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Positive mass theorem

1. Introduction
Let (M, g) be a compact Riemannian manifold of dimension n > 3 and denote by
n—2
Ly, = A —5, . C®(M)— C®*(M
g g + 4(n _ 1) g ( ) ( )
the conformal Laplace operator of g, where s; is the scalar curvature of g and A is the Laplace-Beltrami operator with
non-negative spectrum. Assume that the metric g is flat on an open neighborhood of a point p € M and that all eigenvalues

of L, are strictly positive. Then it is well-known that there exists a unique Green function G; of L; at p, i.e.in the sense
of distributions we have L;G; = §,, the function G is smooth and strictly positive on M \ {p} and as x — p we have

1
Gg(x) = + m(g, p) +o(1
O e o= L O
where w,_1 is the volume of the standard sphere of dimension n — 1, the function r denotes the Riemannian distance
from p and m(g, p) € R is a number called the mass of g at p. This quantity is related to the so-called ADM mass of an
asymptotically flat Riemannian manifold. The study of the mass has led to many interesting results in geometric analysis
and General Relativity. An example is an application to the so-called conformal Yamabe constant of (M, g) defined by

YM,g) = inf/ sg dv®,
M

where the inf is taken over the set of all Riemannian metrics on M which have unit volume and are conformal to g.
Namely, in a famous article [8], Richard Schoen used the positivity of the mass m(g, p) to prove that Y(M, g) < Y(S", Zcan)
if (M, g) satisfies the assumptions above and is not conformally diffeomorphic to the standard sphere (S", gcan ).
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In this article we consider the dependence of the mass on the Yamabe constant Y(M, g). We define two functions
ar— Xi‘[’(a) and a — XM(a) whose values are a sup and an inf of masses m(g, p) respectively taken over the set of all
Riemannian metrics g with Y(M, g) > a which are flat on a ball of radius 1 centered at p € M (see Definition 3.1).
We prove that for small values of a the values Xﬁ‘r/’(a) and XM(a) decrease and increase respectively under surgery of
codimension at least 3 (see Theorem 5.1). Finally, we give an application to the smooth Yamabe invariant of M defined
by

o(M):=supY(M, g)

where the sup is taken over the set of all Riemannian metrics on M. The question of whether for a given smooth manifold
M one has 6(M) < o(S") is open in general. We prove that if XT(U(M)) > 0 then we have o(M) < o(S"). The precise
statement is given in Theorem 6.1.

In the proofs of these theorems we use a surgery result obtained by the second author together with Ammann and
Dahl [1] and a variational characterization of the mass m(g, p) obtained by the two authors of the present article [6].

2. Notation

Let M be a compact manifold of dimension n > 3. The set of Riemannian metrics on M will be denoted by M. For
g € My, we denote by
n—2
L, =A —S, . C®(M) — C*(M
g g T An_ 1) (M) (M)
the conformal Laplace operator of g, where s; is the scalar curvature of g and A, is the Laplace-Beltrami operator with
non-negative spectrum. Moreover, we write N := n% and we denote by

Jyy uLgu dv® ’
ullfy

the (conformal) Yamabe constant of g and by o(M) := sup,c »4,, Y(g) the (smooth) Yamabe invariant of M. We will write
Y(g) instead of Y(M, g) since M will always be clear from the context. We have Y(g) > 0 if and only if all eigenvalues
of Lg are strictly positive. In the following, we will always assume that o(M) > 0 which is equivalent to the fact that M
admits a metric of positive scalar curvature. We define, for any a € [0, o(M)][,

Zy(a) = {g € Mn | Y(g) > a}
2y = {(g.p) € Zu(a) x M | B§(1) is isometric to B} .

where Bﬁ(l) stands for the ball with center p and radius 1 with respect to the metric g and where B is the standard
Euclidean unit ball of dimension n. Note that these sets are not empty as soon as o(M) > 0 (see the first item of
Proposition 4.1).

Let # be a smooth function on M such that n = —— on Bj(3) and supp(n) C Bj(1), where w,_; denotes the

(n—2)wn_1
volume of S"~! with the standard metric. If (g, p) € £2f, for some a > 0 then there exists a unique Green function Gg of
L, at p and we have for all x e M \ {p}:

Ge(x) = n(x)r(x)* ™" + m(g, p) + a(x), (1)

where r(x) denotes the Riemannian distance of x and p with respect to g, « is a smooth function defined on all of M
which is harmonic on B‘g(%) and satisfies «(p) = 0 and m(g, p) € R is a number called the mass of g at p.
We recall that m(g, p) has a variational characterization established in [6] Namely, the function F,: M — R defined by

Fioai= | el - <2

Y(g) = Y(M. ) = inf| e Cx(M)\ (0}}

0, X=p

has support contained in supp(Vn) and is smooth on M. For every u € C*°(M) we define

JEu) = / nr¥"F, dv® + 2/ uF, dv® +/ uLgu dv®.
M\{p} M M

Then, it was proven in [6] that

—m(g, p) = inf{J5(u) | u € C*(M)} (2)
and that the infimum is attained for the smooth function 6 defined by
6(x) == m(g, p) + a(x) (3)

with the function « as in (1). We say that a compact manifold satisfies PMT (for Positive Mass Theorem) if for every metric
g on M and for all points p € M such that g is flat on an open neighborhood of p and Y(g) > 0 we have m(g, p) > 0.
It is conjectured that every compact manifold satisfies PMT. This conjecture has been proved in some special cases (see
e.g.[10,11,14]). A complete proof of the conjecture has been announced by Lohkamp [7] and Schoen-Yau [9].
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3. Upper and lower mass functions of M

Definition 3.1. The upper (resp. lower) mass function
XY :[0,0(M)] - RU {£o0} (resp. X" : [0, o(M)] = R U {+o0})

is defined as follows:

XM(a) — Sup{m(g7p) | (g,P)G-Q,e,}, a=0
0 \limsup, o sup{m(g. p) | (g.p) € 24}, a € (0,0(M)]
XM(a) . [Infm(E.p) | (8. p) € 23}, a=0
=77 |liminf,_o inf(m(g, p) | (g, p) € 2 °}, a €(0,0(M)]

The goal of this paper is to establish several properties of Xi/’(a).
4. Basic properties of X

Proposition 4.1. Let M be a compact manifold of dimension n > 3 such that o (M) > 0. Then the following hold:

(1) X} and XM are well defined for all a € [0, o(M)] as soon as o(M) > 0;

(2) For all a € [0, o(M)], X} (a) > XM(a);

(3) Xf is a decreasing function of a and XM is an increasing function of a and they are both left continuous;
(4) Foralla € [0,0(M)], 0 > XM(a) > —o0;

(5) For all a > 0, XY(a) < +o00;

(6) The following statements are equivalent:

(a) XM(0)=0;
(b) XM(a) =0 for all a € [0, c(M)];
(c) M possesses the property PMT.

(7) Let M, N be compact manifolds of dimension n > 3 with positive Yamabe invariant. Then, for all a € (0, min(o (M), o(N))]
we have

XYV (a) = max(X}(a), X} (a)) and XM"N(a) = min(X"(a), X" (a)).

Proof. (1) Let 0 < a < o(M). It suffices to show that §2J} is not empty. By definition of o(M) we have a metric g on
M with Y(g) > a. Let § = >, dxf, where (X1, ..., xp) is a system of normal coordinates at some p € M, be a flat metric
around p and let g, := (1 —n,)g + n.&, where n, : M — [0, 1] is a cut-off function equal to 1 on Bﬁ(s), equal to 0 outside
Bj(2¢) and such that |dr.| < 2 and |V?7,| < 2. By Lemma A.1 we have lim, o Y(g:) = Y(g). Now, the metric h, = g,
is flat on Bﬁ*"(l), If ¢ is small enough then Y(h.) = Y(g,) > a which implies that h, € £2},.

(2) and (3) are clear from the definitions.

(4) Let u be any nonzero smooth function compactly supported in the Euclidean unit ball B. Let (g, p) € £25, for some a.
From the definition of 2}, we can identify (B,(1), g) with B so that u can be considered as a test function in the variational
characterization (2) which provides

—m(g, p) < J§(u).

The inequality X" (a) > —oo follows by noticing that jg(u) does not depend on the choice of a > 0 nor on the choice of

(g, p) € 2.
Let us prove now that X™(a) < 0. It comes from the facts that if (g, p) € 2% then (bg,p) € 2§, for any b > 1, and
also that for any such b

m(bg, p) = b'~">m(g, p).

(5) Let a > 0 and let (g, p) € £25,. We have to show that m(g, p) is bounded by a constant which depends only on a
but not on (g, p). Let u € C*°(M). In what follows, C > 0 denotes a positive constant which might depend on a but not
on (g, p). By the variational characterization (2), choose u so that

—m(g, p)+ 1> JP(u)

From the definition of J§, one has

Jg(u) = —C+2/

andvg+/ uLgudv®.
M M
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Using that fact that Y(g) > a and using Holder inequality, one gets

2

1
N _ v
= =20 ([t ) volgs's o [ i ae)
B3(1) M

Set now

N
Xy = (/ |u|Ndug>
M

we obtain that there exists some C’, C” > 0 independent of (g, p) such that
JP(u) > C — C'X, + C'X7. (4)

This quantity is bounded from below independently of (g, p). This shows that m(g, p) is bounded from above by a constant
independent of (g, p) € £25,. This implies that for all a > 0, Xi/’(a) < +o00.

(6) Clearly the property PMT for a manifold is equivalent to X (0) > 0. Since X¥(0) < 0 by assertion (4), the result
follows.

(7) Let a € (0,0(M LI N)] = (0, min(c(M), o(N))] and ¢ > 0. On the one hand, let (g, p) € £,y Where p € M.
Then g decomposes as g = gy LI gy where gy € My and gy € My. We have a — ¢ < Y(g) = min(Y(gy), Y(gn)). Since
p € M, this implies that (gy,p) € 2 °. Let p > 0. If ¢ is small enough, it follows from the definition of X}(a) that
m(g, p) = m(gu, p) < X}(a) + p < max(X}(a), X}(a)) + p. In the same way, if p € N, m(g, p) < max(X}(a), X}(a)) + p.
From these inequalities, we obtain

X" (a) < max(X¥(a), X}(a) + p
and since p is arbitrary
XYN(a) < max(X¥(a), X} (a)).

On the other hand, let (gy,p) € 25, ° and let gy any metric on N with Y(gy) > a — e. If ¢ is small enough, then
m(gu, p) = m(gu U g, p) < X¥"™N(a) + p. Hence X¥(a) < X¥"N(a) + p. The same holds for N and the result follows.
The proof for XM(a) is similar. O

5. X¥(a) and surgery
In this section, we first establish the following theorem, whose proof is a consequence of the results in [6] and [1].

Theorem 5.1. Let M be a compact manifold of dimension n > 3 and M*® be obtained from M by a surgery of dimension
k < n — 3. Then, there exist constants A > 0 depending only on n and k but not on M such that for all a € [0, o(M)], one
has

. .
X¥(a) < X} (min(a, Anx)) and XM(a) = XM (min(a, Ay ).
In the case k = 0 one may take A, = o(S") for all n.

We remark that some known and conjectured lower estimates for the constants Ak, 1 < k < n — 3, can be found
in [1]. In this section, we also prove the following consequence of Theorem 5.1.

Corollary 5.2. Let My be any compact non spin (resp. spin) simply connected manifold of dimension n > 5 such that c(Mp) > 0
and let a > 0. Then, for all compact (resp. compact spin) manifolds M of the same dimension as My and with (M) > 0 one
has

0 > XM(min(a, A,)) > X (min(a, A,)) and
X} (min(a, A,)) < X}(min(a, A,))
where A, = minj<k<p—3 Ank > 0.

This has the following obvious consequence:

Corollary 5.3. Let My, My be two compact non spin (resp. spin) simply connected manifolds of dimension n > 5 such that
o(Myp), 0(M1) > 0 and let a € (0, Ay). Then we have

x°(a) = x¥"(a).
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Remark 5.4. By Corollary C in [5], if M is a compact simply connected non-spin manifold of dimension at least 5 then
o(M) > 0.By [1], when M is simply connected and (M) > 0, it holds that

o(M) > min{A,, c(Wy), ..., oc(W)}

where Wi, ..., W are generators of the oriented cobordism group in dimension n. For every n this group is finitely
generated and generators are well known [13]. When M is spin and o(M) > 0, then it is in the Kernel of the index map

o Q:pm — KO, which is all also finitely generated by some spin manifolds V1, ..., V; (see [12]) and again, we get

o(M) > min{A,, o(V1),...,0(V})} > 0.

Remark 5.5. This corollary allows to recover a result in [6]: if My not spin, simply connected of dimension n > 5 satisfies
PMT, then all the manifolds of the same dimension satisfy PMT. Indeed, assume that My satisfies PMT then XQ”O(O) =0
(see Proposition 4.1) and hence XM(0) = 0 which implies PMT. Note that Lohkamp [7] and Schoen and Yau [9] recently
announced a complete proof of the Positive Mass Theorem (i.e. all manifolds satisfy PMT).

Another consequence is the following:

Corollary 5.6. Assume that M is compact and simply connected, that o (M) > 0 and that a < o(M) if M satisfies PMT or
a < min(Ay,, o(M)) otherwise. Then we have X% (a) > 0.

Proof. Assume first that M satisfies PMT. Then, let g a metric such that Y(g) € (a, o(M)). Let & be a flat metric around
some point p € M and let 0 < x. < 1 be a cut-off decreasing function satisfying x.(x) = 1if x € Bﬁ(a), Xxe(x) = 0 if
X ¢ B§(2€) and |x/(x)| < % As in Lemma A.1 one obtains metrics g. on M which are flat around p and such that Y(g;)
tends to Y(g) as ¢ tends to 0. Hence, replacing g by g., we can assume that g is flat around some point p. Also, multiplying
g by a large constant, we can assume that it is flat on Bﬁ(l). By the Positive Mass Theorem, its mass at p is positive and
hence Xf(a) > 0. If M does not satisfy PMT, it is not spin. It then follows from Corollary 5.2 that Xf(a) > Xf(a) for
any compact manifold N of the same dimension such that o(N) > 0. In particular, if N = S", we have Xﬁr"(a) > 0 and

consequently, X/(a) > 0. O

Remark 5.7. Again, if the proof of the Positive Mass Theorem by Lohkamp in [7] or by Schoen and Yau announced in [9]
is confirmed then, for all M and all a < (M) we deduce from Corollary 5.6 that Xj‘(’(a) > 0.

5.1. Proof of Theorem 5.1

Let g € £2}. In [6], we constructed a sequence of metrics gj on MF¥ such that lim; m(g;, p) = m(g, p). In the construction,
the metric g; can be made isometric to g in B%(l) (as soon as B%(l) is topologically trivial). Moreover, we used exactly the
same metrics as in the main result of [1] where it was proved that

limY(g) = min( Ay, Y(g))
J

min(a, Ap k)—&

where Apo = o(S") and A, > 0 depends only on n and k. This proves that for all ¢ > 0 we have g; € 2,

soon as j is large enough. Theorem 5.1 easily follows.

as

5.2. Proof of Corollary 5.2
(1) Let My be a compact non-spin (resp. spin) simply connected manifold with o(Mp) > 0 and M any compact (resp.
compact spin) manifold of the same dimension. By Proposition 4.1 we have for all a
X @) = xY(a),
where (—M) is M equipped with the opposite orientation. Theorem 5.1 then shows that for all a
xM(min(a, A,)) = X} (min(a, 4,)) < X}* ™ (min(a, A,)) (5)

where f denotes the connected sum. Here, we used that the connected sum is a surgery of dimension O.

(2) The manifolds Mfi(—M) and Mpf(—M,) are oriented (resp. spin) cobordant since they are both oriented (resp.
spin) cobordant to S". Since Mpfi(—Mp) is simply connected and not spin (resp. spin), it is obtained from M#(—M) by
a finite sequence of surgeries of dimension k < n — 3 (see the proofs of Theorem B and Theorem C in the article [5] by
Gromov-Lawson). Theorem 5.1 then implies that

XYM min(a, Apg)) < XYM (min(a, Ap)). ©
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Inequality (5) remains true when M is replaced by My. As a consequence, we get from Proposition 4.1 that

XXM (min(a, Ay)) = max(X} " (min(a, A,)), X}*(min(a, 4,)))

= xor Mo (1min(a, A,)).

Using Theorem 5.1, we obtain

Mo#(—M Mo f(—Mg)iM,
X+°( o)( +o( o) o

min(av An,k)) 5 X min(as An,k))

Now, Myf(—Mg)iMy is oriented (resp. spin) cobordant to My and My is simply connected and not spin (resp. spin): by the
same argument as above, My is obtained from My#{(—Mp)iMy by a finite sequence of surgeries of dimension k < n — 3.
This proves that

XM min(a, A,)) < XU (min(a, 4,)) < X}(min(a, 4,)).
Together with Inequalities (5) and (6), we obtain the desired inequality
X} (min(a, A,)) < X}(min(a, A,)).

(3) The argument for XM(a) is similar.
6. Application to the Yamabe invariant

Theorem 6.1.

1. For any compact manifold M with o (M) > 0, one has XT(O) = 4o00.

2. For every n > 3 there exists a constant d,, > 0 such that for all compact manifolds M of dimension n with c(M) > 0
and for all a € (0, 0(M)) we have

(o(S") —a)'/"

X (a) < dy .

(7)

Corollary 6.2. Let d,, be the constant in part 1 of Theorem 6.1 and suppose that M is a compact manifold of dimension n with
o(M) > 0 such that

dn . XY (o (M) —¢)
< limsup ———=
G(S") e gl/n
Then we have o (M) < o(S").
Note that the hypothesis of Corollary 6.2 is satisfied if X+M(0(M)) > 0 since the function a — Xi”(a) is decreasing and

thus the right hand side in the assumption of Corollary 6.2 is ococ. This fact leads to a natural question: is this possible that
XT(U(M)) > 0 ? The answer is given by

Example 6.3. It holds that
X (0 (RP?)) > 0 and X$'(0(S™) = 0.

Namely, the fact that Xfr"(a(s")) = 0 is an immediate consequence of Corollary 6.2. Besides, it was proven by Bray and
Neves [4] that o(RP3) < o(S?) is attained by the standard metric. Since the standard metric of RP? is locally conformally
flat, one can choose a metric g in its conformal class such that Bﬁ(l) is flat where p € RP? is fixed. Then, since RP? satisfies
PMT, one has

X¥(0(RP)) > m(g, p) > 0.

Proof of Corollary 6.2. Assume that o(M) = o(S"). Using Theorem 6.1 we get

dyeV/m d,

n . .
limsup — =limsup ———
o(sm) T ot (S — e ot oS — e

which is a contradiction. O

Proof of Theorem 6.1. For the first statement, let p € M and g, € Q,?/, be a sequence of metrics converging in C? to
some metric g, such that Y(g,,) = 0. To see the existence of such a sequence, it suffices to construct g... For this, just
consider any metric (g, p) € §2§, for some a > 0. It is standard (see [2], p.388) that one can modify g locally outside Bﬁ(l)
to get a metric h such that Y(h) < 0. Then, set g, = tg + (1 — t)h for t € [0, 1]. Let

to = max{t € [0, 1] | Y(g;) < 0}.
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We can then set g = &, and gn := g, , 1.t was then proven in [6] and in [3] that limy m(gmn, p) = +o0o which proves
T m
that X(0) = +o0.
The second statement is much harder to prove. Let a € (0, o(M)) and let (g, ):<(0,a) be a sequence of Riemannian metrics
on M such that for all ¢ we have g, € .Q,‘\]/,‘g and

A = m(gev p) = Xi\:’(a) — €.
For every ¢ let 6, be the smooth function on M such that —A, = ]5 (6:). We put

X, = (/M 16,V dv&‘)%

where N = n%"z By Hélder’s inequality and by the definition of Y(g.) we have

—A, :]f;’s(gs) = / nr¥"F, dv¥ + 2/ 0, F, dv® +/ 0, Ly 0, dv®
M\{p} M M

N-1
> / nr¥"F, dv® — 2(/ |Fy,|% dvgg> "X+ (a—eXZ.
M\(p) M

We put

Coi= / 2 F, dvé, Dy = z(f IF, | ¥ dvg>%
M\{p} M

The numbers C,, D, are independent of (M, g) since g is flat on the supports of n and F,. We get

— A > Gy — DyXe + (a— e)X2. (8)
We have C, > 0 since for M = S" with the standard metric g.,, we have

0 = —m(gcan, p) < J;°"(0) = ;.
We also have C, + A, > 0 for all ¢ since

—Ae = m(g, p) < J5°(0) = Cy.
Due to (8) the quadratic function f(x) := A, + G, — Dux + (a — &)x? satisfies f(X,) < 0 and attains its minimum value at

Xo = %. We get

D2
0> f(x0) =Ac +Cp— —

4(a —¢)
and thus
D? D?
XMa)e <A < —"— —Cr < —"—.
4(a—¢) 4(a—¢)
As ¢ — 0 we obtain
D2
M n
X{(a) < ™ 9)

Moreover, since f(X.) < 0, the number X, is less than or equal to the largest root of the equation f(x) = 0. Using that
A; + G, > 0 we get

- Dy + /DZ — 4(A. + Cy)(a — ¢) _ D
- 2(a—¢) “a—¢

Xe

By definition of 6, and by Egs. (3), (1), the function 6, is harmonic on Bﬁ‘(%). Thus for all x € Bﬁ"’(%) we have
6n
0:(x) = 0:(y) dv®e,
= o /s s

where B denotes the Euclidean unit ball, since B*(3) C Bj*(3). Using Hélder’s inequality we get for all x € By (3):

n N-1
10:(x)] <

< o™ ®E) " ([,

< 6N voI(B)™ N X,
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: (10)
a—e

In the following we always assume ¢ € (0, 2) For every n and a we choose 8,, > 0 small enough such that for all
& € (0, %) the number p, defined by

n-2 . |As|
= e — 11
e T OB, AR (v
satisfies p, < 1. This is possible since the function x M__ is bounded on R. Then for every ¢ € (0, ) we choose
6 (Bn+1x1)2

h, € C*°(M) such that 0 < h, <1, h, = 1on B‘gg(ps), h =0o0on M\ BgE(ZpS) and |dh,| < pT Moreover, for every g, we
have A, = 6,(p) and we set «, := 6, — A, so that the Green function G, of L,, at p satisfies

Ge(x) = n(X)r(x)* ™" + Ac + (%)
(cf. Egs. (1), (3)). Note that a, € C*°(M) is harmonic on Bg (%).

Step 1. For ¢ close enough to 0 (not necessarily uniformly in a), we have
A
[ idthapas < B
M 4

Since a, is harmonic on the support of dh,, we can use Identity (3) in [6] and Holder inequality to write

2 2

n N
/|d(h8a5)|2dvg5: |dhg|2(x§dvg€§( |dh8|“dvgs> (/ Iasl”dvgg)
M Ce Ce Ce

where C, := B%S(Z,og) \ 355( pe) is the support of dh,. Observe that the definition of h, and the fact that the volume of the
support of dh, is bounded by Cp] with C independent of & imply that there exists «p > 0 which is independent of ¢ such
that

2

( Idhglndvgs) < .
Ce

Hence, for all £ small enough,

2

N
fld(hads)lzdvggiao( IOtslNdvgg> - (12)
M Ce

Now, since a, = 6, — A, and using Egs. (10) and (11) we get for ¢ close to 0:

1 1
( / eV o) < / ¥+ A dvol(C)h
Ce Ce

B,
= (= + 1A Jvol( ¥

n 1 1 nEZ 1
=(a_8+|Ag|)(z — 1)¥ .7 vol(B)¥

B, 101 Al 1
< A)@" = ¥ 8rad 2 vol(B)
< (G H )@ = D S vol(B)

S En,a V |A8|

for some E,, > 0 which is independent of ¢ for ¢ close to 0. By choosing &, , in Eq. (11) smaller we may assume that
E2 oy < 1 . Therefore the assertion of Step 1 follows from Eq. (12).
For every e € (0, ) we define

Be = fn|As|7l)sj (13)
where ¢, > 0 will be fixed later. We have for all ¢:
|Ae | 3
Be = CnlAe |2P8 ;03 = Cnanza ° Pe = Cn5z12,aps- (14)

By + |Ac|
We define u, € C*°(R") by

(B \T
Lle(X) = (ﬁgz n |x|2>
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and define v, € C°(M) by

Ue(X) if r(x) < pe
Ws(x) = | £e(Gs — hgor)(X) it p, <1(x) <20
£:Ge(x) if r(x) = 2p;
where r(x) denotes the Riemannian distance of x to p and where
-1
b )
e ue(pe) (= 2)on_; P+ A

is a real number depending on ¢ chosen so that i, is continuous. Furthermore, ¥, is smooth everywhere except possibly
at r = p,. Also note that in the definition of ¥, we have identified Bﬁg(pg) with the Euclidean ball of radius p. centered
at 0.

Step 2. Conclusion.

For all ¢ € (0, ) we define

E :=/<|dw€| +4( )sgg|1p€| )dvgs

D, = (/ e dv&)N
M

Let Q, := Q,, be the Yamabe functional of g, defined in (21). Then we have
E
Q) = —. (15)
D,
Let B, := Bfi( pe) which is isometric to the Euclidean ball of radius p.. We write
E. =E{+E

where, taking into account that the scalar curvature of g, vanishes on B,

E, ::/ <|d1//€| + ng|1//£| )dvgf = |du,|2dvé
Be ( ) Be

and

and

— 8e
= /M\Bg(mw R e UG L

On B, we have
Ag.ue =n(n —2ul™!

and we get from multiplying this equation by u, and integrating by parts that

u
|du, |>dv® — / U —da® =n(n—2) | |u|Ndv®. (16)
Be o, OF Be

One also has

Jon |du, [*dx N i
oS = ———— =n(n—2) lug|" dx
(fin lue " dx) *

which leads to
2

n(n —2) < |u5|Ndx> ! <o(SM.
Be

Plugging this estimate into Eq. (16), we obtain

n N % 8115
E <o [ 1weMdvr ) + | w2 des. (17)
B o, 0

r

Now, we evaluate E,. For this, we integrate by parts:

E, = Wngg Ye dvg,2 +E3
M\Bs
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where E; is a boundary term which will be computed below. Note that since 1/, is not necessarily differentiable at r = p,,
the term E; and the boundary term in (17) do not cancel in general. Since Ls, G, = 0 on M \ B, we obtain

5:@/1 Lg, (—h.a:)(Ge — hea)dvg, + E3
B \Be

where B, = Bﬁe(ZpS ). Note that since «, is harmonic and h, is constant on B, one has on B,
ng(_hsas) = Agg(_hsas) =0.

Hence, by definition of the Green function G, one has:
/ Ly (—hsa)G.dv® = f Ly, (—he0.)G.dv® = —a,(p) = 0.
B¢ \Be M
We also have
f L, (hecr (e Yo = / L, (oo hecr, v = / d(heate P
BL\Bg M M
Since, by Step 1 we have
/ |d(h.o ) *dv® <
M

we obtain:

|Ac |
4

= Ve (18)

E, < €2y, + Es.
So let us evaluate Es:

9(Gy — h
E; = _55/ (G, — hg%)w
F):

ar

das

1 1
— _62(7 2—n A )(_ 1*11) (0B
A\ = 2o A )= P Jvol(9B;)

n—1

2—n
= _ A )
8<(n—2)wn71p‘5 A

Combining this with (17)

Ei+E < U(Sn)( |W8|Ndvgg>

Be

du, 1
R dage+z2(7 2‘”+A)+£2 : 19
/335 “or \(n—2)wn 1" ’ e (19)
It remains to compute

Ju,
E, = f u, —da®:.
9B or

Using the fact that on 9B, and the definition of ¢,, we have

U, = V4 pg,n + AE)

8((n_2)wn—1
and

d

us:_(n_z) 2108 :
or Be + p;

we obtain

Ue

Py 2(
B2+ p2 T\ (n—2)wy
which together with the definition (13) of 8, leads to

du, 1
W (g ia)
/agg “or \n— 2wy e T

n
&

1 1%
=62(7 2-n A)(l— 21 4 (0 — D)oy A )
o (n— 2)on 1 P,  tAe :352 n paz (pg +( Yon—_14s)

2
Ey = —(n— 2oy P+ A)
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2 _ p™"n — 2)wp_1A
=z§(7pf‘"+As)ﬁg p5(2 z)w” L
(n — 2)wn—1 B2 + p?
2|A.| — (n — 2)wn_1A:)p"
=Z§( Psz_n+Ae) (&7 1A _ ( h )U)nzl )P,
(n = 2)wn—1 C2A: PR + p?

- EZ(; +A.0072) E21A| — (1 — 2)on 1A
e e g 3 =
(n—2)wn_q C2|Ad o2 + 1

By assumption we have
A. > XM(a) —e.

If Xi”(a) < 0, then the assertion (7) of Theorem 6.1 holds trivially. Thus we may assume that A, > 0 foralle > 0
sufficiently close to 0. We put

Ln = 7”“_22)60"*] (20)
and we get

Cr% |Ag] — (Tl - z)wn—lAa
CRIA: P2 + 1

If p. is small enough, we obtain

du, 1
U, da® Z2<7 2-n AF) < -0
»/BBH S or MG (”—z)wn—lps ) =5

-1
:—3/\5(/\5 n—2 7) .
e T 2oy

Inserting this into Eq. (19) and using the definition (18) of y, we get

2
N 4..8 N ZEAS
[WeTdv> ) — ——.

El—i-EzSa(S”)( a

Be

Moreover, if p, is small enough, we obtain

Be n—2 1 5 -2
= ) (it )
T\ 2) \ 2w T

:<cn|Ag|”2p2/2>n—2< L)’
2Acp! + p? (n—2)wn1"° )

- (;ﬂAd”zp?L2 ) (-
{112As:0272 +1 ¢ (n — 2)wp—1
> (znlAgP/z)n-z 2 (n = 2P,
- 2 4
From this and the definitions (20) and (11) of ¢, and p, it follows that
2
N

-2
+ Agpg"z) p2tt

n+2 n BEZ2)
Ei +E; 50(5")< |1/fs|Ndvg‘g> — 47" ((n = 2)wn1) 2 |Acl2pe ?
Be

2
N 2 A"
=o(s" Ndvs | —47"((n —2)wn-1) * 8fa—
a( )( B€|Ws| v ) ((Tl Jan 1) n,a(Bn_l_'Asl)n
2
N |Ae|"
= a(s”)< v, |Ndvg€) —-F—
B " (Bn + Ac )"

We have

2
N
D, > ( IlﬁslNdvg£>
B

and therefore

2
Ei+E |Ac|" ( N )_”

= <o(S"—E,——— dv® .
Qe(Vre) D, <o(S") H(Bn AL )" Bg|1//8|
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Moreover, using the substitution r = g.s we get

Pe ﬂ n
N 4.8 __ 2 n—1
/BS|%| dv —wano (/3€2+r2) r"ldr

pe/Be 1 n a1
= wn_1 ( 2) s ds
0 1+s

It follows that

E’ Agn
Q) < o(s™) — VAl

Fy/N (Bn + |Ac )"

and therefore with G, := (E,’,F,I_Z/N)l/" we get
A |"
(Bn + A
We take the limit ¢ — 0 and we get
X¥(ay 1

e Sl’l _ Gn n___ -
G Xty 7T ey

a—¢e<Y(g)<o(S")—(G)

a=<o(s")—(Ga)"

It follows that
B, Gn
+1=>
XxY(a) ~ (o(S") —a)l/n

We put a;, .= o(S") — (GZL,,)H and we distinguish two cases.

(a)If a > o, we get
B, 1 Gp

>
XY(a) ~ 2(o(S") —a)/n
and since a < o(S™) we get
2B 2B st
X0 = 22 (o5 - an < 20 7T

e n a

(o(s") = a)/"

(b) If a < «;, we have
o(S")—a>o(S") — oy
and therefore using Eq. (9)
o= &« JEISa gl
This shows the second statement. 0O
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Appendix. A lemma on the Yamabe constant

Let M be a compact manifold of dimension n > 3. For any Riemannian metric g on M we denote by
n—2

dn—1)"¢

the Yamabe operator of g and by

Ly = Ay +

_ Jyulgudv®

Q: C¥(M)— C¥(M), Qg(u)-—W
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the Yamabe functional of g where N := n% We denote by
Y(g) == inf{Qq(u) | u € C*°(M), u # 0}

the Yamabe constant of (M, g). In this Appendix, we prove the following Lemma which is used several times in the paper.

Lemma A.1. Let (M, g) be a compact Riemannian manifold with Y(g) > 0. Let p € M, let ¢ > 0 and let h be a Riemannian
metric defined on Bﬁ(Zs). We assume that g and h coincide at p. Let . € C*°(M), 0 < x. < 1 be a cut-off function equal to
1 on Bj(e), equal to 0 outside Bj(2¢) and which satisfies |dx.|, < < and |Vx.| < §. Define

Then we have lim,_,o Y(g.) = Y(g).

Proof. Note that by Taylor expansion we have on B§(28)
g < Ce

for some C independent of ¢. Thus for all u € C*°(M) we have

/udvgf—/ udv® SCS/ |u| dv®,
M M B} (2¢)

[ldul? — |dul?| = |(g¥ — g")oudu| < Ce|dul?

|g —hlg <Ce andthus [g—g

and using that |V2y,| g — hlg < g we get
ISg, —Sgl < — d |sg| <=
S, S and |s .
e gl —= e 8e |l — e

Let (u;).-0 be a sequence of smooth functions on M such that fM lug|N dv8 and Qq(u,) are bounded independently of ¢.
We prove that

1im(Qg (u:) — Qe(u1)) = 0. (22)

By the triangle inequality we have

2 418 _ 2 4,8

/ Sg Uz dv / Sguz dv
M M

2 dv& — 2 dv8

/ Sg uz dv / Sg uz dv
M M

By the Holder inequality we get

2 2
C N N
/ ISg. — Sgllue|*dv® < —vol(Bﬁ(Ze))% (/ IuSINdvg> <Ce (/ |u9|Ndvg> ,
M & M v

‘f Sg, U2 dv® —/ Sg, U2 dv®
M M
2 2
5 N N
< Cvol(B4(2¢))n (/ |ug|Ndvg> <Ce? (/ |uS|Ndvg)
M M

Moreover, we get

/ |du, |2 dv® — f |du, |2 dv®
M M

f |du, |7 dv® — / \du,|>_ dv®
M M

<Ce / |du, |} dv®
M

=Ce (f ungugdvg—/ sgluglzdvg>
M M
7
< Ce /ungugdvg—i-C(/ IuglNdvg> .
M M

=

2
—i—/ ISg, — Sgllue |~ dv®
M

and

< Ce/ Isg, ||ue |* dv®
B§(2¢)

=

+f |Idue |7, — |du|2] dv®
M



14 A. Hermann and E. Humbert / Journal of Geometry and Physics 154 (2020) 103650

Eq. (22) follows easily from these estimates. Now let (u.). be a sequence in C*°(M) such that fM |ug|N dv8 =1 and

Qg (us)=Y(g)+e
for all e. Using (22) we get
Y(g) < lim iglng(us) = lim ingge(us) = lim i(PfY(gg).

On the other hand let u € C*°(M) such that fM [u|¥ dv¢ =1 and

Q(u)=Y(g)+$é
where § > 0. Using (22) we get

lim sup Y(g.) < 11m supQ'g (u) = 11m supQg Y(g)+34.

e—0

As § — 0 we get limsup,_,, Y(g:) < Y(g). O
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