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Abstract

The moduli space of vacua for the confining phase of N = 1 SO(N,) supersymmetric gauge
theories in four dimensions is analyzed by studying the M theory fivebrane. The type IIA brane
configuration consists of a single NS5 brane, multiple copies of NS’5 branes, D4 branes between
them, and D6 branes intersecting D4 branes. We construct M theory fivebrane configuration cor-
responding to the superpotential perturbation where the power of adjoint field is connected to the
number of NS’5 branes. At a singular point in the moduli space where mutually local dyons become
massless, the quadratic degeneracy of the N = 2 SO(N,) hyperelliptic curve determines whether
this singular point gives a N = 1 vacua or not. The comparison of the meson vevs in M theory
fivebrane configuration with field theory results turns out that the effective superpotential by the
“integrating in” method with enhanced gauge group SU (2) is exact. © 1998 Elsevier Science B.V.
All rights reserved.
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1. Introduction

In the last years we have seen how string/M theory can be used to study nonperturbative
dynamics of low energy supersymmetric gauge theories in various dimensions. One of the
main motivations is to understand the D(irichet) brane dynamics where the gauge theory is
realized on the worldvolume of D branes.
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This work was pioneered by Hanany and Witten [1] where the mirror symmetry of N = 4
gauge theory in three dimensions was described by changing the location of the Neveu—
Schwarz(NS)5 brane in spacetime (see, for example, [2,3]). As one changes the relative
orientation of the two NS5 branes [4] while keeping their common four spacetime dimen-
sions intact, the N = 2 supersymmetry is broken to N = 1 [5,6]. Using this configuration
they [5] described and checked a stringy derivation of Seiberg’s duality for N = 1 su-
persymmetric gauge theory with SU (N,) gauge group with Ny flavors in the fundamental
representation which was conjectured some time ago in [7]. This result was generalized
to brane configurations with orientifolds which give N = 1 supersymmetric theories with
gauge group SO(N,) or Sp(N,) [6,8] (see also [9-11] for this approach and [12-16] for
an equivalent geometrical approach).

The branes in type IIA /IIB string theory were considered to be rigid without any bendings.
As the branes are intersecting each other, a singularity occurs. In order to avoid that kind of
singularities, a nice explanation was found by reinterpreting brane configuration in string
theory from the point of view of M theory by Witten [17]. Then both the D4 branes and NS5
branes used in type IIA string theory originate from the fivebrane of M theory (the former
is an M theory fivebrane wrapped over S' and the latter is the one on R'? x S!). That is,
D4 brane’s worldvolume projects to a five-dimensional manifold in R!® and NS5 brane’s
worldvolume is located at a point in S! and fills a six dimensional manifold in R!?. In order
to insert D6 branes one has to use a multiple Taub-NUT space [18] whose metric is complete
and smooth. Therefore, the singularities are removed in 11 dimensions where the picture
becomes smooth, the D4 branes and NS5 branes become the unique M theory fivebrane and
the D6 branes are the Kaluza—Klein monopoles. The property of N = 2 supersymmetry in
four dimensions requires that the worldvolume of M theory fivebrane is R x X where
X’ is uniquely identified with the curves [19-24] that appear in the solutions to Coulomb
branch of the field theory. Further generalizations of this configuration with orientifolds
were studied in [25,26]. The original work [17] was appropriated for understanding the
moduli space for N = 2 supersymmetric gauge theories. In [27,28] (see also [29-31]), this
was seen in M theory, by considering the possible deformation of the curve X.

The exact low energy description of N = 2 supersymmetric SU (N,) gauge theories with
Ny flavors in four dimensions have been found in [28]. They obtained the information re-
garding the Affleck-Dine—Seiberg superpotential [32] for Ny < N,, in M theory approach.
It has N, branches corresponding to N, D4 branes and there exist two asymptotic regions
corresponding to two NS5 branes. The M theory fivebrane [27] is described by the curve

Ny
2 = 20N, upt + Ay [Jw+m) =0, (L1)
i=1

where v = x* 4+ ix>,t = exp(—(x® + ix!%)/R) where x!° is the 11th coordinate of M
theory compactified on a circle of radius R, Cy, (v, ui) is a degree N, polynomial in v with
coefficients depending on the moduli u; and m; (i = 1,2,..., N r) is the mass of quark.
By rotating the N = 2 configuration (which implies to add a mass term u,Tr($?) where
& is the adjoint field) an N = 1 configuration is obtained. The asymptotic conditions are
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changed and the M theory fivebrane is described now in an (v, ¢, w) space where w =
x84+ ix?.

This approach has been developed further and used to study the moduli space of vacua of
confining phase of N = 1 supersymmetric gauge theories in four dimensions [31]. In terms
of brane configuration of IIA string theory, this was achieved by taking multiples of NS5
branes rather than a single NS’5 brane. In field theory, this is done by generalizing to the
case of the superpotential AW = Z/I(V;z wiTr(D%). This perturbation lifts the nonsingular
locus of the N = 2 Coulomb branch while at singular locus there exist massless monopoles
that can condense due to the perturbation.

In the present work we extend the results of [31] to N = 1 supersymmetric theories
with gauge groups SO(2N,) and SO(2ZN, + 1) and also generalize our previous work [33]
which dealt with a single NS’5 brane in the sense that we are considering multiple copies
of NS’5 branes. We will describe how the field theory analysis obtained in the low energy
superpotential gives rise to the geometrical structure in (v, ¢, w) space. For more than one
massless dyon(what we mean by dyon is a state charged electrically or magnetically or
both), a mismatch is found between field theory results which have been studied in [34,35]
and brane configuration results for the exactresult W4 = 0. Asin SU (N,) case, this implies
that the minimal form for the effective superpotential obtained by “integrating in” is not
exact [36], in general, for several massless dyons.

This paper is organized as follows. In Section 2, we summarize some results concerning
the N = 2 moduli space of vacua for S O (N.) supersymmetric gauge theory. By adding tree
level superpotential perturbation AW to N = 2 superpotential, we can analyze the N = 1
field theory. In Section 3, we describe the M theory fivebrane configuration corresponding
to N = 1 theory with superpotential perturbation AW. In Section 4, we calculate meson
vacuum expectation values (vevs) and the result is in complete agreement with field theory
results discussed in Section 2, for one massless dyon. Finally, in Section 5, we come to the
conclusions and the outlook in the future directions.

Note that these techniques of intersecting branes in string/M theory have been used to
obtain much information about supersymmetric gauge theories with different gauge groups
and in various dimensions [37-64].

2. Field theory analysis

Let us first review some field theory results already obtained in [34,35,65-68]. We claim
no originality for most of the results presented in this section except the description of the sin-
gular point in the moduli space where mutually local dyons become massless and the compu-
tation of the generating function for the parameter 1124 (see, for example, (2.23) and (2.27)).

2.1. N =12 theory

Let us consider N = 2 supersymmetric SO(N.) gauge theory with matter in the N.-
dimensional representation of SO(N,). In terms of N = 1 superfields, N = 2 vector
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multiplet consists of a field strength chiral multiplet W2% and a scalar chiral multiplet @5,
both in the adjoint representation of the gauge group S O (N.). The quark hypermultiplets are
made of a chiral multiplet Q°, which couples to the Yang-Mills fields wherei = 1, ..., 2N [

are flavor indices anda = 1, ..., N, are color indices. The N = 2 superpotential takes the
form
W= \/EQZ¢abQiJij +«/§miij1Q£, Q.

where Jj; is the symplectic metric ( °, §) ® 1N, xN, used to raise and lower SO(N,) flavor

indices (IN, xN; is the Ny x Ny identity matrix) and m;; is a quark mass matrix (%) ®
diag(m,, ..., my,). Classically, the global symmetries are the flavor symmetry Sp(2Ny)
when there are no quark masses, in addition to U (1)g x SU(2)g chiral R-symmetry. The
theory is asymptotically free for the region Ny < N.—2 and generates dynamically a strong
coupling scale Ay—, where we denote the N = 2 theory by indicating it in the subscript

of A. The instanton factor is proportional to Ai,[\,:"z 4=2Ny . Then the U(1)g symmetry is
anomalous and is broken down to a discrete ZoN_—4—2N, symmetry by instantons.

The [N, /2] complex dimensional moduli space of vacua contains the Coulomb and Higgs
branches (we denote [N, /2] by the value of integer part of N./2). The Coulomb branch is

parameterized by the gauge invariant order parameters
uy = (Tr(@*")), k=1,...,[N;/2l (2.2)

where ¢ is the scalar field in N = 2 chiral multiplet. Up to a gauge transformation ¢
can be skew diagonalized to a complex matrix, (¢) = diag(Ay, ..., A[n,/2]) where A; =

( o o ) Ata generic point the vevs of ¢ breaks the SO (N,) gauge symmetry to U (1)1Ve/2]
and the dynamics of the theory is that of an Abelian Coulomb phase. The Wilsonian ef-
fective Lagrangian in the low energy can be made of the multiplets of A; and W; where
i=1,2,...,[N:/2]. If k a;’s are equal and nonzero then there exists an enhanced SU (k)
gauge symmetry. On the other hand when they are also zero, there is an enhanced SO (2k)
or SO(2k + 1) depending on whether N, is even or odd. The property of N = 2 super-
symmetry implies that there are no perturbative corrections beyond one loop and there exist
nonperturbative instanton corrections.

The quantum moduli space is described by a family of genus 2N, — 1 hyperelliptic spectral
curves (we will use the subscript “even” for the quantity corresponding to SO(2N,), “odd”
for SO(2N, + 1); otherwise they have common expression) [66,67,69] with associated
meromorphic one forms,

Ny
4N, ~4-2N
Yeven = Con, 1) — Ay [P —m}) for SO@N,),
i=l1
(2.3)
Ny
Vi = Coy %) — Ay N [0 = md) for SOQN, + 1),

i=l
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where Cyy. (v?) is a degree 2N, polynomial in v with coefficients depending on the moduli
us appeatingin(2.2)andm; (i = 1,2, ..., Ny) is the mass of quark, that is, nonzero quark
mass matrix element. Note that the polynomial Coy, (v?) is an even function of v which
will be identified with a complex coordinate (x4, x°) directions in spacetime in next section
and is given by

N N
Con (v)) = v + 3 " 530> = [0 - a), (2.4)
i=l

i=1
where sy, and uy; are related each other by so-called Newton’s formula

k
2ksa + ) swaiuzi =0, k=12, N, 2.5)

i=l

with 5o = 1. Recall that the symmetric polynomial sy in a? is

su=(DF > al...dl (2.6)

[y <o <iy
at the classical level. From this recurrence relation, we obtain

052 1

— = ——syj—r) forj >k, 2.7

B - forj = 2.7
which will be used later. When 2r branch points of (2.3) coincide, the Riemann surface
degenerates as we vary the moduli, giving a singularity in the effective action and there
exists an unbroken SO(2r) or SO(2r + 1) enhanced gauge symmetry. On the subman-
ifold with all but (N, — r)/2 of the a; being zero (when N, — r is even), the curve be-
comes

2 4r 2 2 4N ~4=2N¢ N, —4r+4
Yeven =V r(C2(NC—r)(v )—AND, TyPNr—drsy, (2.8)

2 4r4+2, 2 2 4Ne—=2-2Ng aN,—4
Yoad =V THCoN, gr 1 (V) — Ay v 29

for massless matter. By absorbing the factor v (v¥*2) into the new variable Yeven (Yodd)
we will study the property of singular point in the moduli space.

2.2. Breaking N =2to N =1

We are interested in a microscopic N = 1 theory mainly in a phase with a single confined
photon coupled to the light dyon hypermultiplet while the photons for the rest are free. By
taking a tree level superpotential perturbation AW of [35] made out of the Casimirs of
the adjoint fields in the vector multiplets to the N = 2 superpotential (2.1), the N = 2
supersymmetry can be broken to N = 1 supersymmetry. That is,

W =V20.®.,5 0] 1 +v2mij 0,0} + AW, (2.10)
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where (our oy is the same as their gy /2k in [35]) @ is the adjoint N = 1 superfields in
the N = 2 vector multiplet and

Ne—2
AWeven = Z ok To( @) + pav.—1ys2(n,—1) + APF®,
k=1

Ne—1

AWoaa = Y, pak TH®™) + pon, 2w, - (2.11)
k=1

Here there exists an extra invariant quantity Pf @ = (1/2V N De;, j, iy, ju, ®'V1 - - - D NeJNe
when N, is even while Pf & vanishes for odd N,.. Note that the py(y,—1) term is not
associated with uz(n,—1y but sa(n,—1) which is proportional to the sum of uz(y,—1) and
the polynomials of other us;(k < N, — 1) according to (2.5) (similar argument for odd
N.). Then microscopic N = 1 SO(N,) gauge theory is obtained from N = 2 SO(N;)
Yang-Mills theory perturbed by AW.

2.2.1. Pure Yang—Mills theory

Let us first study N = 1 pure SO(N,) Yang—Mills theory with tree level superpoten-
tial (2.11). Near the singular points where monopole singlets charged under U (1) factors
become massless, the macroscopic superpotential of the theory is given by

Ne—1 Ne=2
Weven = V2 Z M;AiM; + Z Uk + v ~1yS2n.~1) + AU (2.12)
i=1 k=1
and
Ne—1 Ne—1
Wodd =2 ) MiAiM; + Y pnUsi + pon, Saw,. (2.13)
i=1 k=1

We denote by A; the N = 2 chiral superfield of (N, — 1) N = 2 U(1) gauge multi-
plets, by M; those of N = 2 dyon hypermultiplets, by Uy the chiral superfields corre-
sponding to Tr(¢), by S»4 the chiral superfields which are related to Uy through (2.5),
and by U the one corresponding to Pf @, in the low energy theory. The vevs of the low-
est components of A;, M;, Uy, Sy, U are written as a;, m; gy, Uk, S2x, U, respectively.
Recall that N = 2 configuration is invariant under the group U(1)g and SU(2)g cor-
responding to the chiral R-symmetry of the field theory we mentioned last subsection.
However, in N = 1 theory SU(2)y is broken to U(1);. In order to the theory to be con-
sistent we should specify the charges of U(1)g x U(1), of the fields and parameters as
follows:
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Ubr UQ)y

A; 2 0
M; M; 0 2
M2k 4 — 4k 4 (2.14)

Uz -2+ 4k -2
Sok -2+ 4k -2
An=2 2 0

The equations of motion obtained by varying the superpotential with respect to each field
read

Ne—1
M2k Z da; 2
~—==Y —mly,, k=1..,N- -2

ﬁ i=I auzk
o) N da
_ 2N s 2 (2.15)
= me R
V2 ; dsan—1y
Ne—1
5= Z o Midy
ﬁ i=1 du
and
aimidy =O, i= 1,...,NC— 1. (2.16)

At a generic point in the moduli space, no massless fields appear (a; # 0 for i =
1,..., N. — 1) which implies m; 4, = 0 by (2.16). Thus w2, 2(n.—1y and A vanish
according to (2.15). Then we obtain the moduli space of vacua of N = 2 theory.

On the other hand, we consider a singular point in the moduli space where ! mutually
local dyons are massless. (We can choose local coordinates so that the quantum discrim-
inant factorizes into linearly independent factors. This implies that all branches intersect
transversely.) This means that / one cycles shrink to zero. Then the curve (2.3) of genus
2N, — 1 degenerates to a curve of genus 2N, — 2/ — 1. The right-hand side of (2.3) becomes,
for SO(2ZN,),

1 2N—2
Yezven = C%N(.(vzv upg) — 4(N 1_[ pi2)2 l—[ (U2 - qu) 217

with p; and g; distinct. A point in the N = 2 moduli space of vacua is characterized by
pi and g;. The degeneracy of this curve is checked by explicitly evaluating both yfven and
3y2,.,/9v? at the point v = £ p;, obtaining thus a zero. Since a; = 0 fori = 1,...,[ and
ai #0fori=1+4+1,...,N.—1,(2.16) leads to

migy =0, i=I+1,...,N.—1, (2.18)
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while m; ¢y (i = 1,...,1) are not constrained. We will see how the vevs m; g, originate
from the information about N = 2 moduli space of vacua which is encoded in the values of
pi and g;. We assume that the matrix da; /duyy, is nondegenerate and a complex 2N, —2/—1-
dimensional moduli space of N = 1 vacua remains after perturbation. In order to calculate
da; /duyy, which appears in Eq. (2.15), we need the relation between 3a; /95y, and the
period integral on a basis of holomorphic one forms on the curve (we thank A. Hanany for
communicating us the misprint of the power of v in the original hep-th version; the correct
expression appeared in the published version of [67]),

da; ?g p2Ne=h) qy

— (2.19)
y

asax
@
By plugging the expression of y of (2.17) into (2.19) and by integrating along one cycles
aroundv==+p; i =1,...,1), we get

da; 2(N‘
]
= = , (2.20)
1 2N, 21
LRV | G )1_[ — g2
since the / one cycles shrink to zero. Through Eqs. (2.7), (2.15) and (2.20), we arrive at the
following relation between the parameters y;; and the dyon vevs m?

i,dy
_:u‘Zk Z Z 2(Ne—j) m2 d
c—J Lay
S2(1 kP N2 . (22D
i=l j=1 l s#;(pl _ps)n (piZ_qIZ)l/z
By using the definition

V2m?

w; = Ly (2.22)

2N =21 ’
(P2 = PO T (p? — g1y

which will be useful for comparison with brane configuration, we can express the generating
function for the oy, Z,ICV;TI 2k v2*=D in terms of w; as follows:

Ne—1 Ne—1 1 N
2(Ne—
Z 2ku2kv2(k D_ Z ZZUZ(k l)s2( k)P,( ])
k=1 i= l] 1

c_ c _ ZNC_' B
— Z szzac ')Sz(j—k)p,-( Doy + O™

k=—o00 i=1 j=1

1
_ Con, (U ) —4
‘Z—__UZ(UZ o wi + O™). (223)

In principle, we can find the parameter o4 by reading the right-hand side of (2.23). This
result determines whether a point in the N = 2 moduli space of vacua classified by the set
of p;, g; in (2.17) remains as an N = 1 vacuum after the perturbation, if given a set of
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perturbation parameters 2k, i2(n,—1) and A, and gives the dyon vevs ml2 dy: We will see in
Section 3 that this corresponds to one of the boundary conditions on a complex coordinate
in (x3, x%) directions as v (which is realized as a complex coordinate in (x*, x°) directions
in string/M theory point of view) goes to infinity. In order to make the comparison with the
brane picture, it is very useful to define the polynomial Heyen(v?) of degree 2/ — 4 by

!
wj 2Heven(v2)
— . (2.24)
,XI: 202 = p))  [liey 2 = pD)

At a given point p; and g; in the N = 2 moduli space of vacua, Heven (v2) determines the
dyon vevs, that is,

= \/—P, Heven(pz ) l—[(Pl ‘]m 1/2, (2.25)

which will be described in terms of the geometric brane picture in next section. Therefore,
all the vevs of dyons m; 4,(i = 1,...,1) are found: m; 4,(i =1+1,..., N. — 1) vanishes
according to (2.18).

Similarly we can proceed (we will describe SO (2N, + 1) case very briefly and simply
write down the main results throughout this paper because the arguments for SO (2N,) case
go through in the same way.) the case of SO (2N, + 1) by starting from

2N.—-21

Cly, (W2, un) — A ﬂ(u -p* [] @*-ap (2.26)

going near a singular point where we get

ZZkPQkUZ(k 1)_222 2k— l)sz(j k)P,Z(N( j)wl

k=1i=1 j=1

= Z CzTN(—"—l wi +0™2). (2.27)
= (v —p; 2)

We will see how this generating function arises when we consider the brane approach which
is the main subject in Section 3. Also we define the polynomial Hogq(v?) of degree 2/ — 2
by

i o _ 2Hou®?) (228)
— (12
i=1

) [ ?=pd)
which will be of use later. At a given point p; and g, Hy44(v?) determines the dyon vevs

= V2Hoaa(p}) ﬂ(p NS (2.29)

Of course, the equations of motion leads to m; ¢y = O0fori =/+1,..., N, — L.
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2.2.2. Yang-Mills theory with massless matter

The theory with Ny flavors is similar to the pure case we have discussed. When some of
branch points of (2.3) collide as we change the moduli, the Riemann surface degenerates
and gives a singularity in the effective theory corresponding to an additional massless field.
The gauge groupis SO (r) x U (1)\¥e=)/2 where N —r is even. At very special points in the
moduli space, there are (N, — r)/2 hypermultiplets charged under these U (1)’s becoming
simultaneously massless. The superpotential at these points is

Ne—r—1 Ne=2
Weven =2 D MiAMi+ ) puocUn + poaN.—nSave—1y + AU (2.30)
i=1 k=1
and
Ne—r—1 Ne—1
Wodd =2 ) MiAiM;+ Y unUx + pon,Sow, (2.31)
i=1 k=1

As we did in the pure case, the equations of motion can be written as

M2k oy duy; S da
ey 77y L 2
—_ = —miy, k=1...,N.—r—2,
Z f aqu Z duok i,dy ¢
“ Ne—r—1 3a
2(N.—1) i 2
_ Pl — m? ., 2.32
V2 ; asz(zvc_l)m”dy @32
Ne=r—1
)\. Zr aa, 2
«/E i, dy?
i=1
and
aim 4, =0, i=1,...,No—r—1. (2.33)

Notice that the extra term in the left-hand side of (2.33) comes from the fact that Us; for
k > N. —r — 1 are dependent on Uy for k < N; — r. At a generic point in the moduli
space, no massless fields m; 4, appear (a; % Ofori = 1,..., N, — r — 1) which implies
m; dy = 0by (2.33). Then we get the moduli space of vacua of N = 2 theory since all the
parameters are zero which gives AW = 0.

In order to reduce this case to the one analogous to the pure Yang—Mills case where
mutually local dyons are massless, we define 72,., = y2.,/v*" to get the 2r branch points
of Riemann surface: the curve (2.3) of genus 2N, — 2r — 1 degenerates to a curve of genus
2N, —2r — 2l — 1. Then

=2 2 2 2(2N 2N)21v44
Yeven = C2(NC~r)(v )—A N=2 ! Fodr (2.34)
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or
~2 2 2 A(Ne—r)—Q2Np—4r+4) 2N, _4r4+4
Yeven = CZ(N(-—r)(v ) — AN=2 d U
li 2(N,.—r—=1)
=[le*-p* I 0*-ap (2.35)
i=1 j=1
with all p;, g; distinct. Similarly, by redefinition of igdd = ygdd Jv**2 we obtain
-2 2Q2N—2r=1)—(2Ny—4r) _
Yodd = C(22N(.—2r—])(U2) —Ano ' TN
i 2(Ne—r—1)
=[Je*-p»* ] ©*-4p. (2.36)
i=1 j=1
Now Eqg. (2.33) implies that
midgy=0, i=I+1,...,N—r—1, 2.37)
while m; 4y fori =1, ..., are not constrained sinceq; = Ofori =1,...,landg; £0

fori =1+1,..., N, —r — 1. By analogy with the pure Yang—Mills case, we use again the
relation:

dsu

da; p2Ne=h) gy p2Ne=r=0) g4y,
f ?{ , (2.38)

Yeven Yeven

a; o

Then, after making the steps between (2.19) and (2.23), it turns out the generating function
for poy is given by

Ne~1 I} C (1)2)
D 2kuy?* D = Y7 D0 L 0w, (2.39)
k=1 o v = p)

where the relation between the function H (v?), w; and the dyon vevs ml2 4y 18 the same as
in pure Yang-Mills case. Also we get similar result for SO(2N, + 1),

& ‘¢ ()
3 2kpyv kD = 3 2L 2 0. (2.40)
k=1 = @-p)

2.3. The meson vevs

Let us discuss the vevs of the meson field along the singular locus of the Coulomb branch.
This is due to the nonperturbative effects of N = 1 theory and obviously was zero before
the perturbation (2.11). We will see the property of exactness in field theory analysis in the
context of M theory fivebrane in Section 4. Equivalently, the exactness of superpotential
for any values of the parameters is to assume W, = 0.
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2.3.1. SO@2N,) case
We will follow the method presented in [70]. Let us consider the vacuum where one
massless dyon exists with unbroken SU(2) x U (1)¥<~! where

0 —-i
= oy @diag(aj, ar,az2,...,aN.-1), 02 = (2.41)
i 0

¢Cl

even

and the chiral multiplet @ = 0. These eigenvalues of @ can be obtained by differentiating
the superpotential (2.10) with respect to & and setting the chiral multiplet @ = 0.

Ne=2

. - 082N, —1
W@)= Y 2ipa(@¥ Ny + pae—y —p s
i=I
———.)\ kily gokala kn. Iy,
_ 2Nc(N — 1)'6ijk111.A.chlNc¢ o] co o PENCINe = (), (2.42)
. !

The vacua with classical SU (2) x U (1)¥e—! group are those with two eigenvalues equal to
ay and the rest given by a3, az, ..., ay, 1. It is known from [34,35] that, if using sy, —1)

in the superpotential perturbation rather than uy(y,._1) the degenerate eigenvalue of @ is
obtained to be

2= (Ne — 2 pan.—2)
VTN~ Dpav—ny |

(2.43)

We will see in Section 3 that in the context of string/M theory, the asymptotic behavior of a
complex coordinate in (x®, x%) directions for large v determines this degenerate eigenvalue
by using the condition for generating function of uo; (2.23). Recall that pov,—1ys2(8,—1)
term in (2.11) is used rather than po(n,—1)42(n,—1) to get this result. The scale matching
condition between the high energy SO(2N,) scale Ay—; and the low energy SU(2) scale
Asu@).Ny is related by the following relation

6—-2N 4(N.—1)-2N
Agpay n, = QWNe = Diave-1)* Ay 7 (2.44)

After integrating out SU (2) quarks we obtain the scale matching between A y—> and Agy ()
for pure N = 1 SU(2) gauge theory. That is,

4(N.—1)=2N
A%y = QN = Daav—1)* Apry V7Y det(a} ~m?), (2.45)
where matrix a12 means i o ®a% and quark mass matrix m being (‘1) (‘)) ®diag(mi, ..., my,).

Then the full exact low energy effective superpotential is given by

WL = Wo 243,
Nc=2
= Y uaTr (D) + pave-1)S5(n 1) + » P Pt £ 24545, (2.46)
k=1



C. Ahn et al. / Journal of Geometry and Physics 28 (1998) 163-194 175

where W, is the superpotential evaluated in the classical SU(2) x U(1)¥~! vacua and the
last term is generated by gaugino condensation in the low energy SU(2) theory (the sign
reflects the vacuum degeneracy). In terms of the original N = 2 scale, it is written as

N.—2
Weven (1126, 5y m) = Y ok TH(@) + APE®t + oy, 1S5y _ )
k=1
~H-N
4N, — Dpgyo—ny A ™M det@? —md)'2. (247)

Therefore, one can obtain the vevs of meson M; = Q! Q' by taking the mass matrix m to
be (? (‘)) ® diag(mi, ..., mn,) which gives

2(N ~—I)—N/
0 Weven 4A ) 1 2
M; = =+ ( — Do, —1ydet(a? —m?)Y (2.48)
14 amlz \/— (al _ m ( ) |

where a| is given by (2.43). Itis easy to see that the vacua of gauge invariant order parameters
which are obtained from W parametrize the singularities of the curve (2.3) and reproduce
the N = 2 curve (2.3). We will see in Section 3 that the finite value of a complex coordinate
w8 P, PRI, S

111 \.)l s X } uucuuuua LUllepUIlUb io the dDUVC VEVS Ul meson WI]CH v — :x:m, dﬂ(l UIC omer
complex coordinate in (x, x19) directions vanishes.

2.32. SO@2N,+1) case

Letus go now to the SO (2N, + 1) group for which there is no contribution from Pf @ and
consider again the case of one massless dyon, i.e., the case of unbroken SU(2) x U(1 yNe—1
vacua with:

@Sy = 02 ® diaglar, a1, az, ..., a,—1,0), (2.49)

which can be determined by differentiating the superpotential with respect to &,

Ne—1

. i 052N,
W@) = 3 2iua(@* N + pan,— 2 = 0. (2:50)
i=l

Again we use the result of [34,35] where the degenerate eigenvalue of ¢ was obtained to be

2= (Ne — Dpan.-1y
1 Nepan,

(2.51)

We will use this value when we discuss the property of the function of a complex coor-
dinate in (x®, x%) directions in Section 3. The scale matching between the high energy
SO@2N, + 1) scale and the low energy SU(2) scale is

6-2N;

2(2N —1=Ny)
su@yn; = @Netian ) Q(Ne = Doy —1) Ay !

A (2.52)

and after integrating out SU (2) quarks it leads to for pure N = 1 SU(2) gauge theory

2(2Ne—t—Ny)

Ang).N, (2Ncuan Y (2(Ne — Dpov.—1) Ay o det(a? —m?)  (2.53)
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as in SO(2N,) case. The matrices a; and m are the same as those in even N, case. As a
result the low energy effective superpotential is given by

Ne—1

WL =W £243,0, = Y uuTr(®F) + pan sy, £243,0, (2.54)
k=1

where again the sign reflects the vacuum degeneracy. The quadratic degeneracy of the
curve (2.3) is confirmed by the vevs of gauge invariants obtained by W, . In terms of orig-
inal N = 2 scale it is written as

Ne—1

Wodd (2, m) = Y o Tr(DZ) + pow, sy,
k=1

2N.—1-N
+4\/Ne(Ne — Dpan tan—1y Ay—y - det(a} —m?)12,
(2.55)

Finally, one gets the vevs of meson M; = Qfl sz by using the corresponding mass matrix m,

dWodd

2
i

4A
\/_(al ,'

where a given by (2.51). We will learn how this vevs of meson will occur and relate to the
asymptotic location in (x3, x%) directions of semiinfinite D4 branes in brane geometry.

M=
om

21v( 1-Ny

\/NC(N Duan, 2ev.—1) det(ai — m?)'/2, (2.56)

2.4. Several massless dyons

We discuss now the case of several massless dyons. The basic procedure in this direction
already appeared in [71] for the SU(N,) case. Let us start with the SO(2N,) case. The
classical moduli space is given then by

Pl = ® diag(al', ..., a), (2.57)

where the eigenvalue a; occurs r; times, the eigenvalue a; does r; times and so on. When
rp=2andr; =1 (i > 1), this will lead to the case of one dyon (2.41). The unbroken
group is identical to the one of SU case, i.e., SU@r) x - -- x SU(r) x UM* 1.1 (2.57),
we consider that all of the a;’s are nonzero. If some of them are zero, the unbroken gauge
group will be a product of several SO groups with several SU groups.

The procedure to obtain the meson vevs is already clear from the arguments of one
massless dyon. That is, we decompose @ = @) + 6P and some of the §P’s commute with
@, and are integrated first out. Then one obtains just a product of SU (r;) groups, each one
with adjoints. Some of the vector particles are massive after the symmetry breaking and are
to be integrated out. After that we integrate out the adjoint fields in each SU(r;) so we go
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from N = 2 to N = 1 theory. In the N = 1 theory we integrate out the quarks. The final
formula for the scale of the pure N = 1 SU (r;) theory is:

A} = det(@? — m¥)p(a) [[@? ~ a?y' 2y g4 Ne =D=M (2.58)
J#

for some polynomial ¢ (a;) and the low-energy effective superpotential is given by

Ne—2 k
Weven = ) W TH(@F) + pon—1ySin, 1y + APE P £ Y jivi A, (2.59)
k=1 i=1

where v; is an r;th root of unity and after differentiating with respect to mj2 we obtain

VIM; = :I:Z vid @i )dt(a m2yl /7

J
4(N.—1 ,
Xn(aj a?y\ =il AR DN (2.60)

J#i
In the case of SO(2N, + 1) gauge group, the classical moduli space is taken to be

@, = 0r @ diag(a]', ..., a}t, 0). (2.61)

Then we obtain the meson vevs by using the same procedure as in the even case and
we integrate out all the massive fields. The only difference as compared with the even
case (2.60) is the power of Ay—; which becomes (2(2N. — 1) — 2Ny) /r;. We will find for
the unbroken gauge group SU(2) that there exists an agreement between the meson vevs
result in this section and the one which will be discussed in Section 4. However, we will
find for the unbroken gauge group SU(r), r > 2, that there is a disagreement between these
two approaches.

3. Brane configuration from M theory

In this section we study the theory with the superpotential perturbation AW (2.11) by
analyzing M theory fivebranes. Let us first describe them in the type I1A brane configuration.

Following [5], the brane configuration in N = 2 theory consists of three kinds of branes:
the two parallel NS5 branes extend in the directions x, xhx2, 3, x4 xd ), the D4 branes
are stretched between two NS5 branes and extend over (x, x', x2, x3) and are finite in the
direction of x°, and the D6 branes extend in the directions (x°, x!, x2, x3,x7,x8 x%). In
order to study orthogonal gauge groups, we will consider an O4 orientifold which is parallel
to the D4 branes in order to keep the supersymmetry and is not of finite extent in x® direction.
The D4 branes is the only brane which is not intersected by this O4 orientifold. The orien-
tifold gives a spacetime reflection as (x*, x>, x7, x8, x%) = (—x*, —=x3, =x7, —x%, —x?),
in addition to the gauging of worldsheet parity £2. The fixed points of the spacetime sym-
metry define this O4 planes. Each object which does not lie at the fixed points (i.e., over the
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orientifold plane), must have its mirror image. Thus NS5 branes have a mirror in (x*, x7)
directions and D6 branes have a mirror in (x7, x8, x?) directions.

For SO(2N,) gauge group, each D4 brane at v = x* + ix’ has its mirror image at —v:
N, D4 branes and its mirror N, ones. Similarly, for SO (2N, 4 1) gauge group, there exist
an extra single D4 brane which lies over the O4 orientifold being frozen at v = 0 because
it does not contain its mirror image, as well as N, D4 branes and their N, mirror branes.
Another important ingredient of O4 orientifold is its charge which is related to the sign of
£22. When the D4 brane carries one unit of this charge, the charge of the O4 orientifold is
F1, for £22 = %1 in the D4 brane sector. We are considering the four—d1mens1ona1 N=2
supersymmetric gauge theory on D4 brane’s worldvolume, (x°, x!, x2, x3) directions. The
Higgs branch of the theory can be described as the D4 branes broken the D6 brane, suspended
them and being allowed to move on the directions (x’, x®, x°). The dimension of the Higgs
moduli space is found by counting all possible breakings of D4 branes into D6 branes.

In order to realize the N = 1 theory with a perturbation (2.11) we can think of a single
NS5 brane and multiple copies of NS’5 branes which are orthogonal to a NS5 brane with
worldvolume, (xo, xb, %2, x3, %8, xg) and between them there exist D4 branes intersecting
D6 branes. The number of NS’ 5 branes is N. — 2 for SO(2N.) and N, — 1 for SO(2N. + 1)
by identifying the power of adjoint field appearing in the superpotential (2.11). The brane
description for N = 1 theory with a superpotential (2.10) where puan.—1) = pony. =A =0
has been studied in the paper [6] in type IIA brane configuration. In this case, all the
couplings, uyx can be regarded as tending uniformly to infinity. On the other hand, we will
see in M theory configuration there will be no such restrictions.

3.1. M theory fivebrane configuration

3.1.1. SO@N,) case

Let us describe how the above brane configuration is embedded in M theory in terms of
a single M theory fivebrane whose worldvolume is R!3 x X where X is identified with
Seiberg—-Witten curves [66,67,69] that determine the solutions to Coulomb branch of the
field theory. As usual, we write s = (x®4+ix10)/R, t = e~ where x'? is the 11th coordinate
of M theory which is compactified on a circle of radius R. Then the curve X, describing
N =2 SO(N,) gauge theory with Ny flavors and even N,, is given [25] by an equation in
(v, t) space

2Con, (v, uzk) 4N —~4-2N
2 - ———52—-— 4 l_[( 3.1
Here Con, W2, uz)isa degree 2N, polynomial in v with only even degree of terms and the
coefficients depending on the moduli u2, and m; is the mass of quark. It is easy to check
that this description is the same as (2.3) under the identification

v’t =y + Caw, (v, ue). (3.2)
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By adding (2.11) which corresponds to the adjoint chiral muitiplet, the N = 2 super-
symmetry will be broken to N = 1. To describe the corresponding brane configuration in
M theory, let us introduce a complex coordinate

w=x%+ix’. (3.3)

To match the superpotential perturbation A Weyen (2.11), we propose the following boundary
conditions for SO (2N,):

Ne—1
- 2Q2N.-2-N _
w? —> Z Zk;,szvz(k D asv— 00, f~ A}\fzzf f)UZNf 2N(.+2’
k=2 (3.4)
w — 0 asv— oo, t o~ p2Ne2,

After deformation, SU(2)7 g 9 is broken to U (1)g g if 124 has the charges (4 — 4k, 4) under
U(1)4,5 x U(l)g 9. The charges of coordinates and parameters are given by

U(l)ss U(l)gy

v 2 0

w 0 2
(3.5

t 4(N:. - 1) 0

ok 4 — 4k 4

An=> 2 0

where U(1)45 = U(1)gr and U(1)3 9 = U(1); we have mentioned last section. If we
consider now only the value k = 2, this reduces to the case of [33] and one obtains in (3.4)
that w? ~ p4v? as v — oo which is the same as the relation w — v obtained in [33] if we
identify p4 with u?2. This identification comes also from the U (1)4.5 and U(1)g 9 charges
of u and p4. So the reduction to the case of a single NS5 brane is found.

After perturbation, only the singular part of the N = 2 Coulomb branch with / or more
mutually local massless dyons remains in the moduli space of vacua. The corresponding
brane configuration is possible only when the curve ¥ degenerates to a curve of genus less
than 2N, — 2I — 1. Let us construct the M theory fivebrane configuration corresponding to
the correct boundary conditions and assume the condition that w? is a rational function of
v?2 and ¢. Our result is really similar to the case of SU(N,) [31] and we will follow their
notations. We write w? as follows:

_a@)t +b(?)

2, .2
Wi, v = c(W)t +d@?)’

(3.6)
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where a, b, ¢, d are arbitrary polynomials of v? and ¢ satisfies Eq. (3.1). Now we can
calculate the following two quantities using the two solutions of ¢, denoted by 7. and ¢_
which satisfy the equation for ¢, (3.1):

_ 2acG +2adC +2bcC +2bd

2 2 2 2 2 2
(v, 3.7
w4 (v7), v7) + w (- (v), v%) G +20dC + &2 3.7
and
2(ad — bc)SNT
2 2 2 2 2 2
— t_ = , 3.8
w” (4 (v), v°) —w (- (v%), v%) (G 1 2edC + 89 (3.8)
where there is a relation between
Ny
C = Con, WP u)/v? and G = Ay, 2 []o? —mb), (3.9)
i=1
implying that
SZ 2 T 2
c? -Gy = 2T (3.10)
where
) 2N.—21
sy =[]0’ -ph. TOH= [] 0*-g}) 3.11)
i=1 j=l1

with all p;, g;’s different. Remember that N = 2 moduli space of vacua is determined by
these p; and g;. Since w? has no poles for finite value of v2, wz(t+(v2), v3) + wz(t_(vz),
v2) also does not have poles which leads to arbitrary polynomials H (v2) and N (v?) given by

acG +adC + beC + bd
=N, 3.12
c2G + 2¢dC + d? (3.12)
(ad — bc)S
= 13
v2(c2G + 2¢dC + d?) (3-13)

It will turn out that the function H (v?) is exactly the same as the one (2.24) or (2.28) de-
fined in field theory analysis. By making a shift of a — a + N¢, b - b 4 Nd due to the
arbitrariness of the polynomials a and b the following relations come out:

2 a(@)r + b(v?)
w = —_—,
c()t +d@v?)
0=acG +adC + bcC + bd, (3.14)
_ (ad — bc)S
T 022G +2¢dC +d?)’

The second equation implies

a(cG+dC)+b(d+¢C) =0, (3.15)
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which can be written as
¢G +dC = —be, d+cC =ae (3.16)

for arbitrary rational function e. Plugging the values of ¢ and d into the (3.14), it turns
out e = S/(Hv?). By combining all the information for b and d, we get the most general
rational function w? which has no poles for finite value of v? is

HST/v> —
w? = Ny S CHST/v —aC (3.17)
ct —cC +aS/(Hv?)

where N, a, ¢, H are arbitrary polynomials. As we choose two w?’s , each of them possess-

ing different polynomials a and ¢ and subtract them, the numerator of it will be proportional
to 12 — 2Ct + G which vanishes according to (3.1). This means w? does not depend on a
and c. Therefore, when ¢ = 0, the form of w? is very simple. That is,

2
H
w? =N+ UT(t — Con VD). (3.18)

This result will be used throughout the remaining part of this paper. Now we want to impose
the boundary conditions on w? from the most general solution (3.18). From the previous
relation, by recognizing T2 = vz(t — CzN(‘/vz)/S,

wi(te(v?), v}) = N+ HVT (3.19)

and from the boundary condition w — Q0 forv — oo, t =1t_(v) ~ vINe—2 it s easy to see
the value of N (v?),

N = [HOHVT ()]s, (3.20)

where [H (v?)y/T (v2)]; means only nonnegative power of v2 when we expand around
2(2N.—2~Ny)

v = oo. Next, by applying the other boundary condition v — o0, t ~ Ay_,

vV =2Ne+2 e obtain

w? = RHEHVT ()], + 0w ™2). (3.21)
By noting that w? satisfies the following equation:

w* —2Nw? + N2 - TH? =0 (3.22)

and restricting the form of N, T and H likeas N ~ v+, T ~ c3v® +cav® + o502 +
ce, H ~ C7/U2, it leads to

w* + (cg + covPH)w? + 1o =0 (3.23)

for some constants ¢; (i = 1, ..., 10). Then we can solve for v? in terms of w? to reproduce
the result of [33]. As all the couplings po are becoming very large, H (v*) and N (v?) go
to infinity. From (3.22) N 2 _ T H? goes to zero as we take the limit of Ay—» — 0. This
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tells us that w? becomes (N2 — T H?)/2N and as N (v?) goes to zero, w? — oo showing
the findings in [6].

The brane configuration was constructed only at the singular point in the N = 2 moduli
space of vacua where (v, ¢)-plane curves are degenerate to curves of genus 2N, — 2/ — 1
given in (2.17). The general solution for w? is

CZN () /v?

w? = N@?) + v*H(v 2)
1 W2 =p?)’

(3.24)

where H (v?) and N (v?) are arbitrary polynomials of v2. The boundary condition determines
N(v?) as follows:
2N -2l
N =|HwY [] 0*-¢H'?| . (3.25)
j=1 +

The other boundary condition shows that w? behaves as w? — 3 pc; 2kpuoxv2*—D
from (3.4). Then by expanding w? in powers of v? we can identify H (v?) with parameter
wak. Using TV? = v2(t — C/v®)/S and t = 2C/v? + - - - from (3.1) we get

C 2
w2 — 2U2H(UZ)M— @( —2)
nt l - P,
I Ne—1
_ Z Can, (W?)o; _ Z ke puogv?*D), (3.26)

2(y2 _
1=1U(v pl) k=1

where we used the definition of Heyep in (2.24) and the generating function of pp; in (2.23).
From this result one can find the explicit form of H (v?) in terms of u; by comparing both
sides in the above relation. This is an explanation for field theory results of (2.23) and (2.24)
which determine the N = 1 moduli space of vacua after the perturbation, from the point
of view of M theory fivebrane. It reproduces the equations which determine the vevs of
massless dyons along the singular locus. The dyon vevs ml2 dy? given by (2.25)

m? g = V2P Heven (P T(0D), (3.27)

are nothing but the difference between the two finite values of v?>w?. This can be seen by
taking v = £p; in (3.19) and (3. 20) The N = 2 curve of (3.1) and (2.17) contains double
points at v = % p; and t = Cyn,_(p; 2y, The perturbation AW of (2.11) splits these into sep-
arate points in (v, 7, w) space and the difference in v>w? between these points becomes the
dyon vevs. This is a geometric interpretation of dyon vevs in M theory brane configuration.

3.1.2. SOQ2N, + 1) case
The curve X' for N = 2 SO (2N, + 1) gauge theory with Ny flavors reads in (v, ) space

,
2 2C2Nc(v“,u2k) 4N, —2-2Ns 2_ m2)
2 _ 20 (2 ) n<

t A = (3.28)
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where ¢ is related to y by
vt =y + Can, (v%, unk). (3.29)

The configuration of M theory fivebrane corresponding to type ITA brane configuration has
the following boundary conditions:

N
5 _ 22N, ~1—Ny N
w* — Z2ku2kv2”‘ D as v — o0, t~ A/\§=2 £y20Ns ZNe+1
p (3.30)
w—0 asv— o0, t ~ pe=1

After doing the similar procedure as in SO(2N,) case, we arrive at the final expression

Con, (V%) /v
Hﬁzl(vz - Piz)
I

N
C2N.(U2)wi . 2k—1
_ . T ) (3.31
;:1 *—W — k§:1 Mok )

w? =20H (v?) + 0™

where we used the definition of Hyyq in (2.28) and the generating function of w7 in (2.27).
One can find the explicit form of H (v?) in terms of 7 by comparing both sides.

3.2. Yang-Mills theory with massless matter

We have seen that (v, f = /v? +CoyN,—r) (v?, uz)/v?) curve (2.3) of genus 2N, —2r — 1
degenerates to a curve of genus 2N, — 2r — 21 — 1 by redefining )7e2ven = ygven/ v¥ to get
the 2r branches of the curve. Now it is straightforward to get the most general form of the
solution by looking at Eq. (3.18),

— CoN—ry(v?) /v?

where H (v?) and N (v?) are arbitrary polynomials of v2. Once again the boundary condition
w—0asv— ooand 7 ~ A?V(ifgc—2-r)v—2N(+2r+2 gives the form of N (v?)

t
w? = N@?) + v2H@?)

(3.32)

2(Ne—r--1)
N =|HW [] 0*=g)'?] . (3.33)

Jj=1 +

The other boundary condition w? — Z,’(V;Tl 2k popv?* =D agy — o0, F ~ v2WNe==1 apd
the relation f = 2Cyn,—r) + - - - yield to

CoNo—ry (W) /V?

5 2 2 -2
wi.. =20V2H@?) +O00@™)
M=)
I 2 Ne—1
— Z CZ(NC—r)(v )Cl)i — Z 2kllz2kv2(k—l)s (334)

2(m2 _ 2
o v py) k=1
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which is precisely in agreement with Eq. (2.39) which determines the relation between the
function H (v?), w; and dyon vevs ml2 dy after perturbation. Also we will seethe SO(2N.+1)
result analogous to the SO (2N,). For most general deformation of the brane, it is

— Can—2r—1) (W) /v

w? = N@?) + vH( ) (3.35)
TL-=1 (v? - p; 2
and
2(Ne—r—I)
NH=|HW) [ o*-¢h"?]| . (3.36)
Jj=1 +
By applying the second boundary condition, we arrive at
~2r—n(W?)/v -2
= 2uH () CQe=2r=D +0@™)
= Mm@ = pD
: Ca ) &
Z 2Nc -2r—1 ; = ZZk/'LZkUZ(k_])’ (3.37)
i=l1 — P ) k=1

which is again the same as Eq. (2.40).

4. Brane configuration and field theory

In this section we continue to study for the meson vevs from the singularity structure of
N = 2 Riemann surface. The vevs of meson will depend on the moduli structure of N = 2
Coulomb branch (see, for example, (4.8)). Also, the finite values of w? can be determined
fully by using the property of boundary conditions of w? when v goes to be very large. We
will illustrate some examples which studied before in field theory analysis that was limited
for the case of a small number of N, because it becomes very difficult to find the vacua
from the quantum discriminant when N, is very large.

4.1. SOQN,) case

Let us consider the case of finite w2 atz = 0, v = +m; and we want to compare with
the meson vevs we have studied in (2.48). At a point where there exists a single massless
dyon (in other words, by putting / = 1 into (2.17)) and recalling the definition of T (v?),
we have for Yang-Mills with matter

Ny
Cly, ) — Ay VAT = md) = 0 - pHT (D) @.1)
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and the function w? according to (3.19) and (3.20) reads
2 h 3 h
w- = ?\/ T('U ) + '1')5 T(UZ), (42)
+

where in this case / = 1 means that the polynomial v> H (v?) has the degree of zero and we
denote it by a constant 4. From (4.1) we see for Ny < 2N, —2

VT Gy (%)

= + 0w 43
7= R T O (4.3)
and we decompose Cay, as
Can, (03  Con (PP .
W) CPD L (02— p2yCon,a0?) (44)

2
v 3

for some polynomial v2C ) NC_4(v2) of degree 2N, —2 which can be determined completely.
This means that the coefficients of C‘z NC_4(v2) can be fixed from the explicit form of the
polynomial C 2Nc(v2). Through (4.3) and (4.4) the part with nonnegative powers of v? in
\/T(vz)/v2 becomes C~'2NC_4(v2) as follows:

VT (?) VT2

= Cone-a () + O™ — [ — ] = Con,_a(v?). (4.5)
+

Thus as v — +m; the finite value of w2, denoted by wiz, can be written

- h
2 __ 202 2y _ 2 2
w} = w*(v? > m?) = hCon,_a(m?) £+ m—%,/T(mi). (4.6)
From (4.1), the relation /T (m?)/m? = Can, (m?)/m?(m? — p?) + O(m;*) holds and the
decomposition of (4.4) yields the following relation:

, T(ml?) Caon, (p?)
c 1 ~ 2
= + Con,—a(m}). 4.7
m; pi(m? — p})

By plugging this value into (4.6) and taking the minus sign which corresponds to r — 0,
we end up with

2 h Cn(pD)

Wi = — . (4.8)
Copi i —m))
In order to find Cn, ( pf) we evaluate it from (4.1) at v2 = pf to arrive at
_2_N, det(p? — mH)!/2
w? = h A2 G m ) T 49)

(p} —m?)
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In the above expression we need to know the values of # and p;. On the other hand the
boundary condition for w? for large v leads to

h Con,(v?)

w? ~ 2— =2~ 2h e D oppy PN (4.10)
v? v2 — p?

which should be equal to ,1:/;;1 2k, v*%*—1  Then we can read off the values of A and
p1 by comparing both sides term by term:

(N = D pan,-2)

2h = 2(N; — Do, -1y, p? = ) 4.11)
¢ Ne=l) V7N = Dpaw,—)
Finally, the finite value for w? can be written as
N, —2—n; det(a@? — m?H)1/2
wf = (Ne = Dponve—n Ay — 25— (4.12)

2
(af —m})

which is exactly, up to constant, the same expression for meson vevs (2.48) obtained from
field theory analysis in the low energy superpotential (2.46). This illustrates the fact that at
vacua with enhanced gauge group SU(2) the effective superpotential by “integrating in”
method with the assumption of W4 = 0 is really exact.

4.1.1. Example 1: S§O(6) with one flavor
We would like to demonstrate the above descriptions by taking the specific models. The
N = 2 theory in this model is described by the curve X':

2C6(v?,
2 <s(v2 uzk)H_
v

A, —m?) =0, (4.13)
where the polynomial Cs(v?) is given as (2.4)
C6(v2, uy) = w8+ S2v4 -+ S4v2 + 56 4.14)

in terms of s or

u2 1 3 3
Co(v?, uzx) = v° — "2—2v4 - ('1—4 o L G ":"2 + 5'83 (4.15)

in terms of u. When one dyon becomes massless the locus in the moduli space becomes
Cev?, uz) — A v (v? —md) = (v — pD)*T(v?). (4.16)

By putting v> = pf in Eq. (4.16) we get one relation and by differentiating with respect
to v? and evaluating the derived equation at v2 = pf we obtain a second relation between
52, 54 and s¢. So one of those vevs will remain undetermined. This is because for only one
massless dyon there exist only terms with v* so after taking two derivatives, in the right-
hand side of (4.16) we would have only terms that cannot cancel at v> = p%. For several
massless dyons the power of v? in the right-hand side of (4.16) would be bigger than v*
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and we could take two derivatives with respect to v2. Now we express s> and s4 in terms of
s¢ whose classical vev vanishes

= =2 4.17
2 i b (4.17)
4_ 26 Ay m? — p?
S4=p;——= mi — py,
4= Py P 2b 17 P
where b = p% — m% These vevs of gauge invariant variables are exactly the same as those

obtained in [35] from the low energy effective superpotential, for N. = 2, u2Tr(® ]) +

H4Sy "+ APf® +2A3 SUQ) where the classical vacua of & = 07 ® diag(ay, a1, a;) breaks
S0O(6) into SU(2) x U(1) x U(1). For the case of pure Yang-Mills theory, it is known
from [72] that only six points remain as mutually local dyons for S O(8) gauge theory while
in SO (6) four points give the correct N = 1 vacua. By using relation (4.4), it is easy to find
the value of N (v?) and from (4.16) one obtains 7 (v?):

s
=h <v2+(p%+sz)— 262>,
piv
]
256

1
N? - T = h* [—217? —2pis2 — 254~ Zta (— 4p) + Ayy_p — 6pis2

1

25256
__2pls2 4P%S4 — 25284 — dsg — p2 )
1

1
+ ( = 5P} + Ay @pi —mD) = 8pis; = 3pls
2
— 6p‘1‘S4 - 4p%S2S4 ——sZ - 4p%s6 — 25256 + —% . 4.18)
Py
Also we get the dyon vevs from the relation m$ = 2h>T (p?),

1,dy —

m} 4, =2h*(15p} — A}, (3p} — m}) + 20pSs2 + 6pis)
+12ptss + 6plsass + 52 + 6ptse + 2525). (4.19)

The boundary condition for w? gives the relation between w4 and h,
h = 2[,L4. (420)

By explicitly calculating Ces(p] 2y, we get the meson vevs,

(4.21)
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4.1.2. Example 2: S 0(6) with two flavors
Let us consider the previous example with two flavors which is described by the curve:

2C6(v2, u
2 — —ﬁ(-v—zi)t + A%, —mH(? —md) =0, 4.22)
where m |, my are the masses for the two flavors and Cg is the same as before. When one

dyon becomes massless the locus in the moduli space becomes as in (4.16):
C? — Ay (0 = mDH (v —md) = (V¥ - pD’T (VD). (4.23)

From this equation we again obtain the values for syx. As in Example 1, for one massless
dyon we have only two equations for three variables s, s4 and s¢ and we can solve s;, 54
in terms of s¢. Our results are

2, %6 A%v:z 2 2 2
s2=-2pi+— =% W(ZPI —my —mj),
o P " 4.24)
6 _
se=pi — =5 £ 2 (pimi + pim3 — 2mimd),
P

where B = :t\/ (pf - m%)( p]2 - m%) and we take only the plus sign. Remark that B has

dimension 2 while b has dimension 1. The value for N (v?) remains the same as in Eq.(4.18)
given different s, and s4 as in (4.24) and from the explicit form of T (v%) we obtain the
following relation:

2 2 2 4 4 2 256

P

1
+§ ( — 4pf + A?V=2(2p% — m% — m%) - 6p‘fsz

25756
_2pfs% — 4p?sy — 25054 — 4sg — 2 )
1

1
e (=59t + asort 20t~ 20+ i)~ s

2
5
—3piss — 6ptss — 4p?syss — 52 — 4pfs6 — 28256 + p—i)] (4.25)
1

and the dyon vevs are given by
m} 4, =2h*(15p% + Ay _,(—6p} + 3pim? + 3pIm3 — m?m3) + 20pSs,
+6p7s3 + 12ptss + 6p2sass + 53 + 6prss + 25256). (4.26)
Finally for meson vevs, we get
AB
5

2
py—m

i

w,-2=h

4.27)
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4.2. SOQ2N:+ 1) case

At the locus where there is one dyon which becomes massless, we have

Ny
—2—2
Chy, ) = Ay, VR [P = md) = 0% = pPPT ). (4.28)

i=1

The function of w? is

w? = [HVT )4 + HYT @), (4.29)
where H is a constant. For the finite values of w? ast — 0 and v — +m; we find

2
2y Con, (PY)

w; = (P% D (4.30)

]

By inserting v2 = p? into (4.28) and writing Con, (p2) as Ay | p1 [TV, (p?—m?)1/2,

we obtain

2 _ 2172

w} = HA?VA:;I_NfPI(mE—Z%_—g%;— @31)
The asymptotic behavior of w? for large v leads to

w? ~ 2H% ~2HVNeD Lo gpty? Ve (4.32)

P

which is the same as 35, 2kp24v2* =1 From this relation we get

2H =2N.poy,,  pi= (L;vl%;(—”‘—” (4.33)

cH2N,

Therefore we find wl.2 completely

w? = 2 NN = Dtz iz AL detar = m) (4.34)

(a} —m?)

which exactly coincides with the meson vevs (2.56) from field theory results in the low
energy superpotential (2.54) in Section 2.

4.2.1. Example 3: SO(5) with one flavor
As we did in the case of SO(6), the N = 2 theory of this model is given by the curve

2C4(v2,
2 4(Uv uzk)t + Az}vzz(vz _ m%) =0, (4.35)

where C4(vZ, ug) = v* + 5202 + 54 in terms of sox or C4 (v?) = v* — %uzvz—(%m— %u%)

in terms of uoy.
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When one dyon becomes massless, the locus in the moduli space becomes

2
2
u u u
<v4 v (24— N €)> — ANV (W —mD) = F = p)PT (D). (436)

By inserting v? = pf in Eq. (4.36) and its derivative with respect to v> we obtain two
equations for ujy, ug which are solved to give

2 2 p1 b
uy =4py £ Ay_ (—— + —) ,
P N=2\7 [

b 2pim? AV, (p B Y
=44:|:A2_42£l— oy 1 n=2 (P12}
us = 4pj N_Z( Pil o b 5 5 T "

whereb = +,/ p% — m? and we take only the plus sign for b. Itis easy to see that these vevs of
gauge invariant variables are exactly coincident with those of [35,73] obtained from the low
energy effective superpotential, for N, = 2, uzTr(cD Dt ,u4s§1:|:2A§ U@ where the classical
vacua of @] = oo ®diag(a;, aj, 0) breaks SO (5) into SU (2) x U (1). Note that the pure case
has been discussed in [74] where the three intersection points correspond to a pair of mutually
local dyons becoming massless. We want to see the dyon vev and the finite value for w?.
The sum of two solutions of w? satisfying (3.22) and product of them can be summarized as

4.37)

uz
2 (4.38)
N? — H?T = H*(-2p} + AY_, — 254 + piua).
The dyon vevs are obtained from the explicit form of T'( pl) as follows:
4 2y 2 2 2 mi
m} g, = 2H*T(p}) = 2H? | —2p1b A%, + 2b2A : (4.39)
Also we have the parameter u4
H=2u4 (4.40)
and the meson vevs w]2
A3, p1b
w? = gEN=2PL2 (4.41)
py—my

4.3. Several massless dyons

We discuss the even case SO(2N,), the odd case SO (2N, + 1) going exactly the same.
If there are [ massless dyons, the curve can be factorized as in (2.17):

)
C2N (UZ) _ 4N —4—2Ny¢ 4 H(v 12) — ]—[(U2 _ P12)2T(v2) (442)



C. Ahn et al. /Journal of Geometry and Physics 28 (1998) 163194 191

and w? is given by

w2 = [h(v ) \/T—(—] \/T—(ﬁ (4.43)

where now A (v?) is a polynomial of degree 2/ — 2 in v. The degree of 4 comes from the
degree of w?(v?) which is 2N, — 4 from (3.4) and the degree of T'(v?) is 4N, — 4l giving
the degree 2/ — 2 for £(v?). As in the case with one massless dyon, for Ny < 2N, ~2we
can write

h(v)y/ T(v h(v)Can, (V%)

+ O™ 4.44
2 v2 H,— @ — ) (™) (4.44)
and we decompose
h(V)Can, (v ’
ﬂ)—jﬂ”—) = Gi(p) + G20 [ [@* - pD). (4.45)

i=1

We obtain w =wr(@? > m2) = G1(m2)/nj ,(m - pj) The value for Gl(pz) is

2N, 2N,

Gi(pD) =h(p) |[](r7 —mp Ay (4.46)

Then again the discussion goes the same way as in [31] and is similar to the one involving
only one massless dyon. We determined the coefficients of the polynomial G (miz) and we
plugged back into the expression for wl.2 to obtain

2172

2N.~2—N
Ay, T (4.47)

i h(p;)det(p? — m
— [iwi (P} — PD(P] —m?)

Because the unbroken gauge group is the same as the one obtained in the SU case, formulas
(2.60) and (4.47) agree only forr; = - -- = r; = 2 by identifying a; with p; and ¢ with h.
Soin SO(2N,) case as one of the r;’s is greater than 2, we have a disagreement between the
field theory and brane configuration result. This implies that W4 # 0 in the “integrating in”
method. It would be very interesting how to obtain the singular submanifolds of the N = 2
Coulomb branch the low energy effective superpotential parametrizes.

5. Conclusions

In the present work we have considered N = 2 supersymmetric gauge theories with
gauge groups SO (N,.) by using field theory approach. By adding a general superpoten-
tial (2.11) corresponding to the relative orientation between two NS5 branes, we obtained
the description of the resulting N = 1 gauge theory in both field theory and string/M theory.
The nonsingular locus of the N = 2 Coulomb branch is lifted while the only singular points
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remain, where massless monopoles condense by perturbation. We explicitly calculated the
monopole vevs, in field theory by studying a point in the N = 2 moduli space of vacua
and in M theory by exploiting the M theory fivebrane configuration. We have obtained
the same contradiction as in the case of SU(N,) groups given by the low energy effective
superpotential obtained by the “integrated in” method. In other words, this is zero for the
enhanced gauge group SU (2) but is different from zero for SU (r) with » > 2. We have also
given the examples of SO (5) and SO (6) gauge groups in order to illustrate our methods.

As in the case of the simplest mass superpotential studied previously [33], we did not
obtain any information about the particles at singular points, i.e., about their exact electric
and magnetic charges. This remains an interesting direction to pursue both in field theory
and in M theory. Also, it is extremely important to obtain the corrections to W 4 in order to
see a complete match between field theory and M theory. It would be related to calculate the
superpotential using the fivebrane configuration. These two directions are very important
and deserve further study.
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