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a b s t r a c t

We propose discretisations of Gaussian and mean curvatures of surfaces parametrised in
terms of asymptotic coordinates and examine their relevance in the context of integrable
discretisations of classical classes of surfaces and their underlying integrable systems. We
also record discrete analogues of the classical relation between the Gaussian curvature of
hyperbolic surfaces and the torsion of their asymptotic lines.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

It has been established that discrete systems play a fundamental role in the theory of integrable systems and geometric
tools to construct and analyse integrable systems have proven to be very useful in this connection. In particular, the intimate
relationship betweendiscrete differential geometry anddiscrete integrable systemshas beenwell documented [1]. Recently,
the development of a discrete curvature theory for polyhedral surfaces which respects the integrability properties inherent
in its classical continuous counterpart has been a focus of attention. Gaussian and mean curvatures for discrete curvature
nets (circular nets) have been proposed in [2] and related to a discrete Steiner formula for parallel nets [3]. A more general
curvature theory for discrete surfaces based on mesh parallelity has been put forward in [4]. Moreover, the theory of edge-
constraint nets [5] gives rise to the definition of fundamental forms and curvatures for discretisations of surfaces which are
parametrised in terms of general coordinates.

Asymptotic coordinates on hyperbolic surfaces are fundamental in classical differential geometry [6] and have been
shown to constitute a rich source of integrable connections (see, e.g., [7,8] and references therein). Discrete asymptotic
nets, that is, lattices of Z2 combinatorics with planar stars have proven to be the canonical discrete analogue of surfaces
parametrised in terms of asymptotic coordinates [1]. Here, we propose Gaussian and mean curvatures for discrete
asymptotic nets and demonstrate their compatibilitywith a variety of standard discretisations of classical classes of surfaces,
namely pseudospherical, minimal and Bianchi surfaces and (generalised) affine spheres, and their underlying integrable
systems. Specifically, we show that the Gaussian curvature of discrete pseudospherical surfaces is constant and pairs of
conjugate discreteminimal surfaces have vanishingmean curvature in the current sense and coinciding Gaussian curvature.
Furthermore, the square root of the negative reciprocal of the vertex Gaussian curvature of discrete Bianchi surfaces is
‘‘discrete harmonic’’ with respect to a weighted discrete d’Alembert operator. In the classical setting, the affine distance of a
point on a surface in centro-affine differential geometry may be expressed in terms of the Gaussian curvature of the surface
at that point and the Euclidean distance of the corresponding tangent plane to the origin. It is shown that this connectionmay
be transferred to the discrete setting and we demonstrate that the affine distance of discrete affine spheres is constant. We
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also prove that discrete generalised affine spheres are algebraically characterised by the affine distance obeying a ‘‘discrete
logarithmic’’ harmonicity condition.

The approach presented here is based on known canonical discrete versions of the classical Lelieuvre formulae and
associated Moutard equation [9,10]. These may also be used to determine compact expressions for the discrete torsion of
discrete asymptotic lines and its relation to the discrete Gaussian curvature is shown to mirror the well-known connection
in the classical setting.

2. Classical Gaussian and mean curvatures

There exist various equivalent definitions of Gaussian and mean curvatures of surfaces Σ in a three-dimensional
Euclidean spaceR3. For instance, Steiner’s formula [11] relates the change of the area of an infinitesimal surface element of
a surface Σ to the Gaussian and mean curvatures of Σ as one passes through the associated family of parallel surfaces Σ∥.
Thus, if Σ is a surface parametrised by

r : R2
→ R3, (x, y) → r(x, y)

and

N =
rx × ry
|rx × ry|

constitutes an associated unit normal then a parallel surface Σ∥ at (constant) distance µ is represented by

r∥
= r + µN

so that

r∥

x × r∥

y = rx × ry + µ(rx × Ny + Nx × ry) + µ2Nx × Ny.

Since all terms in the above identity are proportional to N , we may, in short-hand notation, formulate Steiner’s formula as

r∥

x × r∥

y

rx × ry
= 1 − 2µH + µ2K,

where the Gaussian and mean curvatures K and H of the surface Σ are given by

K =
Nx × Ny

rx × ry
, H = −

rx × Ny + Nx × ry
2(rx × ry)

. (1)

Here,we are concernedwith surfaceswhichmay be parametrised in terms of real asymptotic coordinates, that is, surfaces
of negative Gaussian curvature K (hyperbolic surfaces). A surface Σ is parametrised in terms of asymptotic coordinates if
the second fundamental form of Σ is purely off-diagonal, that is,

rx · Nx = ry · Ny = 0.

This is equivalent to stating that the second derivatives rxx and ryy are tangent to Σ . Hence, (x, y) constitute asymptotic
coordinates on Σ if and only if the position vector r and the normal N are related by

rx ∼ Nx × N, ry ∼ N × Ny.

It turns out that it is possible to introduce a scaled normal

V = ρN

such that (modulo interchanging x and y)

rx = Vx × V, ry = V × Vy. (2)

The latter are known as Lelieuvre formulae [6]. These encode the fact that surfaces parametrised in terms of asymptotic
coordinates are encapsulated in the classical Moutard equation [12]

Vxy = hV. (3)

Indeed, the pair (2) is compatible if and only if the compatibility condition Vxy × V = 0 holds. Accordingly, there exists a
function h such that the Moutard equation (3) results.

The geometric meaning of the magnitude |ρ| = |V| of the Lelieuvre normal is revealed by calculating the Gaussian
curvature of Σ . Indeed, if we formulate the Lelieuvre formulae as

rx = ρ2Nx × N, ry = ρ2N × Ny
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then we conclude that

K = −
1
ρ4

= −
1

|V|4
. (4)

We also observe that

H =
(hρ − ρxy)V

rx × ry
=

ρVxy − ρxyV

rx × ry
(5)

by virtue of the normal component
ρxy − ρNx · Ny = hρ (6)

of the Moutard equation (3). The applicability and usefulness of the Lelieuvre formulae, the Moutard equation and the
associated representation of the Gaussian and mean curvatures will now be illustrated in the context of classical integrable
classes of surfaces which are naturally parametrised in terms of asymptotic coordinates.

2.1. Pseudospherical surfaces

By definition, pseudospherical surfaces are surfaces of constant negative Gaussian curvature [6]. Without loss of
generality, wemay assume thatK = −1 andρ = 1 by virtue of the representation (4). Accordingly,V = N and the function
h in the Moutard equation (3) may be read off (6). Pseudospherical surfaces are therefore governed by the nonlinear sigma
model [8,13,14]

Nxy = hN, N2
= 1

or, explicitly,
Nxy + (Nx · Ny)N = 0, N2

= 1.
The latter constitutes an avatar of the classical integrable sine–Gordon equation [6]

ωxy = sinω,

where ω denotes the angle between the asymptotic lines on pseudospherical surfaces. The sine–Gordon equation is also
relevant in a physical context in that it has made appearances in connection with, most notably, Frenkel’s and Kontorova’s
crystal dislocation theory [15] and Josephson junctions in the theory of superconductivity [16].

2.2. Affine spheres

The discovery by Tzitzéica [17] of a class of surfaces, the properties of which are preserved by affine transformations is
widely regarded as the beginning of the theory of affine differential geometry. Tzitzéica demonstrated that the ratio of the
Gaussian curvature at a point of a surface and the fourth power of the distance from the origin to the tangent plane at that
point is invariant under centro-affine transformations. Hence, for a hyperbolic surface, the quantity

D4
= −

d4

K
, d = r · N (7)

constitutes an invariant with respect to centro-affine transformations. The quantity D is known as the affine distance of (the
points of) the surface to the origin. Comparison with the representation (4) of the Gaussian curvature K reveals that the
affine distance may be formulated as

D = r · V.

The latter representation turns out to be convenient in the proof of the centro-affine invariance of D.
Affine spheres are now defined by the requirement that the affine distance be constant so that, without loss of generality,

D = r · V = 1. (8)
Accordingly, affine spheres are governed by the Lelieuvre formulae (2) subject to the constraint (8). In this case, one may
show that, modulo a suitable reparametrisation of the asymptotic coordinates, the function h in the Moutard equation (3)
obeys the integrable Tzitzéica equation [17–19]

(ln h)xy = h − h−2.

The latter has also been shown to be another avatar of the ‘‘affinsphären equation’’ [20] which arises naturally in the
Lagrangian description of an anisentropic gasdynamic system for certain constitutive laws [21]. Its ‘‘tri-linear’’ form is given
by  τ τx τxx

τy τxy τxxy
τyy τxyy τxxyy

+ 1
4
τ 3

= 0, (9)

where h = −2(ln τ)xy.
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Differentiation of the affine sphere condition (8) shows that

r · Vx = r · Vy = 0

so that onemay interpret r as a normal of a surfaceΣ∗ with position vectorV . If one takes the cross-product of the Lelieuvre
formulae (2) with r then one obtains

Vx = r × rx, Vy = ry × r (10)

which implies that r represents a Lelieuvre normal associated withΣ∗. In fact, since the constraint (8) is symmetric in r and
V , the surfaceΣ∗ constitutes another (polar-reciprocal) affine sphere. It is noted that the pair (2), (10) of Lelieuvre formulae
characterises the class of affine spheres since it implies that D = 1.

2.3. Generalised affine spheres

In general, the Lelieuvre normal V associated with a surface Σ may not be interpreted as the position vector of a
surface parametrised in terms of asymptotic coordinates. However, if we introduce a further scaling of the Lelieuvre normal
according to

V∗
=

V

D
so that

r · V∗
= 1

then r and V∗ are related by the pairs

rx = D2V∗

x × V∗, ry = D2V∗
× V∗

y

V∗

x =
1
D2

r × rx, V∗

y =
1
D2

ry × r.

Thus, V∗ may be regarded as the position vector of a surface Σ∗ which is parametrised in terms of asymptotic coordinates
and the corresponding Lelieuvre normal is

r∗
=

r
D

.

Furthermore, the associated affine distance is given by

D∗
= r∗

· V∗
=

1
D

.

In [22], Tzitzéica generalised affine spheres by demanding that the affine distance be a function of one asymptotic variable
only. In [23], it has been pointed out that this class of surfaces constitutes a special case of the class of surfaces for which
lnD is ‘‘harmonic’’ with respect to the second fundamental form, that is,

(lnD)xy = 0 (11)

and which is governed by an integrable ‘‘generalised Tzitzéica system’’. Furthermore, it is evident that D∗ also satisfies the
harmonicity condition (11) so that the associated generalised affine spheres come in pairs (r, V∗).

2.4. Minimal surfaces

Classical minimal surfaces are naturally parametrised in terms of both curvature and asymptotic coordinates. In the case
of asymptotic coordinates, the minimality condition H = 0 is equivalent to

ρxy = hρ (12)

by virtue of the representation (5) of the mean curvature or, alternatively, the orthogonality condition

Nx · Ny = 0 (13)

which may be concluded from (1)2 or directly from (6). Hence, minimal surfaces are governed by the Moutard equations (3)
and (12) subject to V2

= ρ2. In terms of a four-vector V = (V, ρ) in a Minkowski space R3,1, this is encapsulated in the
nonlinear sigma model

Vxy = hV, ⟨V,V⟩ = 0.

According to Bonnet [6], any minimal surface Σ parametrised in terms of asymptotic coordinates gives rise to another
(conjugate or adjoint) minimal surface Σ̄ which is parametrised in terms of curvature coordinates and isometric to Σ and
vice versa. Indeed, it is readily seen that the compatibility condition for the pair

r̄x = N × rx, r̄y = N × ry (14)
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is given by

H ∼ rx × Ny + Nx × ry = 0.

Now, since N̄ = N and the Lelieuvre formulae (2) lead to

r̄x = ρ2Nx, r̄y = −ρ2Ny, (15)

the orthogonality property (13) yields

r̄x · r̄y = 0, r̄xy · N̄ = 0

so that, with respect to the surface Σ̄ , the coordinates (x, y) are both orthogonal and conjugate and therefore constitute
curvature coordinates [6]. Moreover,

H̄ ∼ r̄x × N̄y + N̄x × r̄y = 0.

Finally, the defining relations (14) imply that

(dr̄)2 = (dr)2

which confirms that the surfaces Σ and Σ̄ are isometric. Hence, in particular, the Gaussian curvatures of the two minimal
surfaces Σ and Σ̄ coincide. The converse of Bonnet’s observation may be shown in a similar manner.

3. Discrete Gaussian and mean curvatures

Here, we investigate to which extent the theory and examples presented in the previous section may be translated into
the discrete language. To this end,we consider the standarddiscretisation of discrete asymptotic netswhichhas been studied
and applied extensively in discrete differential geometry [1]. Thus, a discrete asymptotic net (asymptotic lattice) is a map

r : Z2
→ R3, (n1, n2) → r(n1, n2)

such that the stars of the lattice are planar, that is, any vertex r and its four neighbours r1, r2 and r1̄, r2̄ are coplanar. Here,
and in the following, we suppress arguments of functions and denote unit increments and decrements of the independent
variables nk by subscripts k and k̄ respectively so that, for instance,

r = r(n1, n2), r1 = r(n1 + 1, n2)
r2̄ = r(n1, n2 − 1), r12 = r(n1 + 1, n2 + 1).

If N denotes a unit normal to the ‘‘tangent’’ plane which contains the vertex r and its four neighbours then the asymptotic
net condition may be expressed as

∆1r ∼ N1 × N, ∆2r ∼ N × N2,

where the difference operator ∆k is defined by ∆kf = fk − f . As in the continuous case, it may be shown [24] that there
exists a scaled normal

V = ρN

which satisfies the discrete Lelieuvre formulae [9,10]

∆1r = V1 × V, ∆2r = V × V2. (16)

Furthermore, the compatibility condition ∆2∆1r = ∆1∆2r is readily shown to result in (V12 + V) × (V1 + V2) = 0which
is equivalent to the discrete Moutard equation

V12 + V = H(V1 + V2) (17)

for some function H . Conversely, any solution (V,H) of the Moutard equation (17) gives rise to a discrete asymptotic net r
via the discrete Lelieuvre formulae (16).

Steiner’s formula has also proven to be a useful tool in the context of discrete curvature theory [3–5]. Here, our approach
is of a different mixed geometric and algebraic nature and its connection with, for instance, the theory of so-called edge-
constraint nets [5] is currently being investigated. As pointed out at the beginning of Section 2, the definition (1) of the
Gaussian and mean curvatures is meaningful since the numerators and denominators of K and H are proportional to the
unit normalN . If we are concerned with discrete analogues of these curvatures which are associated with the quadrilaterals
of a discrete asymptotic net then it is natural to consider a normal N which is defined on the dual lattice, that is, a map

N : (Z2)∗ → R3.

In the current context, a canonical choice for such a normal is given by the cross-product of the diagonals of the
quadrilaterals, that is,

N ∼ (r12 − r) × (r2 − r1).
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In fact, the discrete Lelieuvre formulae (16) and the discrete Moutard equation (17) reveal that

N ∼ V1 + V2 ∼ V12 + V (18)

which provides a first indication of the geometric significance of the magnitude of the discrete Lelieuvre normal V . If we
introduce lattice parameters ϵ, δ and variables x = ϵn1, y = δn2 then we may employ the Taylor expansions

r1 = r + ϵrx + · · · , r2 = r + δry + · · · , r12 = r + ϵrx + δry + ϵδrxy + · · ·

in the formal continuum limit ϵ, δ → 0. Accordingly,

(r12 − r) × (r2 − r1) = (ϵrx + δry) × (δry − ϵrx) + · · ·

= 2ϵδrx × ry + · · · .

Similarly, we deduce that

(N12 × N) × (N2 × N1) = [(ϵNx + δNy) × N] × [(δNy − ϵNx) × N] + · · ·

= 2ϵδNx × Ny + · · · .

The left-hand side of the above expression is proportional to N since the diagonals r2 − r1 and r12 − r may be regarded as
the lines of intersection of the tangent planes at r and r12 and at r2 and r1 respectively so that

r2 − r1 ∥ N12 × N, r12 − r ∥ N2 × N1

as may also be deduced from the discrete Lelieuvre formulae. Accordingly, we adopt the definition

K =
(N12 × N) × (N2 × N1)

(r12 − r) × (r2 − r1)
(19)

for the Gaussian curvature of a discrete asymptotic net.
In order to define a discrete analogue of the mean curvature (1)2, we first note that

rx × Ny + Nx × ry = (rx × N)y + (N × ry)x.

A natural discrete version of the latter is given by

∆2(∆1r × N (1)) + ∆1(N (2)
× ∆2r),

where, for combinatorial reasons, the quantities N (k) must be normals which are defined on the edges ∆kr . In fact, if we
make the choice

N (k)
=

Nk + N
1 + Nk · N

(20)

then N (k) is orthogonal to the edge ∆kr and is scaled in such a manner that it becomes the unit normal N in the formal
continuum limit. Hence, we define the mean curvature of a discrete asymptotic net to be

H = −
∆2(∆1r × N (1)) + ∆1(N (2)

× ∆2r)
(r12 − r) × (r2 − r1)

. (21)

In order for this to bemeaningful, we now demonstrate that, once again, the numerator of H is proportional to N . Thus, the
discrete Lelieuvre formulae (16) may be used to formulate the discrete mean curvature as

H =
∆2(ρ1ρ∆1N) + ∆1(ρ2ρ∆2N)

(r12 − r) × (r2 − r1)
(22)

which is the discrete analogue of the representation

H =
(ρ2Nx)y + (ρ2Ny)x

2(rx × ry)

of the classical mean curvature. In terms of the discrete Lelieuvre normal V , the discrete mean curvature may therefore be
cast into the form

H =
(ρ1 + ρ2)(V12 + V) − (ρ12 + ρ)(V1 + V2)

(r12 − r) × (r2 − r1)

=
[H(ρ1 + ρ2) − (ρ12 + ρ)](V1 + V2)

(r12 − r) × (r2 − r1)
(23)

as required. Here, we have made use of the discrete Moutard equation (17). It is observed that the above variants of the
discrete mean curvature constitute natural discretisations of the formulae (5).
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Evaluation of the discrete Gaussian curvature (19) by means of the discrete Lelieuvre formulae (16) now results in the
representation

K = −
1

ρρ1ρ2ρ12
= −

sgn(ρρ1ρ2ρ12)

|V||V1∥V2∥V12|
(24)

which constitutes a natural discretisation of the expression (4) for the classical Gaussian curvature. Onemay regard the above
discrete Gaussian curvature as the geometric mean of a Gaussian curvature defined on the vertices of a discrete asymptotic
net, namely

Kv
= −

1
ρ4

= −
1

|V|4
(25)

which coincides with the definition of the Gaussian curvature for semi-discrete asymptotic nets presented in [25]. However,
it is emphasised that the ‘‘vertex Gaussian curvature’’ Kv depends on the choice of the discrete Lelieuvre normal V . Indeed,
in the discrete case, the Lelieuvre normal is only defined up to a scaling by a constantα and its reciprocal 1/α of the Lelieuvre
normals associated with the ‘‘even’’ and ‘‘odd’’ sublattices

De
2 = {(n1, n2) : n1 + n2 even}, Do

2 = {(n1, n2) : n1 + n2 odd} (26)

respectively so that ρ → αρ on De
2 and ρ → ρ/α on Do

2. Hence, the discrete Lelieuvre normal is uniquely determined by
prescribing the magnitude of V or, more precisely, ρ, at one vertex. This degree of freedom does not affect the Gaussian and
mean curvatures defined on the quadrilaterals, which is geometrically evident from the definitions (19) and (21) or seen
algebraically by inspecting the representations (22) and (24), but it gives rise to a uniform scaling of the vertex Gaussian
curvature on the even and odd sublattices. It is observed in passing that the standard definition of the Gaussian curvature
of ‘‘circular nets’’, which discretise curvature coordinates on surfaces, likewise depends on the choice of a normal at one
vertex [2,3].

3.1. Discrete pseudospherical surfaces

The compatibility of the discrete theory developed in the preceding with the standard discrete models of the classes
of (classical) surfaces discussed in Section 2 will now be examined. We begin with the discretisation of pseudospherical
surfaces as independently proposed by Sauer [26] andWunderlich [27] and investigated in detail by Bobenko andPinkall [28]
in the context of integrable systems theory. To this end, it is recalled that a hyperbolic surface Σ is pseudospherical if and
only if the asymptotic lines on Σ form a Chebyshev net [6]. Thus, discrete pseudospherical surfaces are discrete asymptotic
nets which possess the discrete Chebyshev property. By definition, the quadrilaterals of a discrete Chebyshev net constitute
skew parallelograms, that is, opposite edges of any quadrilateral are of the same length so that

∆2(∆1r)2 = 0, ∆1(∆2r)2 = 0. (27)

By symmetry, this implies that the angle between adjacent normals is the same for opposite edges of any quadrilateral so
that the orientation of the unit normal N may be chosen in such a manner that

∆2(N1 · N) = 0, ∆1(N2 · N) = 0. (28)

On use of the discrete Lelieuvre formulae (16), the conditions (27) therefore simplify to

V2
1 = V2

2 , V2
12 = V2. (29)

If we now take the ‘‘square’’ of the discrete Moutard equation in the form

V12 = −V + H(V1 + V2) (30)

then relation (29)2 leads to

H = 2
V · (V1 + V2)

(V1 + V2)2
. (31)

Hence, the inner products of (30) with V1 and V2 reduce to

∆2(V1 · V) = 0, ∆1(V2 · V) = 0.

The latter combined with (28) result in the two conditions

∆2(ρ1ρ) = 0, ∆1(ρ2ρ) = 0 (32)

which are equivalent sinceρ2
1 = ρ2

2 andρ2
12 = ρ2. As a consequence, theGaussian curvature (24) of discrete pseudospherical

surfaces is constant.



116 W.K. Schief / Journal of Geometry and Physics 114 (2017) 109–123

The conditions (29) and (32) show that ρ1 = σρ2 and ρ12 = σρ, where [σ(n1, n2)]
2

= 1. Since the orientation of the
unit normal N is not uniquely determined by the geometric conditions (28), we can adjust the orientation in such a manner
that σ = 1. Hence, we are left with

ρ1 = ρ2, ρ12 = ρ

whichmeans that ρ is constant on the even and odd sublattices. Accordingly, the discrete Moutard equation combined with
the expression (31) for the coefficient H becomes the integrable discrete nonlinear sigma model

N12 + N =
N · (N1 + N2)

1 + N1 · N2
(N1 + N2), N2

= 1

which is known to encode the ‘‘Gauss map’’ of discrete pseudospherical surfaces (see, e.g., [29,30] and references therein).
Furthermore, the above-mentioned gauge freedom of the discrete Lelieuvre normal may be exploited to scale V in such a
manner that ρ is constant on the entire lattice so that the associated vertex Gaussian curvature Kv is likewise constant.

3.2. Discrete affine spheres

A canonical discrete model of affine spheres has been proposed in [31] and its integrability has been demonstrated by
relating it to the integrable discrete Tzitzéica equation set down in [32]. Subsequently, in [10], it was shown that discrete
affine spheres Σ and their polar-reciprocals Σ∗ with position vectors r and V respectively are essentially encoded in the
pair of discrete Lelieuvre formulae

∆1r = V1 × V, ∆2r = V × V2
∆1V = r × r1 ∆2V = r2 × r. (33)

As in the continuous setting, it is readily verified that the above pair is equivalent to the discrete Lelieuvre formulae (33)1,2
subject to the constraint

r · V = 1.

It is therefore natural to refer to

D = r · V

as the affine distance between the vertex r of a discrete asymptotic net and the origin. Hence, as in the classical case, discrete
affine spheres are characterised by the affine distance D being constant. In (33), the position vector r has been scaled so that
D = 1. As in the continuous case, the associated discrete Tzitzéica system [32] admits the compact ‘‘tri-linear’’ form τ τ1 τ11

τ2 τ12 τ112
τ22 τ122 τ1122

+ cτ 3
12 = 0

which constitutes a natural discretisation of (9).
It is emphasised that the affine distance is not invariant with respect to the scaling V → αV on the even sublattice and

V → V/α on the odd sublattice. However, the natural discrete analogue

D(4)
= −

dd1d2d12
K

, d = r · N

of the quantity (7) considered by Tzitzéica in the classical setting is independent of the choice of the discrete Lelieuvre
normal since

D(4)
= DD1D2D12

and D → αD on the even sublattice and D → D/α on the odd sublattice. The sense in which D and D(4) may be considered
affine quantities may be revealed by setting

V =
∆1r × ∆2r

f

and evaluating the discrete Lelieuvre formulae (16). We obtain

f1f = |∆1r1, ∆2r1, ∆2r|, f2f = |∆1r2, ∆2r2, ∆1r|,

where we have exploited the fact that the stars of discrete asymptotic nets are planar, so that

D1D =
|∆1r1, ∆2r1, r1||∆1r, ∆2r, r|

|∆1r1, ∆2r1, ∆2r|
D2D =

|∆1r2, ∆2r2, r2||∆1r, ∆2r, r|
|∆1r2, ∆2r2, ∆1r|

.
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Hence, under a centro-affine transformation r → Ar , where A is a non-singular constant matrix, the quantities DkD
transform according to

DkD → (det A)DkD. (34)

Thus, up to a constant multiple, these quantities constitute centro-affine invariants and so does D(4) since

D(4)
→ (det A)2D(4)

in analogy with Tzitzéica’s discovery in the classical case. Moreover, the transformation formulae (34) imply that the affine
distance D is a centro-affine invariant in the same sense modulo the non-uniqueness of the discrete Lelieuvre normal V .

3.3. Discrete generalised affine spheres

As in the continuous case, the discrete Lelieuvre normal V may be scaled in such a manner that the scaled Lelieuvre
normal V∗ may be interpreted as the position vector of another discrete asymptotic net Σ∗. Indeed, for instance, taking the
cross-product of the Lelieuvre equation (16)1 with r leads to

r1 × r = (r · V1)V − (r · V)V1 = (r1 · V1)V − (r · V)V1

by virtue of V1 · ∆1r = 0. Thus, discrete asymptotic nets Σ are encoded in the pairs

∆1r = D1DV∗

1 × V∗, ∆2r = D2DV∗
× V∗

2

∆1V
∗

=
1

D1D
r × r1, ∆2V

∗
=

1
D2D

r2 × r, (35)

where

V∗
=

V

D
.

Indeed, if one sets aside the genesis of the above relations then it is readily verified that r · V∗
= 1 is implied and, hence, D

may be interpreted as the affine distance associated with r , where V = DV∗ constitutes a corresponding discrete Lelieuvre
normal. Furthermore,

r∗
=

r
D

is a discrete Lelieuvre normal for the discrete asymptotic net Σ∗ represented by V∗ and the associated affine distance is
given by

D∗
= r∗

· V∗
=

1
D

.

In order to make contact with the discrete generalised affine spheres proposed in [10,23], we now derive the
‘‘Gauss–Weingarten equations’’ for discrete asymptotic nets in the setting of centro-affine geometry. We first observe that
the planarity of stars of a discrete net Σ may be expressed as

∆1r1 = a11∆1r + a12∆2r1
∆2r2 = a22∆2r + a21∆1r2

(36)

for some functions aik. Moreover, the discrete Lelieuvre formulae (35)3,4 for the pair (V∗, r∗) imply via compatibility that
r∗ obeys a discrete Moutard equation so that

r12
D12

+
r
D

= H


r1
D1

+
r2
D2


(37)

for another function H . The compatibility conditions (r11)2 = (r12)1 and (r22)1 = (r12)2 associated with the discrete
Gauss–Weingarten equations (36) and (37) then lead to discrete ‘‘Gauss–Mainardi–Codazzi equations’’ for the functions
aik, H and D. Discrete generalised affine spheres have originally been generated by iterative application of the Tzitzéica
transformation to classical affine spheres [31] and may be characterised by a scaled discrete Moutard equation of the form

r12 + b(0)r = Ĥ(b(2)r1 + b(1)r2),

where

b(1)
= b(1)(n1), b(2)

= b(2)(n2), b(0)
= b(1)b(2).

Comparison with the scaled discrete Moutard equation (37) shows that a surface Σ constitutes a discrete generalised affine
sphere if and only if the affine distance D is constrained by

D2

D1
=

b(2)

b(1)
,

D12

D
= b(0).
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If we parametrise b(1) and b(2) by

b(1)
=

β
(1)
1

β(1)
, b(2)

=
β

(2)
2

β(2)
(38)

and set

D = β(1)(n1)β
(2)(n2) (39)

then we obtain
D2

D2
=

D1

D1
,

D12

D12
=

D
D

so that

D = D

by virtue of the gauge freedom of the discrete Lelieuvre normal V and the fact that the functions β(1) and β(2) in (38) are
only defined up to constantmultiples. Accordingly, a discrete asymptotic net constitutes a discrete generalised affine sphere
if there exists a discrete Lelieuvre normal V such that the associated affine distance D factorises as in (39), that is,

D12D
D1D2

= 1. (40)

The latter constitutes the natural analogue of the condition (11) characterising generalised affine spheres since

∆12D
D

−
(∆1D)(∆2D)

D2
= 0.

It is observed that the discrete ‘‘harmonicity condition’’ (40) is also satisfied for the dual affine distanceD∗
= 1/D and, hence,

as in the classical case, discrete generalised affine spheres come in pairs (r, V∗). A connection between continuous and
discrete (generalised) affine spheres and self-dual Einstein spaces via the underlying integrable systemshas been established
in [32,33].

3.4. Discrete minimal surfaces

According to the representation (23) of the discrete mean curvature H , discrete asymptotic nets are minimal (H = 0) if
and only if the function ρ constitutes a scalar solution of the discrete Moutard equation (17), that is,

ρ12 + ρ = H(ρ1 + ρ2). (41)

Hence, as in the continuous case, if we set V = (V, ρ) ∈ R3,1 then it is seen that discrete minimal surfaces are governed by
the integrable discrete nonlinear sigma model

V12 + V = H(V1 + V2), ⟨V,V⟩ = 0.

In view of Bonnet’s classical observation discussed in Section 2.4, we now consider pairs of discrete nets (Σ, Σ̄), the position
vectors of which are related by the natural analogue of (14), that is,

∆1r̄ = N (1)
× ∆1r, ∆2r̄ = N (2)

× ∆2r, (42)

where the edgenormalsN (k) are definedby (20). Evaluation of the above relations by virtue of the discrete Lelieuvre formulae
(16) yields the discrete analogue

∆1r̄ = ρ1ρ∆1N, ∆2r̄ = −ρ2ρ∆2N (43)

of (15) or, equivalently,

∆1r̄ = ρV1 − ρ1V, ∆2r̄ = ρ2V − ρV2. (44)

The latter pair is essentially of the same algebraic form as the discrete Lelieuvre formulae and, hence, ρ must satisfy the
same discrete Moutard equation as V . In fact, by definition (21) of the discrete mean curvature,

∆2(∆1r̄) − ∆1(∆2r̄) = H[(r12 − r) × (r2 − r1)]

which indeed shows that the discrete net Σ̄ exists if and only if the discrete asymptotic net Σ is minimal.
In order to examine the geometric properties of the discrete net Σ̄ , we first observe that the discrete net Σ◦ on the unit

sphere defined byN is composed of planar quadrilaterals since combination of the discreteMoutard equations (17) and (41)
produces the discrete Darboux equation

ρ12(N12 − N) = H[ρ1(N1 − N) + ρ2(N2 − N)].
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Thus, by definition, Σ◦ constitutes a discrete conjugate net [1]. In fact, it is easy to see that a discrete asymptotic net
Σ is minimal if and only if the Gauss map Σ◦ forms a discrete conjugate net. Furthermore, the relations (43) show
that corresponding edges of the discrete nets Σ̄ and Σ◦ are parallel. Accordingly, Σ̄ constitutes a discrete Combescure
transform [34] of the discrete conjugate net Σ◦. Since the discrete Combescure transformation evidently preserves angles
between edges, the quadrilaterals of Σ̄ are likewise inscribed in circles so that, by definition, Σ̄ turns out to be a discrete
curvature net (circular net) [1] and N̄ = N is an associated vertex normal. Finally, the mapping between r and r̄ given by
(42) may be inverted by taking the cross-product with the edge normals N (k) to obtain

∆1r = ∆1r̄ ×
N̄1 + N̄

2
, ∆2r = ∆2r̄ ×

N̄2 + N̄
2

. (45)

The associated compatibility condition reads

0 = ∆1(∆2r) − ∆2(∆1r) =
(r̄12 − r̄) × (N̄2 − N̄1) + (N̄12 − N̄) × (r̄2 − r̄1)

2
which reveals that the discrete net Σ̄ is minimal since the mean curvature of a discrete curvature net is given by [2,3]

H̄ = −
(r̄12 − r̄) × (N̄2 − N̄1) + (N̄12 − N̄) × (r̄2 − r̄1)

2(r̄12 − r̄) × (r̄2 − r̄1)
.

It is recalled that the Gaussian and mean curvatures of a discrete curvature net Σ̄ may be obtained by considering Steiner’s
formula for parallel discrete nets Σ̄∥ defined by r̄∥

= r̄ + µN̄ , namely [3]

(r̄∥

12 − r̄∥) × (r̄∥

2 − r̄∥

1 )

(r̄12 − r̄) × (r̄2 − r̄1)
= 1 − 2µH̄ + µ2K̄. (46)

Here, N̄ represents a discrete Combescure transform Σ̄◦ of Σ̄ on the unit sphere. Since the above line of arguments may be
reversed in that any minimal discrete curvature net gives rise to a minimal discrete asymptotic net via (45), the existence
of conjugate pairs of minimal surfaces in the discrete setting has been established.

It turns out that the above pairs of discrete surfaces are also minimal with respect to the definition of mean curvature
in the theory of edge-constraint nets [5]. However, in the current setting, one has the additional feature that, as in the
continuous case, the Gaussian curvatures of the conjugate discrete minimal surfaces coincide. To make good this assertion,
we first recall that the Gaussian curvature of a discrete curvature net Σ̄ is given by (cf. (46))

K̄ =
(N̄12 − N̄) × (N̄2 − N̄1)

(r̄12 − r̄) × (r̄2 − r̄1)
.

In the case of the above conjugate discrete minimal surfaces, the diagonals of the quadrilaterals of Σ̄ are reciprocal-parallel
to the diagonals of the corresponding quadrilaterals of the Gauss map Σ◦ since the relations (44) imply that

r̄12 − r̄ = Hρ1ρ2(N1 − N2), r̄2 − r̄1 =
ρρ12

H
(N − N12)

Hence, we conclude that

K̄ = −
1

ρρ1ρ2ρ12
= K

by virtue of N̄ = N as claimed.

4. (Discrete) Bianchi surfaces

In 1892, Bianchi [6,35] showed that a conjugate net on a surface Σ̂ is isometrically deformable if and only if there exists
a reciprocal-parallel asymptotic net (on a surface) Σ , the Gaussian curvature of which is constrained by

−
1
K


xy

= 0.

Surfaces Σ of the this type are known as Bianchi surfaces and may be characterised by the constraint

(V2)xy = 0 (47)

by virtue of the representation (4) of the Gaussian curvature. The above constraint may be used to determine the function h
in the Moutard equation (3), leading to the generalised nonlinear sigma model

Vxy +
Vx · Vy

V2
V = 0 (48)
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which, in fact, implies the Bianchi constraint (47). The class of Bianchi surfaces is integrable and includes pseudospherical
surfaces [8,36,37]. The latter correspond to classical Voss surfaces Σ̂ [6] which are known to admit isometric deformations
which preserve privileged geodesic conjugate nets on Σ̂ .

It may be shown that infinitesimal isometric deformations of conjugate nets of second order are, in fact, finite. This has
been exploited in the discrete setting by defining a discrete Bianchi surface Σ as a discrete asymptotic net for which the
reciprocal-parallel discrete conjugate nets admit an isometric deformation of second order [24]. It turns out that discrete
Bianchi surfaces are likewise integrable and characterised by the condition [29,38]

∆12[(V12 + V) · (V1 + V2)] = 0, ∆12 = ∆1∆2 (49)

which reduces to (47) in the formal continuum limit.
In order to link the constraint (49) to the vertex Gaussian curvature proposed in the preceding, we now examine the

properties of the Lelieuvre normals of a discrete Bianchi surface associated with the odd and even sublattices (26). To this
end, we formulate the discrete Moutard equations corresponding to four adjacent quadrilaterals as

V1 + V2 =
1
H

(V + V12), V112 + V122 =
1

H12
(V1122 + V12)

V112 + V1 = H1(V11 + V12), V122 + V2 = H2(V22 + V12).
(50)

Elimination of the left-hand sides leads to a linear equation for the Lelieuvre normals on De
2 or Do

2 only, namely

�V = 4HV12, (51)

where the operator � and the function H are given by

� =
1

H12
(T1122 − T12) +

1
H

(T0 − T12) − H1(T11 − T12) − H2(T22 − T12)

and

H =
1
2


H1 + H2 −

1
H12

−
1
H


.

Here, the T∗ denote shift operators with T0 being the identity operator. Accordingly, the operator � may be interpreted as a
weighted discretisation of the d’Alembert operator ∂2

u − ∂2
v with the conjugate coordinates u and v being defined by

x = u + v, y = u − v

so that the linear equation (51) constitutes a discretisation of the Moutard equation (3) in the form

(∂2
u − ∂2

v )V = 4hV.

It is noted that H → 1 in the formal continuum limit.
Multiplication of (50)1 by V − V12 and the remaining discrete Moutard equations by the analogous differences leads to

(V1 + V2) · (V − V12) =
1
H

(|V|
2
− |V12|

2)

(V112 + V122) · (V1122 − V12) =
1

H12
(|V1122|

2
− |V12|

2)

(V112 + V1) · (V11 − V12) = H1(|V11|
2
− |V12|

2)

(V122 + V2) · (V22 − V12) = H2(|V22|
2
− |V12|

2).

Comparison with the condition (49) for discrete Bianchi surfaces shows that, once again, the left-hand sides may be
eliminated to obtain

�V2
= 0 (52)

which constitutes a discrete version of the Bianchi constraint (47) in the form

(∂2
u − ∂2

v )V2
= 0.

In fact, in terms of the vertex Gaussian curvature (25), this may be expressed as

�


−

1
Kv


= 0

which completes the analogy with the classical case.
It is observed that, given vectors V on De

2 (or Do
2) which satisfy the discrete Moutard equation (51) for some function

H , corresponding vectors V on Do
2 (or De

2) may be constructed by means of the compatible equations (50) so that V on
the complete lattice constitutes a discrete Lelieuvre normal. In particular, the discrete Moutard equation (51) on one of
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the sublattices subject to the constraint (52) encapsulates discrete Bianchi surfaces on the entire lattice. In fact, one may
even interpret the pair (51), (52) as encoding a discretisation of Bianchi surfaces parametrised in terms of the conjugate
coordinates u and v. Thus, given a solution of the discrete Moutard equation (51) on De

2, say, a lattice r : Do
2 → R3 may be

defined up to a global translation by the compatible equations (cf. (16))

r2 − r1 =
1
H

V × V12, r112 − r122 =
1

H12
V1122 × V12

r112 − r1 = H1V11 × V12, r2 − r122 = H2V22 × V12.

Indeed, elimination of the left-hand sides leads to the consistency condition

�V × V12 = 0.

Moreover, the quadrilaterals [r1, r112, r122, r2] are planar with V12 being a corresponding normal so that r represents a
discrete conjugate net.

It is also worth pointing out that the discrete Moutard equation (51) formulated in terms of the ‘‘face’’ normal (18)
normalised to

N =
√
H(V1 + V2) =

1
√
H

(V12 + V)

adopts the compact form

1
√
H12

N12 +
1

√
H

N =


H1 N1 +


H2 N2 (53)

and the discrete Bianchi constraint (49) becomes

∆12N
2

= 0. (54)

Whether the quantity N 2 gives rise to another measure of discrete Gaussian curvature is currently being investigated. It
should be noted that the alternative integrable weighted discretisation (53) of the Moutard equation together with the
constraint (54) have essentially been proposed in [38] in the context of discretisations of the Bianchi system and the Ernst
equation of general relativity. The latter connection is revealed by considering Bianchi surfaces in a three-dimensional
Minkowski space so that V ∈ R2,1. If one then introduces the parametrisation

V =

√
ϱ

E + Ē

i(E − Ē)

EĒ − 1
EĒ + 1

 ,

the vectorial Bianchi equation (48) reduces to the Ernst equation

Exy +
1
2

ϱy

ϱ
Ex +

1
2

ϱx

ϱ
Ey =

ExEy

ℜ(E)
, ϱxy = 0 (55)

for colliding gravitational waves in general relativity [39]. The above discretisation procedure is, of course, not sensitive to
the signature of the ambient space and therefore also applies to the hyperbolic Ernst equation (55).

5. (Discrete) torsions

There exists an intimate connection between the Gaussian curvature of a hyperbolic surface and the torsion of its
asymptotic lines. The torsion τ of a curve x → r(x) ∈ R3 measures its degree of ‘‘non-planarity’’ and may be expressed in
terms of the change of the binormal along the curve. The binormal b is a unit vector which is orthogonal to the (osculating)
plane spanned by the unit tangent t ∼ rx and the principal normal n ∼ tx [6]. This implies that bx ×b is tangent to the curve
and, accordingly, the torsion of the curve may be defined by

bx × b = −τrx.

The Lelieuvre formulae (2) reveal that the binormals to the asymptotic lines on a hyperbolic surface coincide with the unit
normal N and the associated torsions are

τ (x)
= −

1
ρ2

, τ (y)
=

1
ρ2

. (56)

Hence, we retrieve the classical relations [6]

K = −[τ (x)
]
2

= −[τ (y)
]
2

= τ (x)τ (y). (57)



122 W.K. Schief / Journal of Geometry and Physics 114 (2017) 109–123

The binormal b to a discrete curve (polygon) n1 → r(n1) ∈ R3 is naturally taken to be a unit normal which is orthogonal
to adjacent edges of the discrete curve, that is,

b =
∆1r × ∆1r1̄
|∆1r × ∆1r1̄|

.

Hence, as in the continuous case, the discrete torsion τ may be defined via the parallelity property

b1 × b = −τ∆1r.

Thus, the sine of the angle between two consecutive ‘‘osculating’’ planes relative to the length of the corresponding edge is a
measure of the discrete torsion. This coincides with the definition of discrete torsion proposed in [27]. Comparison with the
discrete Lelieuvre formulae (16) shows that the binormals to the coordinate polygons of a discrete asymptotic net coincide
with the unit normal N and the associated discrete torsions are given by

τ (1)
= −

1
ρ1ρ

, τ (2)
=

1
ρ2ρ

in analogy with the continuous expressions (56). Accordingly, we conclude that

K = −τ
(1)
2 τ (1)

= −τ
(2)
1 τ (2)

which constitutes the natural symmetric discretisation of the classical relations (57)1,2.
In conclusion, we point out that one may define a ‘‘twist’’ of a quadrilateral as the torsion of a zigzag curve composed of

a diagonal and two adjacent edges. There exist four twists of a quadrilateral which are encoded in the relations

r12 − r = −
N2 × N1

τ Z
= −

N1 × N2

τ N

r2 − r1 = −
N × N12

τN
= −

N12 × N
τ Z

.

The discrete Lelieuvre formulae and the discrete Moutard equation then imply that

τN
= −τ Z

= −
H

ρρ12
, τ Z

= −τ N
=

1
Hρ1ρ2

so that, for instance,

K = τNτ Z

which is reminiscent of the classical relation (57)3.
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