ATSUy | g(A =0)=1d} and A;SU; = {g e ASU; | g(x = o0) =1d}.

The following decomposition theorem is fundamental.

Theorem 1.2 (Birkhoff Decomposition, [11,13]). The multiplication maps
AFSU; x A7SUy — ASU, and A, SU; x ATSU; — ASU,
are diffeomorphisms onto ASU,, respectively.

We note that the Birkhoff decomposition is in general only diffeomorphism onto the open dense subset. However, in [13],
it was proved that if the group is compact semisimple then the diffeomorphism extends to the everything.

From now on, for simplicity, we assume that the base point is (x,, y.) = (0, 0) and the extended frame F at the base point
is identity:

F(0,0,1)=1d.

The nonlinear d’Alembert formula for PS surfaces is summarized as follows.

Theorem 1.3 ([3,10]). Let F be the extended frame for a PS surface f in E3. Moreover, let F = F, F_ and F = G_G,. be the Birkhoff
decompositions given in Theorem 1.2, respectively. Then F,. and G_ do not depend on y and x, respectively, and the Maurer-Cartan
forms of F, and G_ are given as follows:

B i 0 e—ia(x)
E_'_ = F+1dF+ = 5)\. (el‘a(x) 0 dx,
» i 0 v
%_, == G_ dG, B —E)n <e_iﬁ(y) O dy,

where, using the angle function u(x, y), « and B are given by

a(x) = u(x,0) — u(0,0) and B(y)=u(0,y).
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Conversely, let &4 be a pair of 1-forms defined in (1.9) with functions «(x) and B(y) with «(0) = 0. Moreover, let F, and G_ be
solutions of the pair of following ordinary differential equations:

df, =F.§,,
dG_ =G_£_,

with F,(x = 0,A) = G_(y = 0,A) = Id. Moreover let D = diag(e’%"‘,e%“) and decompose (F,D)~'G_ by the Birkhoff
decomposition in Theorem 1.2 :

(FsD)'G_ =Vv_V]!,
where V_ € A;SU; andV, € ATSU,. Then F = G_V, = F, DV_ is the extended frame of some PS surface in .

The pair of 1-forms (&,, £_) in (1.9) will be called the pair of normalized potentials.

Remark 1.4. In [10], it was shown that the extended frames of PS surfaces can be also constructed from the following pair
of 1-forms:

1 00
=Y nWdx and ¥ =) nNdy, (1.10)
J— j=—1

where nj’.‘ and nj’.' take values in suy, and each entry of n}‘ (resp. n}') is smooth on x (resp. y), and detn} # 0, detn*, # 0.
Moreover nj’.‘ and UJY are diagonal (resp. off-diagonal) if j is even (resp. odd). This pair of 1-forms (n*, ) is a generalization
of the normalized potentials (£, £_)in (1.9) and will be called the pair of generalized potentials, see also [ 14].

1.3. Discrete pseudospherical surfaces

It is known that a discrete analogue of PS surfaces and its loop group formulation was defined in [5]. In this subsection,
instead of the smooth coordinates (x, y) € R?, we use the quadrilateral lattice (n, m) € 72, that is, all functions depend on
the lattice (n, m) € Z2. The subscripts 1and 2 (resp. 1 and 2) denote the forward (resp. backward) lattice points with respect
to n and m: For a function f(n, m) of the lattice (n, m) € Z?, we define fi, f,, f; and f; by

fi=fn+1,m), fi=fn—1,m), L =fln,m+1) and f; =f(n,m—1).
The discrete extended frame F of a discrete PS surface can be defined by the following partial difference system, see
[15, Section 3.2] and [5]':

Fi=FU and F, = FV, (1.11)

where

1 [e-iwi—w i 1 _ i ges(uptu)y —1
U= — € 2 izpk ) V=— . i‘l 1 quz » ) (]12)
A\ dpn ezt A_ \—ige 2ty 1
with Ay = /1+(p/2)222and A_ = /14 (q/2)>A~2. Here u is a real function depending on both n and m, and p # 0 and
q # 0 are real functions depending only on n and m, respectively:
u=u(n,m), p=p(n), and q=q(m).
The compatibility condition of the system in (1.11), that is VU, = UVj, gives the so-called discrete sine-Gordon equation:

Uy —uy1—u u u u u u
sin (%) _ % sin <u+14+2+) . (1.13)

The Eq. (1.13) was first found by Hirota in [16] and also called the Hirota equation. Then a discrete PS surface f can be given
by the so-called Sym formula, [5]:

oF
fA = 71;7‘1

o (1.14)

AeR4

The family of frames F defined by (1.11) with F|,, ., = Id will be called the discrete extended frame for a discrete PS surface.

1 Since the identification of E* and suy is different in [15], the matrices ¢/ and v of (3.22) and (3.23) in [15] and our U, V are related by U =
Ad(offdiag(1, 1))'v and V = Ad(offdiag(1, —1))' v with hy m = u/2,py = p/2,qm = q/2. On the one hand if we normalize p = q = §, then U and V
are the same as §2, ,, and @, p, in [6, Theorem 3.1].
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Remark 1.5. The geometric characterization of a discrete PS surface f was also given in [5,15]. A discrete surface f is a
discrete PS surface if and only if the following two conditions hold:
(1) For each point f, there is a plane P such that
f. f, fis fo. f5€P.
(2) The length of the opposite edge of an elementary quadrilateral is equal:
Ifi = fl = lfiz =l = a(n) # 0, |f; —fl = lfiz — fil = b(m) # 0.

It is easy to see that the map f* defined in (1.14) has these properties and f* gives a family of discrete PS surfaces, see
[15, Theorem 3].

We now introduce a discrete analogue of the smooth angle function between all edges at point (n, m) € Z? as follows,
see [5]:

GB__ B _U @_ W U
P = > R ¢ —2+2,

where = means that the equalities hold modulo 2. Then from the symmetry of the quadrilateral and the fact that the sum
of angles around a vertex is equal to 277 by (1) in Remark 1.5, we have

60 =03 67 =00 and 6+ 6P 44 499 =0
Moreover, setting Q = exp(i¢") and k = pq/4, the discrete sine-Gordon equation (1.13) can be rephrased as
Q—k Qi —k

1—kQ 1—kiQ’

see for example [15, Section 3.4]. We note that the other discrete angle functions exp(ip¥) (j € {2, 3, 4}) also satisfy the
same equation (1.15).

Q12Q = (1.15)

2. Nonlinear d’Alembert formula for discrete PS surfaces
In this section, we derive a discrete version of nonlinear d’Alembert formula for discrete PS surfaces.
2.1. Nonlinear d’Alembert formula

From now on we assume that the base point is (n,, m,) = (0, 0) and the discrete extended frame F at the base point is
identity:
F(0,0,A) =1d.

Moreover, we also assume that the functions p and g in (1.12) satisfy the inequalities
0<‘g‘<l and 0<‘g‘<1. (2.1)

These inequalities imply that the zeros of A, and A_ are in the exterior and the interior of the unit disk, respectively.
Moreover it is easy to see that zeros of A, are not on R U {oco}. Then the discrete extended frame F takes values in the
twisted loop group ASU,.

The following theorem gives a pair of matrices, which depend only on one lattice variables and it is a discrete version of
Theorem 1.3.

Theorem 2.1. Let f be a discrete PS surface and F the corresponding discrete extended frame. Decompose F according to the
Birkhoff decomposition in Theorem 1.2:
F = F+F, = G,G+,

where Fy € A}SUy,F- € A™SUp, G- € A;SUp and Gy € ATSU,. Then F, and G_ do not depend onm € Z andn € Z,
respectively, and the discrete Maurer-Cartan forms of F, and G_ are given as follows:

_ 1 1 1pe=i)
g+:1-‘+1(1:+)1:7< 2p1 )

A, \ipe@x
+ 2P 1 o (2.2)
= -1 = — ; . T2
£ =G_(G_), e <_;qelﬁk] 1 >,
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where Ay = /14 (p/2)*A%2 and A_ = /1 + (q/2)*A~2, the functions p and q are given in (1.12), and o and B are functions of
n € Z and m € Z, respectively. Moreover using the function u(n, m)in (1.12), «(n) and 8(m) are given by

a(n) = ; u(n+1,0)+ u(n 0) — u(0, 0),
(2.3)

B(m) = ! (O m+1)+]u0 m).

Proof. Let F = F,F_ = G_G be the Birkhoff decomposition of the discrete extended frame. Since F, takes valuesin A}SU,,
F;l(FJr)z also takes values in A} SU,. On the one hand, we have

FU(Fy), = FF'R(F ), = FV(F.),!
Since V takes values in A SU,, F_V(F_), ! can be expanded with respect to A as

FV(FL), ' = Vi) + AWy + A72Viiay + A7 Vigy + -
Thus

Fo'(Fy) =1d. (2.4)

Therefore F, depends only on n. Similarly F;l(F+)1 takes values in A} SU, and F;](F+)1 = F_F”F](F_)l’1 = F_U(F_ )1’1
Multiplying A, on both sides, we have

ALFTNFL)1 = Uy + AUy = Fo(ALUYFo) (2.5)

where we use the expansion F_(AU)(F_);" = AU+ Uiy + A~ 'Ui_1y + - - -. Since F, takes values in A} SU,, Ujg) = Id and
U1y has the off diagonal form with two entries are minus complex conjugate each other and det(Ug) + AU1)) = A%. Then

_ 1 1 £(n)r .
_ g1 _ - 2 _ 2
. =F (Foh = A <—€(n)k 1 ) with [£(n)|” = p(n)”. (2.6)
Thus we have the form &, in (2.2). We now look the expansion of F_ (A U)(F_- ) more closely. Since F_ € A~SU,, we can
setF_(A =00) = dlag(ezf e~ zf) Then from (2.4), we see that

f—z = ji (mod 27).

2 2

Then consider (2.5) multiplying Ajr] on both sides and set m = 0:

£y =F'(F )1 = FL ' (Fohlmeo = F-U(F-); e (2.7)
Let F+ be the solution of Ij" (I:‘+) = Ul With F+(n = 0) = Id. Itis ealsy~ to see that ﬁ+ does not depend on
m € Z and takes values in A+SU2 Moreover, F+F_ |;m—o satisfies that (F+F h- l(I<‘+F_’])1|m:0 = F_U(F_)l’1|m:0. Since
F,F! l(n,m)=(0,0) = F+l(n,m=(0,0) = 1d and by (2.7), we have

I?+F:]|m:0 = Fylmn=o-

Thus F_|,,—o(= F;ll:lrlm:o) takes values in A*SU, N A~SU, and therefore F_|,,,_, does not depend on A. A straightforward
computation shows that

- 1 [ sw—w-301-N ipes(iH)y
F UF_ ) oo = — ( . 2per
+

A %pe*%(fﬁrf))L e%(ulfu)Jr%(f]—f) o
Thus comparing this with £, in (2.6) and setting & = — 3(f; + )| o, we have —(uy — u)|_g = (fi —f)l o and € = Lpe~i.
The equation —(u; — u)| =0 = (fi —f)lm=o can be easﬂy solved to f with the initial condition f(0, 0) = 0:

f(n,0) =u(0, 0) — u(n, 0).

Note that f(0, 0) = 0 is satisfied since F_(A = o0) = Id. Therefore « can be explicitly computed as
1 1
a(n) = Eu(n +1,0)+ Eu(n, 0) — u(0, 0).

For the case of . = G_!(G_),, the argument is verbatim and we have

1 -1
sf=c:1(c,)2=z(_%)k_l rm ) with [r(m)” = q(m)”.
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Thus we have the form &£_ in (2.2). Consider

- = G2 (G halnmg = G1V(G1); ' lnmo- (2:8)

Let G_ be the solution of &:]@_)2 = V|- with 6_(m:0) = Id; It is easy to see that G_ does not depend onnez and takes
values in A~SU,. Moreover, G,G;1 |,—o satisfies that G+G:1(G,)2(G+)2_l lhmo = G+V(G+)2_] |=0- Since G+G;1 l(n.m)=(0.0) =

G_|(n,m=(0,0) = 1d and by (2.8), we have
GG lneo = G—lno-

Therefore G, |,_o(= G-'G_|,_o) takes values in ATSU, N A~SU, and thus G, |,_, does not depend on A. Moreover, since
G-Y(G_), and V are in A » SU and from (2.8), we have that G, |,,_, = Id. A straightforward computation shows that

_ 1 1 i gedlutuy 1
G+V(G+)2]|n—0 = i ( i i 2
= bt 1
-\t ]
Thus setting 8 = 1(u + u)|,—, we have r = —1qe. Therefore we have

1
B(m) = 5”(0, m+ 1)+ 5”(0, m).
This completes the proof. O

Definition 1. The pair of matrices (§_, £, ) given in (2.2) will be called the pair of discrete normalized potentials.
Conversely, the pair of discrete normalized potentials give some discrete PS surface through the Birkhoff decomposition.
Theorem 2.2. Let & be a pair of discrete normalized potentials defined in (2.2) with arbitrary functions o« = «a(n), B = B(m)

with «(0) = 0 and p = p(n), ¢ = q(m) satisfying the conditions (2.1). Moreover let F, = F(n, A) and G_ = G_(m, A) be the
solutions of the ordinary difference equations

(Fi)h =Fié4 and (G-); =G-§_,
with F.(n = 0,1) = G_(m = 0,2) = Id and set a matrix D = diag(ez*, e~2%) e U,, where k(0) = 0 and k(n)
= 22}7:_01(—1)’+"a(j)f0r n = 1. Decompose (F,.D)~'G_ by the Birkhoff decomposition in Theorem 1.2:

(FD) 'G_ = Vv_v !, (2.9)
where V_ € A;SUy, V; € ATSU,. Then F = G_V, = F,DV_ is the discrete extended frame of some discrete PS surface in E>.
Moreover the solution u = u(n, m) of the discrete sine-Gordon for the discrete PS surface satisfies the relations in (2.3).

Proof. Set F = G_V, = F,DV_ as in the statement of Theorem 2.2. Let us compute the discrete Maurer-Cartan form F~'F,
and F~'F,, respectively. A direct computation shows that

F7'F =VZ'D7'6,Dy(Vo)r = VG2 (G- (Ve = V' (Vs

Here we use the property that G_ does not depend on n € Z. Thus F~!F; takes values in A*SU, and using the expansion
VIID Y ALEND (Vo) = %A + %A% + %271 4+ ..., we have

AL F7'Fy = Foy + AF).
Here Fp)y and Fy) are diagonal and off-diagonal matrices, respectively. Moreover, from the form of &, and V(A = 0) =
diag(ez", e"2" and « + 1(k1 + k) = 0, we have
1 [etm=h
F'Fp = — , ) (2.10)

At iph e

Similarly we compute F~'F, as
F7UF = VI (Vi) = VI (D) H(FyD)p(Vo)y = VI I(Vo ).
Here we use the property that F, D does not depend on m € Z. Thus, noting that F~'F, € A}SU,, we have
A_F 'R =1d+A"'Fq).
Since F € ASU,, F_yy is an off-diagonal matrix. Moreover, since F is unitary on A € R, and the form of £_, we have

1 i g iB— i (hthy)y 1
F'R=— | . ]i ke 1 29¢7 * »). (2.11)
A_ _%qe*lﬂ+§( +ha)) — 1
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From the compatibility condition of F, that is F;; = F,;, we have
— X +Y=X4+Y, and €2 4 %e%y —e3X 4 %e—%“, (2.12)
where X = hy —hand Y = 28 — (h, + h). The first equation in (2.12) can be solved by a function u = u(n, m) as

hi —h=—-u;+u and 28 — (hy + h) =uy + u. (2.13)

Then the second equation in (2.12) is the discrete sine-Gordon equation and F is the extended frame for some discrete PS
surface. Let us look at the Birkhoff decomposition in (2.9) withn = 0:

(F1D) ™ 'G-lneo = V-V 'neo-
Then since F, D|,_, = Id and G_ takes values in A SU,, we have
V_lp=o = G-z and Vi|,—o =1d.

Thus h|,_, = 0 and the second equation in (2.13) is equivalent with the second equation in (2.3). Similarly consider the
Birkhoff decomposition in (2.9) withm = 0:

(F+D) "G lmep = V-V meo-
Then since G_|,,_, = Id and F, D takes values in A*SU,, we have
Volpn—o =1d and Vi|,_g = FiDly_p.

Thus h|,,_, = kand the first equation in (2.13) is equivalent with k; — k = (—u; 4 u)|,,,_o. Since k(n) = 22}:&(—1)’*”01(1'),
we can solve the equation for «, that is, «(n) = %u(n +1,0)+ %u(n, 0) — u(0, 0), which is the first equation (2.3). O

2.2. Pairs of discrete generalized potentials

In Section 2.1, we discussed the construction of discrete PS surfaces from pairs of discrete normalized potentials. In this
subsection, we generalize the pairs of discrete normalized potentials to pairs of discrete generalized potentials and show
that those pairs produce also discrete PS surfaces. Let & be a pair of discrete normalized potentials and set

M =P &P, nm=PLE P (2.14)

Here we assume that P} (x = lor r) take values in A*SU, and do not depend on m and n, respectively, that is, P* = P*(n, 1)
and P} = Pi(m, ). Thus the n, and 7, do not depend on m and n, respectively:

N = ﬂn(n7 A), Nm = nm(m» A).
Then the pair of discrete generalized potentials (7,, ) produces a discrete PS surface as follows.

Theorem 2.3. Let (n,, nm) be the pair of discrete generalized potentials defined in (2.14). Moreover let F, and G, be the solutions
of the ordinary difference equations

(Fn)1 = Fynn and (G )2 = G,

with some initial condition F,(n = 0) and G,,(m = 0) taking values in ASU, and let D = diag(e%", e’%") € Uy, where k = k(n)
is
n—1

k0) =0, k)= ) (~1)*"(2a() —6'G) +67()) forn = 1.

j=0

Here 6! and 6" are defined by P'(n, » = oo) = diag(e2®'™, e=2°'™Y and P" (n, » = o0o) = diag(e2®" ™, e=3%" M), respectively.
Then decompose (F,D)~'G,, by the Birkhoff decomposition in Theorem 1.2:

(FaD) "G = V_V 1,

where V_ € A SUy, V. € ATSU,. Then F = G,V = F,DV_ is the discrete extended frame of some discrete PS surface in E3.

Proof. Set F = G,;V, = F,DV_ as in the statement of Theorem 2.3. Let us compute the discrete Maurer—Cartan form F~'F;
and F~'F,, respectively. A direct computation shows that

F'Fy = V2D ' Dy(Vo )y = VG (G )i (Ve 1.
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Since G, does not depend on n, the right hand side of the equation becomes V+’1(V+)1 which takes values in A*SU,.
Therefore, A, F~'F; has the form

ALF'Fy = Foy + AF).

From the twisted property of F, and G, V4. and F also have the same property. Thus Fg) and F(y) are diagonal and off-diagonal
matrices, respectively.
Moreover, from the form of D~'»,D; and using e — 3(6' — 6") + 3(k; + k) = 0, we have

F7'F 1
1=

2b
Av \ ipr et

(h1—h)

where we set V. (A = 0) = diag(e%h, e‘%h). Similarly we compute F~'F, as
F7'Fy = Vi (Vi )y = VU (FaD) ™ (FaD)p(V_ )y = VI (Vo).

Thus, noting that V-1(V_), € AFSU,, we have
A_F 'R =1d+A"'Fqy.

From the twisted property of F, and Gn,, V4. and F also have the same property. Thus F_1 is an off-diagonal matrix. Moreover,
from the form of 7,,,, we have

e i 1 _%qeiﬁ—%(h+h2—a)l+wr))h—1
F FZ - ; : ihah I, T 1 )
A —%qe"’“?( +hy—o'+w ))\— 1

where we set Pﬂr(k =0)= diag(eé“”, e’%“’l) and Pi (A =0) = diag(e%“’r, e3¢ ). F~'F; and F~'F, have the forms in (2.10)
and (2.11), respectively. Thus we can use the same argument in the proof of Theorem 2.2 and there exists a function u such
that

hi—h=—-u+u, 26—(h+h+o +o")=u+u,

and u satisfies the discrete sine-Gordon equation. Then F is the discrete extended frame of some discrete PS surface in E3,
which completes the proof. O

Definition 2. The pair (1, nn,) given in (2.14) will be called the pair of discrete generalized potentials.

Remark 2.4. The pair of normalized potentials (¢, , £_)and the corresponding pair of discrete generalized potentials (1, 7m)
in (2.14) give in general different discrete PS surfaces.

3. Examples
In this section, we discuss two examples using the nonlinear d’Alembert formula.
3.1. Discrete pseudospherical surfaces of revolution

We recall the construction of smooth PS surfaces of revolution via the nonlinear d’Alembert formula. Let (¥, n¥) be a pair
of generalized potentials as follows:

. 0 i+ 271
X __ y _ _ —
n* = Adx, n’ = —Ady, with A (i(k—l—)»l) 0 ) (3.1)

It is easy to see that solutions of the pair of ordinary differential equations dF* = F*n* and d@ = ¥ with F¥(x =0, 1) =
&(y = 0, ) = Id can be computed as

F*(x) = exp(xA) and G'(y) = exp(—yA).
Consider the Birkhoff decomposition in Theorem 1.2 as (F¥)"!G¥ = V_ V;l and set
F=FV_=0QV,,

where V_ € A;SU; and V. € ATSU,. Then F is the extended frame for a PS surface of revolution: Let y be a translation of
(x,y)to(x + p,y — p) with some p € R. Then

y*F* = F*(x 4+ p,y — p, ») = exp(pA)F",
y*G =G (x+p,y—p, 1) =exp(pA)G.
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Thus (y*F*)"'y*@ = (F*)"'¢,and V- 1y*V_ = ;1y*v+. The left-hand and the right hand side take values in A, SU, and
ATSU,, respectively. Thus we have
y*V_=V_ and y*V, =V,.
Therefore, we conclude that
y*F = exp(pA)F.

Inserting y*F into the Sym formula (1.6), it is easy to see that the resulting surface is a PS surface of revolution. The sine-
Gordon equation with coordinates (X, y) = (x + y, X — y) becomes

Ui — sinu = 0.

Note that u depends only on x and the above equation is an ordinary differential equation. It is well known that the above
ordinary differential equation can be explicitly solved by an elliptic function, see for example [17].
A discrete analogue of the above argument holds. Let (1, n,,,) be a pair of matrices as follows:

_ . 1 1 +igp* e

1 ic ic

= =A.IA_ h Ay = — i 2 L=

N = Ny LA, with Ay A <i§qki1 1 and diag(e', e "),

where Ay = /14 (q/2)?A%2,q (0 < |q/2| < 1)andc = £~ (£ € Z,)are some constants. Here we can consider &, = A,

P =IA_andP' =1dforn, and&_ = AZ', P} = L"'A;" and P!, = Id for nn, respectively. Thus (1, nm) is a pair of discrete

generalized potentials in (2.14). It is easy to see that solutions of the pair of ordinary difference equations (F,); = F,n, and
(Gm)2 = Gunm With Fy(n = 0) = G(m = 0) = Id as
Fo(n) = (A+LA-)" and Gu(m) = (A{LA_)"™.

Here we denote X™™ = (X~')™ and X° = Id for a matrix X. Since P |,_,, = LA_|,_., = diag(e’, e~¥), we can define the
matrix D as in Theorem 2.3. Consider the Birkhoff decomposition in Theorem 1.2:

(FaD) "G = V_V; 1,

where V_ € A;SUy, V4 € ATSU,, and set F = F,DV_ = G,V,. Let y be a translation of (n, m) € Z? to (n + p, m — p) € Z?
with some p € Z. Then y*F, = (ALLA_F,, y*Gp = (ALLA_G,, and y*. Thus (y*F,D)"'y*G, = (F,D)™'G,, and we have

y*V_=V_ and y*V, =V,.

Therefore, we conclude that
y*F = (ALLA_YFy*D.

Note that y*D € U;. We now set M = (A LA_ )’ and insert y*F into the Sym formula (1.6):
Y = MM~ + ABMM

Then a direct computation shows that MfM~'|,_, represents a rotation around an axis L = (1, 0, —3/4) and an angle 2p.
Moreover an another direct computation shows that A(9, M)M~1|,_, perpendicular to the axis L. Thus y*f|;_, represents a
rotation around the axis L through a point py. In fact po can be explicitly computed as pg = —1/2 cot£ (¢ € Z. ). Therefore
the resulting surface is a discrete PS surface of revolution with period ¢ € Z,. The discrete sine-Gordon equation in (1.15)
becomes

—k\?2
QQ; = <1Q—7kQ> ) (3.2)

where k = ¢%/4.

Remark 3.1. It is known that Eq. (3.2) is a special case of the dPy; equation discussed in [8].

3.2. Discrete Amsler surface and discrete Painlevé Il equation

We recall a construction of smooth Amsler surfaces via the nonlinear d’Alembert formula. Let £, be a pair of normalized
potentials as follows:

£, = Mdx, & =—A"'Ady with A= (? (’)> .

Let F; and G_ be a pair of solutions of ordinary differential equations dF, = F, &, and dG_ = G_&_ with initial conditions
F.(x = 0) = diag(e”, e7) and G_(y = 0) = diag(e', e~¥) with s # £. It is easy to compute the solutions as

Fi(x, 1) = diag(e®, e ) exp(xAA), G_(y, ) = diag(e’*, e™*) exp(—yr~1A).
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Consider the Birkhoff decomposition in Theorem 1.2:
F'G_=v_v],

where V_ € A;SUy and V, € A*SU,, and set F = F,V_ = G_V,. Let y be a transformation of (x, y, A) to (xp, yp~!, Ap~1)
with p € R*. Then it is easy to see that

V*F+ = F+ and )/*(;7 = G,.
Thus y*(V_V;') = F'G_ = V_V; !, thatis,
V_(xp,yp~ ' ApT Walxp, yp AT ) T = Vo (x, y, AV (x, y, A) L

Then V_(xp, yp~!, Ap~ 1) and V (xp, yp~ !, Ap~1) clearly take values in A, SU, and A+SU,, respectively, and thus y*V_ = V_
and y*V, = V.. Finally, we have

y*F =F.
This implies that F depends only on r = xy and A, and the resulting surface is a Amsler surface. The sine-Gordon equation
becomes the so-called Painlevé IIl equation in trigonometric form with fixed parameters [18, p. 443]:

- 1. -
’(r)+ ;u/(r) +sinii(r) =0,

where #(r) = u(x,y) and r = 2,/—xy. We note that if the initial condition F, (x = 0) = G_(y = 0), that is s = ¢, then the
resulting surface is a line.
Moreover, the Amsler surface has an additional reflection symmetry as follows: We first define a transformation § as

S*L(x,y, A) = L(y, x, 7).

It is easy to see that 8*F, = CoG_ and 8*G_ = CoF,with C; = diag(e™*+9), ¢/!+9) Then a direct computation shows
that (8*(F;'G_))"" = (8*G_)"'6*F; = F_'G_. On the one hand, from the decomposition F;'G_ = V_V;', we have
Vvt =8 srvo)

3*V_=V,d and §*V, =V_d,
where d~! = V(A = 0) e Uy. Finally using §*F, = CoG_, we have
8*F = §*(FLV_) = GoG_V,d = GyFd.
Inserting this symmetry into the Sym formula, we have
8 =fy, %, 271) = =Cof (%, y, 1)Gy -
Thus, at A = 1, this implies
f.%) = =G5 'f(x. y)Co.
This represents a reflection through a plane. Thus we have
u(y, x) = u(x,y) (mod2r).

We now give a discrete analogue of the above argument as follows. Let £, be a pair of discrete normalized potentials

, 1 1 +igat!
= = = — . 2
&+ =A4, & =A_ with AL A <i£qkil 1 , (3.3)

where Ay = /14 (q/2)*A*2 and q (0 < |q/2| < 1) is some real constant. Note that a(n) = B(m) = 0 for &, in (2.2), thus
the matrix D in Theorem 2.2 is identity matrix. It is easy to see that solutions of the pair of ordinary difference equations
(F4)1 = F &, and (G_), = G_£_ with initial conditions F,.(n = 0) = diag(e®, e~) and G_(m = 0) = diag(e’, e7¥¢), (£ #s)
as

Fi(n) = diag(e®, e *)A". and G_(m) = diag(e", e ")A™. (3.4)
Here we use notation A% = Id. Then a straightforward computation shows

F7'G_ = A" diag(e ™), e =9)A™

_ 1 -l _%qk n ei(lfs) 0 -l —%q)\.71 m.
AA"\—3qr 1 A 7 1

Consider the Birkhoff decomposition in Theorem 1.2 as F;'G_ = V_V_ ' and set
F = F+V, = G,V+,

where V_ € A;SU; and V; € A1SU,. Then the discrete extended frame F has the special property as follows.
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Theorem 3.2. The \-derivative of the discrete extended frame F has the following form:

ap a br~! +ch
MTLF = A2 A2 <—b)»‘l —CA —a ’

where a € iR and b, ¢ € C are functions of (n, m) € Z2.

(3.5)

Proof. Since F = F,V_ = G_V,, we have

AT F = VIF (W03 F Vo 4+ VIA Vo = VI IGZ (A8,Go )V, + VA8, Vs (3.6)
Using the explicit forms of F;. and G_ in (3.4), we compute
i _ingx (0 1 . _imgrT!' (0 1
A0, Fy = E (1 0) and AG~ 9,G_ = Az \1 0) (3.7)
Therefore, multiplying (A, A—)? on the both sides of (3.6), we have the equality
ing\
inq A

2

2yt ((1’ (1)) Vo4 (AL ARV, V

imgr—! {0 1 _
_ qTAiV+1 (1 o) Vi + (AL APV A8V, (38)
Moreover, since V_ € A;SU; and V; € A1SU,, we have
ATV = AId 27V + A7V gy 4 ATy — 207V gy - 0),
= —)»7]‘7(,1) =+ A.72 EI SR
and
ATV = AVioy + Ay + A2V + - ) Vay + 20V + - ),
= )\.V(O)V(l) =+ )\.2 B SR

Here we set V. = Id+A""V_y 4+ A 2V_y + --- and Vy = V() + AVi1) + A2V(g) + ---. Noting that (A, A—)2 =
(A2 + 173 /4 + q*/16 + 1, we have

(AL A_YF'A8,F = A 'F_1y + Fioy + AF).

Since F takes values in ASU,, AF 19, F takes values in Asu,, and F(_1y and Fy) are off-diagonal matrices and Fg) is a diagonal
matrix. This completes the proof. O

The discrete Amsler surface was defined in [7] using the discrete sine-Gordon equation constrained by the equation
[7, Equation (4.26)]:

1—-kQ; 1—kQ; (39)

where k = ¢?/4. This is equivalent with that the A-derivative of F has the form in (3.5), [7, Theorem 4.3]. Thus, we have the
following corollary.

k—Q  k-Q
(m—n)(Q—Qﬁ)=(n+m)(‘ &G _k QZ),

Corollary 3.3. The surface constructed by the pair of discrete normalized potentials in (3.3) is actually the discrete Amsler surface.
The discrete sine-Gordon equation for the discrete Amsler surface is given as follows:

i — i—k\°
(m+n)QQ;; + (m—n)Q;; — Q) <1Q1_ kQ<) =(m+ n)( 1Q1_ kQ—) , (3.10)
1 1

where k = ¢% /4.

Proof. In the discrete sine-Gordon equation given in (1.15), we eliminate Q; by (3.9). Then the Eq. (3.10) follows. O
We finally show that the resulting discrete surface has an additional reflection symmetry and contains two straightlines
as follows. Therefore it is natural to call the resulting surface f a discrete Amsler surface.
Theorem 3.4. The resulting discrete PS surface f given by the pair of normalized potential (&, &_) in (3.3) has a reflection
symmetry:
f(m,n) = —Cy'f(n,m)Co, u(n, m)=u(m,n) (mod 2r),

where Cy = diag(e~¢*+9), el+9)) and u is the solution to the discrete sine—~Gordon equation. Moreover f contains two straightlines.
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Proof. The argument for proof is similar to the case of the smooth Amsler surface: Define a transformation § on a loop
§*L(n, m, A) = L(m, n, A~1).

It is easy to see that *F, = CyG_ and §*G_ = CoF,; with Cy = diag(e~{¢+9), eil+9)), Then a direct computation shows that
(8*(FL'G_))™! = (8*G_)""8*F, = F_'G_. On the one hand, from the decomposition F;'G_ = V_V_ ', we have

VoVt =8 VL(8* V)T, thatis, §*V_ = V.d, §*V, = V_d,
where d~! = V(A = 0) € Uy. Finally using §*F, = CoG_, we have
8*F = §*(FLV_) = GoG_V,d = GyFd.
Inserting this symmetry into the Sym formula, we have
8 F =y, %, 271 = —Cof (x, ¥, 1) -
Thus, at A = 1, this implies
f(m,n) = =G5 'f(n, m)Co.

This represents a reflection through a plane and the angle function u has the symmetry u(n, m) = u(m, n) (mod 2x).
Let us consider the case n = 0. Then

F{'G- g = diag(e™, e (AT,
and the Birkhoff decomposition can be computed explicitly as
V_|,eo = diag(e“=), e =NA™ diag(e~1¢=5) =9y v, | _o = diag(e “79), eflt=9)),
Thus F|,,_g = FLV_|,_o = G_V|,_o = diag(e', e")A™ diag(e ¢, e*~%)) and
V0o = F 'R, = Ad(diag(e“=>), e 1=)))A_.

Therefore u(0, m) = 4(¢£ — s) — u(0, 0) if m is odd, and u(0, m) = u(0, 0) if m is even. Using the A-derivative of G_ in (3.7),
we compute that

N 2imq 0 %t
f(0,m) = A0, F)F Vg1 = it g (eﬁZil 0 )

Thus f(0, m) represents a line in the (x, y)-plane through origin.
Similarly let us consider the case m = 0. Then

FI'G_ | o = A" diag(e“ ™, e 9),
and the Birkhoff decomposition can be computed as
Volpeo = 1d, Vil|n_o = diag(e®™", e7=0)A" |
Thus Fl,—g = FLV_|n—o = G_Vi|n_o = diag(e®, e™)A" and
Uln=o = F_]F1|m:0 =Ay.

Therefore u(n, 0) = u(0, 0). Using the A-derivative of F, in (3.7), we compute that

_ 2ing 0 %
f(1,0) = MHFF peoie1 = it <e—2is 0 ) .

Thus f(n, 0) also represents a line in the (x, y)-plane through origin. This completes the proof. O
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Appendix. Discrete flow of discrete curves and discrete pseudospherical surfaces
It is known that the sine-Gordon equation us; — sinu = 0 (or equivalently PS surfaces) has another geometric
interpretation; the flow of a constant torsion curve y in E3, see [19,20]. In [21], a discrete analogue of the flow of constant

torsion curves was introduced. In this appendix we show that the discrete flow of a discrete constant torsion curve can be
identified with a discrete PS surface.
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A.1. Pseudospherical surfaces and the flows of constant torsion space curves
Let y be a constant torsion curve y in E3 and denote by « and t the curvature and the torsion of y, respectively. We use
the parameter s for the curve y. Moreover, set
Kk =1us and A = —ir.

Then the Frenet frame for the curve y taking values in SU, is described in the first equation in (A.1). We now consider a
special flow given by the second equation in (A.1) with the flow parameter t, see [20]:

F,=FU and F, =FV, (A1)
where

o g () v (e i), w2)
Then the compatibility condition of the above system is the sine-Gordon equation:

Uy — sinu = 0.
Moreover, the constant torsion space curve y with curvature k = u; and torsion t can be represented by the following

formula:

(s, t) = iﬁf‘*l (A.3)
Vs b= '

A=—it

The A = —it can be considered as a parameter of the system (A.1) and F is an element of the loop group, which is not in
ASU,, since the twisted condition is not satisfied. We call F the extended frame of the curve y.

The extended frame F and the formula for the curve y in (A.3) is similar to the case of PS surfaces in Section 1.1. In fact
they are gauge equivalent as follows, see also [19, Section 2.1].

Proposition A.1. The extended frame F of a PS surface and the extended frame F of the flow of a constant torsion curve are
conjugate by some constant matrix C:

1z . . 1 et e
F(x,y,A)=C 'F(x,y,iA)C, with C = — i i |- (A4)
V2

Moreover, the immersion f in (1.6) and the flow of constant torsion curve y in (A.3) are related by rotation of the matrix C:
fHliee = (=iT)CyC.

_in i
—e 4 e 4

Proof. It is straightforward to compute F, = FU and F, = FV in terms of F as follows:
F, = F(cuc™") and F, = F(cvC™).
Then it is easy to see that CUC™! = U and CVC~' = V with A replaced by ix. O

Remark A.2. F is an element of some loop group, but it does not satisfy the usual twisted condition, that is, Ad o3g(1) =
g(—1). However, it satisfies another twisted condition Ad(o3C~1)g(A) = g(—1), where C is given in (A.4).

A.2. Discrete flow of a discrete constant torsion space curve

From the result in [21, Theorem 6.2], we discuss a discrete flow of a discrete constant torsion space curve. Let y be a

discrete constant torsion curve parametrized by n € Z and denote the torsion by t. Then we evolve the curve y as follows:
b

= 8(coswT +sinwN), § = ———,

2=y +4( + ) 15 (b/2)2

w1 =+ k] b +a w

— = tan —,

2 b—a 2

where T and N are the tangent and the principal normal vectors to y, respectively, and a and ¢ depend only on n and m,
respectively?:

a=a(n), b= b(m).

tan

2 Note that in [21], the identification of E* and suj, is different from our paper and they use different notation; the relations are given by a(n) = a, and
c(m)=1/bp.
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It is known that k = k(n, m) and w = w(n, m) can be rephrased by u = u(n, m) [21, (8.3) and (6.22)] as
k= u, and w:—u2+ul.
2 2
The discrete Frenet frame @ = (T, N, B) taking values in SO5; with the binormal vector B of the curve y satisfies [21, (6.14)
and (6.16)]

& =dL, b, =M,

with
L=RV(=v)R k1), M = RO w)RV@RD (—wy — k1),
ar

where vy = 2 arctan %, u = 2 arctan % and fQU)(X) denotes the rotation matrix around the vector e; with angle x. Then there

is a 2 to 1 corresponding from SU, to SO such that the corresponding matrices R¥) € SU, have the following forms:

- cos¥  —isin?
505 3 RV(x) «— RV = 2 ) esu,,
—isiny  cos}
S0; 5 R¥(x) «— R®)(x) = diag (e’lg, ei%) € SU,.

Thus we translate the Frenet frame @ in SO; into the corresponding frame @ in SU, see for example [21, Section 2] for the
explicit correspondence. From this correspondence, it is clear that the discrete Frenet frame @ satisfies

@1 = DL, &y =DM, (A5)

where

L = R(—v;)R® (”7“2_ ”) , M=R® (_ ”27; th > RO(u)R®) <u122+ ”,> ,

where uy; = u(n + 2, m). Then we have the following proposition. It is already mentioned in [21, Remark 8.3], but we give
a proof for completeness.

Proposition A.3. The discrete Frenet frame @ in (A.5) and the discrete extended frame F in (1.11) are related by

3 Sup—u Sup—u
F=®G, G= dlag<e'T,e" 1 ) .
Moreover both F and @ define a same discrete PS surface.

Proof. We first rephrase the matrices U and V in (1.12) as

i Vs R A L1 . gt
U e 207" cos B isin & v cos & —ie~ 202+ gin
= " [ v V=1 o A ;
isin & ez cos - —iez2* sin L. cos &

where p* = 2arccos (1/ 1+ (p/2)2)»2) and ¢~ = 2arccos (1/\/1 + (q/Z)ZA—Z). Let us compute the moving frame
equations for @G:

(@G (®G); = G'LGy, (PG) Y(PG), = G 'MGs.
Since G can be rephrased by G = R® (— L”Z;“) and using the property of the rotation matrix, we compute
LG = RICORD(—v)RO(MSY), 67'MGy = RI(— RV (u)RD(12),

Then a straightforward computation shows that G"'LG; = U and G"'MG, = V under the identification a = p and b = 4/q.
Here we use the identity arctan(x) = arccos(1/+/1 + x2) for x > 0. This completes the proof. O
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