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1. Introduction

According to Ado’s Theorem, given any finite-dimensional complex Lie algebra g, there exists a matrix algebra
isomorphic to g. In this way, every finite-dimensional complex Lie algebra can be represented as a Lie subalgebra of
the complex general linear algebra gl(n, C), formed by all the complex n x n matrices, for some n € N. We consider the
following integer valued invariant of g:

w(g) = min{dim(M) | M is a faithful g-module}

It follows from the proof of Ado’s Theorem that w(g) can be bounded by a function depending on only n. This value is
also equal to the minimal value n such that gl(n, C) contains a subalgebra isomorphic to g.

Given a Lie algebra g, a representation of g in C" is a homomorphism of Lie algebras f:g — gl(C") = gl(n, C). The
natural integer n is called dimension (or degree) of this representation. We consider faithful representations because such
representations allow us to identify a given Lie algebra with its image under the representation, which is a Lie subalgebra
of gl(n, C). Representations can be also defined by using arbitrary n-dimensional vector spaces V (see [10]). In such a case,
a representation would be a homomorphism of Lie algebras from g to the Lie algebra of endomorphisms of the vector
space V, gl(V), which is called a g-module. However, it is sufficient to consider representations on C" because there always
exists a unique n € N such that V is isomorphic to C".
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Many works are devoted to finding the value u(g) of several finite-dimensional Lie algebras. In [6], the value of u(g)
for abelian Lie algebras and Heisenberg algebras is found and, additionally, the estimated value of u(g) for filiform Lie
algebras is given. In the works [4,8,11] the authors find a matrix representation of some low-dimensional Lie algebras.

In the paper [8] a minimal faithful representation of the filiform Lie algebra £, is shown. Let g, be the nilpotent matrix
algebra of n x n strictly upper-triangular matrices. In [8] the authors introduce

w(g) = min{n € N | there exists a subalgebra of g, isomorphic to g},

and prove the next proposition.

Proposition 1 ([8]). Let g be an n-dimensional filiform Lie algebra. Then 1u(g) > n.

Leibniz algebras are a non-antisymmetric generalization of Lie algebras, and they were introduced in 1965 by Bloh
in [5], who called them D-algebras. In 1993 Loday [13] rediscover these algebras called them Leibniz algebras.
An algebra (L, [—, —]) over a field F is called a Leibniz algebra if for any x, y, z € L, the so-called Leibniz identity

[(x.¥).z] = [[x. z1.y] + [x. [y. 2]]

holds.

One of the methods of classification of Leibniz algebras is the study of those with given corresponding Lie algebras.
In the papers [2,7,15,16], Leibniz algebras whose corresponding Lie algebras are naturally graded filiform Lie algebras L,
Heisenberg algebras, simple Lie sl, and Diamond Lie algebras are studied. Let L be a Leibniz algebra. The ideal I generated
by the squares of elements of the algebra L, that is ({[x,x] | x € L}), plays an important role in the theory since it
determines the (possible) non-Lie character of L. Observe that we can write L = (L/I)&®1 as a direct sum of vector spaces.
From the Leibniz identity, it is easy to see that this ideal belongs to the right annihilator of L, that is

[L,I]=0.

Clearly, the quotient algebra L/I is a Lie algebra, called the corresponding Lie algebra of L.

The map I x (L/I) — I defined as (v,x) — [v,x], v € I, x € L, endows I with a structure of right (L/I)-module. If
we consider the direct sum of vector spaces (L/I) @ I, then the structure of right (L/I)-module defines a Leibniz algebra
structure on (L/I)@ 1, known as the hemisemidirect product of L/I with I (see [1] or [12]), with the following multiplication

X+v,y+w]:=[xyl+[v,y]l, thatis,
X yl=1[xyl, [v,x]=[v,x], [x,v]=0, [v,w]=0, x,yel, v,wel.

Therefore, given a Lie algebra g and a g-module V, we can construct a Leibniz algebra (g, V') by the above construction,
and so, the principal question appearing in this relation is the description of the Leibniz algebras L, such that the associated
Leibniz algebra (L/I) @ I is isomorphic to an earlier given Leibniz algebra (g, V).

The theory of representations of Leibniz algebras was introduced in [14]. Let L be a Leibniz algebra and V a vector
space over the field F. A representation of the Leibniz algebra L on the vector space V is a pair (A, p) of linear maps
A, p: L — gl(V) satisfying the following properties:

Plx.y] = PyPx — PxPy,
Alxyl = Pyrx — AxPy,
Alxyl = Pyrx + AxAy, for all x,y € L, where A, = A(x) and py = p(x).

If g is a Lie algebra, then its Lie representation ¢: g — gl(V) becomes a Leibniz representation with A = ¢ and p = —¢,
or also by taking A =0 and p = —o¢.

Notice that the concepts of representations of Lie algebras and Leibniz algebras are different. Ado’s theorem on the
existence of faithful representations is a relevant theorem in the theory of Lie algebras. The analogous in the case of Leibniz
algebras was proved in [3] in an easier way and gives a stronger result. That is because the kernel of the Leibniz algebra
representation is the intersection of the kernels of A and p, ker(}, p) := kerA Nkerp = {x € L | A, = 0 = p,}, which
are in general different, in contrast to the representations of Lie algebras, where these kernels are the same. Therefore,
a faithful representation of Leibniz algebras can be obtained more easily than a faithful representation in the case of Lie
algebras. The representation theories of Leibniz algebras and their corresponding Lie algebras are very related. In fact,
in [9] the authors use representations of the Lie algebra L/I to construct representations of the Leibniz algebra L.

The paper is devoted to finding minimal representations of some classes of filiform Lie algebras of dimension n.
Specifically, in Section 2 we find minimal faithful representations of the filiform Lie algebras Q,,, R, and W,. Finally, in
Section 3 we construct Leibniz algebras with corresponding Lie algebras Qg, R7 and Ws, by using obtained representations
of these algebras.
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2. Minimal representation of filiform Lie algebras
Now we recall the definitions of nilpotent and filiform Lie algebras.
For a Lie algebra L consider the following lower central series:
=1, =01, k=1

Definition 2. A Lie algebra L is called nilpotent if there exists s € N such that [* = 0.

The smallest number s is called the index of nilpotency or nilindex of L. The index of nilpotency of an n-dimensional Lie
algebra is at most n. Among the nilpotent Leibniz algebras, we distinguish the filiform algebras (nilindex n).
Definition 3. An n-dimensional Lie algebra L is said to be filiform if dimLi=n—i, 2 <i <n.

We list some classes of n-dimensional filiform Lie algebras with basis {ey, ..., e;}.

1. Let £, be the Lie algebra whose brackets in the basis are defined by
ler, el = —[ei, el =eiy1, 2<i<n-—1.

2. Let Oy (n = 2s) be the Lie algebra defined by

[e1, eil = —[ei, e1] = €31, 2<i=<2s—-2,
[eas+1-i, €] = —[ei, exsr1-i] = (—1)'ex, 2=<i<s.
3. Let R, be the Lie algebra defined by

ler, el = —[ei,er]l = ey, 2<i<n-—1,
[ez, €] = —[e;, e2] = ey, 3<i=<n-—2.

4, Let W, be the Lie algebra defined by
lei, ej] = —lej, el = ( —i)eiyj, i+j=<n.

Notice that the algebras £, and Q,, are naturally graded model filiform Lie algebras. The algebra W), is the finite-
dimensional Witt algebra.

Proposition 4. A minimal faithful representation of the algebra Q,, is

0 a —as3 ... Gy —Qy_1 —2a

0 0 a, - 0 0 Aon—1

0 0 0 e 0 0 dypn—2
aieq + axey + -+ - + dypeon — | -

0 O 0 0 a; as

0 0 0 0 0 a

0 O 0 0 0 0

Proof. Consider the linear map ¢: Q2, — gl(2n, C) given by
2n-2
p(er) = Z Eiir1, @(e)) = (=1)E1i+ Ean—iy12n 2<i<2n—1, ¢(exm)= —2E1 o,
k=2

where E;; is the matrix with (i, j)th entry equal to 1 and all others zero.

By checking that [¢(e;), p(e))] = ¢(e)p(e;) — olej)p(e;) for all 1 < i,j < 2n, we verify that ¢ is an injective
homomorphism of Lie algebras. Then by Proposition 1 we obtain that it is minimal. O

Let us denote by V = C?" the natural ¢(Q,,)-module and endow it with a Q,,-module structure V x Q,, — V, given
by

(x, e) = xg(e),

where x € V and e € Q.

Then we obtain

(i, e1) = Xiy1, 2<i<2n-2,

(x1,e)=(—1)x, 2<i<2n—1, )
(X2n+1-is €1) = Xon, 2<i<2n-1,

(X1, €2n) = —2%ap,

and the remaining products are zero.
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Proposition 5. A minimal faithful representation of the algebra R, is

0 ag a O 0 0 0 a
0 0 a a 0 0 0 an—1
0 0 0 a 0 0 0 anp—2
0 0 0 O 0 0 0 aps
aieq + aey + - - - 4+ ape, — .
0 0 0 o 0 a4 o a4
0 0 0 o 0 0 a a3
0 0 0 O 0 0 0
0 0 0 o 0 0 O 0

Proof. We take the linear map ¢: R,, — gl(n, C) given by

n—2 n—3
Y(e) = ZEi.m, Y(e) = ZEi.i+2 +Eni_1n, V(&) =Ejiin, 3<i=<n
i—1 i—1

By checking that [y(e;), ¥(e))] = (e)v(e)) — w(edy(e) for all 1 < i,j < n, we verify that ¢ is an injective
homomorphism of Lie algebras. Then by Proposition 1 we obtain that it is minimal. O

Now, we construct a R,-module structure V = C", V x R, — V, given by

(x, e) := xg(e),
where x € V and e € R,,.
Then we obtain
(Xi,e1) =Xiy1, 1<i<n-2,
(xi, €2) =Xit2, 1<i<n-3,
(Xnt1-j,€) =%, 2=<j=<n,

and the remaining products in the action being zero.
Denote by C; = () the binomial coefficient.

Proposition 6. A minimal faithful representation of the algebra W, is given by ¢: W, — gl(n, C), where

n—-3

n—2
1
p(er) = E Eiks1s p(ex) = E o kEI<,k+2 + En_1,n,
k=1 k=1

n—i—1 i-2 its s

1 (-=1)"C .
ple) = m( Z (Z ﬁ_lsz)b—k,kﬂ + En+17i,n)7 3<i<n
Tk s=0

Proof. We take the injective homomorphism ¢: W, — gl(n, C) such that

n—-2 n-3
p(er) = ZEk,k+]7 p(ex) = ZO‘SE&,S+2 +En_1n-
k=1 s=1

Now we consider

p(es) = [p(er), p(e2)] = g(er)p(e2) — p(ea)p(er)

n—2 n-3 n—-3 n—2
= (Z Ek,k+1) (Z osEs o + Enfl,n) - (Z osEs 10 + Enfl,n) (Z El<4,k+1)
k=1 =1 =1 k=1
- s s
(i1 — o )Ek k3 + En—2.n,
k=1

Let us prove the following equality:

1 n—i—1 i-2 ) ‘
p(e) = 7( Z (Z(_l)l+scisfzap+s)5p,p+i + En+1—i.n>a 3<i<n

i — 2Vl
(i—2) i
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We suppose that the above equality is true for k and let us prove it for k + 1.

1

m[‘p(el)’ ple)] = m(‘ﬂ(el)ﬂek) — plex)p(er))

1 1 n—2 n—k—1 k-2
= K—1 <M Z tt+1 Z Z(—l)k+scﬁ_zap+s)5p,p+k+En+1—k,n)
t=1 p=1 s=0
1 n—k—1 k-2 n—2
- (k — 2)‘ ( Z (Z(_1)k+sclf_2ap+s)Ep.p+k + En+1—k.n) (Z Et,t+1) )
Top=1 s=0 t=1
1 —k—2 k-2
= (k—1) ( Z (Z(_l)’<+scl§72(ap+s+l - ap+s))Ep,p+k+1 + En—k,n)
T op=1 s=0
1 n—k—2 k-1

= =i (2 (oG ps) B + Enn)-

p=1 s=0

o(ers1) =

n

By using the multiplications, where i 4+ j < n, we get

[p(e), ¢ 6])] = p(ei)p(e ) ¢(e])§0(ez)

1 n—i—1 i-2 )
= i—G=2) ( ( Z (Q (1" C 50p15)Ep pyi + En+1—i,n>
p=1 s=0
n—j—1 j-—2
( Z (Z(_1y+rqr_2aq+r)5q,q+j + En+1—j,n)
qg=1 r=0
n—j—1 j-2
_ ( Z (Z(_])l+rq’;2aq+r)Eq,q+j + En+1—j,n>
q=1 r=0
n—i—1 i-2
( Z Z 1+5Ci572ap+s)Ep,p+i + En+l—i,n) )
p=1 s=0
1 n—i—j—1 i—2 j-2
— i+ j+ )
=i (2 (e ) (177G )
p=1 s=0 r=0
j-2 i—2
- (2:(_])lJrerr_zothLr)(2:(_1)1+ CI 20‘p+j+s) > Ep,p+i+j
r=0 s=0

i—2 j—2
+ (Z(_l)l+scis_2an+s+l—i—j - Z(_])HrC}r_zan+r+l—i7j)5n+1fifj.n ) .

s=0 r=0
On the other hand
[p(e:), p(e)] = (G — Do(eir;)

. . n—i—j—1 i+j—2
)

(i +]. — 2)! ( Z (Z( -1)1+]+5C13+J 2ap+s)Ep,p+i+j + En+1—i—j,n)~

p=1 s=0

Next, we have the following system of equations

i—2 Jj— Jj—2
(Z( e 20p+s) Z 1)l+ [ a@pitr) = (Z(_l)]+rcjr—20‘p+r)
s=0 r=0 r=0
i—2 Ny . i+j—2
(i—=ji—=2)0—-2)
1 i+s C 1 i+j+s C — 0’
(g( VGt + T ) g( P Catee =

where1<p<n—i—j—1, i+j<n-2.

j—2 i—2

Z 1)l+ zan+r+1 i—j Z( 1)H— Cl 2¥nps+1—i—j =

r=0 s=0

(i—pi—=2)0G—-2)
(i+j—2)

, i+j=<n

239
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One of the solutions of the system of Eqgs. (2) and (3) is

o= ——, 1<i<n-3.
n—i

Now we check it by using the next property of binomial coefficients

G m X ¢10.~1,....—m) (4)
— x+k T xx+1)---(x+m) oy '
By putting all values of ¢; in the system (2)-(3), and by using the property (4), we get
(i—2) Gg—2)
(n—i—-p+2)n—i—p+3)---(n—p) (n—i—j—p+2)n—i—j—p+3)---(n—i—p)
G—2) (i—2)
(n—j—p+2)n—j—p+3)---(n—p) n—i—j—p+2)n—i—j—p+3)---(n—j—p)
i—jHi—=2)3G—2)
+ _ (i —iX ‘)Q ) =0, 1<p=<n—i—j—1, i+j<n-2,
(n—i—j—p+2)Mn—i—j—p+3)---(n—p)
and
(j-2) (i—2) i=pi=-20G-=-2¢ . .
- - — - - — = — , It+j=n
(i+1)([i+2)---(i+j—1) (G+VDG+2)---(i+j—1) (i+j—2)
So, the values of «; satisfy the system of equations (2)-(3).
By Proposition 1 we get that this representation is minimal. O
Now, we construct a W,-module structure V. = C", V. x W, — V, given by
(x, e) == xgp(e),
where x € V and e € W,.
Then we obtain
(Xi, €1) = Xiy1, 1<i<n-2,
1
(xi, €2) = Xit2, 1<i<n-3,
n J—
1 Jj=2 (_-l)i+scjs_2
Xi, €i) = — - Xiri, 3<j<n—-2, 1<i<n—j—1,
(xi. €j) 0_2)!202 n_i_s J ]
1 .
(Xnt1-j, €)) = mxm 2<j=n,
and the remaining products in the action are zero.
3. Leibniz algebras constructed by minimal faithful representations of Lie algebra
Now we investigate Leibniz algebras L such that L/I = Q,, and I =V as a Q,,-module.
Further we define the multiplications [e;, e;] for 1 <1, j < 2n. We put
2n
€i+1+2a51><k, i=1,2<j<2n-2,
k=1
2n
—git ) i, j=1.2<i=2n-2
k=1
2n
el = { (—1esm+ Y afx,  i=2n—j+1,2<j<n, 5)
k=
k 12n
(=) ey + Zafjxk, j=2n—i+1,2<i<n,
k=1
2n
Z oz{fjxk, otherwise.
k=1
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In the multiplication table (5), by taking the basis transformation

2n—-2

/ k+1
e, =e; — E ay Xk —
k=2

3<i<2n-1,

/ / /
e; = [ey, €41,

we obtain

1 2 2,
[e1, e1] = oy X1 + ] (X2 + @i’ Xan,
[er.e]l =eipq, 2<i<2n-2,

2n 2n ’ k+1 k+1
(13 + a3 Xon—1, € =€y — Z(O‘ll +oay) Wi,

[ean—1, €2] = ean.

241
2n—-2
k=2
VAR oV /
€n = (€15 €1,
1 2
[627 61] =—e3+ a2’1xl + a2’1X21 (6)

There are difficulties to classify the general case, therefore we classify low-dimensional Leibniz algebras of such type.
It is well known that Q, is abelian and £4 = 94, therefore we start by classifying Leibniz algebras such that L/l = Q.

By using the multiplications (1)-(6), and by checking Leibniz identity, we get the following family of algebras denoted
by )\(O{], oy, 03, 04, 05, Og, 007, O, Olg):

[e1, e1] = aixs,
[e3, e1] = —eq,
[eq, 1] = —es,
[es, e1] = —auxs,
[es. e1] = —%0539(6,
[x2, e1] = X3,
[x3, 1] = x4,
[x4, €1] = X5,

[e1, e2] = es,
[es, e2] = es,

[es, 2] = —aXs,
[X1, e2] = x2,

[xs, e2] = xs,

[e1, e3] = ey,
[es, e3] = 2013)(6,

[x1, €3] = —x3,
[X4, €3] = xg,

[e1, e4] = es,
[e3, e4] = es,
[x1, es] = x4,

[x3, e4] = xs,
[e1, e5] = X,
[x1, 5] = —xs,
[x2, e5] = X,

5
[e2, e6] = —agXs,

2
[e3, es] = —2axs,

[X1, es] = —2x6,
[e2, 1] = —e3 + aaX1 + a3y,

[e2, €2] = a5x3 + a7x4 + agXxs,

[e3, e2] = dazxy — X3 — 207X5 — CloXg,

[es, e2] = —200%3 + %Olaxm

[e2, e3] = —3aaXy + X3 — atsXg4 + A7Xs + oXs,
[e3, e3] = —2ax3 + %Otsxm

[es, €3] = —es + 2a2%4 — 5%6Xs,

[e2, e4] = 4apx3 — 5 6Xa + asXs,
[ea, ea] = —202X5 — 5013)‘6»

3
[e2, e5] = —es — 3azx4 + 5066?(5,
[e3, e5] = 2a5x5 + ZOBXG,

[e1, es] = —2azx5 — ZOBXG-

Theorem 7. Let L be a 12-dimensional Leibniz algebra such that L/l = Qg and I a natural L/I-module with a minimal faithful

representation. Then L is isomorphic to one of the pairwise non-isomorphic algebras given in Appendix A.

Proof. Let [(«) := L be the 12-dimensional Leibniz algebra given by A(a1, a2, a3, a4, as, o, a7, ag, a9). Let ¢: L(a) — L(a')
be the isomorphism of Leibniz algebras:

6 6 6 6 6 6
ple) = ZAkek + ZBka, plez) = Z Peey + Z Qexk,  @(x1) = ZMkek + ZRka,
k=1 k=1 k=1 k=1 k=1 k=1

and the other elements of the new basis are obtained as products of the above elements.
Then, we obtain the following restrictions:

A1PyR4 # O, Ay =B =P =M;=0, 1<i<6,
—A% + 2A3A5 P? AsR A4R; AsR
Apg = ——), Pp=—, Rp=—, RB3=—"—, Rg=—,
2A1 2P, A] A1 A]
ZAg(XZ —40!2A3A4 - Ol5A§ ZazAﬁ + (¥5A3A4
By = ——, B3 = ——WM—F——, By = —"———,
Aq 2A4 2A4
B — 4O[2P22(A%R6 — A4A5R1 — A1A3R5) — asAﬁPZZR1 — 4A§C(7P22R1
° 4A.P2R,

N a3(4A1AsP,PsRy — 2A1A4P2Ry + 4A1A3P,PsRy — 4A%P, PRy + 4A3P2Rs)
4A1P2R;

)
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30t3(A3P3 — AgPy) — a3A1Ps

= — P N = El
Q o Ps Q A,
_ 20!2(4A5P22 - A4P2P3 - A3P§) + O{3A1P§ + 20{5A3P22 + 20{6(A4P22 — 2A3P2P3)
N 2A:P,
02(2A4P§R1 +A1P22R5 — 3A5P2P3R1 + 2A]P2P6Rl - 2A3P2P5R1)
4 =
A1PRy
N —403A1PyPs — 4asAsP? + a6(AsPs — 6AsP2 + 2A4PyPs) + 4oz AsP2
4A1P, ’
a3(AsP2P2Ry — AgP,P3R; + 2A3P2P3PsRy — 2A1P2PsPsRy — A1P3PsRs)
Qs = 3
A1P3R
N 8asAsPyR1 + ag(12A3P;PsRy — 8A4P2P2ZRy — 12A1P;PgR1 + 12AsP;P3R1)
8A1P;Ry
N a3A1(P2P3Ps — P§) + a7(AsP) — 2A3P3P3) + agAsPy
AP} ’
and parameters
, aq , AP, , a3y , aghy ,  asP, ,  agP;
o = op Q) = , O3 = , Oy = y, U5 = ——, Og=—),
A1P2R; Ry R P,R; ARy R
o — 207P; + a(P3 — 6P2Ps) o — 4agP; — ag(P3 — 6P2Ps)
7 — ’ 8 — ’
2A%PZR, 4A3P2R,
, o 205(2AsP3PsRy — AsP,P2Ry — 2A1P#PsRy + 2A1P;Rs + 2A3P3PsRy)
Og = ——
ARy ASPIR3
a3(P3 — 6P2Ps)
8A2P3R,

Considering all the possible cases, we obtain the families of the algebras listed in the theorem. O

Now, we will give the classification of the Leibniz algebras L of lowest dimension in the other two types, L/l = W,
and L/I = R,. Taking into account that Wy = R = £q, Wy = Ry = £, are abelian, and W3 = R3 = L3, Wy = Ry = Ly,
Ws = Rs, Ws = Rg, we will study the cases L/I = Ws and L/I = R;. We denote the next families of algebras by
w(Y1s V25 V35 Vas V5. Ve, v7) and n(B1, B2, B3, Ba):

[e1, e1] = yixs, [e2, e1] = —e3, [es, e1] = —2ey,
1

les,e1] = —3es, [es,e1] = —yax5, [ez,e4] = 5()/3X4 + Y2Xs),
[x2, €1] = x3, [X3, 1] = x4, [e1, 2] = e3,

1 1
[x2, €3] = §X4, [x3, e3] = xs, [e4, €2] = _EVZXS,

1

les, e2] = —ysxs5, [x1,e2] = ZXB’ [e2, €2] = y3x%2 + VaX3 + VeXa,
[X4, €2] = X5, [e1, e3] = 2ey, [e2, €3] = e5s — y3x3 + YaXq + y7Xs,

[e4, €3] = 3ysxs,
[e1, e4] = 3es,

1
[x2, e4] = Exs,

1
[x1,e5] = EXS'

1
X1, €3] = —Xu,
[x1, €3] i

[x1,e1] = x2,

[e1, es5] = yaxs,

[e3, e2] = —es — 2y4x4 — y7Xs,
[es, e4] = —3ysxs,

[e2, e5] = ysxs,
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and
[e1, e1] = Bix7, [e1, e2] = e3, [e1, e3] = ey, [e1, e4] = es,
[e1, e5] = es, [e1, es] = e7, [e1, e7] = Bax7, [e2, 1] = —e3,
[e2, €2] = B3xs + Baxs, [e€2,€3] =e5 — B3xs, [ex,e4] =es+ B3xs, [ez,e5] =e7,
[e2, e5] = Bax7, [es3, e1] = —ey, [e3, e2] = —es, [e4, €1] = —es,
[es, €2] = —es, [es, e1] = —es, [es, e2] = —e7, [es, e1] = —e7,
[es, €2] = —Bax7, [e7,e1] = —Bax7, [x1, e1] = x2, [x1, e2] = x3,

[x2, es] = x7,
[X4, €1] = x5,
[xs, e3] = x7,

[X2, €2] = Xa,
[x3, e5] = x7,
[x5, e1] = xs,

[x2, e1] = x3,
[x3, €2] = x5,
[Xa, e4] = x7,

[x1, e7] = x7,
[x3, e1] = x4,
[X4, €2] = X,
[X6, €2] = X7.

Theorem 8. Let L be a 10-dimensional Leibniz algebra such that L/1 = Ws and I a natural L/I-module with a minimal faithful
representation. Then L is isomorphic to one of the pairwise non-isomorphic algebras given in Appendix B.

Theorem 9. Let L be a 14-dimensional Leibniz algebra such that L/1 = R; and I a natural L/I-module with a minimal faithful

representation. Then L is isomorphic to one of the following pairwise non-isomorphic algebras:

n(0,0,0,0,0),
n(1,0,0,0,0),

with B3, B4 € C.

n(0,0,0, 1),
n(1,0,0,1),

n(0,0, 1, 0),
n(1,0,1,0),

n(0, 1,0, 1),
n(1,1,0, Ba),

n(0, 1, B3, 0)g; 20,
n(1, 1, B3, 0)g, 0,

The proofs of Theorems 8 and 9 are carried out by applying similar arguments to those used in Theorem 7.
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Appendix A

A(0,0,0,0,0,0,0,0,0

0,0,0,0,0,0,0,0,1

0,0,0,0,0,0,0,1,0

A(0,0,0,0,0,0,1,0,0

0,0,0,0,0,0,1,0,1

A(0,0,0,0,0,1,0,0,0

0,0,0,0,0,1,0,0,1

)
0,0,0,0,0,0,1,1,0)
0,0,0,0,0,1,1,0,0)

A(0,0,0,0,1,0,0,0,0

0,0,0,0,1,0,0,0,1

0,0,0,0,1,0,0,1,0)

A(0,0,0,0,0,0,0,1,1

0,0,0,1,0,0,0,1,1

0,0,0,0,1,1,¢7,0,0)

A(0,0,0,1,0,0,0,0,0

0,0,0,1,0,0,0,0,1

0,0,0,1,0,0,0,1,0)

A(0,0,0,1,0,0,1,0,0

0,0,0,1,0,0,1,0,1

0,0,0,1,0,0,1,1,9)

A(0,0,0,1,0,1,0,0,1

0,0,0,1,0,1,0,0,0

0,0,0,1,1,0,0,0,0)

A(0,0,0,0,0,0,1,1,1

0,0,0,1,1,0,0,0,1

0,0,0,0,1,0,1,¢,0)

A(0,0,1,0,0,0,0,1,0

0,0,1,0,0,0,1,0,0

0,0,1,0,0,0,1,1,0)

A(0,0,1,0,0,1,0,1,0

0,0,1,0,0,0,0,0,0

0,0,1,0,1,0,0,0,0)

A(0,0,0,0,0,1,1,0,1

0,0,1,0,0,1,0,0,0

0,0,1,1,0,0,0,0,0)

A(0,1,0,0,0,0,0,0,0

0,1,0,0,0,0,0,1,0

A(0,1,0,1,0,0,0,0,0

0,1,0,1,0,0,0,1,0

0,1,0,0,0,1,0,a5,0
0,1,0,1,0,1,0,a5,0

A(0,1,1,0,0,0,0,0,0

0,1,1,0,0,0,0,1,0

0,1,1,0,0,1,0,a5,0

A(0,0,0,1,0,0,0,1,1

1,0,0,0,0,0,0,0,0

1,0,0,0,1,0,0,1,c9

1,0,1,1,0{5,0{(5,0[7,0,0)

A(1,0,0,0,0,0,0,1,1

1,0,0,0,0,0,1,0,0

1,0,1,0,0,1,a7,0,0

0,0,1,1,1,0{6,(17,0,0)‘16 £0

A(1,0,0,0,0,1,0,0,0

1,0,0,0,0,1,0,0,1

1,0,0,0,0,1,1,0,a9

1,1,0,1,005,066,0,05,0)

A(1,0,0,0,1,0,0,0,1

0,0,1,1,0,0,0,1,0

1,0,0,0,1,1,07,0,009)

A(1,0,0,1,0,0,0,0,0

1,0,0,1,0,0,0,0,1

1,0,0,1,0,0,0,1,c9

A(1,0,1,0,0,0,0,0,0

1,0,1,0,0,0,0,1,0

0,0,0,1,0,1,1,0,a9

A(1,0,0,0,1,0,0,0,0

1,0,0,0,0,0,1,0,1

0,0,1,0,1,0,1,at3,0

A(1,0,0,0,0,0,0,1,0

1,0,0,0,0,0,0,0,1

1,1,0,0,0,1,0,a5,0

)
)
)
)
)
)
)
)
)
)
)
)
2(0,0,0,0,1,0,0,1,1)
)
)
)
)
)
)
)
)
)
)
)
)

A(1,1,0,0,0,0,0,0,0

M )
A )
A )
M )
M )
A )
A )
M )
M )
A )
A )
A )
2(0,0,1,0,1,0,0,1,0)
A )
A )
A )
M )
A )
A )
A )
M )
A )
A )
A )
A )

1,1,0,0,0,0,0,1,0

M
A
A
M
M
A
A
M
M
A
A
M
2(1,0,0,0,0,0,1,T,9)
A
A
M
M
A
A
M
M
A
A
M
M

)
)
)
)
)
)
0,0,0,1,1,0,0,1,09)
)
)
)
)
)

1,0,1,0,0,0,1,a5,0

with oy, o5, ag, a7, ag, ag € C.
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Appendix B
1(0,0,0,0,0,00) 1(0,0,1,0,1,0,0) ©(0,1,0,0,0,y5,0) 1(0,0,1,1,5,0,0),5 40
(0,0,0,0,0,0,1) 1(1,0,0,0,0,0,0) 1(1,0,0,0,1,y5,0) 1(0,1,0,1,5,¥6,0)ys 20
1(0,0,0,0,0,1,0) ©(1,0,0,0,0,0,1) 1«(0,1,0,1,0,6,7) 1(0,1,1,74,5,0,0)ys 20
1(0,0,0,0,0,1,1)  ©(0,0,0,1,0,1,7) 1(1,0,0,1,0,6,¥7) 1(1,0,0,1,5,¥6,0)ys 20
©(0,0,0,0,1,00)  u(0,0,0,1,y5,1,0) 1(1,0,1,y4,0,0,7) #(1,0,1,y4,¥5,0,0)y 20
©(0,0,0,0,1,1,0)  1(0,0,1,1,0,0,y7) 1(0,1,1,y4,0,0,y7) #(1,1,0,y4,¥5,76,0)y5 20
M(0,0,0,I,0,0,l) M(OJ,O,O:O'VSJ) M(l-lvaV4»0»VSv)’7) I’L(lvlvy3ly4v0v0vy7)y3#0
M(0,0,],0,0,0,0) M(LO,O,QOJ'W) M(OvovovlvySvao)ys#O H’(1'1vy3v‘y4vy5v0-0)y3#0,y5#0
1(0,0,1,0,0,0,1)  «(0,1,0,0,1,y5,0)

with ys3, y4, ¥5, ¥6, 7 € C.
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