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0. Introduction

In [1] the following principles were established:

- Given a semisimple complex Jordan algebra V and a homogeneous polynomial Q on V, there exists a finite covering K
of the conformal group Conf(V, Q) and a cocycle u : K x V — C such that the corresponding cocycle representation of K
on the polynomial functions on V leaves the space W, spanned by Q and its translates z — Q(z — a) with a € V, invariant,
producing an irreducible representation « of K on W (see Proposition 1.1 and Corollary 1.2 in [1]).

- Assuming the polynomial Q of degree 4, Lie(K) @ W carries the structure of a complex simple Lie algebra g (see theorem
3.1and Theorem 3.3 in [1]). One constructs a non compact real form gy of g, of non Hermitian type, starting with a Euclidean
real form Vi of V. The construction also yields a compact real form Ky of the group K. It turns out that we obtain (see Table 1
in [1]) all the simple real Lie algebras of non Hermitian type which possess a strongly minimal real nilpotent orbit, i.e. such
that Opin Ngr # U, where Op;y is the minimal nilpotent adjoint orbit of g (see tables 4.7 and 4.8 in [2]). Recall that condition
Omin N gr # @ is natural, since it is necessary for a simple real Lie group with Lie algebra gy to admit an irreducible unitary
representation with associated complex nilpotent orbit O, (see Theorem 8.4 in [3]).

In [4], we established the following: _

- The K-orbit & = K.Q C W carries the structure of a complex line bundle over the conformal compactification V of
V. Its restriction =y to V is trivial and the K-action on = yields a left regular representation 7 of K on the space O(Z') of
holomorphic functions on Z.
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- The subspaces O,;( Z) of fixed degree of homogeneity m in the fiber direction are irreducible K-modules whose elements
restrict to polynomials on &y. Homogeneity in the fiber direction allows to identify ©,,(& ) with a space O,,(V) of polynomials
onV.

- There exists a Kr-invariant inner product on O,(V) which has a reproducing kernel H™, where H is obtained from Q
by polarization. Adding these kernels with arbitrarily chosen non-negative weights yields a multiplicity free unitary Kg-
representation on a Hilbert subspace of O(Z).

-The polynomialsp € Wacton O(& )in = Y _,,,cyOm( &) by multiplication and differentiation such that the corresponding
maps M, D : W —End(O(Z )g,) are K-equivariant.

- The elements E = Q and F = 1 in W can be complemented by H = [E,F] € g to an sk-triple which allows to
determine a specific condition (T) depending on the pair (V, Q) under which, there exists a unique sequence § = (8;;)men
acting diagonally on O(Z )in = ) _,,,cyOm( &) such that the map p : W —End(O(Z )n), p — M(p) — & o D(p) complements
dr to arepresentation drw + p of g = Lie(K) + W on O(& )gin (*).

Since Oy( &) is reduced to the constants and then consists of K-fixed vectors, this representation is spherical. A list of
the cases satisfying condition (T) is given and that determine the non Hermitian simple real Lie groups gz which admit such
spherical minimal representations.

- When the condition (T) is satisfied, given the sequence 4, it is possible to determine a set of weights such that the
restriction of dr + p to g is infinitesimally unitary. Moreover, Nelson’s criterion can be used to show that this representation
integrates to the simply connected Lie group G with Lie algebra gg.

As the geometric setting in [4] allowed to give realizations of only spherical minimal representations, we consider in this
paper a more general geometric setting which allows to realize a large class of minimal representations which covers those
obtained in [2,5,6]. We resolve this problem by applying the preceding principles separately for the simple summands V;
of the Jordan algebra V which means that Q gets factored as a product of powers of Jordan determinants. Then, (neglecting
coverings) K is a product of the analogous groups K; for the simple summands V; and on the level of K representations, one
has a tensor product situation. The variety = is a quotient of & := I—[f:] Zj, where s is the number of simple summands,
E; = K;- Aj is the K;-orbit of the Jordan determinant A;. This results in an N°-grading rather than an N-grading. The technical
heart of this paper then is to make principle (*) work. To this end, one has to consider holomorphic functions on Z' instead
of &, and replace O(& s, by spaces O(Z)g.fin = ) meny®i_qOkim+q;(Zi) where (ky, ..., ks) are the multiplicities given by
Q(z) = ]_[f:1 Afi(zi) and g = (q1,-..,qs) € N°. Then the strategy of proof given in [4] can be used to prove principle (*)
also in the product setup. The extra freedom of the parameter g turns out to be enough to produce all the representations
constructed bx Brylinski-Kostant. The representations so obtained are realized on a Hilbert space F,(&') of holomorphic
functions on Z, There is an explicit formula for the reproducing kernel of ]—‘q( ) involving a hypergeometric function {F,.
The space J—‘q( ) is a weighted Bergman space. The norm is given by an integral on 1‘[;1(@ x V;), with a weight taking in
general both positive and negative values, involving a Meijer G-function Gf:g. This result permits to get an analogy with the
classical Fock space.

A similar theory can be developed on Fock-type models for minimal representations of simple real Lie groups of Hermitian
type (See [A12]).

In [7], the authors obtained Fock-type and Schrédinger-type models for minimal representations of real Lie groups of
Hermitian type, which arise as conformal groups of simple real Jordan algebras. Also, in a series of papers, A. Dvorsky and S.
Sahi obtained explicit Hilbert spaces for unipotent representations of such groups (see [8-10]).

1. Construction process of complex simple Lie algebras and of simple real Lie algebras of non Hermitian type

Let V be a semi-simple Jordan algebra and Q a homogeneous polynomial on V. Define

L=5tr(V,Q) = {g € GL(V) | Ty = y(g), Qg - x) = y(g)QA(X)}.

The conformal group Conf(V, Q) is the group of rational transformations g of V generated by: the translations z + z +a
(a € V), the dilations z — £ - z (¢ € L), and the inversionj : z — —z~! (see [11]). A transformation g € Conf(V, Q) is
conformal in the sense that the differential Dg(z) belongs to Str(V, Q) at any point z where g is defined.

Let W be the space of polynomials on V generated by the translated Q(z — a) of Q, with a € V. Let « be the cocycle
representation of Conf(V, Q) or of a covering of order two of it on W, defined in [1] and [4] as follows:

Case 1.In case there exists a character x of Str(V, Q) such that x? = y, then let K = Conf(V, Q). Define the cocycle

n(g.z) = x(Dg(z)™") (g€K,zeV),
and the representation « of K on W,
(k(g)p)z) = (g™ ", 2)p(g " - 2).

The function «(g)p belongs actually to W (see [12], Proposition 6.2). The cocycle (g, z)is a polynomial in z of degree < deg Q
and

w)p)z) =p(z —a) (aeV),
Op)z) = x(Op(e™"-2) (Lel),
(k()p)2) = Q2)p(=z1).
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Case 2. Otherwise the group K is defined as the set of pairs (g, u) with g € Conf(V, Q), and u is a rational function on V such
that

iz = y(Dg(z)™".

We consider on K the product (g1, #1)(82, 42) = (8182, 3) With u3(z) = (g2 - 2)pa(2). For g = (g, n) € K, define
(g, z) = u(z). Then (g, z) is a cocycle: w(g182, z) = w(g1, & - 2)u(g2, z), where g - z = g - z by definition.
Then

(k@)p)(2) = &', 2" - 2).

Recall from [1] that the representation « of K on W is irreducible, The inverse in K of 0 = (j, Q(z))is 0 ~! = (j, Q(—2))
and then equals o if the degree of Q is even.

From now on, assume that the polynomial Q has degree 4. Then there exists H € 3([), where | = Lie(L) which defines
gradings of ¢ = Lie(K) and of p = W:

b=t 1+t +t, p=po+p_1+po+p+p2,
with

E={Xet|adHX=jX}, (i=-1,01),

b1 =V, ¢ =Liel), Ad(o):¢ — ¢,
and where p; = {p € p | d«(H)p = jp} is the set of polynomials in p, homogeneous of degree j + 2. Furthermore
k(o) :pj — p_j,and

p2=C, pp=CQ, p1x=V, ppxV.
Thenforg =¢@ p, E = Q, F = 1, we established (see Theorem 3.1 in [ 1]) the existence on g of a unique simple Lie algebra
structure such that:

(i) X.XT=[X.XTe X.X €t),

(i) [X,pl=dc(X)p (X €t pep),

(iii) [E,F]=H.

Recall now the real form gy of g which will be considered in the sequel. It has been introduced in [1] and [4] . We fix a

Euclidean real form Vi of the complex Jordan algebra V, denote by z > Zz the conjugation of V with respect to Vi, and then
consider the involution g — g of Conf(V, Q) givenby: g -z = g - z. For (g, i) € K define

(g, n) = (8, i), where ji(z) = u(2).
The involution « defined by «(g) = ¢ o g o 0! is a Cartan involution of K (see Proposition 1.1.in [P02]),and Kz = {g € K |
a(g) = g} is a compact real form of K.
Let u be the compact real form of g such that ¢ N u = g, the Lie algebra of Ky, denote by pr = p N (iu). Then, the real Lie
algebra defined by

gr = tr + pr (%)

is a real form of g and the decomposition (x) is its Cartan decomposition. Looking at the subalgebra g° isomorphic to
sl(2, C) generated by the triple (E, F, H), one sees that H € itg,E + F € pg and i(E — F) € pg. It follows that pp =
U(tr)(E 4+ F) + U(eg)(i(E — F)). Since the complexification of the Cartan decomposition of gr is g = ¢ + p and since p is
a simple ¢-module, it follows that the simple real Lie algebra g is of non Hermitian type. In [4], we have established that
pr = {p € p | B(p) = p}, where we defined for a polynomial p € p, p = p(z), and considered the antilinear involution § of p
given by B(p) = «(o)p.

Since E + F and i(E — F) belong to pg and iH belongs to ¢z and since

[E + F,i(E — F)] = —2i[E, F] = —2iH,
[iH,E + F] = 2i(E — F), [iH,i(E —F)] = —2(E +F),
then the real Lie subalgebra of gr generated by iH, E + F, i(E — F) is isomorphic to su(1, 1).

Another real form of the Lie algebra g can be obtained naturally by considering the real analogous of g, given by
gr = tr + pr, Where g = Lie(Str(Vg)), pr = Wk is the real subspace of p generated by the polynomials Q(x — a) on
Vg with a € Vg in such a way that for

pj = {p € pr | dc(H)p = jp},

PR=P2®P_1DPoPpP1 DM
is the eigen-space decomposition of pr under ad(I:I) = dK(I:I), where we notice that the element H of 3(¢) belongs to 3(¢g)
too.
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Since E and F belong to i and H belongs to &z and since
[E,F]=H,[H,E] =2E,[H, F] = —2F,

then the real Lie subalgebra of gr generated by H, E, F is isomorphic to s[(2, R).

We give in Table 1 the classification of the simple real Lie algebras gr obtained in this way. It turns out that they are
exactly the simple real Lie algebras of non Hermitian type which satisfy the condition O,;, N g # @ (see Tables 4.7 and 4.8
in [2]). It also gives the real Lie algebras gg.

We have used the notation:

p2)=2{+---+2z, (zeC).

In case of an exceptional Lie algebra g, the real form g has been identified by computing the Cartan signature (see Table 1).

Table 1
v Q € g IR or
C z* sl(2,C) sl(3,C) sl(3,R) sl(3,R)
c op(2)f s0(p +2,C) si(p+2,C) si(p+2,R) si(p+2,R)
cecC 7222 s0(3, C) ® s0(3, C) s0(6, C) s0(3, 3) 50(6)
cecacC 222523 sl(2, C)®3 s0(7, C) 50(3, 4) s0(7)
CoCopCaC 21222324 sl(2, C)®4 s50(8, C) s0(4, 4) 50(8)
cPaC op(2)2? so(p 4 2, C) @ s0(3, C) so(p+ 5, C) so(p+2,3) so(p +5)
CPeCoC ep(2)2'2" so(p + 2, C) @ sl(2, C?) so(p +6,C) so(p + 2, 4) so(p + 6)
Cr @ C2 0p1 (2)p, (2) ®750(pi +2,C) so(p1 +p2 +4,C) so(p1 +2,p2 +2) so(p1 +p2 +4)
Sym(4, (C) detz 5p(8, C) e6 ¢6(6) ¢6(6)
M(4, C) detz 5l(8, C) 7 e7(7) €7(7)
Skew(8, C) Pfaff(z) 50(16, C) ¢g eg(g) eg(8)
Sym(3,C)d C detz .z’ sp(6, C) @ s1(2, C) fa faca) 4(4)
M(3,C)® C detz - z' 516, C) ® sl(2, C) [ e6(2) 26(6)
Skew(6, C) @ C Pfaff(z) - 2/ 50(12,C) @ s1(2, C) ¢7 e7(—5) e7(7)
Herm(3, Q)c & C detz -z’ e7 D sl(2, C) eg eg(—24) €g(8)
cecC 2.7 sl(2,C) @ sl(2,C) 02 9202) 0202)

The Jordan algebra V is a direct sum of simple ideals:

S
V=P
i=1
and

N
Q) =[] z=(,....2),
i=1
where A; is the determinant polynomial of the simple Jordan algebra V; and the k; are positive integers. The degree of Q is
equal to Zlek,-r,», where r; is the rank of V;. Define

Ly = Str(V;, A;) = {g € GL(V}) | Fyi(g) € C*, Ai(g - x) = yi(g)Ai(x)}.

In a similar manner, we consider the conformal groups Conf(V;, A;), the corresponding groups K; analogous of K, the spaces p;
of polynomials on V; generated by the polynomials A;(z; — a;) with a; € V; and the cocycle representations «; of K;, analogous
of «, on the space p; given by (K,-(gi)p)(z,-) = u,—(gi”, zi)p(g,.‘1 - z;). More precisely, K; = Conf(V;, A;) when there exists a
character y; of L; satisfying x? = y; and K; = {& = (g, i) | & € Conf(V;, A;), pi(zi)* = yi(Dgi(z:))~ '} if the character x; does
not exist.

Since the differential of the inversionj : V; — Vi, z; — _Zfl is given by Dj(z;) = Pi(z;)~! where P; is the quadratic
representation of V; and since P;(z;) belongs to L; and satisfies A;(Pi(z;)x;) = Af(zi)Ai(x,-) then y;(Pi(z;)) = A,-z(z,-) and the
element o; = (j, Ai(z;)) belongs to K;. The inverse in K; of o; = (j, Ai(z;)) is a,._1 = (j, Ai(—z)) = (j, (—1)1 A(z)).

Furthermore, when y; exists, the representation «; of K; is given by («i(gi)p)(zi) = ,ui(g,.‘l, zl-)p(gi‘l - z;), for wi(gi, z;) =
xi(Dgi(z:)™"). Then

(ki(Ta)P)Nzi) = p(zi — @) (a; € Vi),
(ki(€)p)zi) = xi(p(e; " - z7) (€ € L),
(ki(p)z) = Az)p(—z").

And, when x; does not exist, it is (Ki(g,-)p)(z,-) = Mi(gr;‘, z,A)p(gi’1 -z;),where g; = (g;, ni(zi)) and wi(g;, zi) = wi(z;). In particular
(ki(o0)p)(z:) = Ailzi)p(—z ") and (ki(o; " )p)(z) = (— 1)1 Ai(z)p(—7 ).
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Let W(k‘) be the vector space generated by the polynomials Af"(z,» — a;) for a; € V;. Then, the group K; acts on Wi(k") by the

representation «; given by (x{(g)p)(z) = wi(g " z:)ip(g " - ).
Observe that L = ]_[, 1Li actmg onVbyg-z= (g, z;), for g = (g), z = (z;), is a subgroup of L, with same Lie algebra

(=)'  Lwithl;= - Lie(L;), and that y(g) = I, v ’(g,)
Also, the groups K= ]_[ ,Ki and K have same Lie algebra ¢ = Zfz]éi with ¢ = Lie(K)) ~ Vi@ ;® V.

Proposition 1.1. The space p is the tensor product of the W(k'

Proof. In fact, let iy be the multilinear map p1 x - - - X ps = p, (P1, ..., Ps) — p, with p(z) = p1(z1).. ps(zs)forz = Zf 1Zi-
Since «k(14)Q(z) = ]_[le(fci(k")(rai)Af )(z;), then the complex vector space p is generated by w(wﬁ" 1 - X WSI‘S)) It remains
to prove that for a multilinear map f : W(k 1 - X W tks) U, there is a linear mapf p — U such thatf Y = f.Recall
thatp =p_o+p_1+po+p1 +p2,E=E_1 —i—éo—i-ﬁ withe_; >~V >~ & =«(o)(t_1),p_o = C-1,p, = C-Q and that for
everyp € py,q € p_1, thereis a unique X € ¢_; and a unique Y € ¢_; such that p = dx(X)Q and q = «(0)dk(Y)Q (see [1],
Lemma 1.1).

Let us define the linear map{ on p as follows:

-Onpyand p_p: f(Q) = f(AY, ..., AS) F(1) =f(1,..., 1).
-Onp;: forp € py, let X € £_q be such that p = [X, Q], then put
Fp) = Flak(X)Q) = fldk{Vx) Al .. dill)(X,) Al
where exp(X) = 75, a = Y ;_,a; and X; € & such that exp(X;) = 1.
-Onp_q:forq e p_q,letY € £ 1 suchthat g = «(o)[Y, Q], then put
F@) = Fcondef Al L e o) (v,) Ak).

where exp(Y) = 15, b = Zleb,» and Y; € ¢ such that exp(Y;) = 7.

- On po: for p € po, there is (X, p) € £ x p; such that p = [X, p], and, since thereis Y € ¢_; such thatp = [Y, Q]
then p = [X, [Y, Q]]. Let {p1, ..., Py} be a basis of the space po where p; = [X?, [Y?), Q]] with X?, YU € ¢_;. Denote by
a¥) = Zf al b =3 1b(’ the elements such that exp(X?)) = 7, and exp(YY) = 7, and let X(’) Y € ¢ be such that

exp(X(’ )=t g y and exp(Y ) b(,) Y
We defmef on this basis by
fop=f ([xl“), P, At af, . X0, v9, k) ﬂ A )
i=2
Since
(de(X)Q)(2) = (A (x)AM Yz .. (e (X) AR )(2y),
(k(0)di(Y)Q)(z) = (k" (o1)dic V(Y1) AN Yz1) - . (1) (a5)die 8 (Y ) AR ) z4),

and
S
i - k
(X9, 1y, @Iz) = Y (X, v, )z ]_[A (2).
=1 il
then
fov=f D
Let x(ktoks) = 5"1) Q- ® /cskS) be the tensor product of the representations K( ) The infinitesimal representations

dick1--%) and dic of € on p are equal and the structure of simple Lie algebra described above on % = £+ p can be obtained by
considering the action «1--%) of the product group | K:= ]_[, 1K (instead of k) on p = ®;_, W; "

The orbit Z of Q under the action of the group K := ]_[l:] K;, has dimension dim(V) + 1 and is a conical variety : for
& e E,A € C* A belongs to &.

Let Z; be the K;-orbit of A; in W; under «;:

5 = {ki(g)Ai | & € Ki}.

Then & is conical. It can be seen as a line bundle over the conformal compactification of V;. A polynomial & € W; can be
written

&(v) = w;iAi(v) + terms of degree < r; (w; € C),

and w; = w;(v;) is a linear form on W; which is semi-invariant under the preimage in K; of the maximal parabolic subgroup
Pr(r’l)ax = L; x N;, where N; is the group of translations z; € V; — z;+a;, for a; € V. The set £ ¢ = {& € &; | wi(&;) # 0} is open
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and dense in Z;. A polynomial §; € Zj can be written &(v;) = w;Ai(vi —z) (w; € C*, z; € V;). Hence we get a coordinate
system (wy, z;) € C* x V; for Ej .
In this coordinate system, the cocycle action of K; is given by

Ki(g) : (wi, zi) > (wilgi. z)wi, & - Zi).
Denote by Eﬁl‘f) the K;-orbit of Af"
ki ki
KAl | g e K.

SIHCEK (g,)A = (ki(g;)A;), then B ’“(k) {Sk’ | & € &;}. Furthermore, apolynomlalg ) e W;

in W under «:

ch (ki) = {«;"

(ki) can be written

&i(k")( ) = w; Ak’( )+ terms of degree < kir; (w; € C),
(ki) r—v(kz)
(k,')

the set El.(_’(‘)i = {Si(ki € Ei(k") | zb,-(si(k")) # 0} is open and dense in Z ”'( i and a polynomial §; can be written

Si(k")(vi) = ﬁ;,—A:‘f(vi —2z) (w; € C*, z € V;). Hence we get a coordinate system (w;, zj) € C* x Vi for &
In this coordinate system, the cocycle action of K; is given by

Ki(ki)(gi) (Wi, z) > (M?i(gh Z)Wi, & - Z;).

Define on £ = [[;_, &; the equivalence relation

N
(E1, o0 &) ~ (udrs oo asks), for (b, ) € C [ =1

Proposition 1.2. The map E‘/N - 2,(&,...,&)—~ 5 . S is a diffeomorphism.
The group K; acts on the space O(Z;) ofholomorphlcfunctlons on E; by:

(i(g)f) (&) = fi(ki(g ME:).

If &(vi) = wiAi(vi — z;), and f; € O(E}), we denote by fi(&) = ¢i(wi, z;) the restriction of f; to &;o. Then ¢; € O(C* x V;). In the
coordinates (wj, z;), the representation m; is given by

(i8N (wi, i) = il pilg ', zi)wi, g7 - z0).
The group K; acts on the space O(Z; g ki )) by:
(“%gy“XSk) £ g M),
If S(k' (vj) = ﬁ),-Ak’( i —z),and f; € O(&] k) we denote by f. (ki) (S, (kidy — ¢>(k’)(w,,z,) the restriction of f(k’ to Z ”(k’ . Then

¢(k) € O(C* x V;). In the coordinates (w;, zl) the representation 71 ki) i given by

(Vg i, z) = ¢ (ki (g7, 2y g7 - 20)-

(k)

Observe that for every f; O(& "i(k")), one can associate a unique f; € O(&;) such that fi(&) = fi(k")(‘;‘,"‘f) in such a way that

’l ,1 1) — . . -
(V@) )&M) = (mil@)f) ().
The group K= ]_[i=11<,- acts on the tensor product space ®;_, O(Z;) by the tensor product representation m = ®;_,m; given by:

(7@ ® - @f)) (&, ..., &) = (mi(g1) 1) Q- ® (ns(gs)fs)(éu--.,és)
= filler(gy g - filkes(g; E) (g = (&)

In the coordinates (wj, z;), the representation s is given by

(&)1 ® - ® p)N(wr. z1). ... (ws. ) = [ [ pulailg " 2w g7 - z2).

i=1

2. K-invariant Hilbert subspaces of 0(5)

For every m;, p; € Z, we denote by O,.(&; g ki )) and Op, (&) the spaces of holomorphic functions f(k) i(k") and f; on &
such that for every A € C*,

F0eM) = api fi(6™) and fi(rg) = A™ fi(&).

The space Oy, (E;) (resp. Op, (E( ))) is invariant under the representation 7; (resp. 7; k'))
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The embedding f(k € Op(&; (ki) ) = fi € Okp,(&;), where fi(&;) = f; "‘)(Sik") intertwines the restrictions nﬁl;i)
the representations 7r( i and 7T 10 Oy, (& ’“(k )) and Oy, ().
= (ki)

From now on, we essentially work w1th the spaces Op,(Z;). The representations (ﬂi(,’;)’ Op,(5;
of K; are irreducible and equivalent.

Iff; € Om(&5), then its restriction ¢; to = ¢ can be written ¢;(wy, z;) = wm’ V¥i(z;) where ; is a holomorphic function on
Vi. We will write Om (V;) for the space of the functions ; corresponding to the functions f; € Op,(&;), and denote by 7T; i,
the representation of K;i on (')m,(V) correspondmg to the restriction 7; i, of 7w to Oy, (&) It is given by

(7i.m; (81)Vi)(zi) = (g z)"Wilg; - z1)-
In particular,

(T m(00)i) () = A @)Y=z ).
Theorem 2.1. (i) Om,(:',) {0}if m; <O.

(ii) The space O, (E}) is finite dimensional, and the representation m; m, is irreducible.
(iii) Om (V;) is a space of holomorphic polynomials on V; with degree < myr;.

and 7z; ,p; of

)) and (ﬂi,kip,‘a Ok,’pi(Ei))

The proof of (i), (ii), is similar to that of Theorem 2.2 in [4]. [t remains to prove (iii). Let ¢; € 5m,.(V,-). Since 7; (07 € O(Vy),
then v; is a polynomial and since (7; i, (07)¥i)(2i) = A:""(z,-)l//i(—zi’1 ), then the degree of v; is < to the degree of A;"" which
ismir;, O N

For(my, ..., m;) € N°,wedenote by O, ....m)(E) = ®;_;Om,(&). Itis invariant under the tensor product representation
T = ®_ 7. _

Forf =fi® - ®f € Om,,...ms)( &), and if ¢j(w;, z;) is the restriction of f; to &j o, then ¢i(w;, z;) = wi'"iwi(z,-) and

($1® - ®@¢)(wi,21), ..., (ws, z)) = wy'" .. wY(z1). .. Ys(Z).

We write Ogm,, ...mg)(V) = & Om, (Vi) and Fm, .. my) = ®_;7m,. Then

(Fomy...m(@)W1 ® - @ Y5)) (21, . .. 7)) 1‘[#1 zi) " Yig - 2.

For o = (03), (7T(m,.....me)(0 )U(le'-’zs):All(zl)--nAss(Zs)- -

We now consider the compact real forms (K;)r analogous of Ky for the groups K; and define on the space Oy, ,....ms) (&)
a ]_[le(Ki)R—invariant inner product. Define the subgroup K; ¢ of K; as K; o = L; in Case 1, and the preimage of L; in Case 2,
relatively to the covering map K; — Conf(V;, 4;), and also (Kio)r = Kio N (Ki)r. The coset space M; = (K;)r/(Ki, O)g, is a
compact Hermitian space and is the conformal compactification of V;. There is on M; a (K;)g-invariant probability measure,
for which M; \ V; has measure 0. Its restriction m; o to V; is a probability measure with a density with respect to the Lebesgue
measure m(dz;) on V;.

Let Hi(z;, z]) be the polynomial on V; x V;, holomorphic in z;, anti-holomorphic in z; such that H;(x;, x;) = A(e; + xf) for

€ (Vi)r. Put Hi(z;) = Hi(z;, ;). If z; is invertible, then H;(z;) = A,-(E,-)Ai(ii_l + z;).

The measure m; g is given by

1
m;o(dz;) = —Hi o(z;)m(dz;),
Gio
with

nj

Hio(zi) = Hi(zi) °T, Gio = / H; o(zi)m(dz;)
Vi

where the Lebesgue measure m(dz;) will be chosen such that ;o = 1.

Proposition 2.2. For g; € (Kj)g,

Hi(gi -z, & - Zl)Ml(gh Zi)i(gi, Z ,) Hi(z;, Z;)
Hi(gi - z:) | wi(8:, zi)I* = Hi(z).
We define the norms of y; € Op, (Vi) and of ¥ € O, mg)(V) by

il = iz Hi(zi) "™ m o(dz),

ai,m,' 4

1 Wy, gy = ——— Wiz, ...z HHI z)""imo(dz),
(my,...,ms) T vi
i=1"1
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N
Aim; = / Hi(zi) ™mjo(dz),  Qumy,...mg) = l_lai,mi-
Vi i=1

l:roposition 2.3. (i) The norm || - ||;,m, is (K;)r-invariant. Hence, (’)m,(V) is a Hilbert subspace of O(V;). The reproducing kernel of
O, (Vi) is given by Kium, (1 2{) = Hilzi, ™.
(ii) The norm || - llgm,.....mg) IS 1_[1 1(Ki)r-invariant and O 1....ms)(V) is a Hilbert subspace of o(]‘[lev,-) with reproducing kernel

@mmmm”q)mw”g—ﬂH%, .....

Since O, ( ;) is isomorphic to Om (Vi), then Op,( &;) becomes an invariant Hilbert subspace of O( &), with reproducing kernel
given by KC; i, (&, &) = @i(&;, &)™, where ®i(&;, &) = Hi(z;, z{)w;w]. Hence O, ... m;)(&) is an invariant Hilbert subspace of
(9(]_[1?:1 &;) with reproducing kernel

Komy,..m (&1, &), (&, &) = [ [ @it &)

Theorem 2.4. (i) The group (K;)r acts multiplicity free on the space O(Z;). The irreducible (K;)g-invariant subspaces of O(E})

are the spaces Oy, (E;) with m; € N. If H; C O(&;) is a (K;)g-invariant Hilbert subspace, its reproducing kernel can be written
Ki(&, &) = Zm enCi.m; Pi(&i, €)™, where (c, m;) IS a sequence of positive numbers such that the series Zm enCim; Pil&i, E )™

converges umformly on compact subsets in 5.

(ii) The group l_L:](Ki acts multiplicity free on the space ®_,O(&;). The irreducible ]_[f=1(Ki)R-invariant subspaces of
i_10(&)) are the spaces O, ,...my)(E) with (my, ..., mg) € N°. The tensor product space H = ®j_;Hi C ®;_,0(&;) of

(K;)r-invariant Hilbert spaces is a Hf:](l(i )r-invariant Hilbert subspace and the reproducing kernel of H is

’C((Ela R Ss)a (E]’s ] 53,)) = H’Cf(gﬁ gi/)'

The proof of (i) is similar to that of Theorem 2.5 in [4]. The (ii) is then deduced from (i) for the tensor product situation.
In case of a weighted Bergman space there is an integral formula for the numbers ¢; . For a positive function v(§;) on &j,
consider the subspace H; C O(E;) of functions ¢; such that

mwzf 164w, 202wy, z)m(dw)mso(dz) < oo,
CxV;

and then consider the subspace # = @¥; C ®;_;0O(E;) of ¢ such that
N

IplI® 2/]_[ p((wr, 21), .., (ws, o)) | | wilwi, zo)m(dwi)mi o(dzi) < oo.
f 1 CxV;

i=1

Theorem 2.5. Let F; be a positive function on [0, oo[. For
vi(wi, 1) = Fi(Hi(zi)|wil*)Hi(z:).
The space H; is (K;)r-invariant. If ¢i(w;, z;) = Zmier;""lp,-,mi(z,-), then

gz =Y —

m;eN

Wi 1,

i,m;

with

1 -
= 7aim; / F,‘(u,‘)ui 'du,».
Ci.mj [0,-+ool

(iii) The reproducing kernel of #; is given by
Kilki €)= ) cim @ik, E)™.

m;eN

(iv) The space H is ]_[f=1(1<l-)R—invariant. fo=01Q - @ ¢ then

gl = > Iﬁmmm

(myq,...,ms)eNS Cmy...oms)
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with cny,...mg) = ]_[leci,mi. The reproducing kernel is given by

N
K. 8. (80 = [ ki &)
The proof is similar to that of Theorem 2.6. in [4] and (iv) follows by applying (i), (ii) and (iii) to the tensor product situation.
Proposition 2.6. (i) The polynomial Af" satisfies the following Bernstein identity
) . ke
af (5-) e = B@ai ™ @ew,
821‘
with
Bi(a) = bi(kja)bi(kie — 1) ... bi(kjaw — k; + 1),
where b; is the Bernstein polynomial relative to the determinant A;.
(ii) Furthermore
] VPN
A (2 )Hi@) = Bl)Af(z)Hi(z)e ",
821'
Proposition 2.7.
Ff?;(z l_[ (mi + %l)
Fg("') Foy(m; +271)

ai,m,- =

where I'g, is the Gindikin gamma function of the symmetric cone $2; in the Euclidean Jordan algebra (V;)g.
The proof is similar to that of Proposition 3.2 in [4], in the situation of A; instead of Q.

3. Irreducible representations of the Lie algebra

In the sequel, we construct irreducible representations pq of the Lie algebra g, which will be the infinitesimal versions of
minimal representations. Recall that the group ]_[l 1 Kiacts on ®;_, O(&;) by m = ®;_m;,

(m(e))(r. ... &) ﬂfxlg, 'g), (g=(@).f=hH® - ®f)

which is given in the coordinates (w, z) = ((w1, z1), . . ., (ws, z5)) by
7(g)p((w, z1), . .., (ws, Z)) 1_[¢1 ni(g Zz)wn& z;).

This leads to a representation dr of the Lie algebra ¢ in ®;_; O(&)).
Following the method of R. Brylinski and B. Kostant, we will construct a representation p of g = £ + p on some subspace
of the space of finite sums

OENn= Y, O .m)E),

such that,
VX € &, p(X) = dn(X).

We define first a representation p of the subalgebra generated by E, F, H, isomorphic to sl(2, C). In particular

d
p(H) =dn(H) = —

m(exptH).
=0

Hence, for ¢ € O(m,

p(H)p = (s _(mnt- +msrs))

where ¢ is the Euler operator

¢

t:qu((wl, etzl)a L) (w55 etzs))'

5¢((UJ1,Z‘1), sy (wS5ZS)) =

dt
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The space O(m,,... ms)( ) can be 1de~nt1f1ed to the space of functions ¢(m
Y € Om( ;). Then, each ¢ € Ogp(&) can be written

P((wr,21), ..., (w5, 2)) = Z ¢(m1 ..... (w1, 1), -+, (ws, 2)).

,,,,, (Wi, 21), s (ws, 2)) = [Ti, w"¥i(z) with

Let D(V)' denote the algebra of L-invariant holomorphic differential operators on the open set of invertible elements
of V. One can show that this algebra is isomorphic to the algebra D(£2)¢ of G-invariant differential operators on £2, the
symmetric cone associated to the Euclidean real form Vi of V, where G is the connected component of the identity of the
group G(£2) = {g € GL(V) | g2 = §2}.In [4] we established the following:

(1)IfV is simple with rank r, degree d and dimension n,and Q = A, the determinant polynomial, then D(V ) is isomorphic
to the algebra P(C")®r of symmetric polynomials in r variables. The map

D (D), D(V) — P(C"),

is the Harish-Chandra isomorphism, with 7(D) determined by

,
- d
P(De)(2) = ]];[u,- —a+ L (r=1)
where D, = A(2)' " A()A(z)~®. (Recall that * = 1 —I— r—1).
(2)IfV =37 Viis semlslmple and Q = ]_[, 1 A , D(V) is isomorphic to the algebra [;_,P(C")®"i. The isomorphism
is given by D — (D) = (yl( ) R ys(D)) where y; is the Harish-Chandra isomorphism relative to the algebra D(V;)H.
And, for D € D(V)', we defined the adjoint D* by D* = J o D o J, where Jf(z) = f o j(z) = f(—z~!) and established that
y(D*)(A) = 7(D)(—A). ,
In the present setting we define the Maass differential operator Dg) as

b

ekl D
Az )it Af’(*

8Zi)Ai(Zi)_a

ki
! . 0 .
= 1_[ Ai(zi)oﬁkiihin(7)Ai(zi)7(a+kiij)-
, 0z;
Jj=1
It is a L;-invariant holomorphic differential operator on V;. We write
r(0) = HODIAD).
Then

OO0y = [A(l (E _ 1)]
1_[ Ti ki

where n; is the dimension ofNVi and where [a]y = a(a —1)...(a —k+ 1).
Observe that the spaces O, (V;), are stable under the operator Dg).

Lemma 3.1. For ¢; € OmI(V,) the polynomial A; ( )w, belongs to Om _1(V)).

Proof. Let i; be an element of Om (Vi). We have to show that the function (7 m,—1(0;)(A ,( >w1)) is holomorphic on V;. In
fact, it is given by

(Tim—1(01)( A ( )zm)( z) = A" V(z) A ( )w,)( )
= AP ai (oo U= = ATy 2
= 773 my (01D Wi )(z:)
and since the polynomial function Dg)wi belongs to 5mi(\/i), it follows that ﬂi,mi(ai)(Dg)‘/fi)(Zi) is holomorphicon V;. O

We introduce a multiplication operator M and a differential operator D on the space (’)(E’)ﬁrl defined as follows : for
¢(m1 ,,,,, ms) in O(ml..“,ms)(E)

ki
(M¢(m1,...,ms))((wlazl)’ (ws, zs)) me+( Vi(zi),
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and

(Dhtmy..mM(w1.21). . (15, 2) ]'[ ( (;z,)wi)(zi)

where
¢(m1 AAAAA ms)((w1,zl)7 (ws, z5)) Hw 'lﬁz Z).

Using the item (‘L) of Theorem 2.1, and Lemma 3.1, one can see that, the operator M _maps the space O(ml,n..ms)(é) into
Ony+ky,...ms+ks)( &) and that the operator D maps O, ,...mg)( &) Into O,y —k,,..., ms—ks)(E) if every m; is > k; and into {0} if
there is m; such that m; < k;.
We denote by M? and D° the conjugate operators:
M® =n(o)Mn(o)™!, D° =n(o)DPr(o) .
Then

(Mad)(ml ..... ms))(ws z)= (H(G)MN(UM’(m] ..... ms))(wv z)
= (MT[(U)¢(m1,.“,ms))((A1(Zl)wlv _2171)’ oo (As(z5)ws, _zs_l)),

and since
(7 (0)Pimy....om) W, Z) = ¢(m1 ..... me)((A1(z1)wy, —21—1) Az ws, =257 1))
- l_lwmlAmx Zi)Yri(— z l_[wmlAmx Z;)(Yi 0 Ji)(zi)
i=1
it follows that

(M0 )Py ...m) ). 2) = [ [w™ AT @) (w1 0 ji):)

i=1
and
(MO )Pty .. .m) (A1) wr, =27 1), - (As(zs)ws, =27 1))
= A" @A (2 Wi o di) 2.
It follows that

S
(M Gy, m (w1, 20), . (ws, 20)) = [ [ wi"™ Af (z)wicz).
i=1
Furthermore, if there is m; such that p; < k;, then (D7 ¢m,
(D dim,.....m) W, 2) = (7w (0 YD1 (0 )Pm; .....mg) W, 2)
= (D7(0)Pim,...m) (Ar(z0)w1, =27 1), ... (Ad(z)ws, =27 1)),

ms)) = 0, and if every m; is > k;, then

,,,,,

(7 (0 )im,....mp) Nw, 2) = ¢(m1 ..... ms)((Al(ZOw],—Z{]),-.- (As(zs)ws, —2;1))

= melAml zi)i(—z; l—[wm,Am, Zi)(Yi 0 Ji)zi),
i=1 i=1
and
(Dr(Wim,moX ]‘[w’"' (o )(Ar s 0N,
Then
(D0¢(m1,,.., nwml kl fl mIA (88 ) (1//1011)) 0ji(z)

- ]‘[ w (DY, ) vi)z).

i=1
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Given a sequence (8(m,.....mg))(my,...,ms)ens,» one defines the diagonal operator § on O(g')fm by
3( Z Gm.... m5)> = Z 8(myeamg)Pmy ....mg) s
(mq,...,ms)eNS (mq,...,ms)eNS

p(F)=M—80D, p(E)=mn(o)p(F)r(c)' =M’ —80D’.
Lemma 3.2. [p(H), p(E)] = 2p(E), [p(H), p(F)] = —2p(F).

Proof. Since p(H)M and Mp(H) map ]_[ _W; Mi(z;) to respectively
5 Zl— m+k (mj+ki)ri )1_[1 W m,+k,wl(zl) and £ — Zl : mr, l—L W m,+k,wl(zl)
one obtains [,o(H), M] = M/\/l = —2M.
-1fm; > ki, then p(H)8 o D and § o Dp(H) map [];_,w;" ¥i(z) to

S(my—ky,., ms—ks)(g_iw>ﬁ( k'( )!/fz( zw;" k'),

and
S N

™) ([T,

i=1 i=1 i=1

Then, by using the identity

[T 45 ) e =TT 20 )

one obtains
= m Y ok
[o(H), 8 0 D](L[ W Yi(@)) = ~26m, -ty ke [Tar (55 ) vtz
i.e.
[o(H), p(F)lpm,,...m) = —2p(F)m....,
- If there is i such that m; < k;, then

( )8 o D¢ (mq,....,ms) = 07 do Dp(H)¢(m1,ms) = 0’
[p(H), p(F )]¢(m1 ..... ms) = [o(H), M]¢(m1,...,ms) = _ZP(F)¢(m1,.4.,ms)-

Finally, one gets

[p(H), p(F)] = —2p(F).
Furthermore, since the § commutes with 77(¢), and 7(o)p(H)w(6)~! = —p(H), then [p(H), p(E)] = 2p(E). O

Proposition 3.3. The subspaces O(p, . )(;’7) are invariant under [p(E), p(F)] and the restriction of [p(E), p(F)] to Om,, ... ms)
(&) commutes with the ( ]_[, 1Li)- action:

i=1

where /(z ]_[l 1 Vi(zi) and P, my) i an ]_[f:l Li-invariant holomorphic differential operator on V given as follows:
-1If every m; is > k;, then
S . S -
P(ml,m,rns) = 8(m1 ..... ms)(l_[ D@] - H(D(fl)m,-fki)*)
i=1 i=1
. N
+ Smy k.. ks>(l_[(D(_”m,. *-T1 Dm)
i=1 i=1

- If there isisuch that m; < k;, then

N

Pimy.....ms) = 8(m, ms)(G_[Dm o ) (LR kl)*>)'

i=1
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Proof. - If every m; is > k;, then the restrictions to Oy, ....m; )(g' ) are given by
s i s (i)
M°D =[], D ()DMU [[ie, D 1! 0
S 1 1
MD? = l_[izl(D ) DM = l_[z 1 —mi—ki)*'

Then the restrictlon of [p(E), p(F)] to O m],,,,,ms)(:i') is given by
[p(E), p(F)] = [M? =8 0D, M — 8 0D]
=[M,80D%]+[8 o D, M?]
=MD’ — §D° M + DM’ — M8 oD
= B(ml ,,,,, ms)('DMU —D M)+ S(mlfkl mS,kS)(M'DU — M°D)

.....

s s
= 8(m1“.4,ms)(l_[ D@] - l_[(D(*')mi*ki )*)

i=1 i=1
S - S .
+ Smy—ky.... m57k5)<1_[(D(l)m,- )y - HDS))‘
i=1 i=1
Then, by the Harish-Chandra isomorphism the operator Py, ...m,) corresponds to the polynomial pun,...mg) = ¥ (Pimy,....ms)),

D(my,..., ms)( ) = 5(1111 ..... ms)<1_[ V(' l_[)/ﬁl,)ﬂ,, (= }\(l )
s
+ 8(my—ky... ms—ks)(l_[ Yim(—20) 1_[ Yo ( )

..... m)(Z) are:

M°D =0,DM° = HD(’],MD“—O DM = 1_[ p® )

—mj— k,

It follows that the restriction of [o(E), p(F)] to Oqp,,..., mS)(E) is given by
[o(E), p(F)] =8 0o DM — 8§ 0 D' M

—5(m1 ----- [l_[ Dm _l_[ —ml k,)*:l

i=1

Then, by the Harish-Chandra isomorphism the operator Py, ..m,) corresponds to the polynomial pun,....mg) = ¥ (Pimy,....ms)),
N S
D(my, ..., ms)()t) = 8(m1..4.,m3)(l_[ Vﬁli()‘(n) - l_[ VEI,)ni,ki(_)*(i)))
i=1 i=1
where

(=M, A9 with 20 = 6,0 e o).

The question is now whether it is possible to choose the sequence (5,
Recall that, restricted to O, ... m)(E),

ps)) in such a way that [p(E), p(F)] = p(H).

,,,,,

(m1r1+"'+msrs)
H)=¢— )
p(H) 5

where ¢ is the Euler operator

N

(Edmy,...m) (w1, 21), . .., (ws, 2Z5)) = (l_[ w,-rni)%

i=1

o (llj \/fi(etzi))-

Then it amounts to checking that,
(myry + -+ - + myry)

Pimy,..mg)(A) = 7(€)(A) — 5 (S).
From now on, we introduce the subspaces O(E‘)q,ﬁn of O(E)ﬁn, forq =(q1, ..., qs) € N° defined by
O(E)gin =Y Olymeay..ksmig)(E)  (mi = kim + qp).
meN

The subspaces O(:?)q fin Which are obviously stable under p(H), are stable under the operators p(E) and p(F) iff 3i, q; < k;.
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In fact, for every g, the space 0(5 )q.fin 1S stable under the operators M and n (o). But, stability under the operator
D (and D) requires the condition D(Ow,m+qq,...ksm+qs)) = {0} for m = 0, which requires the existence of i such that
A"*( )(Om(v)) = 0. Using (iii) of Theorem 2.1, one gets q; < k; for some i.

From now on, assume that there is g; such that q; < k; and denote by p4(H), oq(E) and p,(F) the restrictions of p(H), p(E)
and p(F) to Oy fin(&).

Theorem 3.4. (i) For every m € N*, one can choose (8, m+q,,....ksm+qs)) SUch that

[j/_j’iq(H)v Pg(E)] = 2p4(E), [og(H), pg(F)] = —2p04(F), Lpg(E), pq(F)] = pq(H)
1

n;
3n, such that for alll -+ —
g f ki + kir; =Tq

kiri
i= 1k1 ’

(T)
and then, for A =[]

1
A(m + ng)(m + ng + 1)’
(ii) For m = 0, one can choose (g, ... ¢)) such that

Log(H), pg(E)] = 204(E), [og(H), pq(F )] = —204(F), [pg(E), pg(F)] = pg(H)
iff qis as in Table 2 and &4 as obtained below.

S(lkeyma-qy,....ksm+gs) =

Proof. (i) Assume m # 0. First, recall (from Theorem 2.1) that for m; = km + g;, the space Oy, ., ms)(:‘) =
O(kym-+41... ksm‘HZs)( ), consists in polynomials ]_[1 1 YUm,i(zi)w; kim-+4i , the ¥, ; have degree < k;rim + q;r;. Moreover, one has

[T =TT -o5 (1),

i=1 j=1 fi
N i , -
=TI e+ 5 (5 -1) - 1)
i=1 j=1 k= fi
s i ki i
o 1 /n; k—1
SACE - £ a2
1_[1_[1_[ kl k 2](,‘ Ti k,‘
i=1 j=1 k=1
Denote by
X(l) ﬁ—}— 1 <n, 1) k—1
kTl 2k ki’
and
qi n;
b =m L
imtq = M+ - ki + kiri
Then
Plkymqy.....ksmtqs)(A) = AS(kymqy.....ksmqs)
ki s 1 ki
() ( i)
(HHH(XA )= TTTTTT ~ Biq — )
i=1 j=1 k= i=1 j=1 k=1
+ Ad(ky(m—1)+ay,...ks(m—1)+g5)
ki s ono Kk
(l_[l_[ 1_[()(](1? kll"'H’Ql l_[ l_[ l_[ )<](I:) )
i=1 j=1 k= i=1 j=1 k=1
s ri ki s Ti ki
~ (i) ()
y(ENA) = ZZZXJI: -5 ZZ Digm ;-
i=1 j=1 k=1 i=1 j=1 k=1

The restriction of p(H) to O(klmﬂlwksmqs)(;’?), is given by

S N

kirim + qir; iTi

p,;(H):S—Z%:E—Zm—Z%.
i=1 i=1
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The identity (S) is then proved by using the following lemma:

Lemma 3.5. To a partition p = (p1,...,p¢) of 4and length £:py + - +p, =4, and numbers y;; (1 <i < {,1<j<p;— 1)
one associates the polynomial F in the ¢ variables Ty, ..., Ty: F(T1, ..., Ty) = ]_[le T; j’.’:ll(Ti + y4)- Given o, B, ¢ € R, and
bi,...,b, € R, then

alF(Ty+1,...,Te+ 1) =F(Ty —by —1,..., T, — b, — 1))
14

+B(F(T = b1 ... T —b)—F(Ty,....T)) = Ti+c

is an identity in the variables Ty, . . ., T, iff there exists b ;ﬁ 0 such that
— — — _ 1 k,
biy=---=b¢=b, ¢ = g B= b+1)' Z: 12;‘1 Vi —

(1)

By this lemma, we see that for every m, the by ;.

i
Ng = k kir;
@ )'Now c0n51c1er the situation of m = 0 and determine the cases where the constants J(q, ... ) exist. The v ; have

degree < gir;. Let us consider the restriction of the operators DM?, D° M, MD?, M°D and p(H) to the space O, ¢)(E).
The restriction of p(H) to O, ... ¢)(& g ), is given by

G
polH) = € — Z =
i=1

By Proposition 3.3, the restriction of [p(E), p(F)] to O(qlqu)(:’;'), is

S S
(i) i
5(ql,---,qs)[(| |D_i1 - | |(D(_')pi_ki)*)]

i=1 i=1

must be equal for every i, i.e. there must exist 4 such that for every i,

then
s T k; ri ki
Pgy....a) (M) = Adgy....q0) ( ]k +1) - 1_[ 1_[ 1_[ bm )
i=1 j=1 k=1 i=1 j=1 k=1
s ki 1 3L ki
_ M _ - (i)
= Z X = 5 by
i=1 j=1 k=1 i=1 j=1 k=1
Let us check the identity (S) case by case.
(1)SLB3,R):V =C,Q(2) =z r=1,k=4,q < 4,1y = % + %. The functions ¢, are given by ¢4(w, z) = z*w? with
a < q.The identity (S) becomes

4

4
so([Tw+p-TTa-a+i)=a-3.
j=1 j=1

One has to determine ;4 such that this identity is available for every o < ¢ such that o > q — «a, i.e. for q <a<gq.lt
follows that for ¢ = 0, the 1dent1ty is trivial and &y is arbitrarily, forg = 1, = 1and §; = forq = 2 o =2and§;
is arbitrarily and forq = 3,0« =2 ora = 3 then( ) is impossible.

(2 )SL(p+2 R):V =CP,Q(z) = (22 + - +z Yor=2,k=2q€{0,1},n = 3 + £. The functions ¢, are given by
¢g(w, z) = A(z)*w9 witha < q.The identlty( )becomes

120 24)°

8q((a+2)((x+l)—(q—a+2)(q—a+1)):2a—q.

One has to determine 8, such that (S) occurs for every o such that % < a < q.If g = 0, the identity is trivial and &y is
arbitrarily, and if ¢ = 1, it becomes 81(8a —4)=2a — 1,thend; = %

(3)§f)(3, 3):V=Ce&C,Q(2) _2122,1'1 = r2 =lLki=k=2q¢=q=qge{0,1],n, = g—i- %.The functions ¢, are
given by ¢(q, ¢,) (w1, 21), (w2, 22)) = zl 22 w1 w2 with 1 < 1and «; < 1. The identity (S) becomes

Sqra(e1 + 2)(aq + 1)z + 2)(a2 + 1)
—Bgra)(@1 —o1 +2)(q1 —a1 + 1)@ —oa +2)(q2 —a2 + 1) =1 + 02 — q.
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One has to determine §; = &4, .¢,) such that this identity is available for every o; such that & < «; < g;. It follows that, if
q =0, then o;; = 0 and §(g ¢y is arbitrarily, and if § = 1, then oy = oy = 1and §(1,1) = ﬁ

(4)S0(4,4):V = ®*C,Q(z) = z120z3Za, i = 1 = ki, qi = q = 0, ng = G+ 1 = 1. Then ¢y = ¢ are constants, (S) is
trivial.

(5)S0(p+2,3):V=CP®C.Q2) = (2 +---+22)2°% podd,r1 =2, =1 ki = 1,kp = 2,1 = 0,g2 = B, g =
The functions ¢, are given by ¢(q,.¢,)((w, 2), (w’, z )) (z/) 2(w')%2 with @y < q,. The identity (S) becomes

[STiS]

p—1
S.gpllaz +2) a2 + 1) = (g2 —2 + 22 —a2 + )] = a2 — e
i€, 80.4)(P +5) o2 — B7) = ap — B
One has to determine Jg q,) such that this identity is available for every o, such that %2 < oy =< (. It follows that

800 = ji5-

(6)SO(p +2,4):V = CP®CSCQ2) = (2 +--+z)7, peven,ry = 2,1, =13 = Lk = 1,
(41,92, 93) = (0, 5 — 1,5 — 1), n; = £. The ¢, are given by ¢(q1,q2,q3)((w,2), (w',2), (w",2")) = ( 2z (w2 (w”)B,
with oy < ¢z, a3 < g3. The identity (S) becomes

p
80,q5.q9) (2 + Doz + 1) = (g2 —ap + 1)(g3 —az3 + 1) =z + a3 — (5 - 1),

ie. 3(0,q2,q3)(§ + Doy + a3 — (% —D]=ay4+a3— (g — 1). One has to determine &(g,q, q,) Such that this identity is available

for every a, and a3 such that % < a; < q;. It follows that 8 g, ¢5) = %

(7)SO(p1 +2,p, +2):V =C" @ C”,Q =(z%+~--+z§1)(z;2+-~-+z/ %),

n=rn=2k =k =1p; —pz > Oeven, q; = 0,q = 552, ny = B = & The ¢, are given by
Bia1.00) (W1, 2), (w2, 2')) = A(Z' 2w w32, with @ < q,. The identity (S )becomes

So.gllaz + 1) = (g2 — a2 + 1)] = 202 —

p1 — P2
2

i.e., 80.q,)(20y — B15P2) = 20, — P15P2 One has to determine §(o,q,) Such that this identity is available for every o, such that
%2 <oy <. 1t follows thatif p; = pz, then g = 0 and §; is arbitrarily, and if p; # p,, then 5 0.11572) = 1.

(8) Eg(6), E7(7y, Ess : (V, Q(2)) is respectively the pair.
(Sym(4, C), detz); (M(4, C), detz); (Skew(8, C), Pfaff(z)),

=4,k=1q9g=0n=q+5=1+ 32—d.withd = 1, 2 or 4 respectively.
The functions ¢, are given by ¢4(w, z) = ¢, the identity (S) is trivial.
(9) Faay, Eg(2), E7(—5), Es(—24) : (V, Q(2)) is respectively the pair

(Sym(3, C) @ C, det(zy) - z2), (M(3,C) & C, det(z) - z3)
(Skew(6, C) ® C, Pfaff(z,) - z;), (Herm(3,C) @ C, det(zy) - z2),

n=3n=Lk=k=1,¢=0q¢=5-1, 7)q—Ql+n1 _1+d1-
The functions ¢4 are given by ¢ anz)((wl’ z1), (wo, 22)) = 22 w2 with @y < g,. The identity (S) becomes

q
So,gnlloy +1) = (2 —ap + 1) = ap — 52
i.e. 804,202 — q2) = ay — “£. One has to determine Jo q,) such that this identity is available for every o, such that
q72 <ay < qz. Then 8(0 1)
(10)Gyy : V=C@C, Q =73 22,r1 =n=1Lk=3k=1q¢g=2q=0rn= %1 + % = 1. The functions ¢, are
given by @2,0)((w1, 21), (w2, 22)) = z1 w1 with a7 < 2. The identity (S) becomes

q
Soollar +1)— (g1 —a1 + 1) =a; — 31
ie. 80,0201 — 2) = a3 — 1. One has to determine §(;,0) such that this identity is available for every o such that
%:150{1§q1=2.Then8(2,o)=2. N
Now, we extend p to a linear map from p to the space End(O(& )gn ).

=

Proposition 3.6. (i) There is a unique linear map p — End((’)(._:’i)ﬁn), p — M(p), such that M(1) = M, M(Q) = M and,
for X e &, M([X, p]) = [dr(X), M(p)]. B

(ii) There is a unique linear map p — End(O(E)ﬁn), p +— D(p), such that D(1) = D, D(Q) = D° and, for X € ¢,
D(IX, pl) = [dx(X), D(p)].

(iii) M (k(g)p) = w(g)M(p)m(g~") and D(k(g)p) = 7(g)D(p)m (g™ ).
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Hencewegetamapp:g=¢t®p — End((’)(é)fm), where
p(X)=drn(X) (Xet), p(p)=Mp)—380D(p) (pEp).

Since the subspaces O(E‘ )q.fin are stable under p, we denote by p, the restriction of p to (’)(E‘ ). fin-

Theorem 3.7. Assume that the constant nq of Theorem 3.4 exists. Fix (8(;m-+q;.....ksm+gs)) G in Theorem 3.4,
(1) pq is a representation of the Lie algebra g on the space O( )q.fin-
(ii) The representation pq is irreducible.

Proof. (i) Since 7 is a representation of K := [T_, K, for X, X' € ¢ pg(IX,X']) = [pg(X), pg(X)]. It follows from
Proposition 3.3 that for X € ¢, p € p, pg([X, p]) = [pq(X), pg(p)]. It remains to show that for p,p" € p, p4([p,p'1) =
[og(P), pg(p)]. From Theorem 3.4, [pq(E), pg(F)] = pq([E, F1). Then this follows from [BK95 , Lemma 3.6]. Consider the map
Tq: /\2p — End(Oy sin), defined by 74(p A p') = [pg(P), pg(P')] — pqg(lp, P'1). We know that 74(E A F) = 0. We have to show
that r; = 0 on the space /\zp. Since the group K acts on p by the representation ¥k = ®«; and that d& = dk. It follows
that K acts on the space /\zp by the representation (still denoted &) given by £(g)(p A p') = (k(g)p) A (k(g)p’) and by
differentiation, the Lie algebra ¢ acts on the space /\zp by the representation (still denoted dk) given by dx(X)(p A p') =
(de(X)p) AP’ + p A (de(X)p'). Since the representation dx of € on p is irreducible and since E and F are highest weight
and lowest weight vectors with respect to ¢ + €, and ¥, + £_; respectively and since p; _dK(E 1)E, p 1 _d/c(é])F and
po =dr(€_1)(dx(€_1))E = dic(&)(di(¥1))F, it follows that E A F is cyclic for the action of £ on /\ p,ie. /\ p = UE)E AF).

Furthermore, using Proposition 3.3, one can write for every X € ¢, p € p, pg(dc(X)p) = [drr(X), pq(p)]. Then for every
Xetp,penp,

7(di(X)(p A D)) = Tg(dk(X)p A P') + T4(p A dk(X)P')

= [pg(dc(X)p), pg(P")] — pg([di(X)p, p'])
+ [0q(P), pg(dic(X)P)] — pq([p, dc(X)p'])

= [[d7(X), pg(P)], Pg(P")] — pq([IX, P1, P'1)
+ [pg(p), [dm (X), pq(p,)]] — pq(lp, [X, ')

= [dr(X), [pg(P), £g(P")]] — po([X, [p, P'1)

= [dr(X), [pg(P), £g(p")]] — [dr(X), po([p. P'1)]

= [d7(X), Tg(p A D).

We deduce that for every X € ¢, 74(d«(X)(E A F)) = 0 and, since E A F is cyclic, it follows that 7, = 0.

__(ii)LetV # {0} be a py(g)-invariant subspace of O, ﬁn( ). Then Vis p(¢)-invariant. As Og fin(Z) = D Otk m+ar.....ksm-+s)
( ) and as the subspaces O;m+q;.....ksm+q5)(E) are pg(t)-irreducible, then there exists 7 C N (J # #) such that v =

Zmejo(k1m+q1 ksm+qs)(“ ). - -
Observe now that if V contains O, mq,,....ksm+q,)(E ) then it contains O(l<1(m+1)+tn Lks(m+1)+¢5)(&). In fact, denote by

. — . k;
Png = O Pkmtq WIth Gimig € Okmiq(5:) given by Gumig(wi,z) = wi™ " As Dpng = 0, it follows that
Pg(F)pm.qg = M¢mq = dmy1,4 belongs to O(k1(m+l)+q1 ..... ks(m+1)+q5)( ). Ioheﬂ O(kl(m+1)+q1 ks(m«ﬂ ‘Hls)( ) C V. Let mg be the

pq(F)p(w, z) 1_[ A(k,erql ki"‘+£1i+pi

s
lz 7)Ailm+ql(zl’)wilm+ql Px'
821‘

i=1
By the Bernstein identity (Proposition 2.6)
wf 0\ kim+) gi\ | kitm+ -k
A’(—)A ' =B<(m+—>A. i
i aZi i ! ki i

with Bj(m + q‘ o) = bi(kim + gi)bi(kim + q; — 1) ... bi(kim + q; — k; + 1), where b; is the Bernstein polynomial relative to the
determmant A

~~~~~

mog =20 and V= Oq fln( ) O

We give in the following table, all the cases where pq is a representation of the Lie algebra g.
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Table 2
(DSL3,R):V=C,Q2)=2%q € (0, 1,2}, ng= 4 + 1.

@)SLp+2,R):V =C,Q2)= (2 + - +22. g€ {0, 1),ng =

NG

[SIETRN TR

(3)50(3,3):V=C@®C,Q2) =22, 1 =g = G € {0, 1}, 1 =

[T

(4)50(4,4): V = *C,Q(2) = 21222324, ¢ = § = 0,7y = 1.

(5)80(p+2.3):V =P ®C,Qz) = (2 + - +22)2°, p odd
Q1=0,42=?v"q=g'

(6)SO(p+2,4):V=CP@®CC,Q2)= (22 +2)7,
peven,q; =0, =q3 =5 —1, ’74 ‘2’-

(7)80(p1 + 2. p2 +2) : (V. Q(2)) is the pair
ch @CPZ’(Z% +...+zp21)(242 +---+Z;22),
p1—p2 >0even, gy =0,q; = B2 = B

(8) Es(6), E7(7), Es(s) : (V, Q(2)) is respectively the pair
(Sym(4, C), detz) ; (M(4, C), detz) ; (Skew(8, C), Pfaff(z)),
q=0,n=1+ 37“ with d = 1, 2 or 4 respectively.

(9) Faay, Es(2), E7(—s), Eg(—24) : (V, Q(z)) is respectively the pair
(Sym(3, C) & C, det(z1) - z2)
(M(3,C) @ C, det(z1) - z2)
(Skew(6, C) @ C, Pfaff(z;) - z3)
(Herm(3, C) & C, det(z1) - z),

qg1=0,q, = 7—17]0—1+d1,Wlthd1 2,4,8.
(100G :V=COC,Q=22.q1 =2, =12 =05 =4 +1 =1
(p,p1,p2 > 2)

4. Irreducible unitary representations of the corresponding real Lie group

We consider, for a sequence (Cik,m-+q,,....ksm+g5)) Of positive numbers, an inner product on O(&')q fin such that

1
2 2
o1 = Z—||W(klm+% ,,,,, ksm+s) ey mtqy, .. ksm-+gs)°
e Ckime+qq,....ksm-+qs)

for

kqm+qq ksm+
z) = E 1p(klm+q1,.4.,l<sm+qs)(zl7 e Zs Wy cowgt s,

meN

This inner product is invariant under I?R = ]_[le(Ki)]R. We assume that the constant ng of Theorem 3.4. and the constants
S(kym-+qy.....ksm+gs) €Xist, and we will determine the sequence (Ck;m+q;.....ksm-+g5)) SUCh that this inner product is invariant under
the representation p, restricted to gg. We denote by Fy(Z') the Hilbert space completion of O(&'), sin With respect to this
inner product. We will assume ¢(g,,...¢,) = 1.

Recall from Proposition 2.6, the Bernstein identity

L
Aﬁ"(—)A.(z Jim+ai — p; (m -+ ql) i(z;)fimai
0z; ki

where
Bi(O{) = bi(k,-oz)bi(k,-oz - 1) N b,‘(kia - k,‘ + 1),

and b; is the Bernstein polynomial relative to the determinant polynomial Aj, given by bij(a) = a(a + = ) Ao+ (ri— l)%)
with d; is the degree of the simple summand V,, (”% =14+ (r— 1) ). The Bernstein polynomial B(« ]—L 1 Bi(e) is of

degree 4, and vanishes at 0. The roots of B are: & —y w1th1 <i<s,x,yeN, 0<x=<k —1, O <y<n-—1

We have two cases:

First case: B(1 — nq) = 0. This is the case if 3i, g; = 0. Let us denote by ag and by the two other roots of B(«), such that
B(a) = Ao + ng — 1)(e — ag)(cx — bo).

Second case: B(1 — nq) # 0. This is the case if Vi, q; # 0. Let us denote by ay, by, c; the three other zeros of B, in such a
way that B(a) = Aa(a — ag)(a — by )(a — cf).

The remaining roots of the Bernstein polynomial are given in the following tables, Table 3 for the case 1, and Table 4 for
the case 2.
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Table 3
q Mg 1—1nq dy bo
(1) q=0 411 % % %
(2) q=0 2 1-2 1 1o
(3) G1=¢=0 1 1 0 1
(4) G=@=q0=qs=0 1 0 0 0
(5) G1=0,q=p—1 4 1-2 1 0
(6) g1 =0peven,g=qs=2—1 4 1-2 0 0
(7) q1 =0,p1 +pyeven, q = iR 2% pz 1%‘ ],% 0 ]7;772
3d 3d d d
®) 1+ ¥ —% —2¢ _d
(9) g1 =0,q; =dy 1+d; —d, -4 0
(10) 91=2,q=0 1 —q,=0 1 2
Table 4
q Mg [0 a, by
1 3 2 1
(M qe(1,2} 441 3 2 1
2 g=1p#2 7+4§ -5 3 -4
3 G=la=q@=1 1+3=1 3 o !

Theorem 4.1. Case 1: Assume B(1 — n,) = 0. Then
(i) The inner product of Fq(Z)is gr-invariant iff

(nq + D i
(77q + aO)m(’lq + bo)m m!
(ii) The reproducing kernel of ]-‘q(;”J ) is given by

Clkym+qq,....ksm+qs) =

K(&, & )—1F2(77q +1; Ng + do, Mg + bo; l_[H(Zu 1)’<I(wl )k’)qu(S é;_ ).
i=1
Case 2 : Assume B(1 — nq) # 0. Then
(i) The inner product of F4(&) is gr-invariant iff
(7 + Dn(Dm 1

(1 + ag)m(ng + by)m(ng + cg)m m!
(ii) The reproducing kernel of ]—‘q(g') is given by

Clkym+qq,....ksm+qs) =

N
K(E. &) = 2Fs(ng + 1. 1 ng + @y, g + b 1 + ¢ [ [ Hilzin 20)iwiw] ) Kg(8. £)
i=1

where & = (w1, 1), ..., (ws, 25)), & = (W}, 27), - .., (W, 2})), and

HHI Zi, Z, 1 i(wjw )

is the reproducing kernel of the space O(q1,...,qs)(§)-
(Considering the values of nq + 1, nq + ag, nq + by, nq + ¢4 occurring in Table 4, the function ,F; becomes 1F,).

Proof. (i) Recall that pR ={pe p | B(p) = p}, where 8 is the conjugation of p, we introduced at the end of Section 1. Recall
also that B(x(g)p) = « («(g)) B(p)

The inner product of}‘q( )is gR—mvarlant if and only if, for every p € p,

Pq(p) = _Pq(lg(p))-

But this is equivalent to the single condition pg(E)" = —p4(F) ie, for ¢ € O mr1)iqi... ks(m+1)+%)(§)’ ¢ €
O(k1m+q1 ..... ksm+qs)(5).
1 5(k m+qy,....ksm+qs)
(¢ | M7¢P) = ———22225(Dg | @),

Clkr(m+1)+q1.....ks(m+1)+g5) Clkym-+qy.....ksm+qs)
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Recall that the norm of = ®;_,¥; € (’3(,<1m+qlwksm+qs)(§) can be written

1
2
1y ||(k1m+q1 ,,,,, ksm+qs) —

/ Wiz PHiz) ™™ m(dz,).

A(kym+qy.....ksm-+s) i=1
Then, the required condition of invariance becomes

/S H%a i(z:)*

111
N

it B J (C1 8) )
= A.l _— ] (Z)
Cm+1)A(m+1) JIT: H " \dz vi)ta

llvlil

i H Zi (lZ
m+l)a(m+1

Yl (zHi(z) "0 m(dz;)

where we denote

X(m) = x(klm‘Hh ~~~~~ ksm-+qs)-

By integrating by parts:

E i
[ T —)wf)(z)w,-'(z)H,»(zo I )
S V’tl Zi

2 k<;>>m e

and, by the relation

/0 kim—gi—2™ i N\ &k, -« ke g2
A&(—fyﬂ@)hmq'%;:B( nr—gl—ZgL)AmaﬂMa)MmH)m2%,
1 1

9z ki kir;

the invariance condition can be written

Cm) %m&)nB(m Zm)
m - T D —— .
Cm+1) (m) M kir;

From Proposition 2.7 it follows that

-
amyry _ i Bi=m = — g7)
A(m) Hi:] Bi(—m — %i. - 2%)
Then we obtain
C(m) < qi n; )
=4 Bil-m— — — —),
(m)l_[ : kl' kiri

Cm+1) i1

(m+1) (m+ngdm+ny+1)
C(m) B(—m — no)
(m + ng + ag)m + ng + by)m + ng +¢§)’

Since ¢, ,...q) = 1, we get

in case 1,i.e.if ¢y = 1 — nq, ay = ag, by = b, then
(ﬂq + 1 l

(77q + aO)m(’?q + bo)m m!

and in case 2, we obtain :

(nq + Dm( D l
(nq + aé))m(nq + bé))m(’?q + C(l))m m!

Cm) =

Cm) =
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(ii) By Theorem 2.5 the reproducing kernel of J—‘q(g') is in case 1 given by

s
’C(%_, 5,) = Z C(k1m+q1 seeenksmqs) l_[ Hi(zi, Zl‘/)l(im+qi(wiw1{)’qm+qi

meN i=1

N
=1F(ng + 1; ng + ao, ng + bo: l_[Hi(Zi, 2 (wiw) )K€, ),
i=1

and in case 2 it is given by

7K ki X
K(E. &)= Zc(k1m+41 - ksm-+qs) l_[H zi, zYim iy l/) im-+q;

meN
s

= oF3(1, 1 + 1 1g + G, g + b, ng + co3 [ [ Hizi, 20 (wiw])¥) Ky, &),
i=1

(S = ((w]?Z])7 RN (w57 ZS))? &_/ = ((w/]aza)v cee (wévzs/))) |

(See [13] for the notations used here concerning the hypergeometric functions {F,, and ,Fs.)

The formulas obtained in Theorem 4.1, for the reproducing kernel of the Hilbert space J-‘q(_’:f' ), by considering the cases in
Tables 3 and 4, agree exactly with the formulas given by Theorem 8.1 and Table 6.9 in [2] for the minimal representations
(one has to replace ro by 14, a by nq + ao, b by nq + bo) and in [6] for the SL(3, R)-case.

In the special case of SL(p + 2, R) (with p > 3), the reproducing kernels of the two representations corresponding to
q = 0 and 1 are respectively

53 — _
]FZ(Z 7 5 (¢p(1 +zz/))2(ww’)2),
33 — _
BB+ 22 B + 20 Pwwy)

where & = (w, z) € C x CP and Ky(&, &') ¢>p(1+zz N(ww’ ).
In the special case of SO(3, 3) ~ SL(4, R) the reproducing kernels of the two representations corresponding to q; = q; =

0and q; = g2 = 1 are respectively given by

where & = (w,z) = ((w1,21), (w2, 22)),§ = (w',2') = ((w}, 7)), (w),23)) € (C x C) and Kyq, ,)(§,8") = [(1 +
2121)(1'0171)1)](]1 [(1 +2222)(w2w2)]q2

One can observe that the case ((1), g = 0) agrees with the case ((2),q = 0,p = 1), the case ((1), ¢ = 2) agrees with the
case ((2),q = 1,p = 1), the case ((3), g1 = q2 = 0) agrees with the case ((2),q = 0,p = 2) and the case ((3),q1 = g2 = 1)
agrees with the case ((2),q=1,p = 2).

In the following, we will see that the Hilbert space }‘q( ) is a pseudo-weighted Bergman space. It means that the norm
of ¢ € Fy(&)is given by an integral of ||? with respect to a weight taking both positive and negative values. The weight
involves a Meijer G-function:

_ 40 1q ng—1
Glu) = Gy (u B B B3 ﬁ4)'

Theorem 4.2. For ¢ € J-‘q(g'),

o = [ iotw. 2iptw.2) [ midunimioldz,

i:](C Vi) i=1

with p(w, z) = CG([Ti_, lwil*Hi(z)) [ Ti_, Hi(z:).
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In fact, from the proof of Theorem 4.1 it follows that
=5 HB< m di nl)_“?:lBi(_m_nq_%)
(m+1)a(+1 m : ki kiri (m+ nq)(m + 19+ 1) :

Then
1 1_[1 1 Bi(—m — ’%) 1
Cm+1)A(m+1) B (m+ nq)(m +ng + 1) (c- a)(k1m+q1 AAAAA Jksm+qs)
(m+ng+a)m+ng+ay)m+ng+ai)m+ng+oy) 1
(m+ng)(m+nqg +1) C(m)d(m)

with B(a =[] Bi(a — km) Alo — o) — ) — o )@ — o). Then

1 _ (nq + O‘1)m(77q + aé)m(nq + O‘é)m(’?q + a:;)m
CmA(m) (Mg)m(ng + Vm
I'(ng +of +m)IC(ng + oy + m)IC(ng + oy +m)C(ng + o) +m)
T'(ng+m)(ng+ 1+ m)
I(ng + o)+ m)I'(ng + b + m)C(ng + o + m)T(ng + o) + m)

I'(ng+m)I'(ng+1+m)
o0
C/ G(u)u™du
0
where

4,0 -1
Glu) = o4 (u Z‘i Zg B3 /34)'

/31=77q+0!/1—1,,32=77q+0t§—17,33=nq+a§—1,/34=77q+0¢f;—1-

Observe that in the case ¢ = 0, Bla) = Bla — ng) and, since the Bernstein polynomial B vanishes at 0 and 1 — g,
then

/ / ! !
@y =Tq, 052=1a o3 = 1)q + do, 0‘4=nq+b0

then B1 =2ng—1, Pa=mng Bs=2ng+ao —land B4 = 2ng+bo — 1
and the G-function is given by

G(u) = <|2nq71 2ng+ag— 1 2nq+b071)’

and these formulas agree with those obtained in [4].
(See Tables 5 and 6 for these constants and [13] for the notation G;‘jg and Gf:g of G-functions.)
Let Gg be the simply connected Lie group with Lie algebra gg.

Theorem 4.3. (i) There is a unique unitary irreducible representation mq of Gg on }‘q( ) such that dmg = pq.
(ii) The representation g is spherical if and only if q = 0. In that case, the space O, ... 0)(& ) reduces to the constant functions,
the K-fixed vectors.

The proof of (i) is the same than the proof of Theorem 6.3 in [4].

Table 5
o) o o oy
™ : : : 1
@) : ! B+ 1
(3) 1 1 1 1
(4) 1 1 1 1
(5) 4 1 1 1
(6) g 1 1 1
(7) B 1 B 1
(8) 1+% 1+d 1+4 1
(9) 1+4d, 1+4 1 1
1 2
(10) 1 Z 1 1
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Table 6
77q_‘l Nq B B2 B3 Ba
™ P—ia73 3+7 11 -1 g T+]
@ f4E-1ge(0.) B+ gt k- 8- B+
©) f-taco 1+1 ; g £+1 £+1
(4) 0 1 1 1 1 1
©) £ 2 p-1 2 2 2
Q P : p-1 : : :
) B y P y e y
(8) x i1 3d+1 21 2d+ 1 Pt
(9) d; di+1 2d; + 1 o1 dy+1 dy+1
(10) 0 1 1 2 1 1

Observe that one of the o always equals 1, and then one of the §; always equals 7, therefore the involved G-function is
always G20,

5. The s((3, R)-case

In the special cases = 1,r = 1,k = 4,V = C, the polynomials A and Q are given by A(z) = z and Q(z) = z*. We
denotebyE =Q € V:=pyandF = 1 € V° := p_,.For H € £, such that exp(tH) is the dilationz € C — ez € C, we
have [H, E] = 2E and [H, F] = —2F, and we consider the Lie algebra structure on g := ¢ @ p such that [E, F] = H. In this
case g is isomorphic to sl3(C) and the real form g is isomorphic to sl(3, R). Then L = Str(V, A) = C* acting by dilations
l, and, since for A € C*, A(A - z) = AA(z), the character x does not exist, then K= {(g, n) | g € Conf(V, A), u(z ¥ =z},
with Conf(V, A) = SL(2 C)/{il} The orbit & = £ of Q under K acting by «® and the orbit Z of A under K acting by
Kareglvenbyu {(w* - (v—2)*| (w )e(Cx(C}and._, {w-(v—2)]|(w,z) € Cx C}in such a way that the map

E E, & 54 is a covering and Z' is d1ffeomorph1c to = /Z4, where Z, is the group of the 4-roots of unity.
One has O(& ) fin = ZmeNO4m+q( ), with

Omig(E) = {p € O(C?) | p(w, z) = w™ U (2), ¥ € Oamig(V)}.

The norm on the space (94m+q( )is given for ¢(w, z) = w*™ 9y (z) by

g _
Ipamsq = amtqtl /Cllﬁ(z)l(l + |z]?)~Umrat2) gz,

In particular, for @4p4q(w, ) := w*+4 one has | ®amtqllam+q = 1. The reproducing kernel of the space(54m+q((C), - l4m-+q)
is given by

K(z,2') = (1 + zz'y*™+a,
The representation v of K on (9(5) = O(C?) is given by
(m(g)p)w, z) = pu(g™ ", 2)w, g " - 2).

It follows that for A = e, (w(L)¢)(w, z) = Pp(e > w, e - 2),

(dr(H)p)w,z) = pr ple > w, e - z) = —2¢(w,2) + (£4)(w, 2).
t=0
The operators M, D, M7, D° are given by
34
(M¢)(waz) = w4¢(wsz)7 (D¢)(w7z) w_4@¢(waz)'

Mo(w4m+q1//(z)) — w4(m+1)+qz4¢(w z),
(D7¢)w, 2) = w ™ HID_yn_g)*¥(2)

((D_4m—q)* is the adjoint of the operator D_4p,_q =
The representation p, is given by

Z4 4m—q 0™ 3 Z4rn+q)‘

4
(P BN (2)) = WY (2) — b1y qu IRy (2),
Pq(FYw*™ 4 (2)) = w ™24 (2) — Sagno1)4qw*™ D _gm_g) ¥ (2),

Pg(H)w*™ 9y (2)) = dre (H)(w ™y (2)) = w*™9(=2y + E¢)(2)
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with
(EY)z) = a V(e'z)
dt o
and
Bamtq = ! .
44 m+ 44+ m+d+5+1)
The invariance condition p4(F)* = —pq(E) is equivalent to:

1 /24‘/’(2) (2)(1 + |z|?) Wmt+1Dta+2) g,

Aa(m+1)+qC4(m+1)+q Jc

3
— 4m+q / ¢(Z
a4m+qC4m+q 0
which is equivalent to
1

V@)1 + 12174z

N

/ YT + |22y @m a9,
A4(m+1)+qC4m+1)+q

1)
_ _ %m+q /1//(2 2)7( +|Z|) 4m+q+2)dZ

a4m+qC4m+q
Since
2)7AmR) = (4m + q + 2)(4m + q + 3)(4m + q + 4)(4m +  + 5)2°(1 + |z )T AEITE),
om0 = famy 4+ l)(lm+ f+141)
4 4 4 4
and a,, = szﬁ' it follows, after an integration by parts, that
1 _(4m+q+2)(4m +q+ 3)(4m +q +4)(4m +q +5) 1
A4 +1)+qCa(m+1)+q 4 m+ g+ m+4+5+1) Qam+qCam-q
i.e.
(dm+ g+ 5) 1 _ (4m+q+2)(4mtq+33(4ml+q+4:)(4n11+q+5)(4m+q+ 1) 1
Ca(m+1)+q Am+ 3+ )m+3+5+1) Cam+q
ie.
1 _(m+ + 3 )(m+ +4)(m+ +1) 1
C4(m+1)+q m+14+1+ 1 Cam+q

and for ¢; = 1, one obtains

G 1
. — (q=0
“n =gy, m 1Y

G 1
Cam —_ (q:l)
T 3B m!

7

Z)m 1
C4m+2:L7 (q=2).

The representation dr + pq integrates to a unitary representation of SL( ) in a Hilbert space Fy(& ~) the completion of
O( )o.fin With respect to the norm for ¢ = Y, @am+q, DY lol? = ZmeN — | Pam+q ||4m+q, and the reproducing kernels
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of]—‘q(g') forq = 0, 1, 2 are respectively:
531

F(5: 5 5 (4 22 ) )Kolé. €) (g =0)
1F2(

1F2(

where £ = (w,z),& = (w',z') € C* and Kg(&, &) = (1 + 22" ) (ww')".
Furthermore the Hilbert space Fy(Z') is a weighted Bergman space and its norm is given by

P2 2+ w6 §) (@=1)

)

) )

BN W
Bl KO
BTN W

(14 22w )KalE, €) (q=2)

lpl* = / p(w, 2)I*p(w, 2)m(dw)(1 + |2|*)*dz,
c2

with p(w, z) = G(lw|*(1 + |z|*))(1 + |z|*) and the G-function is given by

3
6w =6;3(ul 3 ) a=0).
2 % 73
_]
cw=63(u ? ) @=n
2 % 3
_1
Gw=630u * 1) @=2
1 2
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