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1. Introduction

The low energy limit of N membranes at C*/Z, singularity is described in the context of 3-dimensional & = 6U(N) x
U(N) Chern-Simons matter theory with level k [1]. For particular level k = 1, 2, the maximal &' = 8 supersymmetry is
preserved. The matter contents and the superpotential of this theory coincide with the ones in the theory for D3-branes at
the conifold in 4-dimensions [2]. The renormalization group (RG) flow of the 3-dimensional theory can be studied from the
4-dimensional & = 8 gauged supergravity via AdS,4/CFT5 correspondence [3]. The holographic & = 2 supersymmetric
SU(3) x U(1)g-invariant RG flow connecting the maximally supersymmetric &/ = 8SO(8) ultraviolet (UV) point to
N = 2SU(3) x U(1)g infrared (IR) point has been found in [4-6] while the & = 1 supersymmetric G,-invariant RG flow
from this maximally supersymmetric & = 8SO(8) UV point to & = 1G; IR point has been discussed in [5,7]. The former has
SU(3) x U(1)g symmetry around IR region including the IR critical point and the latter has G, symmetry around IR region as
well as the IR critical point. The 11-dimensional M-theory lifts of these two RG flows have been described in [8,7] by solving
the Einstein-Maxwell equations explicitly in 11-dimensions.

The mass deformed U(2) x U(2) Chern-Simons matter theory with level k = 1,2 preserving the above global
N = 2SU(3) x U(1)g symmetry has been found in [9,10] while the mass deformation for this theory preserving & = 1G,
symmetry has been found in [11]. Further nonsupersymmetric RG flow equations preserving two SO(7)* symmetries have
been studied in [ 12]. The holographic & = 1 supersymmetric SU(3)-invariant RG flow equations connecting &' = 1G, point
to N = 2SU(3) x U(1)g point in 4-dimensions have been studied in [ 13]. Moreover, the other holographic supersymmetric
RG flows have been found and further developments on the 4-dimensional gauged supergravity (see also [14,15]) have been
made in [16,17].
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The spin-2 Kaluza-Klein modes around a warped product of AdS, and a seven-ellipsoid having the above global ¥ = 1G,;
symmetry are discussed in [18]. The gauge dual with & = 25U(2) x SU(2) x U(1)g symmetry for the 11-dimensional lift
of SU(3) x U(1)g-invariant solution in 4-dimensional supergravity is described in [19] (see also [20]). The 11-dimensional
description preserving & = 2SU(2) x U(1) x U(1)g symmetry is found in [21] and the smaller & = 2U (1) x U(1) x U(1)g
symmetry flow is discussed in [22]. All of these have a common U (1) factor corresponding to &' = 2 supersymmetry. The
symmetries come from the symmetry each 5-dimensional Sasaki-Einstein space has.

When the 11-dimensional theory from the 4-dimensional gauged & = 8 supergravity is constructed, the various
11-dimensional solutions occur even though the flow equations characterized by the 4-dimensional supergravity fields
are the same. This is mainly due to the fact that the 11-dimensional metric with common geometric parameters are
different from each other. The same flow equations [4,7,5] in 4-dimensions, playing the role of geometric parameters in the
internal space, provide different 11-dimensional solutions to the equations of the motion for 11-dimensional supergravity
[8,19,21,22]. The invariance of the 11-dimensional metric and 4-forms determines the global symmetry. Sometimes the
4-forms are restricted to the global symmetry the metric possesses and break further into the smaller symmetry group.

The compact 7-dimensional manifold in the compactification of 11-dimensional supergravity can be described by the
metric encoded in the vacuum expectation values for 4-dimensional & = 8 gauged supergravity [23]. The SU(3)-singlet
space contains various critical points [24] and RG flows (domain walls) along the AdS, radial coordinate. Based on the
nonlinear metric ansatz by [25], the geometric construction of the compact 7-dimensional metric is found and the local
frames are obtained by decoding the SU(3)-singlet vacuum expectation values into squashing and stretching parameters
of the 7-dimensional manifold [26]. The M-theory lift of a supersymmetric RG flow can be done, in general, as follows. We
impose the nontrivial AdS, radial coordinate dependence of vacuum expectation values subject to the 4-dimensional RG
flow equations [4,7,5]. Then the geometric parameters in the 7-dimensional metric at certain critical point are controlled
by the RG flow equations so that they can be extrapolated from the critical points. Next, we make an appropriate ansatz for
the 11-dimensional 4-form field strengths. Finally, the 11-dimensional Einstein-Maxwell bosonic equations [27,28] can be
solved by using the RG flow equations [4,7,5] to complete the M-theory uplift.

The SU(3)-singlet space with a breaking of the SO(8) gauge group into a group which contains SU(3) can be represented
by four real supergravity fields [24]. Although the final goal is to solve the 11-dimensional Einstein-Maxwell equations to
complete the 11-dimensional lift of the whole SU(3)-invariant sector (that contains four supergravity fields) including the
RG flows [5], we focus on the G,-invariant sector (which is a subset of above SU(3)-invariant sector) in a 4-dimensional
viewpoint by constraining the four arbitrary supergravity fields together with the particular condition. There exist a
supersymmetric &' = 1G, critical point and two nonsupersymmetric SO(7)* critical points [29,30] in this sector. If we
take the different constraints on the supergravity fields, then we are led to the SU(3) x U(1)g-invariant sector where there
are a supersymmetric & = 2SU(3) x U(1)g critical point and a nonsupersymmetric SU(4)~ critical point [31].

The 11-dimensional metric is found by [26] where the compact 7-dimensional metric and warp factor are completely
determined in local frames. The two geometric parameters, by constraints, that are nothing but the above supergravity fields,
depend on the AdS, radial coordinate and are subject to the RG flow equations [7,5] in 4-dimensional gauged supergravity.

The global coordinates for S’ appropriate for the base six-sphere S® ~ SS(ZB) preserve the Fubini-Study metric on CP? and this
SU4)

describes the ellipsoidally deformed S7 [25]. On the other hand, by using the relation to the Hopf fibration on CP? ~ UG UT)

explicitly and keeping only the CP? space, one can change the remaining three local frames in 7-dimensional manifold via
an orthogonal transformation [26]. Each global coordinates depends on each base six-spheres they use.

What is the 11-dimensional lift of holographic & = 1 supersymmetric SU(3)-invariant RG flow [13] connecting from
N = 1G, critical point to & = 2SU(3) x U(1)g critical point? At each critical point, the 4-forms are known in different
backgrounds. Along the supersymmetric RG flow, one expects that there exist the extra 4-forms which should vanish
at the critical points. In order to describe the whole RG flow, one needs to have a consistent background. Around the
N = 2SU(3) x U(1)y IR fixed point, the use of global coordinates for Hopf fibration on CP> was done in [8]. Around the
N = 1G, IR fixed point, the global coordinates for S’ appropriate for the base six-sphere S® was used in [7]. Therefore,
either one should find the CP*-basis around & = 1 IR fixed point, or one needs to find S¢-basis around & = 2 IR fixed
point. Recently, the latter was studied in [32]. Now we are left with the former.

In this paper, we find out an exact solution of & = 1G,-invariant flow (connecting from the & = 8S0(8) UV fixed
point to & = 1G, IR fixed point) to the 11-dimensional Einstein-Maxwell equations where the internal space contains the
CP? space. By an appropriate coordinate transformation, we also find an 11-dimensional solution of the &* = 1G,-invariant
flow (connecting from the & = 8SO(8) UV fixed point to the &/ = 1G; IR fixed point) in a different background where
the rectangular coordinates we use are the same as the ones in [8]. The two solutions share the same geometric parameters
satisfying the common RG flow equations [7] in 4-dimensional gauged ./ = 8 supergravity. At the & = 1 IR critical point,
we have found both the metric and 4-forms explicitly. They are completely different from the previous findings in [7] in the
sense that the rectangular coordinates with specific angular coordinates are the same as the one in [8] and they are different
parametrization from the one in [7]. This finding will give us some hints for the final goal, the 11-dimensional lift of &/ = 1
supersymmetric SU(3)-invariant RG flow connecting from the & = 1G, fixed point to the & = 2SU(3) x U (1) fixed point.

In Section 2, we introduce the six basis vectors living in the unit round six-sphere S® and the normal vector perpendicular
to S in the context of octonion description [33]. The three G,-invariant tensors are determined by the components of these
seven frames. Then the 4-forms are given by these G,-invariant tensors as well as a geometric superpotential [7]. By applying
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these 4-forms with varying scalars, the exact solution [7] to the 11-dimensional Einstein—-Maxwell equations corresponding
to the 11-dimensional lift of the /¥ = 1G,-invariant RG flow is reviewed.

By taking the different spherical parametrization where the CP? structure is evident, the six basis vectors living in the
six-sphere S® and the normal vector perpendicular to it are constructed explicitly. The three G,-invariant tensors are also
determined by the components of these new seven frames. Assuming that the two supergravity fields satisfy the domain
wall solutions [7] as before, we compute the Ricci tensor in this background completely. Surprisingly, the Ricci tensor
has the same expression as the one in previous spherical parametrization. This indicates that the 4-form field strengths
are constructed similarly by using the above new three G,-invariant tensors and a geometric superpotential introduced
in [7]. Eventually, we determine the solution for the 11-dimensional Einstein—-Maxwell equations corresponding to the the
different 11-dimensional lift of the same ./ = 1G,-invariant RG flow. The 4-forms for both parametrizations depend on the
7-dimensional internal coordinates via each invariant tensors.

In Section 3, by changing only three of them among seven internal coordinates characterized by previous second spherical
parametrization, the 11-dimensional metric can be written in terms of these new coordinates which preserve the Fubini-
Study metric on CP? [26]. The Ricci tensor can be expressed as a linear combination of the Ricci tensor for G,-invariant case
and similarly the 4-forms also are given by a linear combination of 4-forms for the G,-invariant flow. Then, we find out
a solution for the 11-dimensional Einstein-Maxwell equations corresponding to the 11-dimensional lift of the & = 1G,-
invariant RG flow connecting from the & = 8SO(8) UV fixed point to &/ = 1G, IR fixed point. Since we focus on the
G,-invariant sector, the two geometric parameters satisfy the RG flow equations [7]. In the 11-dimensional point of view,
both the metric and 4-forms preserve the G, symmetry.

In Section 4, we summarize the results of this paper and present some future directions.

In Appendices, we present the detailed expressions for the Ricci tensor, 4-form field strengths, seven frames, three
invariant tensors and Maxwell equations.

2. An N = 1G;-invariant supersymmetric flow in an 11-dimensional theory

We construct three G,-invariant tensors in terms of six-sphere coordinates explicitly in Section 2.1 and find out a
N = 1G,-invariant solution for 11-dimensional Einstein-Maxwell equations in Section 2.2.

2.1. Spherical parametrization |

Let us consider the spherical parametrization describing the unit round five-sphere S°

u' = sin 6; sin 6, sin 65 sin 6, sin 65,

u“ = cos 1 sin 6, sin f3 sin 6, sin s,

u® = cos 65 sin 5 sin O, sin Os,

u* = cos 05 sin 04 sin 05,

U’ = cos 04 sin 65,

u® = cos 6s, (2.1)

subject to the constraint Z?zl (u)? = 1.In order to use the 6-dimensional coordinatization for unit round six-sphere S%, let
us also introduce the two orthogonal unit vectors in R” with (2.1)

U= " vt v, 8,0, V=(0,000001). (2.2)

Then the unit normal vector perpendicular to the six-sphere S can be identified with

n = Usinf + V cos 6. (2.3)
The unit magnitude of normal vector, (i,A) = 1, from (2.2) can be easily checked. The rectangular coordinates
parametrizing the six-sphere S° inside R’ are given by X' = u'sinfs (i = 1,...,6) and X" = cos 6 with Y s_, (X")?> = 1

whose gradient is exactly the unit normal vector introduced in (2.3). This parametrization for X can be also obtained from
the one corresponding to the unit round seven-sphere S’ by ignoring seventh coordinate 8 = y’ in [7]. By taking the gradient
to the normal vector with respect to the six internal coordinates, a set of basis vectors spanning a tangent space on the six-
sphere S° is given by [33]

. on
e=——, i=1,...,6, (2.4)
26;
which is orthogonal to the normal vector (2.3). In general, the second fundamental tensor arises in (2.4) for a generic
hypersurface. For a round six-sphere, this second fundamental tensor is proportional to the 6-dimensional metric for six-

sphere and this leads to a simple relation (2.4) above. The orthonormality for the basis vectors (2.4) can be checked also.
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Adding the unit normal vector fi as the seventh-frame to the six-sphere S®-frames &; provides the tangent frames of
Cayley space denoted by I [33].

&=¢e'0, n=0'0, A=1,...,7, (2.5)
where O4 are imaginary octonions satisfying the algebra
0405 = =34 + NapcOc, (2.6)

with completely antisymmetric structure constants 7spc [34]. The nonzero nspc are given by 1 for the indices ABC =
123,516, 624, 435, 471, 673, 572. In order to obtain the G,-invariant tensors on S°, one projects the I’ invariant tensor and
its dual to local tangent frames and obtains a 7-dimensional tensor (and its dual). Since the geometry of the G,-invariant
S% is already built in the 7-dimensional coordinatization, what we have to do is to take the dimensional reduction of 7-
dimensional tensor (and its dual) to the 6-dimensional ones. Then the almost complex structure Fy, its covariant derivative

Tjjk, and its Hodge dual, S;; that depend on the internal coordinates 6; (i = 1, 2, ..., 6), with (2.3)-(2.5), can be summarized
by
Fij = —napc€' &R,

AAABAC
Tijk = nasce;ejey,
AAABACAD
Sijk = Nagcp€; €€ n”, (2.7)

where the dual tensor [35] napcp of the structure constant ngg is given by napcp = 1asefcoe — Sacdsp + Sapdpc explicitly.
The nonzero components for the dual tensor can be read off from this relation. Note that nspc is a I’ -invariant tensor while
nperc is its dual. The dimensional reduction of a 7-dimensional tensor leads to Fj and Ty, tensors while the dimensional
reduction of its dual provides a S;; tensor, as shown in (2.7). The last relation of (2.7) can be checked from the definition
of Sk = F,!lek [33] by using the first two relations of (2.7) together with (2.6). We can introduce the dot product and cross
product for arbitrary imaginary octonions [33] and these can be used for the construction of a 7-dimensional tensor and its
dual.

By computing the dot product between &; and &; in I’, one obtains the 6-dimensional metric on S® for the spherical
parametrization we start with. That is, as we expect,

gij = diag(s35355525¢, S35552Se, 535254, S256, Se» 1), s = sin 6. (2.8)

Now it is ready to construct the 7-dimensional ellipsoidal metric. Applying the Killing vector to the metric formula [25],
one obtains the 7-dimensional inverse metric with undetermined warp factor. Then plugging this inverse metric into the
definition of warp factor, the warp factor is fixed. Finally, substituting the warp factor into the inverse metric leads to our
7-dimensional metric. The 7-dimensional warped ellipsoidal metric used in [25,7] can be summarized as

2
ds5 = +/Aal? ["52 d6* + sin” 6 drzg] . dQ¢ = d6; + sin® 05 d$22,
a

dZ = doZ + sin’ 05 (d6] + sin” 6, [do3 + sin® 65 (d65 + sin’ 6, d67)]) , (2.9)
where the quadratic form &2 is given by

&2 = a® cos’ @ + b*sin? 9, (2.10)
and the warp factor together with (2.10) is also given by

A=a g3, (2.11)

The standard 7-dimensional ellipsoidal metric is warped by a factor /Aa in (2.9). The 6-dimensional metric dQé is equal
0 (2.8). The two vacuum expectation values (a, b) in 4-dimensional gauged & = 8 supergravity that appear in the 7-
dimensional internal metric (2.9) are functions of the AdS, radial coordinate r = x*. The eccentricity for a 7-dimensional

ellipsoid is given by /1 — Z—;

The 11-dimensional metric [25,36] by combining the above 7-dimensional metric (2.9) with the 4-dimensional metric
together with warp factor (2.11) yields

dsj; = A7 (dr? + ey, dx* dx”) + ds3, (2.12)

where r = x*and u, v = 1, 2, 3 with N = diag(—, +, 4). The 11-dimensional coordinates with indices M, N, . .. are
decomposed into 4-dimensional spacetime x* and 7-dimensional internal space y™. Denoting the 11-dimensional metric as
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gun with the convention (—, +, . . ., +) and the antisymmetric tensor fields as Fypq, the 11-dimensional Einstein-Maxwell
equations are given by [27,28]

1 1
Ry = §FMPQRF NPOR EsﬁFPQRSFPQRSa

vy FMVe — _ 1 EeNPORSTUVWXY B (2.13)
576
where the covariant derivative Vy; on FMM in (2.13) is given by E~'9y(EFMN"Q) together with Elfbein determinant
E = /—gu1. The epsilon tensor enpgrstuvwxy With lower indices is purely numerical. For a given 11-dimensional metric,
the nontrivial task is to find the correct 4-forms that satisfy (2.13).
The warped 11-dimensional metric (2.12) with (2.9) generates the Ricci tensor [7] that depends on (a, b, A) and their
derivatives with respect to r and 6. Applying the flow equations, all the r-derivatives in the Ricci tensor can be replaced
with the functions of (a, b). The Ricci tensor is given in Appendix A explicitly after substituting the flow equations [7,5]

da 8 | 20,w + (@b — 200w
da _ _81, ab —
dr 7Ll i
a? [a° — 88ab + 14a°b? — 56b* + a(80 + 49b*)]
B 2L/(a + 7b%)2 — 112(ab — 1) ’
db 8 [ 1
— = —— | bW b —2)d,W
dr 7Ll + (@b =2)3, |
Va[96 + 2a* — a(176 + a*)b + 100a*b? — 14a®b> + 42b* — 49ab° |
B 2L/(a + 7b%)2 — 112(ab — 1) ’
) 1 3
22w =—a /(@ +7b*)? —112(ab— 1), 2.14
= W= V@) (ab—1) (2.14)

where the superpotential W in 4-dimensional gauged & = 8 supergravity is given by a function of (a, b):

1
W= §a%\/(a2 T 7b2)2 — 112(ab — 1). (2.15)

There exist only two nonzero off-diagonal components RZ and Rg‘ as well as nonzero diagonal components. In 4-dimensions,
there exist two critical points, &' = 8S0(8) critical point at which (a, b)) = (1, 1) and & = 1G, critical point at which

(a,b) = (/ 6—‘5, %). At these two points, % and % vanish because the right hand sides of (2.14) are equal to zero.
The criticality can be observed from the fact that the first two right hand sides of (2.14) are written as the derivatives of

1
361234

355 at two critical

superpotential W (a, b) with respect to the field a and the field b. The superpotential has 1 and

values respectively.

What about 4-form field strengths for 11-dimensional solution? By interpreting the 3-form gauge field with membrane
indices as a geometric superpotential, which is a generalization of 4-dimensional superpotential (2.15), times volume form
and putting the previous G,-invariant tensors (2.7) to various 3-form components, one can construct the most general G,-
invariant ansatz. The field strengths are summarized by [7]

prp4 = 63A<T)Wr(rv e)euupa F;pr = eaA(r)WG (rv e)euupa
6 ~ ~
anpq = 2hy(r, 9)6znnpqrsFrsa FSmnp = hyi(r, G)Tmnp + hy(r, Q)Smnpv
Famnp = 53(1’, Q)Tmnp + Fl4(1’, O)Smnp, Fasmn = ES (r, 0)Fmn, (2.16)

where the eight coefficient functions (W,, Wy, ﬂl, hy, i~12, Fl3, fl4, fl5) which depend on both r and 6 are given by [7] and
they are also in Appendix B for convenience. The fields (W;, Wy) are related to the geometric superpotential W (r, 6) which
corresponds to the 3-form gauge field with membrane indices, as mentioned before. Compared with the previous works [25,
33] which holds for the critical points only, the mixed field strengths Fi335, Famnp and Fssm, were new.!

1 One can write down the 2-form and 3-forms in terms of rectar_lgular coordinates X' = u'sinfgsind (i=1,..., 6), X7 = cosfg sin6 and X® = cos 6.

Since one can express the angles in terms of X*'s as cos §; = \/2)1(::71)(7)2 wherei = 1,...,6and cos® = X8, the rank 2 and rank 3 tensors with angular
j=1

coordinates can be written in terms of those with X4's. Let us write the 2-form F,,, d9™ A d" by using the relation between (6, ;) and X* and changing the

differentials d9™ in terms of dX*’s. Then it turns out that the 2-form is given by F® = ——1——p5c, XAdX® A dX® where 7p¢ is the same as the one in

(Cho 6?2
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The details of Einstein equations, the first equation of (2.13), are given in [7] explicitly. The nonzero components of the
Maxwell equation, the second equation of (2.13), are characterized by the following free indices

(123), (4np), (5np), (mnp), m,n,p=6,...,11, (2.17)

with the number of components 1, 15 by choosing two out of six, 15 by choosing two out of six and 20 by choosing three out
of six respectively. Other remaining components of the Maxwell equation become identically zero. Therefore, there exist 51
nonzero components of the Maxwell equation. The right hand side of Maxwell equations for the (123)-component consists
of 35 terms coming from the quadratic 4-forms. For (4np)- and (5np)-components, the right hand side of Maxwell equations
contain only a single term in quadratic 4-forms. The former has F;,35 while the latter has Fi,34. For the (mnp)-components,
the two contributions from the quadratic 4-forms arise in the right hand side of Maxwell equations. In this case, both 4-forms
F1235 and Fy334 appear. The Elfbein determinant E = /—g1; is used and it is
2

E = e*"17a(r) sin® 0 sin 6, sin® 05 sin® 0, sin* 65 sin® 65 [a® (r) cos® 6 + b*(r) sin*0]* ,
by calculating the determinant of 11-dimensional metric (2.12) with (2.9).

Therefore, the &/ = 1G,-invariant solutions (2.16), with Appendix A where the Ricci tensor is presented and Appendix B
where the coefficient functions are listed, satisfy the field equations (2.13) as long as the deformation parameters (a, b) of
the 7-ellipsoid (or two supergravity fields in 4-dimensions) and amplitude A develop in the AdS, radial direction along the
G,-invariant flow (2.14). The corresponding gauge dual was constructed in the context of &' = 1U(2) x U(2) superconformal
Chern-Simons matter theory by adding one mass term for the adjoint & = 1 superfield and the matter multiplet consists
of seven flavors transforming in the adjoint together with flavor symmetry (7 of G,) [11].

2.2. Spherical parametrization II

Let us describe the other spherical parametrization describing the unit round five-sphere S> whose base is characterized
by CP? space

) . 01\ i i
u' + iu? = sin 6, cos (5 ez 02103) ifs
3, 54 . (b L (—02+63) i
u’ + iu” = sin @, sin ) e2' 2T s

U+ iu® = cos 6y €. (2.18)

The isometry of S® is SU(3) x U(1) where SU(3) acts on three complex coordinates z' = u*~! + iu? (i=1, 2, 3) and U(1)
acts on each z as the phase rotations. The vector u spans the S° given by Hopf fibration on CP? space. This can be described
by writing (du)? as (du)? = ds%sa) + (u, Jdu)? where ds%s(z) denotes the Fubini-Study metric on CP? and (u, Jdu) is the Hopf
fiber on it. The J is the standard Kahler form. One can introduce the two orthogonal unit vectors (2.2) and the unit normal
vector (2.3) for the parametrization (2.18) given above. Furthermore, the set of the six basis vectors is given by (2.4) and
they as well as the normal vector can be described in terms of imaginary octonions. More explicitly, let us present some of
them here

o1 <@+@
— COS 3

0
e = > + 495> sin 5] sin 6,4 sin g,

o 1. 01 . . (6 + 065
e = 3 sin 0} sinf, sin

+95> sin96, ey

and the other nonvanishing components are glven in Appendix C.
The three G,-invariant tensors F,J, T,Jk and S,jk are given by (2.7) for the choice of (2.18). For example,

A 1
F, = 5 sin? 04 sin® 6g[—4 cos 2a, cos O + 4 cos 2a1 cos 2(a3 + 05) cos bg

+ (8 cos vy cos(ay — a3 — Bs) sin B4 — cos O4(cos(2e; — 2a3 — 365)
— COS(ZO{l — 20{3 — 95) — COS(ZOll + 20{3 + 05) + COS(ZOl] + 20{3 + 305)
~+ 8 cos a1 €0s Os sin ey + 8 cos &, sina sinBs)) sin Hg],

(2.7) and the X8 is the G,-singlet. The G,-invariant structure constant 1sp¢ is contracted with the 7’s of G, inX* A =1, ..., 7) in this way. Similarly the
3-form Sy dO™ A dO™ A d6P is given by S® = W nascoXdXE A dX¢ A dXP where npcp is the same as the one in (2.7) and the 3-form T® = dF®

is given. Then one arrives at F® = dA® + h, dS® + dr A (h3 dF® + 1,59®) + \/:dxs A (hy dF@ + hp5G)) — dr AF@® A dX® where the

hs
/1-(x8)2

3-form A® = —eMW dx! A dx® A dx3.
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1
Fi3 = e sin? 0 sin? O5[—2(cos 2(; — or2) + €os 2(0ry + a3) — 2 €os 2(a3 + 65)) cos bg

+ (8 cos aq cos(ay — a3 — Bs) sin By + cos O4(cos(2a1 — 205 — 65)
— cos(2ay + 20y — 05) — cos(2ay — 203 + 0s) + cos(2ay + 20 + 5)
+ 8 cos a1 €os O5 sin vy + 4 sin fs sin 2(a3 + 05))) sinbg], .. ..

These tensors are given in Appendix D in terms of internal coordinates 6; (i = 1,...,6) explicitly. Note that the
antisymmetric tensor on S°, the dual of Tjjk, has an extra minus sign as follows:

Sik = —F/Ty. (2.19)

All the identities between three tensors ﬁ,j, f,»jk and §ijk are given in Appendix D.
By computing the dot product between &; and €; in I’, one obtains the 6-dimensional metric on S°. That is,

1
Zsisé 0 0 0 0 0
1 1 1
0 Zsisé chsisé 0 Eclsisé 0
0 1 2.2 1 22 150 0 .
8ij = 4C15456 45456 25456 , c; = cos 6;, s; = sin6;. (2.20)
0 0 0 sé 0 0
T oo 1o, 2
0 5c154s6 55456 0 Sg 0
0 0 0 0 0 1

One sees this 6-dimensional metric from the projection of 7-dimensional metric g;m [18] by putting the extra coordinate
6 to 7. The rectangular coordinates parametrizing the S’ inside R® with S® ~ G, /SU(3) base are given by introducing the
seventh coordinate 6 [26]

X' =u'sinbgsinf, X =cosf, X% = cosbgsind, (2.21)

with Zizl(X")2 = 1. As done in previous spherical parametrization, via the nonlinear metric ansatz [25], the warp factor
and the 7-dimensional inverse metric are completely determined. Then the 7-dimensional warped ellipsoidal metric in this
case can be summarized as [25,26]

2
ds? = v/ Aal? [E—Z do* + sin* @ dﬂé] . d§ = d6¢ + sin® 0 [dsis ) + (u, Jdu)*] . (2.22)
a

The quadratic form and warp factor are given by (2.10) and (2.11) respectively. The fact that the vector (u!, u?, u3, u*, u®, u)
in (2.18) spans S° with a CP? base, compared to the one in (2.9) that looks similar to (2.22) but the 5-dimensional metric
inside behaves differently, can be understood by writing (du)? in terms of the Fubini-Study metric

1
dsts ) = dbF + n sin® 04 (07 + 03 + cos® 0405 , (2.23)
and its Hopf fiber
1
(u, Jdu) = dfs + 2 sin? 6,403. (2.24)
The standard Kahler form J is given by Ji» = Js4 = Jss6 = Jz;s = 1. One can easily check that the 6-dimensional

metric (2.22) is nothing but the metric in (2.20) and the one-forms are given by o; = cos 63d6; + sin 6; sin 63d6,, o, =
sinf3df; — sin 6, cos 63db,, and o3 = db3; + cos B,dbs,, as usual. Recall that the G, symmetry is the isometry group of
the metric. The Killing vector associated to the G, symmetry is constructed explicitly in [18] and it is shown that the 7-
dimensional metric of (2.22) has a vanishing Lie derivative [28] with respect to the Killing vector fields.

The 11-dimensional metric is realized as (2.12) together with (2.22). The nontrivial task is to find the exact solution for
11-dimensional Einstein-Maxwell equations (2.13). Also we assume the nontrivial AdS, radial coordinate dependence of
vacuum expectation values and they are subject to the 4-dimensional RG flow equations (2.14). The Ricci tensor can be
computed from the 11-dimensional metric with (2.12) together with (2.22) directly and they have the same form as the
ones in previous spherical parametrization. So they have common feature in the Ricci tensor presented in Appendix A. This
indicates that the Ricci tensor is indeed independent of the particular 5-dimensional space. One can express the Ricci tensor
in the frame basis rather than in the coordinate basis. The former is exactly the same as the latter except the off-diagonal
(4, 5)- and (5, 4)-components.

It is natural to solve the 11-dimensional Einstein-Maxwell equations by assuming that the 4-forms have the same
tensorial structure as the ones in (2.16) and these G,-invariant tensors are defined in the present 6-dimensional metric (2.22).
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The undetermined coefficient functions depend on the coordinates (r, #). One should find out these coefficient functions
explicitly by requiring that 4-forms should satisfy (2.13). The field strengths are given by

F;wp4 = eBA(r)Wr(ra Q)EMW,, Fu_vps = e3A(r>W9 (T, e)ell.vpv
6 N - N - ~
Frnpg = 2hy(r, G)GmnpqrsFrsv Fspnp = hy(r, Q)Tmnp + hy(r, g)smnps
Famnp = Fl3(1’, G)fmnp + Fl4(r, 0)~§mnp» Fasmn = ES(rv G)ﬁmn» (2.25)

where we denote the three hatted tensors here in order not to confuse with the unhatted ones that appear in (2.16). Applying
these field strengths (2.25) to the 11-dimensional Einstein-Maxwell equations, one can determine the unknown coefficient
functions, which depend on r and 6, completely. If we compute the right hand side of the Einstein equation, then the linear
combination of quadratic coefficient functions appears after using the identities between G,-invariant tensors or calculating
the functional expressions component by component explicitly. For the latter case, we do not need to use the identities
because we know three G,-invariant tensors according to Appendix D.? Except for the (4, 5)- and (5, 4)-components of
the Einstein equations, the (1, 1), (4, 4), (5, 5)- and (6, 6)-components depend on eight coefficient functions. The right
hand side of the Einstein equations can be summarized by (3.21) of [7] exactly. As we explained before, the left hand
side of the Einstein equations, the Ricci tensors, are identical to each other. Therefore, one concludes that the unknown
coefficient functions are exactly the same as those in [7] or in Appendix B. Note that the geometric superpotential W from
the field strengths (W, = =340, (e3AW), W, = 3y W) was found by requiring that it should coincide with the 4-dimensional
superpotential W (2.15) up to a multiplicative constant when the internal coordinate 9 is fixed to some specific value.

The analysis for the checking of Maxwell equations can be done before, based on the paragraph containing (2.17). We
have checked that the solutions (2.25) also satisfy the Maxwell equations explicitly. During this computation, the Elfbein
determinant E = ,/—gq; from 11-dimensional metric (2.12) and (2.22) is given by

1 2
E= 3 e**17asin® 0 sin 6; cos 0 sin® 04 sin® 0 [a* cos® 0 + b* sin® 0] .

Therefore, we have established that the solutions (2.25) together with Appendices A, B and D consists of an exact solution
to 11-dimensional supergravity by bosonic field equations (2.13), provided that the deformation parameters (a, b) of the
7-dimensional internal space and the domain wall amplitude A develop in the AdS, radial direction along the G,-invariant
RG flow (2.14). Although the 11-dimensional metric and 4-forms are different from those in previous parametrizations, the
Ricci tensor (or the quadratic structure of 4-forms appearing on the right hand side of the Einstein equations) are exactly
the same as each other.

3. Towards an & = 1SU(3)-invariant supersymmetric flow in an 11-dimensional theory
We will use the results of 11-dimensional solutions with CP? in the previous subsection. In the context of the round
seven-sphere S’ as a Hopf fibration on CP? let us replace the coordinate 65 in (2.18) with ¢ + 1 where v is the coordinate

of the Hopf fiber on S as follows:

. 0 i ;
u' + iu? = sin 6, cos <51> g2 @2103) pi@+4)

0 i :
3 + iu* = sin 04 sin <51> e%(—@z-ké’g)el@-wf)7

W 4 iu® = cos 6, @V, (3.1)

As before, the vector (u', u?, u?, u*, u®, u%) in (3.1) spans the S* with CP? base and the Fubini-Study metric on CP? is given
by (2.23). The correct 7-dimensional warped metric, corresponding to (5.15) of [26] is given by

2
ds? = /Aal? [(dU)2 + Z—z(dvl)2 + (dv2)2] , (3.2)

2 One can easily check that the above rank 2 and rank 3 tensors written in terms of the angle variables can be expressed similarly as in footnote 1. That

is, F® = ﬁﬂAch"dXB AdXS, 53 = — T ar nascoXAdXB A dX¢ AdXP,and T® = dF®. Note the extra minus sign in the 3-form S©. Asin
(T xh2)2 A=1

footnote 1, we interchange the X’ and the X® with each other. It is not so obvious to express the angular variables in terms of the rectangular coordinates,
contrary to footnote 1 and from the beginning we assume the above forms. After inserting the rectangular coordinates written in terms of angular variables
(2.18) and (2.21) into them, we have checked that these agree with those in Appendix D. Therefore, the G,-invariance is more obvious in this basis rather
than in the angle basis. Note that the G,-invariant tensors Fyy,, Tynp and Spyp in (2.25) can be obtained from those in the previous parametrization via the
coordinate transformations between (2.1) and (2.18). In particular, we have checked that the component Fg is related to the component ﬁ46 via coordinate
transformations.
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where the R® coordinates X* are decomposed into

U= (ul, w? ud vt v b, o, 0) cos i,

VvV, =(0,0,0,0,0,0, 1, 0)cos i sin i,

V, =(0,0,0,0,0,0,0, 1) sin ¥ sin u. (3.3)
The deformation parameter y = % —10f [26] vanishes for the G,-invariant sector in which the constraints are characterized
by ¢ = aand d = b. For the G,-invariant sector, the ellipsoidal deformation arises along the V; direction. Then one can
choose the two additional orthonormal frames as (u, Jdu) (2.24) and dV; respectively. Then the remaining orthonormal
frame is determined from (3.2) by completing squares.

The precise relations between the parameters of previous section and those in this section by comparing (2.21) with (3.3)
(the other eight coordinates are the same) are given by

cos 6 = cos ¥ sin u,
O0s=0¢+ v,

sin u sin ¥
V1 —cos?yrsin? i
From these (3.4), one obtains the partial differentiations of old variables (6, 05, 65) with respect to the new variables
(u, ¢, ) as follows:

cos g = (3.4)

6 COS 4 COS VY 6 sin p sinyr

o J1—cos?yrsin®p W J1—cotysindp

0 _

o Ty

%:_ sin Y %:_sinucosucosw. (35)
u 1—cos? ¢ sin® Ay 1 — cos? yr sin® u

The frames for the 11-dimensional metric are summarized by
el = A"7 hdx', 2= A7 Ak, = A1k, et = A7 dr.

1
e’ LAflla%é ————— 5 (—cospcosydu + sinpsinydy),
a\ 1—cos?ysin®

1
e® LAfla% cos Mi sin 6407,

[g+)
Il

7 11 1 .
LA%a4 cos ME sin 6407,

=
NS

=LA

1.
a4 cos ,ui sin 64 cos 64073,

9 11
e” = LA%a% cos udf,,

10 11 1.5
e =LA%a% cosu d¢+d¢+§sm 0403 | ,

1
at ———————— (= sinydu — sin w cos w cos Yrdyr) . (3.6)
1 — cos2? v sin® u

The@®, e® and @’ with some sign difference appearing in (5.24) of [26] correspond to e'?, ! and e® respectively. The frames
€%, e’, e® and e” correspond to the Fubini-Study metric on CP? whose symmetry group is SU(3). Note that v which is the
coordinate of the Hopf fiber on S’ appears in the frame e'® and this gives the off-diagonal metric components between the
coordinates (Y, 6, 05, ¢). Also from the structure of e> and e'!, the off-diagonal components between (i, 1) occur. The
quadratic form (2.10) reads as £ = a? cos® i sin® i 4+ b*(1 — cos?® y sin? w) from (3.4). The warp factor is the same as
before: (2.11). The one-forms o; are given as before.>

Then how does one find the solution for 11-dimensional Einstein-Maxwell equations for given 11-dimensional
background (3.6)? The 6-dimensional space is no longer a unit round six-sphere. Since the metric (2.22) is related to the
metric (3.6) by change of variables, one can use the solutions (2.25) and find out the solutions. First of all, the Ricci tensor
can be obtained from (3.6) directly or can be determined from the one in the previous section by using the transformation

A=

el =LA

3 When we take the seven rectangular coordinates except X’ among (3.3), a similar computation as in [ 18] leads to the fact that the 7-dimensional metric
has a vanishing Lie derivative with respect to the Killing vector fields where the generator for G, is the same as the one in Appendix A of [ 18]. This implies
that the Killing vector is associated to the G, symmetry.
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on the coordinates between the two coordinate systems (3.5) via the tensorial property. In other words, the Ricci tensor is
given explicitly by

~ azP\ [ oZV
N _ Q
RM_(a’ZM)(azQ>R”’ 3.7)

where the 11-dimensional coordinates are given by
ZM - (X], Xza x3a r; 63 917 029 939 047 955 96)7 ’ZM - (Xla x27 x37 ru, 019 927 037 945 ¢3 w)'

Eight of them are common and three of them are distinct. The Ricci tensor R,? for the G,-invariant flow is presented in
Appendix A. Some of them are given by

Rl=Rl, R,=R:(=R)), RI=R}(=R),....

There exist off-diagonal components (4, 10), (4, 11), (5, 10), (5, 11), (11, 4), (11, 5), (11, 10), as well as (4, 5)- and (5, 4)-
components. Their full expressions are given in Appendix E.
For the field strengths, one has, by multiplying the transformation matrix,

F (9 925\ [08z"\ [0zY E (3.8)
e =\ ogm ) \azv ) \azr ) \aze ) & :

Then some of the components, using the relations (3.5), are given by

COS L COS Y
—— | Fiz3s,
v/ 1 —cos? ysin®

These transformed 4-forms are given in terms of those in G,-invariant flow in the Appendix F and moreover, the transformed

Fi234 = Fi234, Fip35 = — |:

4-forms with upper indices are described. The 4-form Fm 11 is @ new object. At the IR critical point where a = ,/ 65£ and

b=,/ % due to the fact that the coefficient functions Wp, ,Hg, F4 and ﬁs in the Appendix B vanish, the following 4-forms
also vanish at this critical point:

Fi235 = 0 = Fi2311 = Fasmn = Famnp-

Note that for the G,-invariant flow, the 4-forms Fi»35, Famnp and Fysm, vanish where m,n,p = 6, ..., 11 at the IR critical
point. Once we suppose that the 4-dimensional metric has the domain wall factor e**™ which breaks the 4-dimensional
conformal invariance, the mixed 4-forms occur along the whole RG flow. Of course, at the UV critical point wherea = 1 = b,
the only nonzero 4-form field is Fi,34. Some of the transformed 4-forms with upper indices are given by

F13e _ p1s Fl23s _ _ cosjLcosyr F1235
V1 —cos2 1y sin p

These can be obtained from (3.8) by using the 11-dimensional metric (3.6) or by multiplying the transformation matrices
(3.5) into the 4-forms with upper indices of G,-invariant flow. The remaining 4-forms are given explicitly by Appendix F.*

How does one check the 11-dimensional solution for the Einstein equation? One shows this by substituting the solutions
(3.7) and (3.8) into the first equation of (2.13) with the transformed-Ricci tensor and transformed-4-forms. Or one checks
this equality using the solution of the G,-invariant flow in Section 2.2. In the previous section we have shown that (2.25)
satisfies the field equations (2.13). Let us go back the transformed-Ricci tensor (3.7) which is written in terms of the Ricci
tensor for a G, invariant flow. Without specifying the explicit form for Ricci tensor RY, one writes down the transformed-
Ricci tensor, as in Appendix E. Now one can use the property of the G,-invariant flow: the first equation of (2.13). That is, one
replaces the Ricci tensor in terms of the quadratic 4-forms. Then one sees that the transformed-Ricci tensor can be written
in terms of the quadratic 4-forms for the G,-invariant flow. Let us return to the right hand side of the Einstein equations.
Using (3.8) and (3.5), one can express this in terms of quadratic 4-forms for the G,-invariant flow.

So far, we did not insert the explicit form for the 4-forms Fynpg. One can make the difference between the left hand
side and the right hand side of the Einstein equations and see whether this is zero or not. At first sight, some of the com-
ponents written in terms of quadratic 4-forms in the G,-invariant flow are not exactly vanishing. They contain the terms
FanpgF™™, F5ppgF™™P9, Fpppg F¥™P wherem, n, p,q =6, ..., 11ands =4, 5, 6, . . ., 11. After plugging the explicit solution of

4 One can also check that the field strengths written in terms of the angle variables can be expressed similarly as in footnotes 1 and 2: F@ =
dA® + hpdS® + dr A (R3 dF@ + haSO®) + —L—dx8 A (h dF@ + 1,5®) — —P5 __dr A F® A dX8 where the 2-form F® and the 3-forms
A 1-(x8)2

1-(x8)2
A® and §® are given in the footnote 2. As in footnote 2, as it is not so obvious to express the angular variables in terms of the rectangular coordinates, we
assume the above forms. After inserting the rectangular coordinates written in terms of angular variables (3.1) and (3.3) into them, we have checked this
4-form agrees with those in Appendix F. Therefore, the 4-form explicitly has G,-invariance.
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the G,-invariant flow, then all of these are equal to zero identically. One can also check this from the useful identities between
three-invariant tensors I:'U-, f,-jk and §,-jk presented in Appendix D, as done in [7]. Recall that these quadratic 4-forms above cor-
respond to the off-diagonal terms of Einstein equation for G,-invariant flow which vanish identically except the (4, 5)- and
(5, 4)-components. Of course, the above extra piece does not possess these nonzero off-diagonal terms, (4, 5)- and (5, 4)-
components. Therefore, we have shown the solutions (3.7) and (3.8) mdeed satisfy the 11-dimensional Einstein equations.

Let us move on to the Maxwell equations. Let us introduce the notation 3EVy FM"2 = = (NPQ) for simplicity, and present
all the nonzero components of the left hand side of the Maxwell equatlons in terms of the 4-forms in the G,-invariant flow,
using the property of the 11-dimensional solution we have found before. For example, the (123)-component of the left hand
side of the Maxwell equations reads

11
~— 6 1 1
(123) = - ;; e Ernnpqrs <3'3' 4mon5qrs - ﬁFAISmanqrs) .

The other nonzero components are given explicitly in Appendix G. The nonzero components of the Maxwell equation,
the second equation of (2.13), are characterized by the following indices

(123),  (45m), (@), (ap), (Wmp), M A,P=6,...,11,

with the number of components 1, 5 by choosing one out of five (the (45 11)-component is equal to zero), 15 by choosing two
out of six, 15 by choosing two out of six and 20 by choosing three out of six respectively. The other remaining components
of the Maxwell equation become identically zero. Therefore, there exist 56-nonzero-components of the Maxwell equation.
Compared with the ones (2.17) in the G,-invariant flow, there are nonzero terms from (45m)-components where m =
6, ..., 10. The right hand side of the Maxwell equations for the (123)-component above consist of 35 terms coming from
the quadratic 4-forms. For the other components, the right hand side contains a single term, two terms or three terms in
quadratic 4-forms. -

Now it is ready to check the Maxwell equatigns for the solutions (3.8). For given 4-forms Fynpg, One can construct
the corresponding 4-forms with upper indices F®™V by using the 11-dimensional metric (3.6) or by multiplying the
transformation matrix with the 4-forms FMNP2 for G,-invariant flow, as was done in (3.8). Then one obtains all these
transformed 4-forms with upper indices, as in Appendix E. As done in the previous paragraph, one constructs the left
hand side of Maxwell equations in terms of quadratic 4-forms for the G,-invariant flow by using the 11-dimensional field
equations. According to the transformation rules, one can express the covariant derivative Vy; and 4-forms F FMNPQ in terms
of Vy and F®™ for the G,-invariant flow together with (i, 1 )-dependent functions. Then using the Maxwell equations
for the G,-invariant flow, one can replace V) F¥M'Q with quadratic 4-forms and arrives at Appendix G. Similarly, let us
return to the right hand side of Maxwell equations. Using (3.8) and the 11-dimensional metric, one can express this in
terms of quadratic 4-forms in the G,-invariant flow. We also transform the 11-dimensional determinant according to the
transformation rules appropriately. It turns out that the difference between the left hand side and the right hand side of
Maxwell equations becomes zero identically. Therefore, we have shown that the solution (3.8) indeed satisfies the Maxwell
equations correctly. During this check, the Elfbein determinant E = ,/—g is used and it is

1 2
E = —§63AL7asm/Lcos  sin 6 cos B, sin 6, [a cos? i sin? u + b*(1 — cos? 1/fsm /L)]3

by computing the determinant of 11-dimensional metric (3.6).

Therefore, we have shown that the solutions (3.8) together with Appendices A, B and D-F consists of an exact solution to
the 11-dimensional supergravity by bosonic field equations (2.13), provided that the deformation parameters (a, b) of the
7-dimensional internal space and the domain wall amplitude A develop in the AdS, radial direction along the G,-invariant
RG flow (2.14) connecting from the & = 8S0(8) UV fixed point to the & = 1G; IR fixed point. Compared with the previous
solutions for G,-invariant flow, they share the common CP? space inside 7-dimensional internal space but three remaining
coordinates are different from each other.

4. Conclusions and outlook

We have found an exact solution of the &' = 1G,-invariant flow (connecting the & = 8S0(8) UV invariant fixed point
to the & = 1G; IR invariant fixed point) to the 11-dimensional Einstein-Maxwell equations with (2.12) and (2.22). Based
on this solution, we also have discovered an exact solution of the /¢ = 1G,-invariant flow connecting above two fixed
points to the 11-dimensional Einstein-Maxwell equations with (3.6). Now we are ready to look at the 11-dimensional
lift of holographic & = 1 supersymmetric SU(3)-invariant RG flow [13] connecting the & = 1G, critical point to the
N = 2SU(3) x U(1)g critical point. At each critical point, there exists a consistent description for the 11-dimensional metric
with CP3-basis and there exist corresponding 4-forms explicitly and it is an open problem to discover the 11-dimensional
solution along the whole & = 1 RG flow.

e What happens when there exist four supergravity fields (a, b, ¢, d) [26] in which there exists an SU(3)-invariant sector?
So far, we have concentrated on the G,-invariant sector where there exist two independent supergravity fields. As
explained in the introduction, the 11-dimensional metric is known and it is an open problem to construct the correct
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4-forms. In the particular limit, one has 11-dimensional lift [8] of & = 2 SU(3) x U(1)g-invariant flow and for other
limit, one obtains the 11-dimensional lift [7] of & = 1 G,-invariant flow. At least, the 4-forms should respect the behavior
of these two extreme limits. The decoding of the 4-forms written as the SU(3)-singlet vacuum expectation values in [36]
will be useful. One of these flows will describe the & = 1 SU(3)-invariant RG flow connecting from & = 8 SO(8) UV
invariant fixed point to & = 2 SU(3) x U(1)g IR invariant fixed point, by looking at the SU(3) x U(1)g-invariant sector
with two supergravity fields.

e What happens when we replace CP? appearing in (2.22) or (3.6) with CP! x CP!? In 5-dimensional space, this is equivalent
to putting T"! space in (2.22). According to the branching of G, into SU(2) x SU(2), one expects that the 11-dimensional
solution should preserve SU(2) x SU(2) symmetry. It would be interesting to find out the correct 4-forms for given 11-
dimensional metric for this case: the uplift of &/ = 1 SU(2) x SU(2)-invariant flow. In order to do this direction, one
needs to look at the structure of 4-forms found in this paper, in the frame basis. It is a nontrivial task to find out the
corresponding gauge dual, as seen in [19]. Furthermore, the most general 5-dimensional Sasaki-Einstein space can be
considered and the global symmetries become smaller than SU(2) x SU(2) symmetry.

e Any octonion description for the present work? The automorphisms of the Cayley algebra that leaves one of the imaginary
octonion units form a subgroup SU(3) of G, [33,34]. For the split octonion algebra, the automorphism group G, acts on
the basis by an 8-dimensional reducible representation. Two of them are invariant, three split octonions transform like
triplets, and three complex conjugate split octonions transform like antitriplets, under the SU(3) subgroup of split G,.
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Appendix A. The Ricci tensor for G,-invariant flow

The Ricci tensor appearing in (2.13) for G,-invariant flow is given by
1

2412 [(a® 4 7b*)? — 112(ab — 1)] (a?® cos? 6 + b? sin® 0)5
x [8a'* cos* & — 1120a''b cos* O + 8a'?b? cos? 6(15 + 13 cos 20)
—112a°b> cos? 6(83 + 63 cos 20) — 8a°b>(32 cos? (445 + 437 cos 26)
+7b*(617 + 148 cos 20 — 177 cos 46)) + 4a®b? (4 cos® #(1139 + 1031 cos 20)
+7b*(171 + 192 cos 26 + 29 cos 40)) + a'°(896 cos* 6 + b*(941 + 1172 cos 26 + 239 cos 46))
+a5(—128 cos? 6(29 + 27 cos 26) — 49b%(—221 — 172 cos 26 + cos 40)
+16b%(4123 + 4776 cos 20 + 705 cos 40)) — 8a’ b(32 cos® H(27 + 29 cos 20)
+7b*(564 cos 20 + 73(7 + cos 46))) — 16a°b(768 cos? 6 + 49b%(83 + cos 260)
+ 16b*(549 + 697 cos 20)) sin® & + 96b*(—384 + 616b* + 245b%) sin 6
— 96ab>(—1408 + 1232b* + 343b%) sin 6 + 8a? sin® 6(4608 cos® § — 784b%(—14 + 5 cos 20)
+ 16b*(37 + 1209 cos 260) + 2401b' sin? 0) + 8a*b? (4988 + 7824 cos 260
+b*(7191 + 212 cos 20 — 3287 cos 40) + 2868 cos 40 + 343b%(9 + 5 cos 26) sin® 6)]
= B=E,

Ry =

1

2412 [(@? + 7b?)? — 112(ab — 1)] (a? cos? 6 + b? sin® 6) 3

x [8a' cos? 6 + 8a'?b? cos® (15 + 13 cos 20) — 8a''b cos? 6(73 + 67 cos 20)

— 4a°b3(7b* (2425 + 1340 cos 260 — 237 cos 40) + 16(2461 + 2268 cos 20 — 25 cos 46))
—2a°b3(3527 + 4412 cos 260 + 909 cos 46) + 2a%h?(9303 + 11692 cos 26 + 2413 cos 40
+ 14b*(171 + 192 cos 20 + 29 cos 46)) + a'®(896 cos* 6 + b*(941 + 1172 cos 26 + 239 cos 46))
—4a’b(128 cos? 6(51 + 40 cos 26) + b*(9281 + 10 128 cos 26 + 1367 cos 46))

+a®(128 cos? (55 + 57 cos 26) — 49b%(—221 — 172 cos 20 + cos 40)

+8b*(14309 + 14988 cos 20 + 1671 cos 46))

—8a®h(24576 cos? 0 + 49b%(349 + 113 cos 20) + 64b*(942 + 395 cos 26)) sin® @
+48b%(1536 + 3248b* + 1519b%) sin* 6 — 48ab> (5632 + 7840b* + 1715b%) sin* 0

+ 8a? sin H(4608 cos® 6 + b®(29876 — 8708 cos 26) + b* (42 832 — 6768 cos 20)
+2401b" sin? 0) — 4a*b*(8(—2981 — 1884 cos 26 + 945 cos 46)

+b*(—36 429 + 524 cos 20 + 11209 cos 40) — 686b%(9 + 5 cos 26) sin® 6)],

R} = —
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1

813,/(a2 + 7b%)2 — 112(ab — 1)(a? cos? & + b2 sin?6) 3

x [a (—8a°(80 + a*) cos® 6 sin 6 + 4b(a?(48(4 + a*) — a(192 + 7a*)b

+54a*b? — 24a®b® — 60b* + 7ab®) + b*(—12 + 7ab)(—16 + 7b*) sin? 6) sin 20

—2a°b(—96 — 46a* + 6a°b + 50ab? + 11a°b® + 38b* + 2ab(8 — 21b*)) sin 46)],
1

481 [(@® 4 7b%)? — 112(ab — 1)] (@? cos? 6 + b2 sin 6) 5
x [8a™ cos* 0 — 1120a''b cos* 6 + 8a'b? cos? 6(15 + 13 cos 20) — 112a°b> cos? 6(83
+63cos 26) — 8a°b>(128 cos® (181 + 8 cos 20) + 7b* (617 + 148 cos 20 — 177 cos 46))
+4a8b? (4 cos® H(1175 4 1091 cos 20) + 7b*(171 + 192 cos 26 + 29 cos 40))
+a'°(16 cos® 6(25 + 31 cos 20) + b*(941 + 1172 cos 26 + 239 cos 49))
+a%(1024 cos? §(—7 + 3 cos 20) — 49b®(—221 — 172 cos 26 + cos 46)
+8b*(8153 + 8832 cos 20 + 879 cos 46)) — 8a’ b(64 cos 6(9 + 28 cos 26)
+7b*(564 cos 26 + 73(7 + cos 40))) — 16a>b(—1536 cos®  + 49b%(83 + cos 26)
+ 32b%(747 + 380 cos 20)) sin® 0 + 96b% (768 + 1792b* + 245b%) sin? 6
— 96ab®(2816 + 3584b* + 343b%) sin* 0 — 4a® sin® #(18 432 cos? 6
+ 256b%(—323 + 15 cos 20) + 196b%(—181 + 115 cos 20) — 4802b'? sin? 9)
— 8a*b*(64(—116 — 102 cos 26 + 15 cos 40) + b*(—10065 + 1324 cos 20 + 4625 cos 49)
—343b%(9 + 5 cos 20) sin® 9)],
1

4812 [(@? + 7h?)? — 112(ab — 1)] (a? cos? 6 + b? sin® 6) 3
x [8a' cos* 0 — 1120a''b cos* 6 + 8a'2b? cos? 6(15 + 13 cos 20) — 112a°h> cos® (83
+ 63 cos 26) — 8a°b>(128 cos? #(100 + 89 cos 26) + 7b*(617 + 148 cos 20 — 177 cos 460))
+ 4a®b? (4 cos® 6(1187 + 1079 cos 26) + 7b*(171 + 192 cos 26 + 29 cos 46))
+a'°(896 cos* 6 + b*(941 + 1172 cos 26 + 239 cos 46)) + a®(—128 cos® (17 + 15 cos 26)
— 49p%(—221 — 172 cos 20 + cos 46) + 16b*(3895 + 4440 cos 26 + 597 cos 46))
—8a’b(64 cos® 6(18 + 19 cos 26) + 7b*(564 cos 26 + 73(7 + cos 46)))
— 16a*b(768 cos? 0 + 49b%(83 + cos 20) + 32b*(216 + 281 cos 20)) sin® 0
+96b%(—384 + 392b* + 245b%) sin® § — 96ab® (—1408 + 896b* + 343b%) sin? 0
+ 8a? sin® (4608 cos? 6 — 112b%(—92 + 29 cos 26) + 112b*(—17 + 147 cos 26)
+2401b'% sin 0) + 8a*b* (4076 + 6480 cos 20 + b*(6927 + 116 cos 260 — 2927 cos 46)
+ 2436 cos 40 + 343b%(9 + 5 cos 20) sin* 0)] = R; = RS = Ry = R}g = R]],

1
8L./a\/(a% + 7b2)2 — 112(ab — 1)(a2 cos? 6 + b? sin® 0)
x [—2(a® (80 + a*) — 96a*(4 + a*)b + 2a*(192 + 7a*)b? — 12(16 + 9a*)b°
+16a(7 + 3a*)b* 4+ 120a°b> — 14a°b® + 84b” — 49ab®) sin 260
— (a—b)(a+ b)(a’ — 192b — 92a*b + 13a°b? + 8a®b® + 84b° + 7ab*(16 — 7b*)
+5a%(16 + 7b%)) sin 460].
The Ricci tensor before imposing the RG flow equations (2.14) to two vacuum expectation values (a, b) was given in [7]. The
above Ricci tensor holds for both spherical parametrizations in Section 2.

Appendix B. The coefficient functions for G, invariant flow

The coefficient functions appearing in (2.16) or (2.25) are given by
13/ab — 1sin* 6 [—a* cos? 6 + a®b?(3 + 2 cos 26) + 3b* sin® 0|
2a(a? cos? 6 + b? sin® 6)2 ’
[*by/ab — 1sin*6
27 2(a®cos? 0 + b sin?6)’
o — L3by/ab — 1 cos 0 sin® 6 [a*(3 + cos 260) + 2b? sin® 0]
2(a? cos? 6 + b? sin? 6)2

Py =

h

)
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~ [2a3 /ab — 1 cos 0 sin’ @

hy =
> 7 2/(@ + 7b?)2 — 112(ab — 1)(a? cos? O + b sin’ 0)?
x [—16a® cos? 0 + a*b(3 + cos 20) + 2a*b3(11 + 3 cos 20) — 112ab? sin® 6 + 2b(48 + 7b*) sin? 0],
. [2a7 /ab — 1sin*6
hy = Ve S [2a® cos? 6 — 64a°b cos? O
4\/(a% 4+ 7b%)% — 112(ab — 1)(a? cos? 6 + b2 sin® §)2
+a*b?(1 + 305 20) + a®(96 cos® 6 — 5b*(9 + 5 cos 20)) + 128ab> sin® 6 — 6b*(16 + 7b*) sin® 4],
i 21%\/ab — 1(7b% + a*b — 4a) sin® 0
5 =

Ja/(a? 4+ 7b%)? — 112(ab — 1)
1
W, = _ia2 [a® cos® 0 + a®b(ab — 2)(4 + 3 cos 20) + b*(7ab — 12) sin* 6],

a2 [48(1 — ab) + (> — b2)(@® + 7))
= — sin6 cosf.
V(@ +7b2)2 —112(ab — 1)

Appendix C. The seven frames on S® with CP? space: G,-invariant flow

The seven frames (o; = 26;, i = 1, 2, 3) in Section 2.2 are given by

A 1 . . .
e} =3 cos(oy + a3 + 65) sin g sin 6y sin 6g,

R 1 . . . .

el = 5 sina; sin 04 sin(ory + a3 + 65) sin G,
o1 o

& = —5 cosa cos(—ay + a3 + 05) sin 04 sin G,
A4 ] . H 1

& = — cosarsin 04 sin(—a; + a3 + 65) sin g,

1
e, = 3 cos &1 Sin B sin(ay + a3 + 6s) sin G,

N 1 . .

e = — cosa cos(az + a3 + 05) sin 6, sin O,

.3 1. . . .

e = -3 sin «q sin 6, sin(—a; + a3 + 65) sin b,

g1 . . .

e, = 3 cos(—ay + a3 + B5) sinaq sin Oy sin g,

A‘l _ A‘l A2 _ A2 A3 _ A3 A4 _ A4

€; =€y, €3 =€, €3 = —€;, €; = —€,,

R 1 .

& = — cosa cos 04 cos(az + a3 + 05) sin Gg,

5 1 ) .

& = — cosa; cos Oy sin(ay + a3 + 605) sin G,

éi = — €0S B4 cos(—ay + a3 + 05) sinaq sin g,

€3 = — cos @, sina; sin(—a; + a3 + 6s) sin 6,

éi = €05 65 sin O, sin g, éﬁ = sin 6, sin &5 sin g,

A‘l _ A‘l /\2 _ /\2 /\3 _ /\3 A4 _ A4
e; = 2e,, e: = 2e;, e; = —26;, e = —2e,,
€2 = cosf,sinfssinfs, €5 = — cos 6, cosbs sin b,
&, = —cosa; cos(ay + a3 + 65) cos B sin 0y,

&2 = — cos o COs O sin O, sin(es + a3 + 65),

A

2 =
€2 = — cos(—ay + a3 + 05) cos O sina; sin 6y,
4 _
4 =

e — €0s g sin a1 Sin B4 sin(—ay + a3 + 65),
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ég = — €0s 64 cos 05 cos g, ég = — 0s 64 cos 9 sin O, ég = sin b,
Al A2 A2 A] /\3 /\4

n = —2ej, n° = 2e,, = 2e,,

it = 28, i = —e, i = &, i’ = cos 6.

Appendix D. The f’,-j, fijk and §,-jk tensors on S® with CP? space: G,-invariant flow

The three invariant tensors appearing in (2.25) are given as follows. The IA:I-,- tensor appearing in the 4-forms Fys;,, where
o; = 26; (i = 1, 2, 3) for simplicity is given by

~ 1
Fi, = o sin? 04 sin® Og[—4 cos 2a, cos O + 4 cos 2aq cos 2(a3 + 05) cos Og

+ (8 cos g cos(ay — vz — B5) sin B4 — cos B4(cos(2a; — 2a3 — 365)
— COS(ZO(] — 20[3 — 95) — COS(ZO[1 + 20[3 + 95) + COS(ZO!] + 20[3 + 395)
+ 8 cos a1 cos 65 sin oy + 8 cos a3 sin & sin Bs)) sin 6],

1
Fi3 = 7 sin? 64 sin® O5[—2(cos 2(a; — a3) 4 cos 2(ary + az) — 2 cos 2(az + 65)) cos O
+ (8 cosaq cos(an — a3 — B5) sin By + cos O4(cos(2a1 — 20y — 6s)
— COS(ZO{] + 20[2 — 95) — COS(ZO{] — 20[2 + 95) + COS(ZCY] + 20[2 + 95)
+ 8 cos ay €os Bs sinwq + 4sinfs sin 2(a3 + 05))) sin6g],

1

Fi4 = 2 sin 0, sin® O[cos 04 cos O — sin 2a, + sin 2(crs + 05) + 2 cos G sin b,
X (4 cos o cos(oy — a3 — B5) sin s — cos s sinaq sin(oy + a3 + 6s))
~+ (cos 2, — cos 2(a3 + 05)) sin O sin Gg],
1

Fi5s = 3 sin 04 sin® Og[—4 cos 04 cos O sin aq sin 5 sin(ay + o3 + O5)

+4cos? 6, cos(ay 4+ a3 + 605) sinaq sin g + 4 cos® oy cos(ay — a3 — Bs) sin? 6 sin Og
+ sin264(cos 05 sin 2a; + sin® oy sin Os (sin 20, + sin 2(ces + 65))) sin Gg

+ 2 cos 2a; sin® a1 sin 04(cos g — cos 64 cos O5 sin Og)

+ 2 cos 2(a3 + 65) sin® aq sin 04(cos 05 + cos 6,4 cos Os sin Og)

+ 4 cos a1 cos(ay; — a3 — Bs)(— cos B4 cos O5 cos O + sin? g sin® 6, sin 0s)

+ 2 cos? aq(— cos 205 + cos 2(a3 + O5) cos B sin b,

+ sin(oy 4+ a3) sin 26, sin(o; — a3 — 65) sinég)],

1
Fig = — sinfy sinfg[—2 cos a1 cos Oy cos(ay — a3 — OB5) sinfs
+ sin04(— sin 2o + sin2(a3 + 05)) + 2 cos H4 cos Os sin a1 sin(oy + a3 + 65)],

1
F3 = 1 os a7 sin aq sin’ 0, sin’ Og[cos O (sin 2y + sin 2(a3 + 605))

— (2 cos a1 sin By sin(ay, — a3 — B5) + €os O4(cos 2a; + cos 2(a3 + 65)) sinbs) sin Gg],

1
Fy = 3 sin 6, sin® 5[ —2 cos 6,4 cos 2(ar3 + 65) cos B sin 2o

+ cos? 04(4 cos 65 (sin2 a1 — €0s 203 sin 2c7 sin? 6s)

~+ sin 2oq sin 2a3(sin @5 — sin 36s)) sin G

+ 2 sin 64(2 cos a1 cos Os cos(ay + a3 + B5) cos B — 2 cos O sin oy Sin(o, — a3 — Bs) sin B
+ sin64(2 cos O5 sin® oy — sin 2aq sin 05 sin 2«3 + 05)) sin )],

1
Fs = 3 sin 04 sin? Og[2 cos O (2 cos O4(cos 5 sin aq sin(oy — a3 — O5)

+ cosaq cos(ay + a3 + B5) sinBs) + sin 2a1 sin O4(sin 20 + sin 2(a3 + 6s)))
+ (-8 cos? a7 sin o sin’ 0, sin(ay — a3 — 0s5) 4+ 4 cos o cos? 0y sin(oy + a3 + 6s)
+ 5in264(2 sin® o7 sin Bs + sin 201 (— cos 205 sin O5 + sin(2e3 + 65)))) sin Gg],

1
Fys = 6 sin 04 sin Og[(2 — 3 cos 2(a3 + 6s)) sin 2¢1 sin b,

— 2 cos 14 cos 04 cos b5 cos(ay + a3 + 05) + (2 + cos 2(a3 + O5) sin ey Sin6y)
+ 8 cos 04 sin aq sin(o, — a3 — 65) sinbs],
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F3s
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Fys
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1
2 sin 04 sin® Og[cos O (cos® a; cos Oy sin 20, — €os 04 sin 2o sin’ o,
~+ 2 cos a1 €oS ap €oS B5 cos(as + Bs) sin B4 + 2 cos(az + Bs) sin g Sin ay Sin 6,4 sin G5
— 2 sin O4(cos oy €os Bs sin ay + €oS oy sin g Sin Bs) sin(az + 6s))
+ (=2 cos 05 sin® a1 + sin 2o sin 2a; sin ) sin O],
1
5 cos 04 sin 04 sin® Og[— sin® aq sin 04 sin 65 sin Gg
— €0s 65 sina1(cos G sin(oy — a3 — O5) + oS orq Sin 2 Sin B4 sin 6g)
+ cos aq(cos(ay + a3 + 05) cos Bg sin 05 + cos 04 sin(ay + a3 + O5) sinbg)],
1
i sin 04 sin Og[cos? a sin 2a4 sin B4 — 2 cos a1 (cos B, cos O cos(az + a3 + O5)
+ sina; sin® a; sinfs) — 2 cos 6,4 sin o sin(oty — a3 — 65) sin6s],
1
~3 sin® Og[cos Og (2 cos a1 (— cos(ay + a3) cos 204 + cos(on + a3 + 265))
+ 2(cos(ory — ar3) cos 204 + cos(ay — a3 — 265)) sin oy + oS 2« sin 2«1 sin 20,)

+ 4(— cos 05 sin® aq sin B + cos a1 (cos By cos(ory + a3 + O5)
~+ sin g sin 2ar; sin @4 sin6s)) sin Gg],

1
Z sin 95[C05(O{1 + oy — 063) — COS(C(] — oy + O[3) — COS(O{] + oy — o3 — 295)
+ cos(oy — ay + a3 + 205) — 4 cos g cos s sin(oy + a3 + 05)],

. . . 1 . .
sin 64 sin B [— cos a1 cos(ay + a3) cos B4 + cos(o, — ar3) COS By sinay + 5 C0oS 2¢ty sin2¢rq sinfy | .

The F¥ tensor appearing in the 4-forms Fppq is given by

FlZ

A

F13

F14

~

F24

—2 ¢sc B4 cschglcos 2a;, cot O csc Oy + cos Os(cot g cotO4 — cos(oy — or3) sec )
+ (— cos a3 sec g sin oy + €os (2 cot B4 sina, + sec g Sinaz)) sinBs],

2 csc? Og[cos O (cos(2a3 + 205) csc? O + csc 204(cos(aq + o — a3) + cos(oy — oz + a3)

+ COS(O(] +ay; — a3 — 295) + COS(O{] — oy + o3+ 295) + 4Sin0l1 sin 95 Sin(a2 + a3 + 95)))
~+ (cos Bs(cot arq cot B4 csc B4 + (cos 2y — cos(2a3 + 265)) sec 6,)

+ cscOy(cos(ay — a3 — Bs) seca; — 2 cos(ay + a3 + O5) sin g

+ cot b, sin 65 sin(2az + 265))) sinbg],

cscBg[2 cos o cos(ory — a3 — B5) cot Bg sin Os + (cos 2a; — cos(2a3 + 265)) csc Oy sin O5
+ cot 6, cot Og(— sin 2a; + sin(2a3 + 265)) — 2 cos O cot G sin a1 sin(o + a3 + 65)],

1
3 €SC O sec B4 — cos(Qay — 2a5 — O5) + cos(2aq + 205 — 65) + cos(2a; — 20t + 65)

— cos(2a1 + 20y + 05) — 2(cos(ay, — Os) + cos(2ay + 05) — cos(Ras + 05) — cos(2a3 + 36s)
— 4 cos(ay + a3 + 6s) cot B4 sinay + 2 cos 201 sin 2a; sinf5 + cot B csc B4(cos(ay + oy — a3)
+ COS(O{] — oy + 063) + COS(O{] + oy — a3 — 295) + COS(Oll — oy + o3+ 295)

+ 4 sin orq sin 65 sin(ap + a3 + 65)))],

csCOg[— sin 2a; — 2 cos g cos(op — o3 — B5) cot B4 sin 5
+ sin(2a3 + 265) + 2 cos 05 cot 04 sin «q sin(op + a3 + 65)]1,

csc 201 ¢sc? Og[2 cos Gg(—4 csc 264 (cos a1 €os s sin(oy — a3 — O5)

+ cos(ory + a3 + 65) sinarq sinfs) + csc? O4(sin 205 + sin(2az + 265)))

— 2(cscB4(2 cos aq sin(oy — a3 — B5) + €os 2a; cot B4 sin B5) + sec O4(cos s (cos 2a1 sin 2a;
+ sin2a3) + (cos 2a3 + cos(2a3 + 265) csc? 0,4 + sin 20r1) sin O5)

+ 2 csc by sinaq sin(ay + a3 + 05)) sin 6],

— ¢sc 2001 €SC 04 csc? Og[cos Oy cos(2a3 + 265) cos O + cos? 6, sin O (sin Os sin(2az + 26s)
— €0s 65 tan ) + cos 20t1(COS orp COS B4 cOs O — 0SBy COS O Sin? oty

—+ cos(ar3 + 65) cos O sec aeq sin v sin Oy sin G5

+ €os ap oS g sin B4(cos O5 cos(az + Bs) csca; — sec aq sin s sin(oz + 6s))

+ sin 2, sin 05 sin 65 — cos B5(cos Og csc orq Sin oy sin B4 sin(as + O5) + sin fg tan o1))

~+ sin 04(sin 05 (cos O sec a1 sin(ay — a3 — B5) + sin 4 sin(2ae3 + 26s) sin Gg)

— cos 05(cos(ay + a3 + 05) cosBg csc g + sin b4 sinfg tanceq))],
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— cscHg[cos 2a; cot 2a1 + csc 21 (cos(2a3 + 26s)

—+ 2 cot 64(cos O5 cos(ay + a3 + 65) sinay — cos a1 Sin(oy — a3 — 65) sinbs))],

€sC 201 €5C? Og sec 04[2 cos g csc B4(cos aq cos s sin(ay — a3 — O5)

+ cos(ay + a3 + 05) sinq sinfs) + (cos 2aq cos O5 sin 2a, + (cos(2a3 + 265) + sin 2aq) sin Os
+ 2 cot by sinaq sin(ay + a3 + 05) + sin(2as + 05)) sin g ],

csc Bg[cos(2a3 + 205) cot 2aq cot 04 cot O + cos 2, cot B4 cot Bg csc 24

— 2 cosaq cos(ay + a3 + 05) sec Oy — cos O5(csc B4 + 2 cot g sin o4

X (—cos oy cos(az + 05)(—1 4+ csc2aq) + (1 + csc2aq) sin o sin(as + 6s)))
~+ sin 05 (csc 201 €sc B4 sin 20 + cot 2aq €sc B4 Sin(2ce3 + 26s)

+ cotfs(cscaq sin(ay — a3 — O5) + 2 cos avq sin(oy + a3 + 65))) 1,

1
~3 csc 5|2 cos 5 sec B4(csc 2aeq sin 20y + cot B €sc aq €SC By sin(oy — a3 — 6s))

+ c0s 201 csc® g csc By sec g sin(ory + a3 + 05) — csc? g sc Oy sec aq sec? 64 sin(ay + o5 + 65)
+ sec4(2(1 4+ cos(2as + 205) cot 21 — cos(ap + a3 + 6s) cot Og csc B4 sec 1) sin B
+ 2 cot 2 sin(2es + 65) + csc? oy sec ory) sin(on + o3 + O5) tan 6,4],

1
I cscOg[cot 2a1(—2 + 4 cos(2az + 205) + 4 cos a1 €SC 201 (2 cos O5 cos(ory + a3 + 65) cot b4
+ sinoq) — 4 cot 6, secaq sin(a, — a3 — 65) sin6s) + 4 csc? 201 (— cos? 201 + €sc? Oy) sec Oy
X (cos2 o Sin 201 sin @, — 2 cos a1 (cos B4 cos Os cos(ay + a3 + O5)
+ sinay sin? o sinB4) — 2 cos B4 sin a sin(o; — a3 — O5) sin fs) tan O,
— 4 tan 04(—2 cos a1 cos(ay + a3) + 2 cos(ay — a3) Sinaq + €os 2y sin 20 tan By)],
1
-3 cscOs[2 cos(ay — a3 — B5) cos B5 cot O sin oy + cos g ((— cos(ory + ar3) cos 26,

+ cos(ay + a3 + 205)) cot B sec® 04 + 2 cos(ay + a3 + 5)(sec B, — cos G5 cot G tan? 64))],

1
1 cscHg[cos(ay + ap — a3) — cos(oqy — ap + a3) — cos(aq + oy — a3 — 205)

+ cos(ay — ap + a3 + 265) — 4 cos g cos s sin(ay + a3 + 05)],

1
1 cscBg[— cos(ay — ap — a3) — cos(aq + ap + a3) + cos(ay — oy — a3 — 205)
+ 4 cos(ay; — a3 — 65) cos Os sinaq] tan 6.

One checks the identities

ﬁliﬁjk — g FUFME™) lf

6ijk1mn

jo

15

The raising and lowering of the indices are done by the 6-dimensional metric on S°® (2.20).
The Tjj tensor appearing in the 4-forms Fsmpp and Fsppp is given by

A 1 . . . .
Ti3 = 7 o5 sin® aq sin® 04 sin(ay — o3 — O5) sin’ g,

Ti24

Ti2s

Ti26

Ti34

T35

1
=3 sin? 04 sin® Og[2 cos o1 €oS B4 cos(ay — a3 — B5) + sin O4(cos Os sin 20

+ sinBs(sin 2c; — cos 2a sin 2(a3 + 65)))],

1. . . . . . )
3 sin? 0, sin’ Og[4 cos o7 sin’ oy sin O, sin(ay; — a3 — B5) + cos B4(sin 2¢ sin O5

+ €0s 0s5(— sin 2ay + cos 2a1 sin2(a3 + 65))) ],

1
& sin? 04 sin® Og[cos 3a; cos(ay — o3 — O5) €OS B sin O
+ cosaq cosBg(—4 cos By cosbssinay + (5 — 2 cos2aq) cos(oy; — a3 — O5) sin6y)

— 205 04 cos B sin B (sin 20, — cos 21 sin 2(a3 + 05))
+ 2(cos 2a; — cos 2aq cos 2(a3 + 05)) sin bg],

1
— sin? 6, sin® 6[2 cos a; (cos B4 cos(ay — a3 — B5) — cos b5 sin aq Sin 6y)
+ cos? &g sin 20 sin O, sin Os — sin 6, sin Os (sin? o7 sin 2, + sin 2(er3 + 65))],

1
' 0s 04 sin? 0, sin® O5[— cos(2a; — 6s) + cos(2a1 + 05) + cos Bs5(sin 2 (o — orp)

— sin 2(0{1 + Olz) + 2sin 2(0{3 + 95))],
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T3

Ti4s

T4

Tise

T34

To3s

T3

To4s

Toss

Tase

T34s

T34

Tss6
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1
16 sin? 04 sin® Og[4 cos o1 cos(ay — a3 — 0s) €S G Sin 4
+ c0s 04 cos O5(2 cos Os sin 2a¢1 + sinOs(sin 2(a; — ap) — sin2(cq + )
+ 2sin2(a3 + 65))) + (cos 2(a; — ay) + cos 2(ay + o) — 2 cos 2(w3 + 65)) sinbg],
1
e sin 04 sin® Og[2 cos(2ay — 05) + cos(2a — 204 — 05) + cos(2ay + 2604 — 05)
+ 2 cos(2ay + 05) + cos(2ay — 204 + 05) — 2 cos(2a3 — 264 + O5) + cos(2ay + 264 + 05)
— 2(cos(2a3 + 2604 + 05) + 2 cos(2az + 365) + 2(cos oy cos(a, — a3 — 6s)
— cos(ap + a3 + 65) sinaq) sin 264 + 2 sin® 04(— cos 65 sin 2a; + €os 2¢1 sin 2a; sin6s))],
1
1 sin 64 sin® Og[ (cos 2, — cos 2(a3 + 65)) cos B sin G5
~+ (cos B4(sin 20y — sin2(a3 + 605)) + 2 sin64(— cos a1 cos(ay; — a3 — O5) sinOs
+ cos 05 sinaq sin(oy + a3 + 05))) sinbg],
1
& sin 04 sin® Og[cos O (8 cos? O, cos(ay + a3 + 65) sina;

+ 8 cos g cos(ay — a3 — 05) sin® 64 — sin 204(cos(2ay — 05) + cos(2e, + 65)

— 2(cos(2a3 + 05) + cos 65 sin 2a¢; — €os 2a1 sin 2a; Sin6s)))

+ 2((cos(2a; — 20t3) 4+ cos(2a1 + 205) — 2 cos(2az + 205)) sin O,

~+ 4 cos 04(cos o cos(ay — a3 — B5) cos O5 + sin orq sin s sin(ay + a3 + 05))) sinbg],
1

3 sin 2aq sin? 04 sin® Og[—2 cos a; cos Oy sin(o — a3 — O5)

~+ (cos 2a + cos(2a3 + 265)) sin O, sinbs],

1
—5 cos 04 cos 65 sin 207 sin® 6, sin> O [cos 2a, + cos(2or3 + 265)],

1 . . . . .
—gsin 201 sin? 04 sin® Og[2 cos a1 cos Bg sin O, sin(y — o3 — O5)

+ cos 04(cos 2a, + cos(2a3 + 265)) cos G sin 5 + (sin 2a, + sin(2a3 + 26s)) sin 6g],

1
-2 sin 04 sin® Og[—2 cos? a; sin aq sin 204 sin(ay — a3 — 05) + (2 cos? Oy sin® aq

+ (cos 2a3 + cos(2a3 + 2605)) sin 2w sin? 04) sin 65
+ cosaq1(2 cos? 64 cos s sin sin(2az + 2605) — sin 20,4 sin(ay + a3 + 05))],

1

— sin 0, sin? O[cos O sin 2a1 sin 23 (sin O5 — sin 36s)

+ 2(cos 04 cos(2a3 + 2605) sin 204

+ 2 sin oy sin 6, sin(ay; — a3 — O5) sinBs) sin G + 4 cos O5(cos G (sin2 o
— c0s 2a3 sin 2a4 sin® 05) — cos aq cos(oa + a3 + 05) sin 64 sin 6g)],

1 . . . .
-2 sin? Og[4 cos? o1 cos Bg sin o sin 6,4 sin(ay — o5 — 65)

— 2 cos o cos? 04 cos O sin Oy sin(oy + a3 + 05) — cos B4 cos b sin® 04(2 sin o4

X (— €os ¢ €os 2y + sinq) sinfs + sin 2«1 sin(2a3 + 65))

+ cosaq cos(ay + a3 + O5) sin 20,4 sin 05 sin 6 + (cos G5 sin ¢y sin 264 sin(oy — a3 — Gs)
+ sin 2 sin? 04(sin 201, 4 sin(Qaz + 265))) sin 6],

1 . . . . .
I sin , sin® 6; [2 cos® 64 sin oy (cos oy cos 05 sin 20, + sin g sinOs)

+ cosaq sin 260, sin(ap + a3 + 65)],

1

n sin 4 sin® Og[cos B sin 2cr1 sin 2a, sin B5 — cos? B5 (2 cos aq cos(ay + a3)
+ cos(ay — ar3) sinaq) sin 6y sin 0 + (cos 04 sin 2a4 sin? oy

+ sin g Sin64(cos(az — a3)(1 + sin? Bs) + cos oy sin a5 sin 265)

+ cos a1(—2 cos?® oy cos 04 sin aq + sin(ea + a3) sin B, sin 26s)) sin Gg
— 2 cos 65 sin a1 (cos B sin e + €os a3 sin &y sin f4 sin G5 sin6g) |,

1
1 sin? Og[cos 6,4 cos O (— sin? 64(cos 05 sin 201 sin 205 + 2 sin® o sin 6s)

+ cosaq sin 2604 sin(ay 4+ a3 + 65)) + sin 2604(cos 05 sin g sin(ay; — a3 — O5)
— cos g cos(ay + a3 + O5) sinbs) sinbg],
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1 . ) . ) .
3 sin? Og[—4 cos® aq cos s cos G sin O4 — 4 cos G sin 207 sin 2o, sin O, sin Os

+ 4 cos(ay — a3) €os? Os sin oy sin Gg

+ 2 sinoq(cos(a; — a3)(—1 + 2 cos 204 + cos 265)

— 2C0S oy Sin o3 Sin 26s) sin 8 — cos o1 (8 cos 04 cos(ay + a3 + 6s) cos Bg
+ (— COS(O(1 + 20, — 294) +2 COS(Olz + a3 — 294) + COS(O[1 — 205 + 294)
+2 COS(O[Z + a3+ 294) — COS(O[] — 20{2 — 294) + COS(O{] + 20[2 + 294)
—4cos(ay + a5 + 2605)) sin6g) + 4 cos 05 (cos (1 + sin? or1) sin Oy

+ 2 cos a3 sin v sin ay sin 65 sin ) ].

One has also various identities which can be used for checking the 11-dimensional Einstein-Maxwell equations.

T;ﬁmk‘i‘f[:?ﬁmi =0,

A

[}

mAl
T»jT

AmAl anl a8 18 18
+ Ty T = —FiiFy — FigFy — 8:8jx — 8,8 + 28,8

6 ~ .
ViFij = Tij,

6 Al 6 Al 6 Al 1A
vaU = _gkiFj +gkjFi - 8kFij,

6 Ak A

ViTj = —4Fj,
’fimnfjmn = 48{7
TyF* =0,

6 ~ ~:
EijkminmonJk — 0’
glkmnp g

€ ViTmnp =0,
6

V[T"f'rqu] =0.

All these identities can be checked from the scalar product and the vector cross product of two vectors in Cayley space I.
According to the third equation, by taking the 6-dimensional covariant derivative on the almost complex structure 13,1 one
obtains the ﬁjk tensor. In other words, the above expression for f,-jk can be determined via the explicit form for ﬁu We present
them here for convenience. In general, the second fundamental tensor of the hypersurface is different from the metric tensor
but for S®, they are equivalent to each other. We use this property all the time.

The §,-jk tensor appearing in the 4-forms Fampp and Fspyp is given by

S123

S124

S125

S126

S134

1
5 sin 2a sin® 04 sin® O5[—8 cos a1 cos(ary + a3 + 05) cos g

— cos 04(cos(a; — ay — a3) + cos(ag + ap + a3) + 2 cos aq(cos(ay + a3)
— 2 cos(ay + a3 + 205)) — 8 cos(ay — a3 — B5) €cos 05 sin arq) sin Gg],

1
3 sin? 04 sin> Og[cos B sin 21 sin B, sin @5 — 2 cos O, sin o sin(ay + o5 + O5)
+ 2 cos(ap 4+ a3 + 605) sin aq sin 65 sin g + cos O5(cos G sin O4(sin 20,
+ cos 2a1 sin(2az 4+ 2605)) — 2 cos o sin(ay — a3 — O5) sindg)],

1
6 sin? 6 sin® 6g[2 cos 05(—2 cos aq cos 04 cos b5 sin aq
—4c08° a; cos(ap + a3 + 60s) sinaq sin 64 + cos B4 sin 65 (sin 2a, 4+ cos 201 sin(2a3 + 26s)))
+ (=2 cos 205 €os? B4 — 2 €0s 20¢1 €OS B4(cos 64 cos(2a3 + 265) + (cos aq cos(an — a3 — 205)
— cos(ay + a5 + 265) sin ) sin6g) + (cos 3 cos as(cos o — sinayq)>
+ (cos a1 + sin &) sin &, sin &3) sin 26,) sin 6g],

1

~3 sin 2a sin® 04 sin® Og[cot 64(cos ay €os B5 csc a1 Sec g Sin oy

+ sin 65 + cos 05 cot 2aeq sin(2a3 + 260s)) + sec aq sin(ay + a3 + 65)],

1
o sin? 6, sin> O[3 cos(2a3 + 265) cos B sin 6,4 sin B + cos B4 cos Bg(csc oy

+4sinoay) sin(op + a3 + 605) — (cos Os(4 cos aq + secaq) sin(ay, — a3 — 6s)
+ cos(ora + a3 + 65)(csc oy + 4sin o) sinfs) sin B + 3 cos g sin O4(sin(2ae3 + 6s)
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+ sinfs tan aq) + cos 201 (— cos B4 cos B csc aq sin(oy + o3 + 6s)
+ c0s 65(3 cos 65 sin 2« sin B4 — sec aq sin(oy — a3 — Bs) sin6g)
+ sin 65 (cos(ay + a3 + 05) cscorq sin g + 3 cos B sinb tan aq)) ],

A 1
Si35 = -3 sin® Og[(cos 20t; cos 205 + cos(20t3 + 265)) sin® 26, sin O

— 4.c0s 64 sin® 64(cos 65 (— cos O sin 21 + 2 cos(ory + a3 + O5) sin oy sin 64 sin 6g)
~+ sin 05 (cos Og(cos 2a1 sin 2y + sin(2az + 2605)) — 2 cos g sin B4 sin(a, — a3 — 65) sinbg))],

A 1

S136 = 6 sin? 04 sin? Og[— cos 04 (cos(2a; — 05) — cos(2a1 + O5) + 2 cos 05 (cos 2a sin 2a5
+ sin(2a3 + 265))) + 4 sinaq sin 04 sin(ay + a3 + 65)],

~ 1

Sias = 18 sin 04 sin® 6g[12 cos 2a; cos? O, cos G sin O + 8 cos(2or3 + 265) cos G sin G5

— 4c0s(2a3 + 205) cos O cot? 2a; sin Os + 4 cos(2a3 + 26s) cos O csc? 27 sin Os

+ 2 cos 2a3 cos G sin® O, sin 05 + 8 cos O sin 2aq sin? Oy sin Os

+ cos g csc arq sin 264 sin(oy + a3 + 05) + 10 cos 65 sin aq sin 260, sin(ay 4+ a3 + 60s)
+ 10 cos 6 sin® 6,4 sin(2a3 + 05) + 6 cos 6, sin 2, sin B + 2 sec O, sin 2o, sin G

— 4 cot? 2a sec B, sin 2a; sin G + 4 csc? 2a; sec O, sin 2a; sin Gg

— 4 cos(ay + a3 + 65) csc o Sin B, sin 5 sin B — 16 cos(ay + a3 + O5) sin «q Sin 64 sin O5 sin Og
+ 6 cos 04 sin(2a3 + 265) sin O + 2 sec 4 sin(2a3 + 26s) sin 6g

— 4 cot? 201 sec Oy sin(2a3 + 26s) sin O + 4 csc? 2aq sec 04 sin(2a3 + 26s) sin bg

—+ 2 cos 5 sin 04(cos O sin 23 sin 04 — 3(2 cos aq + secaq) sin(ay — a3 — O5) sin )
+ 4 cos O sin® 0,4 sin 65 tan oy + cos 201 (4 cos(ay + a3 + O5) csc aq sin B4 sin B sin G
~+ 6 cos 5 sin 04(2 cos B sin 2a, sin 64 — sec oy sin(ay; — a3 — B5) sin ;)

+ €05 B5(— csc oy sin 204 sin(oy + o3 + 05) + 4sin? 6,4 sin 65 tan 1))

+ cos 0 csc? ovq sec o sin(ay — o — B5) tan B4 — 6 sin 205 Sin O, sin O tan O,

— 6sin 6, sin(2a3 + 265) sin G tan 6,4

+ 2 cos aq €os 0 sin(oa — a3 — 05)(5 sin 264 — 2(cot? 2a1 + sin® O4) tan 64)],

A 1
Sia6 = 1 cos 05 sin B, sin® 6 [cos 2o, + cos(2a3 + 265)],

A 1
Sis6 = 3 sin 04 sin? Og[ —4 cos? aq cos o €oS B4 oS O5 sin o sin Oy
+ sin 2604(cos 05 (sin® a; sin 203 — 2 cos o3 sin &r3) + (€0 205 — €os 2a3) sin Bs)
— 4.cos aq c0s 04(cos Oy sin(o, — a3 — O5) + sinaq sin B4 sins) + 4 sin o sin’ 0, sin(es + a3 + 65)],
A 1
Syzq = 3 sin 201 sin? 04 sin® O5[—2 cos 04 cos(ar; + a3 + 05) cos b sin a;
+ €0s 65(cos 20t — cos(2a3 + 205)) cos O sin B4 — 2(cos o1 cos(oy — o3 — B5) oS O5
+ sin o sin @5 sin(oy + a3 + 05)) sin Gg],
A 1
Sy3s = g s 04 sin 201 sin? 04 sin Gg[(cos 2c — cos(2a3 + 265)) cos Bg sin Os
~+ (cos B4(sin 20 — sin(2a3 + 265)) + 2 sin64(— cos a1 cos(ay — a3 — O5) sinOs
+ cos s sinaq sin(cy + a3 + 65))) sinbg],
~ 1
Sy = — 3 sin 20 sin® 4 sin® Og[cos 6,4 cos O (cos 2, — cos(2c5 + 265))
+ 2 cos(oy + a3 + 65) sinorq sin6y],
~ 1
Sous = 3 sin 6, sin® 65[— cos 05(2 cos(ay — a3 — O5) sinaq sin 20,4

+ sin 201 (2 cos 2a; cos 5 sin® 04 + sin 2o3 sin 36s))

+ cos 2a3 sin 2a1 ((— cos 26,4 cos 05 + cos 305) cos g + 2 cos 04 cos 205 sin 6g)

— 4cos? aq cos 05 (cos? 04 cos 05 — 2 sin g sin(oy — a3) sin 64 sin G sin 6s)

+ 2 cos a1 (2 cos(ay + a3 + B5) cos bg sin? aq sin 204

+ 2 cos(oy — ar3) cos? s sin 2c¢; sin O, sin O + sin oy sin Os (cos 264 cos B sin 203
+ 4(— cos B4 cos 05 sin 2a3 + sin a1 Sin B4 sin(o, + a3 + 6s)) sindg))],
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A 1 . . . i .
Soas = 3 €OS &¢1 Sin 64 sin” 65 [— cos a1 sin O5 + cos Bs sin «q sin(2as + 265)],
A 1 . . . . .
Sys6 = g sin 201 sin Oy sin? O5[—2 cos? 04 cos(ay — a3 — O5) sec oy — 4 cos(az + a3 + 05) sin g sin® 04
+ (cos(2a3 + 65) + cos Os(— cos 2a, + cotap)) sin 26,],
A 1 . . ) )
S345 = 1 €0s 0 sin 2a1 sin O, sin® Os[cos(ay — a3 — O5) cos Bg sec a1 Sin b,
— €0s 04 cos Hg(cos 65 cot a1 + sin 2 sin Bs) + cos 2o sin Gg],
~ 1 . . . . .
S345 = i sin 2aq sin 04 sin? O [cos 05 sin 20, — cot ey sin s ],
A 1 ) . . i )
S356 = y €0 04 sin 20r; sin® 6,4 sin? Og[cos B5 cot g + cos(a, — o3 — B5) cot Oy sec oy + sin 2a sin Bs ],
A 1 . . . . . .
Sas6 = 3 sin? Og[2 cos & €os B4 cos O5 sin a; sin a3 + sin O4(— cos b5 sin 2a; sin 2a; + 2 cos? a4 sin )
+ 2 cos 04 sinaq(— cos a3 sin(ap; — 05) + sinay sinas sinds)].
Let us also present the other identities which contain the above §iﬂ< tensor.
Simnsjmn = 45::

PO 16 ghkmnpg, | n:
SimnT]mn = _Egikf anqu = 4Fi]’

SiF* =0,
6 ~..
VST = 0,

Timnéjmn + §imn'fjmn =0.

There is no G,-invariant vector. As mentioned, there exists a relation (2.19) which shows how the above tensor §U—k can be
obtained from the previous two tensors.

Appendix E. The Ricci tensor

The Ricci tensor appearing in (3.7) is given explicitly by
Ri=R. R =R=R). R =RE=R),
R =R,

~ COS (4 COS Y s
R, =— —— |R;,
v/ 1 —cos?yrsin®

€sC u sin .
_ R,
V1 —cos? yr sin®

~ csc u sinyr ~
Ry = —— | Ry(=—Ry").
V1 —cos? iy sin”
~ COS (4 COS Y 4
RE=— ——— | R,
v 1—cos? i sin“ u
~ [ cos? pu cos® Y i|R5+ |: sin® ¥ ] »
T l1—cos?ysin?pu| 0 [1—cos?ysin?p | 'V
k«m_[cotusinwcosw]Rs [COtMSianOSW]R“
> 7 | 1—cosysin® u 1—cos?ysinp]| 'V
~11 cotusiny cosyr | cot u sin ¥ cos ¥
R =—|——F— |+ | —————=—
1 — cos2 ¢ sin” 1 — cos2 v sin” i
R=K, R=RER), R=R=R,
Rg =R9(=Rg).  Rig = Rig(=Rp).

Eg}
(=)
I

]MK=—E%
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~ sin p sin { 4
Ry = T 2 Rs,
v 1—cos?ysin” u |

B o sin u cos w sin Y cos ¥ & sin p cos w sin ¥ cos ¥ Rl

ne 1 — cos? v sin® 1 — cos? v sin® m
~l0 osinfy s o cos? p cos? ¥ I
Ry R; +Rip — ) 11°

1 — cos? v sin® 14 1 — cos? v sin®

2 2
~11 sin® 5 COS” ju cOs™ Y 1
Ry = [ Rs + 1= cos? ¥ sin i Ry

1— cos2 ¥ sin® u cos? i sin®

Here the Ricci tensor R% on the right hand side above is for the G,-invariant case we presented in Appendix A and the
old variable # should be replaced by the new variables (x, ¥) through (3.4). Note that there are off-diagonal components
(4,10), (4, 11), (5, 10), (5, 11), (11, 4), (11, 5), and (11, 10) while there exist only (4, 5) and (5, 4) components in the G,-
invariant flow. One also obtains these components from the 11-dimensional metric (3.6) directly.

Appendix F. The 4-forms

The 4-forms appearing in (3.8) are given by

COS |4 COS Y j| F
1235,

/1 —cos? 1 sin’ p

~ sin w sin ¢
Fi311 = —— | Fi235,
v/ 1 —cos?ysin®

3 _ COS (4 COS ¥ E sin E .
45mn — — ) 45mn — T 2 2 4mn11, (mvn_67"~710)3
\/m 1—cos? ¢ sin”

~ COS (4 COS Y sin
Fism11 = — |: :|F45m10 + |: ]F45m11

V1 —cos? ysin® u /1 —cos?y sin®

siny F (m=6.....9
1~ cos? ysin’ 4m 1011, =6,...,9),

Fi234 = Fi234, Fip35 = — |:

sin i ~
F4510H: Fas1011, F4mnp:F4mnp, (m,mP:G,---,lO),
1—c052wsm w
sin u sin ¥ sin p cos W €os ¥
F4mn1 Fasmn + Famn10 — |:221| Famn11, (m,n=6,...,9),
1—coszwsmu 1 — cos2 i sin”

sin p sin ¥ sin i cos w cos ¥
Famio11 = F45m10_|:2.2:|F4m1011» (m=6,...,9),
V1= cos? ysin? 1 — cos? ¢ sin”

COS /4 COS Y sin yr
FSmnp— |: ]FSmnp+[]]anplls (m,n,P=6,~-~,10),

/1 —cos? 1 sin® — cos2 r sin®

COS {4 COS V¥ sin
Fsmn11 = Fsmn10 + —— | Fsmn11
/1 —cos? 1 sin’ p V1 —cos?y sin”
sin 1// F ( 6 9)
s mmn=o,...,9),
1 — cos? y sin? mmiott

~ sin
F5m1011=|: i|F5m1011, (m=6,...,9),

V1 —cos2ysin p
Fnpg = Fanpg, (M, n,p,q=6,...,10),
~ |: sin y sin sin i cos i cos ¥

F, = F. + F, _

:|Fmrmlla (m,n7P=6,---,9),
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~ |: sin w sin i|F [sinucosucosw
5mn10 — | T 5

Funto11 = — :
V1= cos?ysin? 1— cos? ¥ sin® p

Here the 4-forms Fyypq on the right hand side are for the G,-invariant case and are given by (2.25) together with Appendices B
and D. Note that the old variables (8, 65, 8s) should be replaced by the new variables (i, ¢, ¥) through (3.4). The 4-form
F123 11 is new.

The 4-forms with upper indices are given by

]an1011» (m,n=6,...,9).

~ ~ COS L COS Y
1234 1234 1235 1235
F = F , F = — [ } F .

/1 —cos? 1 sin’ p

F12310 _ _ |: CsC ju sin ¥ ]F1235 F12311 _ |: €sC ju sin ¥ :|F1235

V1 —cos?ysin® V1 —cos?ysin

~ COS [4 COS
Fasmn _ _ |: M 14 :|F45mn_[sinw“;-4mn11’ (m.n=6,....9),

/1 —cos? yr sin®
Fasm10 _ _ |: cos MZCOSW : :|F45m10 _ [CSCM /1 = cos? y sin? Mj| Fésm 11
v 1 —cos? i sin”

— [siny]F™1°1 . (m=6,...,9),

F4mnp — F4mnIJ’ (m,n,p=6,...,9),

CsC i sinyr

V1 —cos2ysin® u

~ CSC (. sin
FAmn1l _ |: psiny :| FHmm _ [cosy cot ] ™1 (m,n=6,...,10),

/1 —cos? ¢ sin®

~ COS u cos
Fsmnp:_[ v }Fsmnp“““'/’”’""”“, (m,n,p=6,...,9),

V1 —cos? ysin® u
Fomnio _ |: oS /LZCOSW . 1|F5mn10 _ [cscu /1 cos? W sin? M:| pSmn
v 1 —cos? i sin”

+ [siny ] F™1OM1 (m n=6,...,9),

Fomn it — [csc,u,/l — cos?  sin? ,u} Fomit . (m,n=6,...,10),  FO/8 = F6789,

CSC L Sin yr

/1 —cos? iy sin®

~ CSC (. sin
F'"”P“=_|: s }Fsmnp_[coswc"tM]Fm""“, (m,n,p=6,...,10).

V1 —cos? 1 sin? p

The 4-forms F1231° and F12311 are new, compared to the G,-invariant flow.

F4mn10 — p4mn10 + [cos ¥ COt,u]F‘""”“ _ |: ] F45mn, (m,n=6,...,9),

Frnp10 — pmp 10y [eog ) cot ] F™P 1 4 |: :| F™™P  (m,n,p=6,...,9),

Appendix G. The left hand side of the Maxwell equation
The Maxwell equations can be summarized as follows. Let us introduce the notation
1 ~ ~
5EVM FMNQ = (NPQ),

where we ignore the tilde in (NPQ) for simplicity and present all the nonzero components of left hand side of Maxwell
equations in terms of the 4-forms in G,-invariant case
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(123) = —Fy91011Fs678 + Fag1011Fs679 — Fago11Fs67 10 + Fago 10Fs67 11 — F471011F5689
+ Fa7911Fs68 10 — Fa7910Fs68 11 — F47811Fs69 10 + F478 10F569 11 — Fa789Fs56 1011
~+ Fa61011F5789 — Faso11Fs78 10 + Fase 10Fs578 11 + Fasg 11Fs579 10 — Fass 10F579 11
~+ Fae89F571011 — Fag7 11Fs8910 + Fa67 10Fs89 11 — Fag79Fsg 1011 + Fas78F59 10 11
— Fa51011F6789 + Faso11Fe78 10 — Faso10Fe78 11 — Fass 11Fs7910 + Fass 10Fs79 11
— FasgoFs71011 + Fas711Fss9 10 — Fas710Fs8911 + Fas79Fss 1011 — Fas7sFea 1011
— Fa56 11F789 10 + Fass 10F78911 — FaseoF78 1011 + FasesF791011 — Fase7Fs91011,

(456) = sin ¥Fi235F789 10, (457) = — sin ¥ Fi235Fgs89 10,

(458) = sin ¥rF235F679 105 (459) = — sin ¥ F1335Fs75 10,

(45 10) = sin ¥ F1235Fe7s9, (467) = Fi235Fs9 1011,

(468) = —F1235F791011, (469) = Fi35F781011,

(46 10) = Fra35(cos ¥ cot juFzs910 — Frs911),

(46 11) = — cos ¥ cot uF1235F789 10, (478) = F1235Fs910 11>

(479) = —Fr235Fe8 1011, (47 10) = Fya35(— cos ¥ cot uFggg 10 + Fos911)s

(47 11) = cos ¥ cot uF1235Fss89 10, (489) = Fra35F67 1011,

(48 10) = Fya35(cos ¥ cot uFs7910 — Fe7911), (48 11) = — cos ¥ cot pFq235Fs79 10,

(49 10) = Fya35(— cos ¥ cot uFgrg10 + Fe7811)s

(49 11) = cos ¥ cot uF1235F673 10, (41011) = — cos ¥ cot uF235Fs7s9,
COS jL COS Y

——Fi234Fs9 1011,
v/ 1 —cos?ysin®

COS /4 COS Y
——Fi234F791011,
V1 —cos? iy sin”

. COS j4 COS Y
(569) = sin ¥ (—Fi235F478 10 + F1234F57810) +

——Fi23aF781011,
v/ 1 —cos?y sin®
COS 4 COS Y .
(5610) = — ——=F1234F78011 + €sC 1t/ 1 — cos? ¥ sin® F1234F789 10
v/ 1 —cos?ysin®

+ sin ¥ (Fi235F4789 — F1234F5739),

(56 11) = — CSC [/ 1 — cos? '(ﬂ Siﬂz //LF1234F739 105

. COS {4 COS Y
(578) = sin Y (—Fi235Fa69 10 + F1234F56910) +

——"F1234F6910 11,
V1 —cos?y sin”

COS jL COS Y

— Fi234F6s 1011,
v 1 —cos? ¥ sin”
COS 4 COS Y g 2
(5710) = 5 F1234Fg8911 — €SC 4/ 1 — €0S* ¥ sin” (uF1234Fgs9 10

1 — cos? ¥ sin” 1
+ sin ¥ (—Fi235F4689 + F1234F5689),

(57 11) = CSC W/ 1 — cos? w Sil’l2 /LF1234F639 10

(589) = sin Y (—Fi235F467 10 + F1234F56710) +

(567) = sin ¥ (—F1235F489 10 + F1234Fs58910) +

(568) = sin Y (F1235F479 10 — F1234F57910) —

(579) = sin ¥ (F1235F468 10 — F1234F568 10) —

COS 4 COS Y

——F1234F6710 11,
v/ 1 —cos?ysin®
COS {4 COS VY S
(5810) = — — F1234F679 11 + ¢sc uy/ 1 — cos® ¥ sin” (4F1234F679 10
V1 —cos?ysin”

+ sin ¥ (Fi235F4679 — F1234F5679),

(5811) = — csc py/ 1 — cos2 ¥ sin? F1234F679 10,
COS 4 COS Y .
(5910) = ——F1234F67811 — €sC /1 — cos? ¥ sin® wFp34Fe78 10
v 1 —cos?ysin®

+ sin ¥ (—Fi235F4678 + F1234Fs678),

(59 11) = CSC W/ 1 — cos? w SiH2 //LF1234F678 105
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(5 10 11) = — CSC [Ly/ 1 — cos? w Siﬂ2 /,LF1234F6789,

(678) = —(F1235Fa91011 — F1234Fs91011), (679) = (Fi235Fag 1011 — Fi234Fsg 1011),
(67 10) = —Fi35F48911 + €OS Y cot pu(Fia35F489 10 — F1234F58910)

csc u sin yr
+ F1234Fs8911 +

——F123aF89 1011,
V1 —cos? y sin”

csc u sin
(67 11) = cos Y cot u(—Fr235F4s910 + F1234Fs8910) — ——Fi234F891011,
V1= cos? ¢ sin? pu
(689) = —(Fi235F471011 — F123aF571011),

(6810) = Fia35F47911 — €0s ¥ cot pu(Fi235F479 10 — F1234F57910)
csc u sin yr

— Fi234F57911 — ——F1234F7910 11,
V1 —cos? ¢ sin”

csc u sin

(68 11) = cos Y cot w(Fi235Faz910 — F1234Fs7910) + ——Fi234F79 1011,
V1 —cos? ¢ sin” u
(6910) = —Fr235F47811 + cos ¥ cot u(Fr23s5Fa78 10 — Fr234Fs57810)
csc u sin yr
+ Fiz34Fs7811 + ——"F1234F7810 11,
V1 —cos?y sin”
csc e sinyr
(69 11) = cos Y cot u(—Frz3sFa7810 + Fr234F57810) — ——Fi23aF781011,
V1 —cos? ¢ sin”
csc u sinyr

(61011) = cos ¥ cot (u(F1235Fa789 — F1234Fs789) +

——Fi234F780 11,
v 1 —cos?ysin®
(789) = (Fi235F46 1011 — F1234F56 1011)5

(78 10) = —Fip35F46011 + COS V¥ cot w(F1a35Fa69 10 — F1234F569 10)
csc u sin yr
+ Fi234Fs69 11 +

——Fi234F69 1011,
v/ 1—cos? ¢ sin” i
CSC (4 sin
(78 11) = cos ¥ cot ju(—Fr235Fa60 10 + F123aFs56910) — ——"F1234Fs9 1011,
V1 —cos?rsin®

(7910) = Fia35F4e811 — oS ¥ cot i (Fia35Fass 10 — F1234Fs68 10)
csc u sin yr

— Fia34Fs6511 — ——Fi23aFes 1011,
V1 —cos? ¢ sin”

CSC (4 Sin
(7911) = cos Y cot (Fiz35Faes 10 — Fi23aFs68 10) + ——"F1234Fs3 1011,
v 1 —cos?yrsin®
csc p sinyr
(71011) = cos ¥ cot ju(—Fi235Faese + Fr234Fs680) — —— Fi23aFss9 11,
v 1 —cos?ysin®
(8910) = —Fiz35Fag711 + cos Y cot pu(Fra35Fas7 10 — Fi234F56710)
csc u sinyr
+ Fi234F56711 + ——Fi234F671011,
v/ 1 —cos?ysin®
cscusiny
(89 11) = cos ¥ cot u(—Fra35F467 10 + F1234Fs6710) — ——Fi234F671011,
/1 —cos?ysin®
csc e sin yr
(81011) = cos ¥ cot pu(Fr23sFas79 — Fi23aFs679) + ——Fi234F679 11,
V1 —cos?y sin”
csc u sinyr
(91011) = cos ¥ cot (—Fi235Fae7s + Fra34Fs678) — ——Fi234F678 11-
V1 —cos?ysin®
Note that there are nonzero components (45m) where m = 6, ..., 10 while these are vanishing for G,-invariant flow.
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