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a b s t r a c t

The M-theory lift of N = 1 G2-invariant RG flow via a combinatoric use of the
4-dimensional RG flow and 11-dimensional Einstein–Maxwell equations was found some
time ago. The 11-dimensional metric, a warped product of an asymptotically AdS4 space
with a squashed and stretched 7-sphere, for SU(3)-invariance was found before. In this
paper, by choosing the 4-dimensional internal space as CP2 space, we discover an exact
solution of N = 1 G2-invariant flow to the 11-dimensional field equations. By an
appropriate coordinate transformation on the three internal coordinates, we also find an
11-dimensional solution of N = 1 G2-invariant flow interpolating from N = 8 SO(8)-
invariant UV fixed point to N = 1 G2-invariant IR fixed point. In particular, the
11-dimensionalmetric and4-forms at theN = 1 G2 fixedpoint for the second solutionwill
provide some hints for the 11-dimensional lift of whole N = 1 SU(3) RG flow connecting
this N = 1 G2 fixed point to N = 2 SU(3)× U(1)R fixed point in 4-dimensions.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The low energy limit of N membranes at C4/Zk singularity is described in the context of 3-dimensional N = 6U(N) ×

U(N) Chern–Simons matter theory with level k [1]. For particular level k = 1, 2, the maximal N = 8 supersymmetry is
preserved. The matter contents and the superpotential of this theory coincide with the ones in the theory for D3-branes at
the conifold in 4-dimensions [2]. The renormalization group (RG) flow of the 3-dimensional theory can be studied from the
4-dimensional N = 8 gauged supergravity via AdS4/CFT3 correspondence [3]. The holographic N = 2 supersymmetric
SU(3) × U(1)R-invariant RG flow connecting the maximally supersymmetric N = 8SO(8) ultraviolet (UV) point to
N = 2SU(3) × U(1)R infrared (IR) point has been found in [4–6] while the N = 1 supersymmetric G2-invariant RG flow
from thismaximally supersymmetricN = 8SO(8)UV point toN = 1G2 IR point has been discussed in [5,7]. The former has
SU(3)×U(1)R symmetry around IR region including the IR critical point and the latter has G2 symmetry around IR region as
well as the IR critical point. The 11-dimensionalM-theory lifts of these two RG flows have been described in [8,7] by solving
the Einstein–Maxwell equations explicitly in 11-dimensions.

The mass deformed U(2) × U(2) Chern–Simons matter theory with level k = 1, 2 preserving the above global
N = 2SU(3)× U(1)R symmetry has been found in [9,10] while the mass deformation for this theory preserving N = 1G2
symmetry has been found in [11]. Further nonsupersymmetric RG flow equations preserving two SO(7)± symmetries have
been studied in [12]. The holographicN = 1 supersymmetric SU(3)-invariant RG flow equations connectingN = 1G2 point
to N = 2SU(3)×U(1)R point in 4-dimensions have been studied in [13]. Moreover, the other holographic supersymmetric
RG flows have been found and further developments on the 4-dimensional gauged supergravity (see also [14,15]) have been
made in [16,17].
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The spin-2 Kaluza–Kleinmodes around awarped product of AdS4 and a seven-ellipsoid having the above globalN = 1G2
symmetry are discussed in [18]. The gauge dual with N = 2SU(2) × SU(2) × U(1)R symmetry for the 11-dimensional lift
of SU(3)× U(1)R-invariant solution in 4-dimensional supergravity is described in [19] (see also [20]). The 11-dimensional
description preserving N = 2SU(2)×U(1)×U(1)R symmetry is found in [21] and the smaller N = 2U(1)×U(1)×U(1)R
symmetry flow is discussed in [22]. All of these have a common U(1)R factor corresponding to N = 2 supersymmetry. The
symmetries come from the symmetry each 5-dimensional Sasaki–Einstein space has.

When the 11-dimensional theory from the 4-dimensional gauged N = 8 supergravity is constructed, the various
11-dimensional solutions occur even though the flow equations characterized by the 4-dimensional supergravity fields
are the same. This is mainly due to the fact that the 11-dimensional metric with common geometric parameters are
different from each other. The same flow equations [4,7,5] in 4-dimensions, playing the role of geometric parameters in the
internal space, provide different 11-dimensional solutions to the equations of the motion for 11-dimensional supergravity
[8,19,21,22]. The invariance of the 11-dimensional metric and 4-forms determines the global symmetry. Sometimes the
4-forms are restricted to the global symmetry the metric possesses and break further into the smaller symmetry group.

The compact 7-dimensional manifold in the compactification of 11-dimensional supergravity can be described by the
metric encoded in the vacuum expectation values for 4-dimensional N = 8 gauged supergravity [23]. The SU(3)-singlet
space contains various critical points [24] and RG flows (domain walls) along the AdS4 radial coordinate. Based on the
nonlinear metric ansatz by [25], the geometric construction of the compact 7-dimensional metric is found and the local
frames are obtained by decoding the SU(3)-singlet vacuum expectation values into squashing and stretching parameters
of the 7-dimensional manifold [26]. The M-theory lift of a supersymmetric RG flow can be done, in general, as follows. We
impose the nontrivial AdS4 radial coordinate dependence of vacuum expectation values subject to the 4-dimensional RG
flow equations [4,7,5]. Then the geometric parameters in the 7-dimensional metric at certain critical point are controlled
by the RG flow equations so that they can be extrapolated from the critical points. Next, we make an appropriate ansatz for
the 11-dimensional 4-form field strengths. Finally, the 11-dimensional Einstein–Maxwell bosonic equations [27,28] can be
solved by using the RG flow equations [4,7,5] to complete theM-theory uplift.

The SU(3)-singlet space with a breaking of the SO(8) gauge group into a group which contains SU(3) can be represented
by four real supergravity fields [24]. Although the final goal is to solve the 11-dimensional Einstein–Maxwell equations to
complete the 11-dimensional lift of the whole SU(3)-invariant sector (that contains four supergravity fields) including the
RG flows [5], we focus on the G2-invariant sector (which is a subset of above SU(3)-invariant sector) in a 4-dimensional
viewpoint by constraining the four arbitrary supergravity fields together with the particular condition. There exist a
supersymmetric N = 1G2 critical point and two nonsupersymmetric SO(7)± critical points [29,30] in this sector. If we
take the different constraints on the supergravity fields, then we are led to the SU(3)× U(1)R-invariant sector where there
are a supersymmetric N = 2SU(3)× U(1)R critical point and a nonsupersymmetric SU(4)− critical point [31].

The 11-dimensional metric is found by [26] where the compact 7-dimensional metric and warp factor are completely
determined in local frames. The two geometric parameters, by constraints, that are nothing but the above supergravity fields,
depend on the AdS4 radial coordinate and are subject to the RG flow equations [7,5] in 4-dimensional gauged supergravity.
The global coordinates for S7 appropriate for the base six-sphere S6 ≃

G2
SU(3) preserve the Fubini-Studymetric on CP2 and this

describes the ellipsoidally deformed S7 [25]. On the other hand, by using the relation to theHopf fibration onCP3
≃

SU(4)
SU(3)×U(1)

explicitly and keeping only the CP2 space, one can change the remaining three local frames in 7-dimensional manifold via
an orthogonal transformation [26]. Each global coordinates depends on each base six-spheres they use.

What is the 11-dimensional lift of holographic N = 1 supersymmetric SU(3)-invariant RG flow [13] connecting from
N = 1G2 critical point to N = 2SU(3) × U(1)R critical point? At each critical point, the 4-forms are known in different
backgrounds. Along the supersymmetric RG flow, one expects that there exist the extra 4-forms which should vanish
at the critical points. In order to describe the whole RG flow, one needs to have a consistent background. Around the
N = 2SU(3) × U(1)R IR fixed point, the use of global coordinates for Hopf fibration on CP3 was done in [8]. Around the
N = 1G2 IR fixed point, the global coordinates for S7 appropriate for the base six-sphere S6 was used in [7]. Therefore,
either one should find the CP3-basis around N = 1 IR fixed point, or one needs to find S6-basis around N = 2 IR fixed
point. Recently, the latter was studied in [32]. Now we are left with the former.

In this paper, we find out an exact solution of N = 1G2-invariant flow (connecting from the N = 8SO(8) UV fixed
point to N = 1G2 IR fixed point) to the 11-dimensional Einstein–Maxwell equations where the internal space contains the
CP2 space. By an appropriate coordinate transformation, we also find an 11-dimensional solution of the N = 1G2-invariant
flow (connecting from the N = 8SO(8) UV fixed point to the N = 1G2 IR fixed point) in a different background where
the rectangular coordinates we use are the same as the ones in [8]. The two solutions share the same geometric parameters
satisfying the common RG flow equations [7] in 4-dimensional gauged N = 8 supergravity. At the N = 1 IR critical point,
we have found both the metric and 4-forms explicitly. They are completely different from the previous findings in [7] in the
sense that the rectangular coordinates with specific angular coordinates are the same as the one in [8] and they are different
parametrization from the one in [7]. This finding will give us some hints for the final goal, the 11-dimensional lift of N = 1
supersymmetric SU(3)-invariant RG flow connecting from theN = 1G2 fixed point to theN = 2SU(3)×U(1)R fixed point.

In Section 2, we introduce the six basis vectors living in the unit round six-sphere S6 and the normal vector perpendicular
to S6 in the context of octonion description [33]. The three G2-invariant tensors are determined by the components of these
seven frames. Then the 4-forms are given by theseG2-invariant tensors aswell as a geometric superpotential [7]. By applying
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these 4-formswith varying scalars, the exact solution [7] to the 11-dimensional Einstein–Maxwell equations corresponding
to the 11-dimensional lift of the N = 1G2-invariant RG flow is reviewed.

By taking the different spherical parametrization where the CP2 structure is evident, the six basis vectors living in the
six-sphere S6 and the normal vector perpendicular to it are constructed explicitly. The three G2-invariant tensors are also
determined by the components of these new seven frames. Assuming that the two supergravity fields satisfy the domain
wall solutions [7] as before, we compute the Ricci tensor in this background completely. Surprisingly, the Ricci tensor
has the same expression as the one in previous spherical parametrization. This indicates that the 4-form field strengths
are constructed similarly by using the above new three G2-invariant tensors and a geometric superpotential introduced
in [7]. Eventually, we determine the solution for the 11-dimensional Einstein–Maxwell equations corresponding to the the
different 11-dimensional lift of the same N = 1G2-invariant RG flow. The 4-forms for both parametrizations depend on the
7-dimensional internal coordinates via each invariant tensors.

In Section 3, by changing only three of themamong seven internal coordinates characterized by previous second spherical
parametrization, the 11-dimensional metric can be written in terms of these new coordinates which preserve the Fubini-
Study metric on CP2 [26]. The Ricci tensor can be expressed as a linear combination of the Ricci tensor for G2-invariant case
and similarly the 4-forms also are given by a linear combination of 4-forms for the G2-invariant flow. Then, we find out
a solution for the 11-dimensional Einstein–Maxwell equations corresponding to the 11-dimensional lift of the N = 1G2-
invariant RG flow connecting from the N = 8SO(8) UV fixed point to N = 1G2 IR fixed point. Since we focus on the
G2-invariant sector, the two geometric parameters satisfy the RG flow equations [7]. In the 11-dimensional point of view,
both the metric and 4-forms preserve the G2 symmetry.

In Section 4, we summarize the results of this paper and present some future directions.
In Appendices, we present the detailed expressions for the Ricci tensor, 4-form field strengths, seven frames, three

invariant tensors and Maxwell equations.

2. An N = 1G2-invariant supersymmetric flow in an 11-dimensional theory

We construct three G2-invariant tensors in terms of six-sphere coordinates explicitly in Section 2.1 and find out a
N = 1G2-invariant solution for 11-dimensional Einstein–Maxwell equations in Section 2.2.

2.1. Spherical parametrization I

Let us consider the spherical parametrization describing the unit round five-sphere S5

u1
= sin θ1 sin θ2 sin θ3 sin θ4 sin θ5,

u2
= cos θ1 sin θ2 sin θ3 sin θ4 sin θ5,

u3
= cos θ2 sin θ3 sin θ4 sin θ5,

u4
= cos θ3 sin θ4 sin θ5,

u5
= cos θ4 sin θ5,

u6
= cos θ5, (2.1)

subject to the constraint
6

i=1(u
i)2 = 1. In order to use the 6-dimensional coordinatization for unit round six-sphere S6, let

us also introduce the two orthogonal unit vectors in R7 with (2.1)

U = (u1, u2, u3, u4, u5, u6, 0), V = (0, 0, 0, 0, 0, 0, 1). (2.2)

Then the unit normal vector perpendicular to the six-sphere S6 can be identified with

n̂ = U sin θ6 + V cos θ6. (2.3)

The unit magnitude of normal vector, (n̂, n̂) = 1, from (2.2) can be easily checked. The rectangular coordinates
parametrizing the six-sphere S6 inside R7 are given by X i

= ui sin θ6 (i = 1, . . . , 6) and X7
= cos θ6 with

7
A=1(X

A)2 = 1
whose gradient is exactly the unit normal vector introduced in (2.3). This parametrization for XA can be also obtained from
the one corresponding to the unit round seven-sphere S7 by ignoring seventh coordinate θ ≡ y7 in [7]. By taking the gradient
to the normal vector with respect to the six internal coordinates, a set of basis vectors spanning a tangent space on the six-
sphere S6 is given by [33]

êi = −
∂n̂
∂θi
, i = 1, . . . , 6, (2.4)

which is orthogonal to the normal vector (2.3). In general, the second fundamental tensor arises in (2.4) for a generic
hypersurface. For a round six-sphere, this second fundamental tensor is proportional to the 6-dimensional metric for six-
sphere and this leads to a simple relation (2.4) above. The orthonormality for the basis vectors (2.4) can be checked also.
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Adding the unit normal vector n̂ as the seventh-frame to the six-sphere S6-frames êi provides the tangent frames of
Cayley space denoted by I7 [33].

êi = êAi OA, n̂ = n̂AOA, A = 1, . . . , 7, (2.5)

where OA are imaginary octonions satisfying the algebra

OAOB = −δAB + ηABCOC , (2.6)

with completely antisymmetric structure constants ηABC [34]. The nonzero ηABC are given by 1 for the indices ABC =

123, 516, 624, 435, 471, 673, 572. In order to obtain the G2-invariant tensors on S6, one projects the I7 invariant tensor and
its dual to local tangent frames and obtains a 7-dimensional tensor (and its dual). Since the geometry of the G2-invariant
S6 is already built in the 7-dimensional coordinatization, what we have to do is to take the dimensional reduction of 7-
dimensional tensor (and its dual) to the 6-dimensional ones. Then the almost complex structure Fij, its covariant derivative
Tijk, and its Hodge dual, Sijk that depend on the internal coordinates θi (i = 1, 2, . . . , 6), with (2.3)–(2.5), can be summarized
by

Fij = −ηABC êAi ê
B
j n̂

C ,

Tijk = ηABC êAi ê
B
j ê

C
k ,

Sijk = ηABCDêAi ê
B
j ê

C
k n̂

D, (2.7)

where the dual tensor [35] ηABCD of the structure constant ηEFG is given by ηABCD = ηABEηCDE − δACδBD + δADδBC explicitly.
The nonzero components for the dual tensor can be read off from this relation. Note that ηABC is a I7-invariant tensor while
ηDEFG is its dual. The dimensional reduction of a 7-dimensional tensor leads to Fij and Tijk tensors while the dimensional
reduction of its dual provides a Sijk tensor, as shown in (2.7). The last relation of (2.7) can be checked from the definition
of Sijk = F l

i Tljk [33] by using the first two relations of (2.7) together with (2.6). We can introduce the dot product and cross
product for arbitrary imaginary octonions [33] and these can be used for the construction of a 7-dimensional tensor and its
dual.

By computing the dot product between êi and êj in I7, one obtains the 6-dimensional metric on S6 for the spherical
parametrization we start with. That is, as we expect,

gij = diag(s22s
2
3s

2
4s

2
5s

2
6, s

2
3s

2
4s

2
5s

2
6, s

2
4s

2
5s

2
6, s

2
5s

2
6, s

2
6, 1), si ≡ sin θi. (2.8)

Now it is ready to construct the 7-dimensional ellipsoidal metric. Applying the Killing vector to the metric formula [25],
one obtains the 7-dimensional inverse metric with undetermined warp factor. Then plugging this inverse metric into the
definition of warp factor, the warp factor is fixed. Finally, substituting the warp factor into the inverse metric leads to our
7-dimensional metric. The 7-dimensional warped ellipsoidal metric used in [25,7] can be summarized as

ds27 =
√
1aL2


ξ 2

a2
dθ2 + sin2 θ dΩ2

6


, dΩ2

6 = dθ26 + sin2 θ6 dΩ2
5 ,

dΩ2
5 = dθ25 + sin2 θ5


dθ24 + sin2 θ4


dθ23 + sin2 θ3


dθ22 + sin2 θ2 dθ21


, (2.9)

where the quadratic form ξ 2 is given by

ξ 2 = a2 cos2 θ + b2 sin2 θ, (2.10)

and the warp factor together with (2.10) is also given by

∆ = a−1ξ−
4
3 . (2.11)

The standard 7-dimensional ellipsoidal metric is warped by a factor
√
1a in (2.9). The 6-dimensional metric dΩ2

6 is equal
to (2.8). The two vacuum expectation values (a, b) in 4-dimensional gauged N = 8 supergravity that appear in the 7-
dimensional internal metric (2.9) are functions of the AdS4 radial coordinate r ≡ x4. The eccentricity for a 7-dimensional

ellipsoid is given by

1 −

b2
a2
.

The 11-dimensional metric [25,36] by combining the above 7-dimensional metric (2.9) with the 4-dimensional metric
together with warp factor (2.11) yields

ds211 = ∆−1 
dr2 + e2A(r)ηµν dxµ dxν


+ ds27, (2.12)

where r ≡ x4 and µ, ν = 1, 2, 3 with ηµν = diag(−,+,+). The 11-dimensional coordinates with indices M,N, . . . are
decomposed into 4-dimensional spacetime xµ and 7-dimensional internal space ym. Denoting the 11-dimensional metric as
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gMN with the convention (−,+, . . . ,+) and the antisymmetric tensor fields as FMNPQ , the 11-dimensional Einstein–Maxwell
equations are given by [27,28]

RN
M =

1
3
FMPQRFNPQR

−
1
36
δNMFPQRSF PQRS,

∇MFMNPQ
= −

1
576

EϵNPQRSTUVWXY FRSTUFVWXY , (2.13)

where the covariant derivative ∇M on FMNPQ in (2.13) is given by E−1∂M(EFMNPQ ) together with Elfbein determinant
E ≡

√
−g11. The epsilon tensor ϵNPQRSTUVWXY with lower indices is purely numerical. For a given 11-dimensional metric,

the nontrivial task is to find the correct 4-forms that satisfy (2.13).
The warped 11-dimensional metric (2.12) with (2.9) generates the Ricci tensor [7] that depends on (a, b, A) and their

derivatives with respect to r and θ . Applying the flow equations, all the r-derivatives in the Ricci tensor can be replaced
with the functions of (a, b). The Ricci tensor is given in Appendix A explicitly after substituting the flow equations [7,5]

da
dr

= −
8
7L


a2∂aW + (ab − 2)∂bW


= −

a
3
2

a5 − 88a2b + 14a3b2 − 56b3 + a(80 + 49b4)


2L


(a2 + 7b2)2 − 112(ab − 1)

,

db
dr

= −
8
7L


b2∂bW + (ab − 2)∂aW


=

√
a

96 + 2a4 − a(176 + a4)b + 100a2b2 − 14a3b3 + 42b4 − 49ab5


2L


(a2 + 7b2)2 − 112(ab − 1)

,

dA
dr

=
2
L
W =

1
4L

a
3
2

(a2 + 7b2)2 − 112(ab − 1), (2.14)

where the superpotentialW in 4-dimensional gauged N = 8 supergravity is given by a function of (a, b):

W =
1
8
a

3
2

(a2 + 7b2)2 − 112(ab − 1). (2.15)

There exist only two nonzero off-diagonal components R5
4 and R4

5 as well as nonzero diagonal components. In 4-dimensions,
there exist two critical points, N = 8SO(8) critical point at which (a, b) = (1, 1) and N = 1G2 critical point at which

(a, b) = (


6
√
3

5 ,


2
√
3

5 ). At these two points, da
dr and db

dr vanish because the right hand sides of (2.14) are equal to zero.
The criticality can be observed from the fact that the first two right hand sides of (2.14) are written as the derivatives of

superpotential W (a, b) with respect to the field a and the field b. The superpotential has 1 and


36

√
23

1
4

25
√
5

at two critical
values respectively.

What about 4-form field strengths for 11-dimensional solution? By interpreting the 3-form gauge field with membrane
indices as a geometric superpotential, which is a generalization of 4-dimensional superpotential (2.15), times volume form
and putting the previous G2-invariant tensors (2.7) to various 3-form components, one can construct the most general G2-
invariant ansatz. The field strengths are summarized by [7]

Fµνρ4 = e3A(r)Wr(r, θ)ϵµνρ, Fµνρ5 = e3A(r)Wθ (r, θ)ϵµνρ,

Fmnpq = 2h2(r, θ)
6
ϵmnpqrsF rs, F5mnp = h̃1(r, θ)Tmnp + h̃2(r, θ)Smnp,

F4mnp = h̃3(r, θ)Tmnp + h̃4(r, θ)Smnp, F45mn = h̃5(r, θ)Fmn, (2.16)

where the eight coefficient functions (Wr ,Wθ , h̃1, h2, h̃2, h̃3, h̃4, h̃5) which depend on both r and θ are given by [7] and
they are also in Appendix B for convenience. The fields (Wr ,Wθ ) are related to the geometric superpotential W (r, θ)which
corresponds to the 3-form gauge fieldwithmembrane indices, asmentioned before. Comparedwith the previousworks [25,
33] which holds for the critical points only, the mixed field strengths F1235, F4mnp and F45mn were new.1

1 One can write down the 2-form and 3-forms in terms of rectangular coordinates X i
= ui sin θ6 sin θ (i = 1, . . . , 6), X7

= cos θ6 sin θ and X8
= cos θ .

Since one can express the angles in terms of XA ’s as cos θi =
X i+1i+1
j=1(X

j)2
where i = 1, . . . , 6 and cos θ = X8 , the rank 2 and rank 3 tensors with angular

coordinates can be written in terms of those with XA ’s. Let us write the 2-form Fmn dθm ∧dθn by using the relation between (θ, θi) and XA and changing the
differentials dθm in terms of dXA ’s. Then it turns out that the 2-form is given by F (2) =

1

(
7

A=1(X
A)2)

3
2
ηABC , XAdXB

∧ dX c where ηABC is the same as the one in
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The details of Einstein equations, the first equation of (2.13), are given in [7] explicitly. The nonzero components of the
Maxwell equation, the second equation of (2.13), are characterized by the following free indices

(123), (4np), (5np), (mnp), m, n, p = 6, . . . , 11, (2.17)

with the number of components 1, 15 by choosing two out of six, 15 by choosing two out of six and 20 by choosing three out
of six respectively. Other remaining components of the Maxwell equation become identically zero. Therefore, there exist 51
nonzero components of the Maxwell equation. The right hand side of Maxwell equations for the (123)-component consists
of 35 terms coming from the quadratic 4-forms. For (4np)- and (5np)-components, the right hand side ofMaxwell equations
contain only a single term in quadratic 4-forms. The former has F1235 while the latter has F1234. For the (mnp)-components,
the two contributions from the quadratic 4-forms arise in the right hand side ofMaxwell equations. In this case, both 4-forms
F1235 and F1234 appear. The Elfbein determinant E =

√
−g11 is used and it is

E = e3A(r)L7a(r) sin6 θ sin θ2 sin2 θ3 sin3 θ4 sin4 θ5 sin5 θ6

a2(r) cos2 θ + b2(r) sin2 θ

 2
3 ,

by calculating the determinant of 11-dimensional metric (2.12) with (2.9).
Therefore, the N = 1G2-invariant solutions (2.16), with Appendix A where the Ricci tensor is presented and Appendix B

where the coefficient functions are listed, satisfy the field equations (2.13) as long as the deformation parameters (a, b) of
the 7-ellipsoid (or two supergravity fields in 4-dimensions) and amplitude A develop in the AdS4 radial direction along the
G2-invariant flow (2.14). The corresponding gauge dualwas constructed in the context ofN = 1U(2)×U(2) superconformal
Chern–Simons matter theory by adding one mass term for the adjoint N = 1 superfield and the matter multiplet consists
of seven flavors transforming in the adjoint together with flavor symmetry (7 of G2) [11].

2.2. Spherical parametrization II

Let us describe the other spherical parametrization describing the unit round five-sphere S5 whose base is characterized
by CP2 space

u1
+ iu2

= sin θ4 cos

θ1

2


e

i
2 (θ2+θ3) eiθ5 ,

u3
+ iu4

= sin θ4 sin

θ1

2


e

i
2 (−θ2+θ3) eiθ5 ,

u5
+ iu6

= cos θ4 eiθ5 . (2.18)

The isometry of S5 is SU(3)× U(1)where SU(3) acts on three complex coordinates z i ≡ u2i−1
+ iu2i (i = 1, 2, 3) and U(1)

acts on each z i as the phase rotations. The vector u spans the S5 given by Hopf fibration on CP2 space. This can be described
by writing (du)2 as (du)2 = ds2FS(2) + (u, Jdu)

2 where ds2FS(2) denotes the Fubini-Study metric on CP2 and (u, Jdu) is the Hopf
fiber on it. The J is the standard Kahler form. One can introduce the two orthogonal unit vectors (2.2) and the unit normal
vector (2.3) for the parametrization (2.18) given above. Furthermore, the set of the six basis vectors is given by (2.4) and
they as well as the normal vector can be described in terms of imaginary octonions. More explicitly, let us present some of
them here

ê11 =
1
2
cos


θ2 + θ3

2
+ θ5


sin

θ1

2
sin θ4 sin θ6,

ê21 =
1
2
sin

θ1

2
sin θ4 sin


θ2 + θ3

2
+ θ5


sin θ6, . . . ,

and the other nonvanishing components are given in Appendix C.
The three G2-invariant tensors F̂ij, T̂ijk and Ŝijk are given by (2.7) for the choice of (2.18). For example,

F̂12 =
1
32

sin2 θ4 sin2 θ6[−4 cos 2α2 cos θ6 + 4 cos 2α1 cos 2(α3 + θ5) cos θ6
+ (8 cosα1 cos(α2 − α3 − θ5) sin θ4 − cos θ4(cos(2α1 − 2α3 − 3θ5)
− cos(2α1 − 2α3 − θ5)− cos(2α1 + 2α3 + θ5)+ cos(2α1 + 2α3 + 3θ5)
+ 8 cosα1 cos θ5 sinα1 + 8 cosα2 sinα2 sin θ5)) sin θ6],

(2.7) and the X8 is the G2-singlet. The G2-invariant structure constant ηABC is contracted with the 7’s of G2 in XA (A = 1, . . . , 7) in this way. Similarly the
3-form Smnp dθm ∧dθn ∧dθp is given by S(3) =

1
(
7

A=1(X
A)2)2

ηABCDXAdXB
∧dX c

∧dXD where ηABCD is the same as the one in (2.7) and the 3-form T (3) = dF (2)

is given. Then one arrives at F (4) = dA(3) + h2 dS(3) + dr ∧ (h̃3 dF (2) + h̃4S(3))+ 1√
1−(X8)2

dX8
∧ (h̃1 dF (2) + h̃2S(3))−

h̃5√
1−(X8)2

dr ∧ F (2) ∧ dX8 where the

3-form A(3) = −e3A W dx1 ∧ dx2 ∧ dx3 .
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F̂13 =
1
32

sin2 θ4 sin2 θ6[−2(cos 2(α1 − α2)+ cos 2(α1 + α2)− 2 cos 2(α3 + θ5)) cos θ6
+ (8 cosα1 cos(α2 − α3 − θ5) sin θ4 + cos θ4(cos(2α1 − 2α2 − θ5)
− cos(2α1 + 2α2 − θ5)− cos(2α1 − 2α2 + θ5)+ cos(2α1 + 2α2 + θ5)
+ 8 cosα1 cos θ5 sinα1 + 4 sin θ5 sin 2(α3 + θ5))) sin θ6], . . . .

These tensors are given in Appendix D in terms of internal coordinates θi (i = 1, . . . , 6) explicitly. Note that the
antisymmetric tensor on S6, the dual of Tijk, has an extra minus sign as follows:

Ŝijk = −F̂ l
i T̂ljk. (2.19)

All the identities between three tensors F̂ij, T̂ijk and Ŝijk are given in Appendix D.
By computing the dot product between êi and êj in I7, one obtains the 6-dimensional metric on S6. That is,

gij =



1
4
s24s

2
6 0 0 0 0 0

0
1
4
s24s

2
6

1
4
c1s24s

2
6 0

1
2
c1s24s

2
6 0

0
1
4
c1s24s

2
6

1
4
s24s

2
6 0

1
2
s24s

2
6 0

0 0 0 s26 0 0

0
1
2
c1s24s

2
6

1
2
s24s

2
6 0 s26 0

0 0 0 0 0 1


, ci ≡ cos θi, si ≡ sin θi. (2.20)

One sees this 6-dimensional metric from the projection of 7-dimensional metric g7
mn [18] by putting the extra coordinate

θ to π
2 . The rectangular coordinates parametrizing the S7 inside R8 with S6 ≃ G2/SU(3) base are given by introducing the

seventh coordinate θ [26]

X i
= ui sin θ6 sin θ, X7

= cos θ, X8
= cos θ6 sin θ, (2.21)

with
8

A=1(X
A)2 = 1. As done in previous spherical parametrization, via the nonlinear metric ansatz [25], the warp factor

and the 7-dimensional inverse metric are completely determined. Then the 7-dimensional warped ellipsoidal metric in this
case can be summarized as [25,26]

ds27 =
√
1aL2


ξ 2

a2
dθ2 + sin2 θ dΩ2

6


, dΩ2

6 = dθ26 + sin2 θ6

ds2FS(2) + (u, Jdu)2


. (2.22)

The quadratic form andwarp factor are given by (2.10) and (2.11) respectively. The fact that the vector (u1, u2, u3, u4, u5, u6)
in (2.18) spans S5 with a CP2 base, compared to the one in (2.9) that looks similar to (2.22) but the 5-dimensional metric
inside behaves differently, can be understood by writing (du)2 in terms of the Fubini-Study metric

ds2FS(2) = dθ24 +
1
4
sin2 θ4


σ 2
1 + σ 2

2 + cos2 θ4σ 2
3


, (2.23)

and its Hopf fiber

(u, Jdu) = dθ5 +
1
2
sin2 θ4σ3. (2.24)

The standard Kahler form J is given by J12 = J34 = J56 = J78 = 1. One can easily check that the 6-dimensional
metric (2.22) is nothing but the metric in (2.20) and the one-forms are given by σ1 = cos θ3dθ1 + sin θ1 sin θ3dθ2, σ2 =

sin θ3dθ1 − sin θ1 cos θ3dθ2, and σ3 = dθ3 + cos θ1dθ2, as usual. Recall that the G2 symmetry is the isometry group of
the metric. The Killing vector associated to the G2 symmetry is constructed explicitly in [18] and it is shown that the 7-
dimensional metric of (2.22) has a vanishing Lie derivative [28] with respect to the Killing vector fields.

The 11-dimensional metric is realized as (2.12) together with (2.22). The nontrivial task is to find the exact solution for
11-dimensional Einstein–Maxwell equations (2.13). Also we assume the nontrivial AdS4 radial coordinate dependence of
vacuum expectation values and they are subject to the 4-dimensional RG flow equations (2.14). The Ricci tensor can be
computed from the 11-dimensional metric with (2.12) together with (2.22) directly and they have the same form as the
ones in previous spherical parametrization. So they have common feature in the Ricci tensor presented in Appendix A. This
indicates that the Ricci tensor is indeed independent of the particular 5-dimensional space. One can express the Ricci tensor
in the frame basis rather than in the coordinate basis. The former is exactly the same as the latter except the off-diagonal
(4, 5)- and (5, 4)-components.

It is natural to solve the 11-dimensional Einstein–Maxwell equations by assuming that the 4-forms have the same
tensorial structure as the ones in (2.16) and theseG2-invariant tensors are defined in thepresent 6-dimensionalmetric (2.22).
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The undetermined coefficient functions depend on the coordinates (r, θ). One should find out these coefficient functions
explicitly by requiring that 4-forms should satisfy (2.13). The field strengths are given by

Fµνρ4 = e3A(r)Wr(r, θ)ϵµνρ, Fµνρ5 = e3A(r)Wθ (r, θ)ϵµνρ,

Fmnpq = 2h2(r, θ)
6
ϵmnpqrsF̂ rs, F5mnp = h̃1(r, θ)T̂mnp + h̃2(r, θ)Ŝmnp,

F4mnp = h̃3(r, θ)T̂mnp + h̃4(r, θ)Ŝmnp, F45mn = h̃5(r, θ)F̂mn, (2.25)

wherewe denote the three hatted tensors here in order not to confusewith the unhatted ones that appear in (2.16). Applying
these field strengths (2.25) to the 11-dimensional Einstein–Maxwell equations, one can determine the unknown coefficient
functions, which depend on r and θ , completely. If we compute the right hand side of the Einstein equation, then the linear
combination of quadratic coefficient functions appears after using the identities between G2-invariant tensors or calculating
the functional expressions component by component explicitly. For the latter case, we do not need to use the identities
because we know three G2-invariant tensors according to Appendix D.2 Except for the (4, 5)- and (5, 4)-components of
the Einstein equations, the (1, 1), (4, 4), (5, 5)- and (6, 6)-components depend on eight coefficient functions. The right
hand side of the Einstein equations can be summarized by (3.21) of [7] exactly. As we explained before, the left hand
side of the Einstein equations, the Ricci tensors, are identical to each other. Therefore, one concludes that the unknown
coefficient functions are exactly the same as those in [7] or in Appendix B. Note that the geometric superpotential W from
the field strengths (Wr = e−3A∂r(e3A W ),Wθ = ∂θ W )was found by requiring that it should coincidewith the 4-dimensional
superpotentialW (2.15) up to a multiplicative constant when the internal coordinate θ is fixed to some specific value.

The analysis for the checking of Maxwell equations can be done before, based on the paragraph containing (2.17). We
have checked that the solutions (2.25) also satisfy the Maxwell equations explicitly. During this computation, the Elfbein
determinant E =

√
−g11 from 11-dimensional metric (2.12) and (2.22) is given by

E =
1
8
e3AL7a sin6 θ sin θ1 cos θ4 sin3 θ4 sin5 θ6


a2 cos2 θ + b2 sin2 θ

 2
3 .

Therefore, we have established that the solutions (2.25) together with Appendices A, B and D consists of an exact solution
to 11-dimensional supergravity by bosonic field equations (2.13), provided that the deformation parameters (a, b) of the
7-dimensional internal space and the domain wall amplitude A develop in the AdS4 radial direction along the G2-invariant
RG flow (2.14). Although the 11-dimensional metric and 4-forms are different from those in previous parametrizations, the
Ricci tensor (or the quadratic structure of 4-forms appearing on the right hand side of the Einstein equations) are exactly
the same as each other.

3. Towards an N = 1SU(3)-invariant supersymmetric flow in an 11-dimensional theory

We will use the results of 11-dimensional solutions with CP2 in the previous subsection. In the context of the round
seven-sphere S7 as a Hopf fibration on CP3 let us replace the coordinate θ5 in (2.18) with φ + ψ where ψ is the coordinate
of the Hopf fiber on S7 as follows:

u1
+ iu2

= sin θ4 cos

θ1

2


e

i
2 (θ2+θ3) ei(φ+ψ),

u3
+ iu4

= sin θ4 sin

θ1

2


e

i
2 (−θ2+θ3)ei(φ+ψ),

u5
+ iu6

= cos θ4 ei(φ+ψ). (3.1)

As before, the vector (u1, u2, u3, u4, u5, u6) in (3.1) spans the S5 with CP2 base and the Fubini-Study metric on CP2 is given
by (2.23). The correct 7-dimensional warped metric, corresponding to (5.15) of [26] is given by

ds27 =
√
1aL2


(dU)2 +

b2

a2
(dV1)

2
+ (dV2)

2

, (3.2)

2 One can easily check that the above rank 2 and rank 3 tensors written in terms of the angle variables can be expressed similarly as in footnote 1. That
is, F̂ (2) =

1

(
7

A=1(X
A)2)

3
2
ηABCXAdXB

∧dX c , Ŝ(3) = −
1

(
7

A=1(X
A)2)2

ηABCDXAdXB
∧dX c

∧dXD , and T̂ (3) = dF̂ (2) . Note the extra minus sign in the 3-form Ŝ(3) . As in

footnote 1, we interchange the X7 and the X8 with each other. It is not so obvious to express the angular variables in terms of the rectangular coordinates,
contrary to footnote 1 and from the beginningwe assume the above forms. After inserting the rectangular coordinates written in terms of angular variables
(2.18) and (2.21) into them, we have checked that these agree with those in Appendix D. Therefore, the G2-invariance is more obvious in this basis rather
than in the angle basis. Note that the G2-invariant tensors F̂mn, T̂mnp and Ŝmnp in (2.25) can be obtained from those in the previous parametrization via the
coordinate transformations between (2.1) and (2.18). In particular, we have checked that the component F46 is related to the component F̂46 via coordinate
transformations.
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where the R8 coordinates XA are decomposed into
U = (u1, u2, u3, u4, u5, u6, 0, 0) cosµ,
V1 = (0, 0, 0, 0, 0, 0, 1, 0) cosψ sinµ,

V2 = (0, 0, 0, 0, 0, 0, 0, 1) sinψ sinµ. (3.3)
The deformation parameter γ ≡

cd
ab −1 of [26] vanishes for theG2-invariant sector inwhich the constraints are characterized

by c = a and d = b. For the G2-invariant sector, the ellipsoidal deformation arises along the V1 direction. Then one can
choose the two additional orthonormal frames as (u, Jdu) (2.24) and dV1 respectively. Then the remaining orthonormal
frame is determined from (3.2) by completing squares.

The precise relations between the parameters of previous section and those in this section by comparing (2.21) with (3.3)
(the other eight coordinates are the same) are given by

cos θ = cosψ sinµ,
θ5 = φ + ψ,

cos θ6 =
sinµ sinψ

1 − cos2 ψ sin2 µ
. (3.4)

From these (3.4), one obtains the partial differentiations of old variables (θ, θ5, θ6) with respect to the new variables
(µ, φ,ψ) as follows:

∂θ

∂µ
= −

cosµ cosψ
1 − cos2 ψ sin2 µ

,
∂θ

∂ψ
=

sinµ sinψ
1 − cos2 ψ sin2 µ

,

∂θ5

∂φ
= 1,

∂θ5

∂ψ
= 1,

∂θ6

∂µ
= −

sinψ
1 − cos2 ψ sin2 µ

,
∂θ6

∂ψ
= −

sinµ cosµ cosψ
1 − cos2 ψ sin2 µ

. (3.5)

The frames for the 11-dimensional metric are summarized by

e1 = ∆−
1
2 eA dx1, e2 = ∆−

1
2 eA dx2, e3 = ∆−

1
2 eA dx3, e4 = ∆−

1
2 dr,

e5 = L∆
1
4 a

1
4
ξ

a


1

1 − cos2 ψ sin2 µ
(− cosµ cosψ dµ+ sinµ sinψdψ) ,

e6 = L∆
1
4 a

1
4 cosµ

1
2
sin θ4σ1,

e7 = L∆
1
4 a

1
4 cosµ

1
2
sin θ4σ2,

e8 = L∆
1
4 a

1
4 cosµ

1
2
sin θ4 cos θ4σ3,

e9 = L∆
1
4 a

1
4 cosµdθ4,

e10 = L∆
1
4 a

1
4 cosµ


dφ + dψ +

1
2
sin2 θ4σ3


,

e11 = L∆
1
4 a

1
4


1

1 − cos2 ψ sin2 µ
(− sinψdµ− sinµ cosµ cosψdψ) . (3.6)

Thee5,e6 ande7 with some sign difference appearing in (5.24) of [26] correspond to e10, e11 and e5 respectively. The frames
e6, e7, e8 and e9 correspond to the Fubini-Study metric on CP2 whose symmetry group is SU(3). Note that ψ which is the
coordinate of the Hopf fiber on S7 appears in the frame e10 and this gives the off-diagonal metric components between the
coordinates (ψ, θ2, θ3, φ). Also from the structure of e5 and e11, the off-diagonal components between (µ,ψ) occur. The
quadratic form (2.10) reads as ξ 2 = a2 cos2 ψ sin2 µ + b2(1 − cos2 ψ sin2 µ) from (3.4). The warp factor is the same as
before: (2.11). The one-forms σi are given as before.3

Then how does one find the solution for 11-dimensional Einstein–Maxwell equations for given 11-dimensional
background (3.6)? The 6-dimensional space is no longer a unit round six-sphere. Since the metric (2.22) is related to the
metric (3.6) by change of variables, one can use the solutions (2.25) and find out the solutions. First of all, the Ricci tensor
can be obtained from (3.6) directly or can be determined from the one in the previous section by using the transformation

3 Whenwe take the seven rectangular coordinates except X7 among (3.3), a similar computation as in [18] leads to the fact that the 7-dimensionalmetric
has a vanishing Lie derivative with respect to the Killing vector fields where the generator for G2 is the same as the one in Appendix A of [18]. This implies
that the Killing vector is associated to the G2 symmetry.
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on the coordinates between the two coordinate systems (3.5) via the tensorial property. In other words, the Ricci tensor is
given explicitly by

RN
M =


∂zP

∂zM
 

∂zN
∂zQ


RQ
P , (3.7)

where the 11-dimensional coordinates are given by

zM = (x1, x2, x3, r; θ, θ1, θ2, θ3, θ4, θ5, θ6), zM = (x1, x2, x3, r;µ, θ1, θ2, θ3, θ4, φ, ψ).

Eight of them are common and three of them are distinct. The Ricci tensor RQ
P for the G2-invariant flow is presented in

Appendix A. Some of them are given byR1
1 = R1

1,
R2

2 = R2
2 (=

R1
1),

R3
3 = R3

3(=
R1

1), . . . .

There exist off-diagonal components (4, 10), (4, 11), (5, 10), (5, 11), (11, 4), (11, 5), (11, 10), as well as (4, 5)- and (5, 4)-
components. Their full expressions are given in Appendix E.

For the field strengths, one has, by multiplying the transformation matrix,

FMNPQ =


∂zR

∂zM
 

∂zS

∂zN
 

∂zT

∂zP
 

∂zU

∂zQ

FRSTU . (3.8)

Then some of the components, using the relations (3.5), are given by

F1234 = F1234, F1235 = −


cosµ cosψ

1 − cos2 ψ sin2 µ


F1235, . . . .

These transformed 4-forms are given in terms of those inG2-invariant flow in the Appendix F andmoreover, the transformed

4-forms with upper indices are described. The 4-formF123 11 is a new object. At the IR critical point where a =


6
√
3

5 and

b =


2
√
3

5 , due to the fact that the coefficient functions Wθ ,h3,h4 andh5 in the Appendix B vanish, the following 4-forms
also vanish at this critical point:F1235 = 0 = F123 11 = F45mn = F4mnp.

Note that for the G2-invariant flow, the 4-forms F1235, F4mnp and F45mn vanish where m, n, p = 6, . . . , 11 at the IR critical
point. Once we suppose that the 4-dimensional metric has the domain wall factor e3A(r) which breaks the 4-dimensional
conformal invariance, themixed 4-forms occur along thewhole RG flow. Of course, at the UV critical point where a = 1 = b,
the only nonzero 4-form field isF1234. Some of the transformed 4-forms with upper indices are given by

F 1234
= F 1234, F 1235

= −


cosµ cosψ

1 − cos2 ψ sin2 µ


F 1235, . . . .

These can be obtained from (3.8) by using the 11-dimensional metric (3.6) or bymultiplying the transformationmatrices
(3.5) into the 4-forms with upper indices of G2-invariant flow. The remaining 4-forms are given explicitly by Appendix F.4

How does one check the 11-dimensional solution for the Einstein equation? One shows this by substituting the solutions
(3.7) and (3.8) into the first equation of (2.13) with the transformed-Ricci tensor and transformed-4-forms. Or one checks
this equality using the solution of the G2-invariant flow in Section 2.2. In the previous section we have shown that (2.25)
satisfies the field equations (2.13). Let us go back the transformed-Ricci tensor (3.7) which is written in terms of the Ricci
tensor for a G2 invariant flow. Without specifying the explicit form for Ricci tensor RQ

P , one writes down the transformed-
Ricci tensor, as in Appendix E. Now one can use the property of the G2-invariant flow: the first equation of (2.13). That is, one
replaces the Ricci tensor in terms of the quadratic 4-forms. Then one sees that the transformed-Ricci tensor can be written
in terms of the quadratic 4-forms for the G2-invariant flow. Let us return to the right hand side of the Einstein equations.
Using (3.8) and (3.5), one can express this in terms of quadratic 4-forms for the G2-invariant flow.

So far, we did not insert the explicit form for the 4-forms FMNPQ . One can make the difference between the left hand
side and the right hand side of the Einstein equations and see whether this is zero or not. At first sight, some of the com-
ponents written in terms of quadratic 4-forms in the G2-invariant flow are not exactly vanishing. They contain the terms
F4npqFmnpq, F5npqFmnpq, FmnpqF snpq wherem, n, p, q = 6, . . . , 11 and s = 4, 5, 6, . . . , 11. After plugging the explicit solution of

4 One can also check that the field strengths written in terms of the angle variables can be expressed similarly as in footnotes 1 and 2: F (4) =

dA(3) + h2 dŜ(3) + dr ∧ (h̃3 dF̂ (2) + h̃4 Ŝ(3)) +
1√

1−(X8)2
dX8

∧ (h̃1 dF̂ (2) + h̃2 Ŝ(3)) −
h̃5√

1−(X8)2
dr ∧ F̂ (2) ∧ dX8 where the 2-form F̂ (2) and the 3-forms

A(3) and Ŝ(3) are given in the footnote 2. As in footnote 2, as it is not so obvious to express the angular variables in terms of the rectangular coordinates, we
assume the above forms. After inserting the rectangular coordinates written in terms of angular variables (3.1) and (3.3) into them, we have checked this
4-form agrees with those in Appendix F. Therefore, the 4-form explicitly has G2-invariance.
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theG2-invariant flow, then all of these are equal to zero identically. One can also check this from theuseful identities between
three-invariant tensors F̂ij, T̂ijk and Ŝijk presented in Appendix D, as done in [7]. Recall that these quadratic 4-forms above cor-
respond to the off-diagonal terms of Einstein equation for G2-invariant flow which vanish identically except the (4, 5)- and
(5, 4)-components. Of course, the above extra piece does not possess these nonzero off-diagonal terms, (4, 5)- and (5, 4)-
components. Therefore, we have shown the solutions (3.7) and (3.8) indeed satisfy the 11-dimensional Einstein equations.

Let usmove on to theMaxwell equations. Let us introduce the notation 1
2E∇MFMNPQ

≡ (NPQ ) for simplicity, and present
all the nonzero components of the left hand side of the Maxwell equations in terms of the 4-forms in the G2-invariant flow,
using the property of the 11-dimensional solutionwe have found before. For example, the (123)-component of the left hand
side of the Maxwell equations reads

(123) =

11
m,n,p,q,r,s=6

6
ϵmnpqrs


1

3!3!
F4mnpF5qrs −

1
2!4!

F45mnFpqrs


.

The other nonzero components are given explicitly in Appendix G. The nonzero components of the Maxwell equation,
the second equation of (2.13), are characterized by the following indices

(123), (45m), (4np), (5np), (mnp), m,n,p = 6, . . . , 11,

with the number of components 1, 5 by choosing one out of five (the (45 11)-component is equal to zero), 15 by choosing two
out of six, 15 by choosing two out of six and 20 by choosing three out of six respectively. The other remaining components
of the Maxwell equation become identically zero. Therefore, there exist 56-nonzero-components of the Maxwell equation.
Compared with the ones (2.17) in the G2-invariant flow, there are nonzero terms from (45m)-components where m =

6, . . . , 10. The right hand side of the Maxwell equations for the (123)-component above consist of 35 terms coming from
the quadratic 4-forms. For the other components, the right hand side contains a single term, two terms or three terms in
quadratic 4-forms.

Now it is ready to check the Maxwell equations for the solutions (3.8). For given 4-forms FMNPQ , one can construct
the corresponding 4-forms with upper indices FRSTU by using the 11-dimensional metric (3.6) or by multiplying the
transformation matrix with the 4-forms FMNPQ for G2-invariant flow, as was done in (3.8). Then one obtains all these
transformed 4-forms with upper indices, as in Appendix E. As done in the previous paragraph, one constructs the left
hand side of Maxwell equations in terms of quadratic 4-forms for the G2-invariant flow by using the 11-dimensional field
equations. According to the transformation rules, one can express the covariant derivative ∇M and 4-formsFMNPQ in terms
of ∇N and FRSTU for the G2-invariant flow together with (µ,ψ)-dependent functions. Then using the Maxwell equations
for the G2-invariant flow, one can replace ∇MFMNPQ with quadratic 4-forms and arrives at Appendix G. Similarly, let us
return to the right hand side of Maxwell equations. Using (3.8) and the 11-dimensional metric, one can express this in
terms of quadratic 4-forms in the G2-invariant flow. We also transform the 11-dimensional determinant according to the
transformation rules appropriately. It turns out that the difference between the left hand side and the right hand side of
Maxwell equations becomes zero identically. Therefore, we have shown that the solution (3.8) indeed satisfies the Maxwell
equations correctly. During this check, the Elfbein determinant E =

√
−g11 is used and it is

E = −
1
8
e3AL7a sinµ cos5 µ sin θ1 cos θ4 sin3 θ4


a2 cos2 ψ sin2 µ+ b2(1 − cos2 ψ sin2 µ)

 2
3 ,

by computing the determinant of 11-dimensional metric (3.6).
Therefore, we have shown that the solutions (3.8) together with Appendices A, B and D–F consists of an exact solution to

the 11-dimensional supergravity by bosonic field equations (2.13), provided that the deformation parameters (a, b) of the
7-dimensional internal space and the domain wall amplitude A develop in the AdS4 radial direction along the G2-invariant
RG flow (2.14) connecting from the N = 8SO(8) UV fixed point to the N = 1G2 IR fixed point. Compared with the previous
solutions for G2-invariant flow, they share the common CP2 space inside 7-dimensional internal space but three remaining
coordinates are different from each other.

4. Conclusions and outlook

We have found an exact solution of the N = 1G2-invariant flow (connecting the N = 8SO(8) UV invariant fixed point
to the N = 1G2 IR invariant fixed point) to the 11-dimensional Einstein–Maxwell equations with (2.12) and (2.22). Based
on this solution, we also have discovered an exact solution of the N = 1G2-invariant flow connecting above two fixed
points to the 11-dimensional Einstein–Maxwell equations with (3.6). Now we are ready to look at the 11-dimensional
lift of holographic N = 1 supersymmetric SU(3)-invariant RG flow [13] connecting the N = 1G2 critical point to the
N = 2SU(3)×U(1)R critical point. At each critical point, there exists a consistent description for the 11-dimensional metric
with CP3-basis and there exist corresponding 4-forms explicitly and it is an open problem to discover the 11-dimensional
solution along the whole N = 1 RG flow.

• What happens when there exist four supergravity fields (a, b, c, d) [26] in which there exists an SU(3)-invariant sector?
So far, we have concentrated on the G2-invariant sector where there exist two independent supergravity fields. As
explained in the introduction, the 11-dimensional metric is known and it is an open problem to construct the correct
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4-forms. In the particular limit, one has 11-dimensional lift [8] of N = 2 SU(3) × U(1)R-invariant flow and for other
limit, one obtains the 11-dimensional lift [7] ofN = 1G2-invariant flow. At least, the 4-forms should respect the behavior
of these two extreme limits. The decoding of the 4-forms written as the SU(3)-singlet vacuum expectation values in [36]
will be useful. One of these flows will describe the N = 1 SU(3)-invariant RG flow connecting from N = 8 SO(8) UV
invariant fixed point to N = 2 SU(3)× U(1)R IR invariant fixed point, by looking at the SU(3)× U(1)R-invariant sector
with two supergravity fields.

• What happenswhenwe replaceCP2 appearing in (2.22) or (3.6)withCP1
×CP1? In 5-dimensional space, this is equivalent

to putting T 1,1 space in (2.22). According to the branching of G2 into SU(2)× SU(2), one expects that the 11-dimensional
solution should preserve SU(2)× SU(2) symmetry. It would be interesting to find out the correct 4-forms for given 11-
dimensional metric for this case: the uplift of N = 1 SU(2) × SU(2)-invariant flow. In order to do this direction, one
needs to look at the structure of 4-forms found in this paper, in the frame basis. It is a nontrivial task to find out the
corresponding gauge dual, as seen in [19]. Furthermore, the most general 5-dimensional Sasaki–Einstein space can be
considered and the global symmetries become smaller than SU(2)× SU(2) symmetry.

• Any octonion description for the presentwork? The automorphisms of the Cayley algebra that leaves one of the imaginary
octonion units form a subgroup SU(3) of G2 [33,34]. For the split octonion algebra, the automorphism group G2 acts on
the basis by an 8-dimensional reducible representation. Two of them are invariant, three split octonions transform like
triplets, and three complex conjugate split octonions transform like antitriplets, under the SU(3) subgroup of split G2.
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Appendix A. The Ricci tensor for G2-invariant flow

The Ricci tensor appearing in (2.13) for G2-invariant flow is given by

R1
1 = −

1

24L2

(a2 + 7b2)2 − 112(ab − 1)


(a2 cos2 θ + b2 sin2 θ)

8
3

× [8a14 cos4 θ − 1120a11b cos4 θ + 8a12b2 cos2 θ(15 + 13 cos 2θ)
− 112a9b3 cos2 θ(83 + 63 cos 2θ)− 8a5b3(32 cos2 θ(445 + 437 cos 2θ)
+ 7b4(617 + 148 cos 2θ − 177 cos 4θ))+ 4a8b2(4 cos2 θ(1139 + 1031 cos 2θ)
+ 7b4(171 + 192 cos 2θ + 29 cos 4θ))+ a10(896 cos4 θ + b4(941 + 1172 cos 2θ + 239 cos 4θ))
+ a6(−128 cos2 θ(29 + 27 cos 2θ)− 49b8(−221 − 172 cos 2θ + cos 4θ)
+ 16b4(4123 + 4776 cos 2θ + 705 cos 4θ))− 8a7b(32 cos2 θ(27 + 29 cos 2θ)
+ 7b4(564 cos 2θ + 73(7 + cos 4θ)))− 16a3b(768 cos2 θ + 49b8(83 + cos 2θ)
+ 16b4(549 + 697 cos 2θ)) sin2 θ + 96b2(−384 + 616b4 + 245b8) sin4 θ

− 96ab3(−1408 + 1232b4 + 343b8) sin4 θ + 8a2 sin2 θ(4608 cos2 θ − 784b8(−14 + 5 cos 2θ)
+ 16b4(37 + 1209 cos 2θ)+ 2401b12 sin2 θ)+ 8a4b2(4988 + 7824 cos 2θ
+ b4(7191 + 212 cos 2θ − 3287 cos 4θ)+ 2868 cos 4θ + 343b8(9 + 5 cos 2θ) sin2 θ)]

= R2
2 = R3

3,

R4
4 = −

1

24L2

(a2 + 7b2)2 − 112(ab − 1)


(a2 cos2 θ + b2 sin2 θ)

8
3

× [8a14 cos4 θ + 8a12b2 cos2 θ(15 + 13 cos 2θ)− 8a11b cos2 θ(73 + 67 cos 2θ)
− 4a5b3(7b4(2425 + 1340 cos 2θ − 237 cos 4θ)+ 16(2461 + 2268 cos 2θ − 25 cos 4θ))
− 2a9b3(3527 + 4412 cos 2θ + 909 cos 4θ)+ 2a8b2(9303 + 11 692 cos 2θ + 2413 cos 4θ
+ 14b4(171 + 192 cos 2θ + 29 cos 4θ))+ a10(896 cos4 θ + b4(941 + 1172 cos 2θ + 239 cos 4θ))
− 4a7b(128 cos2 θ(51 + 40 cos 2θ)+ b4(9281 + 10 128 cos 2θ + 1367 cos 4θ))
+ a6(128 cos2 θ(55 + 57 cos 2θ)− 49b8(−221 − 172 cos 2θ + cos 4θ)
+ 8b4(14 309 + 14 988 cos 2θ + 1671 cos 4θ))
− 8a3b(24 576 cos2 θ + 49b8(349 + 113 cos 2θ)+ 64b4(942 + 395 cos 2θ)) sin2 θ

+ 48b2(1536 + 3248b4 + 1519b8) sin4 θ − 48ab3(5632 + 7840b4 + 1715b8) sin4 θ

+ 8a2 sin2 θ(4608 cos2 θ + b8(29 876 − 8708 cos 2θ)+ b4(42 832 − 6768 cos 2θ)
+ 2401b12 sin2 θ)− 4a4b2(8(−2981 − 1884 cos 2θ + 945 cos 4θ)
+ b4(−36 429 + 524 cos 2θ + 11 209 cos 4θ)− 686b8(9 + 5 cos 2θ) sin2 θ)],
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R5
4 =

1

8L3

(a2 + 7b2)2 − 112(ab − 1)(a2 cos2 θ + b2 sin2 θ)

8
3

× [a
5
2 (−8a5(80 + a4) cos3 θ sin θ + 4b(a2(48(4 + a4)− a(192 + 7a4)b

+ 54a2b2 − 24a3b3 − 60b4 + 7ab5)+ b2(−12 + 7ab)(−16 + 7b4) sin2 θ) sin 2θ
− 2a2b(−96 − 46a4 + 6a5b + 50a2b2 + 11a3b3 + 38b4 + 2ab(8 − 21b4)) sin 4θ)],

R5
5 =

1

48L2

(a2 + 7b2)2 − 112(ab − 1)


(a2 cos2 θ + b2 sin2 θ)

8
3

× [8a14 cos4 θ − 1120a11b cos4 θ + 8a12b2 cos2 θ(15 + 13 cos 2θ)− 112a9b3 cos2 θ(83
+ 63 cos 2θ)− 8a5b3(128 cos2 θ(181 + 8 cos 2θ)+ 7b4(617 + 148 cos 2θ − 177 cos 4θ))
+ 4a8b2(4 cos2 θ(1175 + 1091 cos 2θ)+ 7b4(171 + 192 cos 2θ + 29 cos 4θ))
+ a10(16 cos2 θ(25 + 31 cos 2θ)+ b4(941 + 1172 cos 2θ + 239 cos 4θ))
+ a6(1024 cos2 θ(−7 + 3 cos 2θ)− 49b8(−221 − 172 cos 2θ + cos 4θ)
+ 8b4(8153 + 8832 cos 2θ + 879 cos 4θ))− 8a7b(64 cos2 θ(9 + 28 cos 2θ)
+ 7b4(564 cos 2θ + 73(7 + cos 4θ)))− 16a3b(−1536 cos2 θ + 49b8(83 + cos 2θ)
+ 32b4(747 + 380 cos 2θ)) sin2 θ + 96b2(768 + 1792b4 + 245b8) sin4 θ

− 96ab3(2816 + 3584b4 + 343b8) sin4 θ − 4a2 sin2 θ(18 432 cos2 θ
+ 256b4(−323 + 15 cos 2θ)+ 196b8(−181 + 115 cos 2θ)− 4802b12 sin2 θ)

− 8a4b2(64(−116 − 102 cos 2θ + 15 cos 4θ)+ b4(−10 065 + 1324 cos 2θ + 4625 cos 4θ)
− 343b8(9 + 5 cos 2θ) sin2 θ)],

R6
6 =

1

48L2

(a2 + 7b2)2 − 112(ab − 1)


(a2 cos2 θ + b2 sin2 θ)

8
3

× [8a14 cos4 θ − 1120a11b cos4 θ + 8a12b2 cos2 θ(15 + 13 cos 2θ)− 112a9b3 cos2 θ(83
+ 63 cos 2θ)− 8a5b3(128 cos2 θ(100 + 89 cos 2θ)+ 7b4(617 + 148 cos 2θ − 177 cos 4θ))
+ 4a8b2(4 cos2 θ(1187 + 1079 cos 2θ)+ 7b4(171 + 192 cos 2θ + 29 cos 4θ))
+ a10(896 cos4 θ + b4(941 + 1172 cos 2θ + 239 cos 4θ))+ a6(−128 cos2 θ(17 + 15 cos 2θ)
− 49b8(−221 − 172 cos 2θ + cos 4θ)+ 16b4(3895 + 4440 cos 2θ + 597 cos 4θ))
− 8a7b(64 cos2 θ(18 + 19 cos 2θ)+ 7b4(564 cos 2θ + 73(7 + cos 4θ)))
− 16a3b(768 cos2 θ + 49b8(83 + cos 2θ)+ 32b4(216 + 281 cos 2θ)) sin2 θ

+ 96b2(−384 + 392b4 + 245b8) sin4 θ − 96ab3(−1408 + 896b4 + 343b8) sin4 θ

+ 8a2 sin2 θ(4608 cos2 θ − 112b8(−92 + 29 cos 2θ)+ 112b4(−17 + 147 cos 2θ)
+ 2401b12 sin2 θ)+ 8a4b2(4076 + 6480 cos 2θ + b4(6927 + 116 cos 2θ − 2927 cos 4θ)
+ 2436 cos 4θ + 343b8(9 + 5 cos 2θ) sin2 θ)] = R7

7 = R8
8 = R9

9 = R10
10 = R11

11,

R4
5 =

1

8L
√
a

(a2 + 7b2)2 − 112(ab − 1)(a2 cos2 θ + b2 sin2 θ)

8
3

× [−2(a5(80 + a4)− 96a2(4 + a4)b + 2a3(192 + 7a4)b2 − 12(16 + 9a4)b3

+ 16a(7 + 3a4)b4 + 120a2b5 − 14a3b6 + 84b7 − 49ab8) sin 2θ
− (a − b)(a + b)(a7 − 192b − 92a4b + 13a5b2 + 8a2b3 + 84b5 + 7ab2(16 − 7b4)
+ 5a3(16 + 7b4)) sin 4θ ].

The Ricci tensor before imposing the RG flow equations (2.14) to two vacuum expectation values (a, b)was given in [7]. The
above Ricci tensor holds for both spherical parametrizations in Section 2.

Appendix B. The coefficient functions for G2 invariant flow

The coefficient functions appearing in (2.16) or (2.25) are given by

h̃1 =
L3

√
ab − 1 sin4 θ


−a4 cos2 θ + a2b2(3 + 2 cos 2θ)+ 3b4 sin2 θ


2a(a2 cos2 θ + b2 sin2 θ)2

,

h2 =
L3b

√
ab − 1 sin4 θ

2(a2 cos2 θ + b2 sin2 θ)
,

h̃2 =
L3b

√
ab − 1 cos θ sin3 θ


a2(3 + cos 2θ)+ 2b2 sin2 θ


2(a2 cos2 θ + b2 sin2 θ)2

,
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h3 =
L2a

3
2
√
ab − 1 cos θ sin3 θ

2

(a2 + 7b2)2 − 112(ab − 1)(a2 cos2 θ + b2 sin2 θ)2

× [−16a3 cos2 θ + a4b(3 + cos 2θ)+ 2a2b3(11 + 3 cos 2θ)− 112ab2 sin2 θ + 2b(48 + 7b4) sin2 θ ],

h̃4 =
L2a

1
2
√
ab − 1 sin4 θ

4

(a2 + 7b2)2 − 112(ab − 1)(a2 cos2 θ + b2 sin2 θ)2

[2a6 cos2 θ − 64a3b cos2 θ

+ a4b2(1 + 3 cos 2θ)+ a2(96 cos2 θ − 5b4(9 + 5 cos 2θ))+ 128ab3 sin2 θ − 6b2(16 + 7b4) sin2 θ ],

h̃5 =
2L2

√
ab − 1(7b3 + a2b − 4a) sin2 θ

√
a

(a2 + 7b2)2 − 112(ab − 1)

,

Wr = −
1
2L

a2

a5 cos2 θ + a2b(ab − 2)(4 + 3 cos 2θ)+ b3(7ab − 12) sin2 θ


,

Wθ = −
a

3
2

48(1 − ab)+ (a2 − b2)(a2 + 7b2)


(a2 + 7b2)2 − 112(ab − 1)

sin θ cos θ.

Appendix C. The seven frames on S6 with CP2 space: G2-invariant flow

The seven frames (αi ≡ 2θi, i = 1, 2, 3) in Section 2.2 are given by

ê11 =
1
2
cos(α2 + α3 + θ5) sinα1 sin θ4 sin θ6,

ê21 =
1
2
sinα1 sin θ4 sin(α2 + α3 + θ5) sin θ6,

ê31 = −
1
2
cosα1 cos(−α2 + α3 + θ5) sin θ4 sin θ6,

ê41 = −
1
2
cosα1 sin θ4 sin(−α2 + α3 + θ5) sin θ6,

ê12 =
1
2
cosα1 sin θ4 sin(α2 + α3 + θ5) sin θ6,

ê22 = −
1
2
cosα1 cos(α2 + α3 + θ5) sin θ4 sin θ6,

ê32 = −
1
2
sinα1 sin θ4 sin(−α2 + α3 + θ5) sin θ6,

ê42 =
1
2
cos(−α2 + α3 + θ5) sinα1 sin θ4 sin θ6,

ê13 = ê12, ê23 = ê22, ê33 = −ê32, ê43 = −ê42,

ê14 = −
1
2
cosα1 cos θ4 cos(α2 + α3 + θ5) sin θ6,

ê24 = −
1
2
cosα1 cos θ4 sin(α2 + α3 + θ5) sin θ6,

ê34 = − cos θ4 cos(−α2 + α3 + θ5) sinα1 sin θ6,

ê44 = − cos θ4 sinα1 sin(−α2 + α3 + θ5) sin θ6,

ê54 = cos θ5 sin θ4 sin θ6, ê64 = sin θ4 sin θ5 sin θ6,

ê15 = 2ê12, ê25 = 2ê22, ê35 = −2ê32, ê45 = −2ê42,

ê55 = cos θ4 sin θ5 sin θ6, ê65 = − cos θ4 cos θ5 sin θ6,

ê16 = − cosα1 cos(α2 + α3 + θ5) cos θ6 sin θ4,

ê26 = − cosα1 cos θ6 sin θ4 sin(α2 + α3 + θ5),

ê36 = − cos(−α2 + α3 + θ5) cos θ6 sinα1 sin θ4,

ê46 = − cos θ6 sinα1 sin θ4 sin(−α2 + α3 + θ5),
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ê56 = − cos θ4 cos θ5 cos θ6, ê66 = − cos θ4 cos θ6 sin θ5, ê76 = sin θ6,

n̂1
= −2ê22, n̂2

= 2ê12, n̂3
= 2ê42,

n̂4
= −2ê32, n̂5

= −ê65, n̂6
= ê55, n̂7

= cos θ6.

Appendix D. The F̂ij, T̂ijk and Ŝijk tensors on S6 with CP2 space: G2-invariant flow

The three invariant tensors appearing in (2.25) are given as follows. The F̂ij tensor appearing in the 4-forms F45mn where
αi ≡ 2θi (i = 1, 2, 3) for simplicity is given by

F̂12 =
1
32

sin2 θ4 sin2 θ6[−4 cos 2α2 cos θ6 + 4 cos 2α1 cos 2(α3 + θ5) cos θ6
+ (8 cosα1 cos(α2 − α3 − θ5) sin θ4 − cos θ4(cos(2α1 − 2α3 − 3θ5)
− cos(2α1 − 2α3 − θ5)− cos(2α1 + 2α3 + θ5)+ cos(2α1 + 2α3 + 3θ5)
+ 8 cosα1 cos θ5 sinα1 + 8 cosα2 sinα2 sin θ5)) sin θ6],

F̂13 =
1
32

sin2 θ4 sin2 θ6[−2(cos 2(α1 − α2)+ cos 2(α1 + α2)− 2 cos 2(α3 + θ5)) cos θ6
+ (8 cosα1 cos(α2 − α3 − θ5) sin θ4 + cos θ4(cos(2α1 − 2α2 − θ5)
− cos(2α1 + 2α2 − θ5)− cos(2α1 − 2α2 + θ5)+ cos(2α1 + 2α2 + θ5)
+ 8 cosα1 cos θ5 sinα1 + 4 sin θ5 sin 2(α3 + θ5))) sin θ6],

F̂14 =
1
4
sin θ4 sin2 θ6[cos θ4 cos θ6 − sin 2α2 + sin 2(α3 + θ5)+ 2 cos θ6 sin θ4

× (+ cosα1 cos(α2 − α3 − θ5) sin θ5 − cos θ5 sinα1 sin(α2 + α3 + θ5))
+ (cos 2α2 − cos 2(α3 + θ5)) sin θ5 sin θ6],

F̂15 =
1
8
sin θ4 sin2 θ6[−4 cos θ4 cos θ6 sinα1 sin θ5 sin(α2 + α3 + θ5)

+ 4 cos2 θ4 cos(α2 + α3 + θ5) sinα1 sin θ6 + 4 cos3 α1 cos(α2 − α3 − θ5) sin2 θ4 sin θ6
+ sin 2θ4(cos θ5 sin 2α1 + sin2 α1 sin θ5(sin 2α2 + sin 2(α3 + θ5))) sin θ6
+ 2 cos 2α2 sin2 α1 sin θ4(cos θ6 − cos θ4 cos θ5 sin θ6)
+ 2 cos 2(α3 + θ5) sin2 α1 sin θ4(cos θ6 + cos θ4 cos θ5 sin θ6)
+ 4 cosα1 cos(α2 − α3 − θ5)(− cos θ4 cos θ5 cos θ6 + sin2 α1 sin2 θ4 sin θ6)
+ 2 cos2 α1(− cos 2α2 + cos 2(α3 + θ5) cos θ6 sin θ4
+ sin(α2 + α3) sin 2θ4 sin(α2 − α3 − θ5) sin θ6)],

F̂16 =
1
4
sin θ4 sin θ6[−2 cosα1 cos θ4 cos(α2 − α3 − θ5) sin θ5

+ sin θ4(− sin 2α2 + sin 2(α3 + θ5))+ 2 cos θ4 cos θ5 sinα1 sin(α2 + α3 + θ5)],

F̂23 =
1
4
cosα1 sinα1 sin2 θ4 sin2 θ6[cos θ6(sin 2α2 + sin 2(α3 + θ5))

− (2 cosα1 sin θ4 sin(α2 − α3 − θ5)+ cos θ4(cos 2α2 + cos 2(α3 + θ5)) sin θ5) sin θ6],

F̂24 =
1
8
sin θ4 sin2 θ6[−2 cos θ4 cos 2(α3 + θ5) cos θ6 sin 2α1

+ cos2 θ4(4 cos θ5(sin2 α1 − cos 2α3 sin 2α1 sin2 θ5)
+ sin 2α1 sin 2α3(sin θ5 − sin 3θ5)) sin θ6
+ 2 sin θ4(2 cosα1 cos θ5 cos(α2 + α3 + θ5) cos θ6 − 2 cos θ6 sinα1 sin(α2 − α3 − θ5) sin θ5
+ sin θ4(2 cos θ5 sin2 α1 − sin 2α1 sin θ5 sin 2(α3 + θ5)) sin θ6)],

F̂25 =
1
8
sin θ4 sin2 θ6[2 cos θ6(2 cos θ4(cos θ5 sinα1 sin(α2 − α3 − θ5)

+ cosα1 cos(α2 + α3 + θ5) sin θ5)+ sin 2α1 sin θ4(sin 2α2 + sin 2(α3 + θ5)))

+ (−8 cos2 α1 sinα1 sin2 θ4 sin(α2 − α3 − θ5)+ 4 cosα1 cos2 θ4 sin(α2 + α3 + θ5)

+ sin 2θ4(2 sin2 α1 sin θ5 + sin 2α1(− cos 2α2 sin θ5 + sin(2α3 + θ5)))) sin θ6],

F̂26 =
1
16

sin θ4 sin θ6[(2 − 3 cos 2(α3 + θ5)) sin 2α1 sin θ4
− 2 cosα14 cos θ4 cos θ5 cos(α2 + α3 + θ5)+ (2 + cos 2(α3 + θ5) sinα1 sin θ4)
+ 8 cos θ4 sinα1 sin(α2 − α3 − θ5) sin θ5],
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F̂34 =
1
4
sin θ4 sin2 θ6[cos θ6(cos2 α2 cos θ4 sin 2α1 − cos θ4 sin 2α1 sin2 α2

+ 2 cosα1 cosα2 cos θ5 cos(α3 + θ5) sin θ4 + 2 cos(α3 + θ5) sinα1 sinα2 sin θ4 sin θ5
− 2 sin θ4(cosα1 cos θ5 sinα2 + cosα2 sinα1 sin θ5) sin(α3 + θ5))

+ (−2 cos θ5 sin2 α1 + sin 2α1 sin 2α2 sin θ5) sin θ6],

F̂35 =
1
2
cos θ4 sin θ4 sin2 θ6[− sin2 α1 sin θ4 sin θ5 sin θ6

− cos θ5 sinα1(cos θ6 sin(α2 − α3 − θ5)+ cosα1 sin 2α2 sin θ4 sin θ6)
+ cosα1(cos(α2 + α3 + θ5) cos θ6 sin θ5 + cos θ4 sin(α2 + α3 + θ5) sin θ6)],

F̂36 =
1
4
sin θ4 sin θ6[cos2 α2 sin 2α1 sin θ4 − 2 cosα1(cos θ4 cos θ5 cos(α2 + α3 + θ5)

+ sinα1 sin2 α2 sin θ4)− 2 cos θ4 sinα1 sin(α2 − α3 − θ5) sin θ5],

F̂45 = −
1
4
sin2 θ6[cos θ6(2 cosα1(− cos(α2 + α3) cos 2θ4 + cos(α2 + α3 + 2θ5))

+ 2(cos(α2 − α3) cos 2θ4 + cos(α2 − α3 − 2θ5)) sinα1 + cos 2α2 sin 2α1 sin 2θ4)
+ 4(− cos θ5 sin2 α1 sin θ4 + cosα1(cos θ4 cos(α2 + α3 + θ5)
+ sinα1 sin 2α2 sin θ4 sin θ5)) sin θ6],

F̂46 =
1
4
sin θ6[cos(α1 + α2 − α3)− cos(α1 − α2 + α3)− cos(α1 + α2 − α3 − 2θ5)

+ cos(α1 − α2 + α3 + 2θ5)− 4 cosα1 cos θ5 sin(α2 + α3 + θ5)],

F̂56 = sin θ4 sin θ6


− cosα1 cos(α2 + α3) cos θ4 + cos(α2 − α3) cos θ4 sinα1 +

1
2
cos 2α2 sin 2α1 sin θ4


.

The F̂ ij tensor appearing in the 4-forms Fmnpq is given by

F̂ 12
= −2 csc θ4 csc θ6[cos 2α2 cot θ6 csc θ4 + cos θ5(cotα1 cot θ4 − cos(α2 − α3) secα1)

+ (− cosα3 secα1 sinα2 + cosα2(2 cot θ4 sinα2 + secα1 sinα3)) sin θ5],

F̂ 13
= 2 csc2 θ6[cos θ6(cos(2α3 + 2θ5) csc2 θ4 + csc 2θ4(cos(α1 + α2 − α3)+ cos(α1 − α2 + α3)

+ cos(α1 + α2 − α3 − 2θ5)+ cos(α1 − α2 + α3 + 2θ5)+ 4 sinα1 sin θ5 sin(α2 + α3 + θ5)))
+ (cos θ5(cotα1 cot θ4 csc θ4 + (cos 2α2 − cos(2α3 + 2θ5)) sec θ4)
+ csc θ4(cos(α2 − α3 − θ5) secα1 − 2 cos(α2 + α3 + θ5) sinα1
+ cot θ4 sin θ5 sin(2α3 + 2θ5))) sin θ6],

F̂ 14
= csc θ6[2 cosα1 cos(α2 − α3 − θ5) cot θ6 sin θ5 + (cos 2α2 − cos(2α3 + 2θ5)) csc θ4 sin θ5

+ cot θ4 cot θ6(− sin 2α2 + sin(2α3 + 2θ5))− 2 cos θ5 cot θ6 sinα1 sin(α2 + α3 + θ5)],

F̂ 15
=

1
4
csc θ6 sec θ4[− cos(2α1 − 2α2 − θ5)+ cos(2α1 + 2α2 − θ5)+ cos(2α1 − 2α2 + θ5)

− cos(2α1 + 2α2 + θ5)− 2(cos(2α2 − θ5)+ cos(2α2 + θ5)− cos(2α3 + θ5)− cos(2α3 + 3θ5)
− 4 cos(α2 + α3 + θ5) cot θ4 sinα1 + 2 cos 2α1 sin 2α2 sin θ5 + cot θ6 csc θ4(cos(α1 + α2 − α3)
+ cos(α1 − α2 + α3)+ cos(α1 + α2 − α3 − 2θ5)+ cos(α1 − α2 + α3 + 2θ5)
+ 4 sinα1 sin θ5 sin(α2 + α3 + θ5)))],

F̂ 16
= csc θ6[− sin 2α2 − 2 cosα1 cos(α2 − α3 − θ5) cot θ4 sin θ5

+ sin(2α3 + 2θ5)+ 2 cos θ5 cot θ4 sinα1 sin(α2 + α3 + θ5)],

F̂ 23
= csc 2α1 csc2 θ6[2 cos θ6(−4 csc 2θ4(cosα1 cos θ5 sin(α2 − α3 − θ5)

+ cos(α2 + α3 + θ5) sinα1 sin θ5)+ csc2 θ4(sin 2α2 + sin(2α3 + 2θ5)))
− 2(csc θ4(2 cosα1 sin(α2 − α3 − θ5)+ cos 2α2 cot θ4 sin θ5)+ sec θ4(cos θ5(cos 2α1 sin 2α2

+ sin 2α3)+ (cos 2α3 + cos(2α3 + 2θ5) csc2 θ4 + sin 2α1) sin θ5)
+ 2 csc θ4 sinα1 sin(α2 + α3 + θ5)) sin θ6],

F̂ 24
= − csc 2α1 csc θ4 csc2 θ6[cos θ4 cos(2α3 + 2θ5) cos θ6 + cos2 θ4 sin θ6(sin θ5 sin(2α3 + 2θ5)

− cos θ5 tanα1)+ cos 2α1(cos2 α2 cos θ4 cos θ6 − cos θ4 cos θ6 sin2 α2
+ cos(α3 + θ5) cos θ6 secα1 sinα2 sin θ4 sin θ5
+ cosα2 cos θ6 sin θ4(cos θ5 cos(α3 + θ5) cscα1 − secα1 sin θ5 sin(α3 + θ5))
+ sin 2α2 sin θ5 sin θ6 − cos θ5(cos θ6 cscα1 sinα2 sin θ4 sin(α3 + θ5)+ sin θ6 tanα1))
+ sin θ4(sin θ5(cos θ6 secα1 sin(α2 − α3 − θ5)+ sin θ4 sin(2α3 + 2θ5) sin θ6)
− cos θ5(cos(α2 + α3 + θ5) cos θ6 cscα1 + sin θ4 sin θ6 tanα1))],



C. Ahn, K. Woo / Journal of Geometry and Physics 62 (2012) 1207–1232 1223

F̂ 26
= − csc θ6[cos 2α2 cot 2α1 + csc 2α1(cos(2α3 + 2θ5)

+ 2 cot θ4(cos θ5 cos(α2 + α3 + θ5) sinα1 − cosα1 sin(α2 − α3 − θ5) sin θ5))],

F̂ 25
= csc 2α1 csc2 θ6 sec θ4[2 cos θ6 csc θ4(cosα1 cos θ5 sin(α2 − α3 − θ5)

+ cos(α2 + α3 + θ5) sinα1 sin θ5)+ (cos 2α1 cos θ5 sin 2α2 + (cos(2α3 + 2θ5)+ sin 2α1) sin θ5
+ 2 cot θ4 sinα1 sin(α2 + α3 + θ5)+ sin(2α3 + θ5)) sin θ6],

F̂ 34
= csc θ6[cos(2α3 + 2θ5) cot 2α1 cot θ4 cot θ6 + cos 2α2 cot θ4 cot θ6 csc 2α1

− 2 cosα1 cos(α2 + α3 + θ5) sec θ4 − cos θ5(csc θ4 + 2 cot θ6 sinα1
× (− cosα2 cos(α3 + θ5)(−1 + csc 2α1)+ (1 + csc 2α1) sinα2 sin(α3 + θ5)))
+ sin θ5(csc 2α1 csc θ4 sin 2α2 + cot 2α1 csc θ4 sin(2α3 + 2θ5)
+ cot θ6(cscα1 sin(α2 − α3 − θ5)+ 2 cosα1 sin(α2 + α3 + θ5)))],

F̂ 35
= −

1
2
csc θ6[2 cos θ5 sec θ4(csc 2α1 sin 2α2 + cot θ6 cscα1 csc θ4 sin(α2 − α3 − θ5))

+ cos 2α1 csc2 α1 csc θ4 secα1 sin(α2 + α3 + θ5)− csc2 α1 csc θ4 secα1 sec2 θ4 sin(α2 + α3 + θ5)
+ sec θ4(2(1 + cos(2α3 + 2θ5) cot 2α1 − cos(α2 + α3 + θ5) cot θ6 csc θ4 secα1) sin θ5
+ 2 cot 2α1 sin(2α3 + θ5)+ csc2 α1 secα1) sin(α2 + α3 + θ5) tan θ4],

F̂ 36
=

1
4
csc θ6[cot 2α1(−2 + 4 cos(2α3 + 2θ5)+ 4 cosα1 csc 2α1(2 cos θ5 cos(α2 + α3 + θ5) cot θ4

+ sinα1)− 4 cot θ4 secα1 sin(α2 − α3 − θ5) sin θ5)+ 4 csc2 2α1(− cos2 2α1 + csc2 θ4) sec θ4
× (cos2 α2 sin 2α1 sin θ4 − 2 cosα1(cos θ4 cos θ5 cos(α2 + α3 + θ5)

+ sinα1 sin2 α2 sin θ4)− 2 cos θ4 sinα1 sin(α2 − α3 − θ5) sin θ5) tan θ4
− 4 tan θ4(−2 cosα1 cos(α2 + α3)+ 2 cos(α2 − α3) sinα1 + cos 2α2 sin 2α1 tan θ4)],

F̂ 45
= −

1
2
csc θ6[2 cos(α2 − α3 − θ5) cos θ5 cot θ6 sinα1 + cosα1((− cos(α2 + α3) cos 2θ4

+ cos(α2 + α3 + 2θ5)) cot θ6 sec2 θ4 + 2 cos(α2 + α3 + θ5)(sec θ4 − cos θ5 cot θ6 tan2 θ4))],

F̂ 46
=

1
4
csc θ6[cos(α1 + α2 − α3)− cos(α1 − α2 + α3)− cos(α1 + α2 − α3 − 2θ5)

+ cos(α1 − α2 + α3 + 2θ5)− 4 cosα1 cos θ5 sin(α2 + α3 + θ5)],

F̂ 56
=

1
4
csc θ6[− cos(α1 − α2 − α3)− cos(α1 + α2 + α3)+ cos(α1 − α2 − α3 − 2θ5)

+ 4 cos(α2 − α3 − θ5) cos θ5 sinα1] tan θ4.
One checks the identities

F̂ i
kF̂

k
j = −δij, F̂ [ijF̂kl F̂mn

]
=

1
15

6
ϵ
ijklmn

.

The raising and lowering of the indices are done by the 6-dimensional metric on S6 (2.20).
The T̂ijk tensor appearing in the 4-forms F4mnp and F5mnp is given by

T̂123 =
1
4
cosα1 sin2 α1 sin3 θ4 sin(α2 − α3 − θ5) sin3 θ6,

T̂124 =
1
8
sin2 θ4 sin3 θ6[2 cosα1 cos θ4 cos(α2 − α3 − θ5)+ sin θ4(cos θ5 sin 2α1

+ sin θ5(sin 2α2 − cos 2α1 sin 2(α3 + θ5)))],

T̂125 =
1
8
sin2 θ4 sin3 θ6[4 cosα1 sin2 α1 sin θ4 sin(α2 − α3 − θ5)+ cos θ4(sin 2α1 sin θ5

+ cos θ5(− sin 2α2 + cos 2α1 sin 2(α3 + θ5)))],

T̂126 =
1
16

sin2 θ4 sin2 θ6[cos 3α1 cos(α2 − α3 − θ5) cos θ6 sin θ4
+ cosα1 cos θ6(−4 cos θ4 cos θ5 sinα1 + (5 − 2 cos 2α1) cos(α2 − α3 − θ5) sin θ4)
− 2 cos θ4 cos θ6 sin θ5(sin 2α2 − cos 2α1 sin 2(α3 + θ5))
+ 2(cos 2α2 − cos 2α1 cos 2(α3 + θ5)) sin θ6],

T̂134 =
1
8
sin2 θ4 sin3 θ6[2 cosα1(cos θ4 cos(α2 − α3 − θ5)− cos θ5 sinα1 sin θ4)

+ cos2 α1 sin 2α2 sin θ4 sin θ5 − sin θ4 sin θ5(sin2 α1 sin 2α2 + sin 2(α3 + θ5))],

T̂135 =
1
16

cos θ4 sin2 θ4 sin3 θ6[− cos(2α1 − θ5)+ cos(2α1 + θ5)+ cos θ5(sin 2(α1 − α2)

− sin 2(α1 + α2)+ 2 sin 2(α3 + θ5))],
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T̂136 =
1
16

sin2 θ4 sin2 θ6[4 cosα1 cos(α2 − α3 − θ5) cos θ6 sin θ4
+ cos θ4 cos θ6(2 cos θ5 sin 2α1 + sin θ5(sin 2(α1 − α2)− sin 2(α1 + α2)
+ 2 sin 2(α3 + θ5)))+ (cos 2(α1 − α2)+ cos 2(α1 + α2)− 2 cos 2(α3 + θ5)) sin θ6],

T̂145 =
1
32

sin θ4 sin3 θ6[2 cos(2α2 − θ5)+ cos(2α2 − 2θ4 − θ5)+ cos(2α2 + 2θ4 − θ5)

+ 2 cos(2α2 + θ5)+ cos(2α2 − 2θ4 + θ5)− 2 cos(2α3 − 2θ4 + θ5)+ cos(2α2 + 2θ4 + θ5)
− 2(cos(2α3 + 2θ4 + θ5)+ 2 cos(2α3 + 3θ5)+ 2(cosα1 cos(α2 − α3 − θ5)

− cos(α2 + α3 + θ5) sinα1) sin 2θ4 + 2 sin2 θ4(− cos θ5 sin 2α1 + cos 2α1 sin 2α2 sin θ5))],

T̂146 =
1
4
sin θ4 sin2 θ6[(cos 2α2 − cos 2(α3 + θ5)) cos θ6 sin θ5

+ (cos θ4(sin 2α2 − sin 2(α3 + θ5))+ 2 sin θ4(− cosα1 cos(α2 − α3 − θ5) sin θ5
+ cos θ5 sinα1 sin(α2 + α3 + θ5))) sin θ6],

T̂156 =
1
16

sin θ4 sin2 θ6[cos θ6(8 cos2 θ4 cos(α2 + α3 + θ5) sinα1

+ 8 cosα1 cos(α2 − α3 − θ5) sin2 θ4 − sin 2θ4(cos(2α2 − θ5)+ cos(2α2 + θ5)
− 2(cos(2α3 + θ5)+ cos θ5 sin 2α1 − cos 2α1 sin 2α2 sin θ5)))
+ 2((cos(2α1 − 2α2)+ cos(2α1 + 2α2)− 2 cos(2α3 + 2θ5)) sin θ4
+ 4 cos θ4(cosα1 cos(α2 − α3 − θ5) cos θ5 + sinα1 sin θ5 sin(α2 + α3 + θ5))) sin θ6],

T̂234 =
1
8
sin 2α1 sin2 θ4 sin3 θ6[−2 cosα1 cos θ4 sin(α2 − α3 − θ5)

+ (cos 2α2 + cos(2α3 + 2θ5)) sin θ4 sin θ5],

T̂235 = −
1
8
cos θ4 cos θ5 sin 2α1 sin2 θ4 sin3 θ6 [cos 2α2 + cos(2α3 + 2θ5)] ,

T̂236 = −
1
8
sin 2α1 sin2 θ4 sin2 θ6[2 cosα1 cos θ6 sin θ4 sin(α2 − α3 − θ5)

+ cos θ4(cos 2α2 + cos(2α3 + 2θ5)) cos θ6 sin θ5 + (sin 2α2 + sin(2α3 + 2θ5)) sin θ6],

T̂245 = −
1
4
sin θ4 sin3 θ6[−2 cos2 α1 sinα1 sin 2θ4 sin(α2 − α3 − θ5)+ (2 cos2 θ4 sin2 α1

+ (cos 2α2 + cos(2α3 + 2θ5)) sin 2α1 sin2 θ4) sin θ5
+ cosα1(2 cos2 θ4 cos θ5 sinα1 sin(2α3 + 2θ5)− sin 2θ4 sin(α2 + α3 + θ5))],

T̂246 =
1
8
sin θ4 sin2 θ6[cos θ6 sin 2α1 sin 2α3(sin θ5 − sin 3θ5)

+ 2(cos θ4 cos(2α3 + 2θ5) sin 2α1

+ 2 sinα1 sin θ4 sin(α2 − α3 − θ5) sin θ5) sin θ6 + 4 cos θ5(cos θ6(sin2 α1

− cos 2α3 sin 2α1 sin2 θ5)− cosα1 cos(α2 + α3 + θ5) sin θ4 sin θ6)],

T̂256 = −
1
4
sin2 θ6[4 cos2 α1 cos θ6 sinα1 sin3 θ4 sin(α2 − α3 − θ5)

− 2 cosα1 cos2 θ4 cos θ6 sin θ4 sin(α2 + α3 + θ5)− cos θ4 cos θ6 sin2 θ4(2 sinα1
× (− cosα1 cos 2α2 + sinα1) sin θ5 + sin 2α1 sin(2α3 + θ5))
+ cosα1 cos(α2 + α3 + θ5) sin 2θ4 sin θ5 sin θ6 + (cos θ5 sinα1 sin 2θ4 sin(α2 − α3 − θ5)

+ sin 2α1 sin2 θ4(sin 2α2 + sin(2α3 + 2θ5))) sin θ6],

T̂345 =
1
4
sin θ4 sin3 θ6[2 cos2 θ4 sinα1(cosα1 cos θ5 sin 2α2 + sinα1 sin θ5)

+ cosα1 sin 2θ4 sin(α2 + α3 + θ5)],

T̂346 =
1
4
sin θ4 sin2 θ6[cos θ6 sin 2α1 sin 2α2 sin θ5 − cos2 θ5(2 cosα1 cos(α2 + α3)

+ cos(α2 − α3) sinα1) sin θ4 sin θ6 + (cos θ4 sin 2α1 sin2 α2

+ sinα1 sin θ4(cos(α2 − α3)(1 + sin2 θ5)+ cosα2 sinα3 sin 2θ5)
+ cosα1(−2 cos2 α2 cos θ4 sinα1 + sin(α2 + α3) sin θ4 sin 2θ5)) sin θ6
− 2 cos θ5 sinα1(cos θ6 sinα1 + cosα3 sinα2 sin θ4 sin θ5 sin θ6)],

T̂356 =
1
4
sin2 θ6[cos θ4 cos θ6(− sin2 θ4(cos θ5 sin 2α1 sin 2α2 + 2 sin2 α1 sin θ5)

+ cosα1 sin 2θ4 sin(α2 + α3 + θ5))+ sin 2θ4(cos θ5 sinα1 sin(α2 − α3 − θ5)
− cosα1 cos(α2 + α3 + θ5) sin θ5) sin θ6],
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T̂456 =
1
8
sin2 θ6[−4 cos2 α1 cos θ5 cos θ6 sin θ4 − 4 cos θ6 sin 2α1 sin 2α2 sin θ4 sin θ5

+ 4 cos(α2 − α3) cos2 θ5 sinα1 sin θ6
+ 2 sinα1(cos(α2 − α3)(−1 + 2 cos 2θ4 + cos 2θ5)
− 2 cosα2 sinα3 sin 2θ5) sin θ6 − cosα1(8 cos θ4 cos(α2 + α3 + θ5) cos θ6
+ (− cos(α1 + 2α2 − 2θ4)+ 2 cos(α2 + α3 − 2θ4)+ cos(α1 − 2α2 + 2θ4)
+ 2 cos(α2 + α3 + 2θ4)− cos(α1 − 2α2 − 2θ4)+ cos(α1 + 2α2 + 2θ4)
− 4 cos(α2 + α3 + 2θ5)) sin θ6)+ 4 cos θ5(cos θ6(1 + sin2 α1) sin θ4
+ 2 cosα3 sinα1 sinα2 sin θ5 sin θ6)].

One has also various identities which can be used for checking the 11-dimensional Einstein–Maxwell equations.

T̂m
ij F̂mk + T̂m

kj F̂mi = 0,

T̂m
ij T̂

l
mk + T̂m

kj T̂
l
mi = −F̂ijF̂ l

k − F̂kjF̂ l
i − δli

6
g jk − δlk

6
g ij + 2δlj

6
g ik,

6
∇kF̂ij = T̂ijk,
6
∇kT̂ l

ij = −
6
gkiF̂ l

j +
6
gkjF̂ l

i − δlkF̂ij,
6
∇kT̂ k

ij = −4F̂ij,

T̂imnT̂ jmn
= 4δji,

T̂ijkF̂ jk
= 0,

6
ϵ ijkmnpT̂mnpF̂ jk

= 0,
6
ϵ
ijkmnp 6

∇ iT̂mnp = 0,
6
∇ [mT̂npq] = 0.

All these identities can be checked from the scalar product and the vector cross product of two vectors in Cayley space I7.
According to the third equation, by taking the 6-dimensional covariant derivative on the almost complex structure F̂ij, one
obtains the T̂ijk tensor. In otherwords, the above expression for T̂ijk can be determined via the explicit form for F̂ij. We present
themhere for convenience. In general, the second fundamental tensor of the hypersurface is different from themetric tensor
but for S6, they are equivalent to each other. We use this property all the time.

The Ŝijk tensor appearing in the 4-forms F4mnp and F5mnp is given by

Ŝ123 =
1
64

sin 2α1 sin3 θ4 sin3 θ6[−8 cosα1 cos(α2 + α3 + θ5) cos θ6

− cos θ4(cos(α1 − α2 − α3)+ cos(α1 + α2 + α3)+ 2 cosα1(cos(α2 + α3)

− 2 cos(α2 + α3 + 2θ5))− 8 cos(α2 − α3 − θ5) cos θ5 sinα1) sin θ6],

Ŝ124 =
1
8
sin2 θ4 sin3 θ6[cos θ6 sin 2α1 sin θ4 sin θ5 − 2 cos θ4 sinα1 sin(α2 + α3 + θ5)

+ 2 cos(α2 + α3 + θ5) sinα1 sin θ5 sin θ6 + cos θ5(cos θ6 sin θ4(sin 2α2

+ cos 2α1 sin(2α3 + 2θ5))− 2 cosα1 sin(α2 − α3 − θ5) sin θ6)],

Ŝ125 =
1
16

sin2 θ4 sin3 θ6[2 cos θ6(−2 cosα1 cos θ4 cos θ5 sinα1

− 4 cos2 α1 cos(α2 + α3 + θ5) sinα1 sin θ4 + cos θ4 sin θ5(sin 2α2 + cos 2α1 sin(2α3 + 2θ5)))
+ (−2 cos 2α2 cos2 θ4 − 2 cos 2α1 cos θ4(cos θ4 cos(2α3 + 2θ5)+ (cosα1 cos(α2 − α3 − 2θ5)
− cos(α2 + α3 + 2θ5) sinα1) sin θ4)+ (cosα2 cosα3(cosα1 − sinα1)

3

+ (cosα1 + sinα1)
3 sinα2 sinα3) sin 2θ4) sin θ6],

Ŝ126 = −
1
8
sin 2α1 sin3 θ4 sin2 θ6[cot θ4(cosα2 cos θ5 cscα1 secα1 sinα2

+ sin θ5 + cos θ5 cot 2α1 sin(2α3 + 2θ5))+ secα1 sin(α2 + α3 + θ5)],

Ŝ134 =
1
24

sin2 θ4 sin3 θ6[3 cos(2α3 + 2θ5) cos θ6 sin θ4 sin θ5 + cos θ4 cos θ6(cscα1

+ 4 sinα1) sin(α2 + α3 + θ5)− (cos θ5(4 cosα1 + secα1) sin(α2 − α3 − θ5)

+ cos(α2 + α3 + θ5)(cscα1 + 4 sinα1) sin θ5) sin θ6 + 3 cos θ6 sin θ4(sin(2α3 + θ5)
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+ sin θ5 tanα1)+ cos 2α1(− cos θ4 cos θ6 cscα1 sin(α2 + α3 + θ5)

+ cos θ5(3 cos θ6 sin 2α2 sin θ4 − secα1 sin(α2 − α3 − θ5) sin θ6)
+ sin θ5(cos(α2 + α3 + θ5) cscα1 sin θ6 + 3 cos θ6 sin θ4 tanα1))],

Ŝ135 = −
1
32

sin3 θ6[(cos 2α1 cos 2α2 + cos(2α3 + 2θ5)) sin2 2θ4 sin θ6

− 4 cos θ4 sin2 θ4(cos θ5(− cos θ6 sin 2α1 + 2 cos(α2 + α3 + θ5) sinα1 sin θ4 sin θ6)
+ sin θ5(cos θ6(cos 2α1 sin 2α2 + sin(2α3 + 2θ5))− 2 cosα1 sin θ4 sin(α2 − α3 − θ5) sin θ6))],

Ŝ136 =
1
16

sin2 θ4 sin2 θ6[− cos θ4(cos(2α1 − θ5)− cos(2α1 + θ5)+ 2 cos θ5(cos 2α1 sin 2α2

+ sin(2α3 + 2θ5)))+ 4 sinα1 sin θ4 sin(α2 + α3 + θ5)],

Ŝ145 = −
1
48

sin θ4 sin3 θ6[12 cos 2α2 cos2 θ4 cos θ6 sin θ5 + 8 cos(2α3 + 2θ5) cos θ6 sin θ5

− 4 cos(2α3 + 2θ5) cos θ6 cot2 2α1 sin θ5 + 4 cos(2α3 + 2θ5) cos θ6 csc2 2α1 sin θ5
+ 2 cos 2α3 cos θ6 sin2 θ4 sin θ5 + 8 cos θ6 sin 2α1 sin2 θ4 sin θ5
+ cos θ6 cscα1 sin 2θ4 sin(α2 + α3 + θ5)+ 10 cos θ6 sinα1 sin 2θ4 sin(α2 + α3 + θ5)

+ 10 cos θ6 sin2 θ4 sin(2α3 + θ5)+ 6 cos θ4 sin 2α2 sin θ6 + 2 sec θ4 sin 2α2 sin θ6
− 4 cot2 2α1 sec θ4 sin 2α2 sin θ6 + 4 csc2 2α1 sec θ4 sin 2α2 sin θ6
− 4 cos(α2 + α3 + θ5) cscα1 sin θ4 sin θ5 sin θ6 − 16 cos(α2 + α3 + θ5) sinα1 sin θ4 sin θ5 sin θ6
+ 6 cos θ4 sin(2α3 + 2θ5) sin θ6 + 2 sec θ4 sin(2α3 + 2θ5) sin θ6
− 4 cot2 2α1 sec θ4 sin(2α3 + 2θ5) sin θ6 + 4 csc2 2α1 sec θ4 sin(2α3 + 2θ5) sin θ6
+ 2 cos θ5 sin θ4(cos θ6 sin 2α3 sin θ4 − 3(2 cosα1 + secα1) sin(α2 − α3 − θ5) sin θ6)
+ 4 cos θ6 sin2 θ4 sin θ5 tanα1 + cos 2α1(4 cos(α2 + α3 + θ5) cscα1 sin θ4 sin θ5 sin θ6
+ 6 cos θ5 sin θ4(2 cos θ6 sin 2α2 sin θ4 − secα1 sin(α2 − α3 − θ5) sin θ6)
+ cos θ6(− cscα1 sin 2θ4 sin(α2 + α3 + θ5)+ 4 sin2 θ4 sin θ5 tanα1))

+ cos θ6 csc2 α1 secα1 sin(α2 − α3 − θ5) tan θ4 − 6 sin 2α2 sin θ4 sin θ6 tan θ4
− 6 sin θ4 sin(2α3 + 2θ5) sin θ6 tan θ4
+ 2 cosα1 cos θ6 sin(α2 − α3 − θ5)(5 sin 2θ4 − 2(cot2 2α1 + sin2 θ4) tan θ4)],

Ŝ146 =
1
4
cos θ5 sin θ4 sin2 θ6 [cos 2α2 + cos(2α3 + 2θ5)] ,

Ŝ156 =
1
8
sin θ4 sin2 θ6[−4 cos2 α1 cosα2 cos θ4 cos θ5 sinα2 sin θ4

+ sin 2θ4(cos θ5(sin2 α1 sin 2α2 − 2 cosα3 sinα3)+ (cos 2α2 − cos 2α3) sin θ5)
− 4 cosα1 cos θ4(cos θ4 sin(α2 − α3 − θ5)+ sinα1 sin θ4 sin θ5)+ 4 sinα1 sin2 θ4 sin(α2 + α3 + θ5)],

Ŝ234 =
1
8
sin 2α1 sin2 θ4 sin3 θ6[−2 cos θ4 cos(α2 + α3 + θ5) cos θ6 sinα1

+ cos θ5(cos 2α2 − cos(2α3 + 2θ5)) cos θ6 sin θ4 − 2(cosα1 cos(α2 − α3 − θ5) cos θ5
+ sinα1 sin θ5 sin(α2 + α3 + θ5)) sin θ6],

Ŝ235 =
1
8
cos θ4 sin 2α1 sin2 θ4 sin3 θ6[(cos 2α2 − cos(2α3 + 2θ5)) cos θ6 sin θ5

+ (cos θ4(sin 2α2 − sin(2α3 + 2θ5))+ 2 sin θ4(− cosα1 cos(α2 − α3 − θ5) sin θ5
+ cos θ5 sinα1 sin(α2 + α3 + θ5))) sin θ6],

Ŝ236 = −
1
8
sin 2α1 sin2 θ4 sin2 θ6[cos θ4 cos θ5(cos 2α2 − cos(2α3 + 2θ5))

+ 2 cos(α2 + α3 + θ5) sinα1 sin θ4],

Ŝ245 =
1
8
sin θ4 sin3 θ6[− cos θ6(2 cos(α2 − α3 − θ5) sinα1 sin 2θ4

+ sin 2α1(2 cos 2α2 cos θ5 sin2 θ4 + sin 2α3 sin 3θ5))
+ cos 2α3 sin 2α1((− cos 2θ4 cos θ5 + cos 3θ5) cos θ6 + 2 cos θ4 cos 2θ5 sin θ6)
− 4 cos2 α1 cos θ5(cos2 θ4 cos θ6 − 2 sinα1 sin(α2 − α3) sin θ4 sin θ5 sin θ6)
+ 2 cosα1(2 cos(α2 + α3 + θ5) cos θ6 sin2 α1 sin 2θ4
+ 2 cos(α2 − α3) cos2 θ5 sin 2α1 sin θ4 sin θ6 + sinα1 sin θ5(cos 2θ4 cos θ6 sin 2α3

+ 4(− cos θ4 cos θ5 sin 2α3 + sinα1 sin θ4 sin(α2 + α3 + θ5)) sin θ6))],



C. Ahn, K. Woo / Journal of Geometry and Physics 62 (2012) 1207–1232 1227

Ŝ246 =
1
2
cosα1 sin θ4 sin2 θ6 [− cosα1 sin θ5 + cos θ5 sinα1 sin(2α3 + 2θ5)] ,

Ŝ256 =
1
8
sin 2α1 sin θ4 sin2 θ6[−2 cos2 θ4 cos(α2 − α3 − θ5) secα1 − 4 cos(α2 + α3 + θ5) sinα1 sin2 θ4

+ (cos(2α3 + θ5)+ cos θ5(− cos 2α2 + cotα1)) sin 2θ4],

Ŝ345 =
1
4
cos θ4 sin 2α1 sin θ4 sin3 θ6[cos(α2 − α3 − θ5) cos θ6 secα1 sin θ4

− cos θ4 cos θ6(cos θ5 cotα1 + sin 2α2 sin θ5)+ cos 2α2 sin θ6],

Ŝ346 =
1
4
sin 2α1 sin θ4 sin2 θ6 [cos θ5 sin 2α2 − cotα1 sin θ5] ,

Ŝ356 =
1
4
cos θ4 sin 2α1 sin2 θ4 sin2 θ6[cos θ5 cotα1 + cos(α2 − α3 − θ5) cot θ4 secα1 + sin 2α2 sin θ5],

Ŝ456 =
1
2
sin2 θ6[2 cosα2 cos θ4 cos θ5 sinα1 sinα3 + sin θ4(− cos θ5 sin 2α1 sin 2α2 + 2 cos2 α1 sin θ5)

+ 2 cos θ4 sinα1(− cosα3 sin(α2 − θ5)+ sinα2 sinα3 sin θ5)].

Let us also present the other identities which contain the above Ŝijk tensor.

ŜimnŜ jmn
= 4δji,

ŜimnT̂ jmn
= −

1
2

6
g ik

6
ϵ
jkmnpq

F̂mnF̂pq = 4F̂ j
i ,

ŜijkF̂ jk
= 0,

6
∇ iŜ ijk = 0,

T̂imnŜ jmn
+ ŜimnT̂ jmn

= 0.

There is no G2-invariant vector. As mentioned, there exists a relation (2.19) which shows how the above tensor Ŝijk can be
obtained from the previous two tensors.

Appendix E. The Ricci tensor

The Ricci tensor appearing in (3.7) is given explicitly byR1
1 = R1

1,
R2

2 = R2
2(=

R1
1),

R3
3 = R3

3(=
R1

1),R4
4 = R4

4,

R5
4 = −


cosµ cosψ

1 − cos2 ψ sin2 µ


R5
4,

R10
4 = −


cscµ sinψ

1 − cos2 ψ sin2 µ


R5
4,

R11
4 =


cscµ sinψ

1 − cos2 ψ sin2 µ


R5
4(= −R10

4 ),

R4
5 = −


cosµ cosψ

1 − cos2 ψ sin2 µ


R4
5,

R5
5 =


cos2 µ cos2 ψ

1 − cos2 ψ sin2 µ


R5
5 +


sin2 ψ

1 − cos2 ψ sin2 µ


R11
11,

R10
5 =


cotµ sinψ cosψ
1 − cos2 ψ sin2 µ


R5
5 −


cotµ sinψ cosψ
1 − cos2 ψ sin2 µ


R11
11,

R11
5 = −


cotµ sinψ cosψ
1 − cos2 ψ sin2 µ


R5
5 +


cotµ sinψ cosψ
1 − cos2 ψ sin2 µ


R11
11(= −R10

5 ),R6
6 = R6

6,
R7

7 = R7
7(=

R6
6),

R8
8 = R8

8(=
R6

6),R9
9 = R9

9(=
R6

6),
R10

10 = R10
10(=

R6
6),
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R4
11 =


sinµ sinψ

1 − cos2 ψ sin2 µ


R4
5,

R5
11 = −


sinµ cosµ sinψ cosψ

1 − cos2 ψ sin2 µ


R5
5 +


sinµ cosµ sinψ cosψ

1 − cos2 ψ sin2 µ


R11
11,

R10
11 = −


sin2 ψ

1 − cos2 ψ sin2 µ


R5
5 + R10

10 −


cos2 µ cos2 ψ

1 − cos2 ψ sin2 µ


R11
11,

R11
11 =


sin2 ψ

1 − cos2 ψ sin2 µ


R5
5 +


cos2 µ cos2 ψ

1 − cos2 ψ sin2 µ


R11
11.

Here the Ricci tensor RN
M on the right hand side above is for the G2-invariant case we presented in Appendix A and the

old variable θ should be replaced by the new variables (µ,ψ) through (3.4). Note that there are off-diagonal components
(4, 10), (4, 11), (5, 10), (5, 11), (11, 4), (11, 5), and (11, 10)while there exist only (4, 5) and (5, 4) components in the G2-
invariant flow. One also obtains these components from the 11-dimensional metric (3.6) directly.

Appendix F. The 4-forms

The 4-forms appearing in (3.8) are given by

F1234 = F1234, F1235 = −


cosµ cosψ

1 − cos2 ψ sin2 µ


F1235,

F123 11 =


sinµ sinψ

1 − cos2 ψ sin2 µ


F1235,

F45mn = −


cosµ cosψ

1 − cos2 ψ sin2 µ


F45mn −


sinψ

1 − cos2 ψ sin2 µ


F4mn 11, (m, n = 6, . . . , 10),

F45m 11 = −


cosµ cosψ

1 − cos2 ψ sin2 µ


F45m 10 +


sinµ

1 − cos2 ψ sin2 µ


F45m 11

−


sinψ

1 − cos2 ψ sin2 µ


F4m 10 11, (m = 6, . . . , 9),

F45 10 11 =


sinµ

1 − cos2 ψ sin2 µ


F45 10 11, F4mnp = F4mnp, (m, n, p = 6, . . . , 10),

F4mn 11 =


sinµ sinψ

1 − cos2 ψ sin2 µ


F45mn + F4mn 10 −


sinµ cosµ cosψ
1 − cos2 ψ sin2 µ


F4mn 11, (m, n = 6, . . . , 9),

F4m 10 11 =


sinµ sinψ

1 − cos2 ψ sin2 µ


F45m 10 −


sinµ cosµ cosψ
1 − cos2 ψ sin2 µ


F4m 10 11, (m = 6, . . . , 9),

F5mnp = −


cosµ cosψ

1 − cos2 ψ sin2 µ


F5mnp +


sinψ

1 − cos2 ψ sin2 µ


Fmnp 11, (m, n, p = 6, . . . , 10),

F5mn 11 = −


cosµ cosψ

1 − cos2 ψ sin2 µ


F5mn 10 +


sinµ

1 − cos2 ψ sin2 µ


F5mn 11

+


sinψ

1 − cos2 ψ sin2 µ


Fmn10 11, (m, n = 6, . . . , 9),

F5m 10 11 =


sinµ

1 − cos2 ψ sin2 µ


F5m 10 11, (m = 6, . . . , 9),

Fmnpq = Fmnpq, (m, n, p, q = 6, . . . , 10),

Fmnp 11 = −


sinµ sinψ

1 − cos2 ψ sin2 µ


F5mnp + Fmnp 10 −


sinµ cosµ cosψ
1 − cos2 ψ sin2 µ


Fmnp 11, (m, n, p = 6, . . . , 9),
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Fmn10 11 = −


sinµ sinψ

1 − cos2 ψ sin2 µ


F5mn 10 −


sinµ cosµ cosψ
1 − cos2 ψ sin2 µ


Fmn10 11, (m, n = 6, . . . , 9).

Here the 4-forms FMNPQ on the right hand side are for theG2-invariant case and are givenby (2.25) togetherwithAppendices B
and D. Note that the old variables (θ, θ5, θ6) should be replaced by the new variables (µ, φ,ψ) through (3.4). The 4-formF123 11 is new.

The 4-forms with upper indices are given by

F 1234
= F 1234, F 1235

= −


cosµ cosψ

1 − cos2 ψ sin2 µ


F 1235,

F 123 10
= −


cscµ sinψ

1 − cos2 ψ sin2 µ


F 1235, F 123 11

=


cscµ sinψ

1 − cos2 ψ sin2 µ


F 1235,

F 45mn
= −


cosµ cosψ

1 − cos2 ψ sin2 µ


F 45mn

− [sinψ] F 4mn 11, (m, n = 6, . . . , 9),

F 45m 10
= −


cosµ cosψ

1 − cos2 ψ sin2 µ


F 45m 10

−


cscµ


1 − cos2 ψ sin2 µ


F 45m 11

− [sinψ] F 4m 10 11, (m = 6, . . . , 9),

F 45m 11
=


cscµ


1 − cos2 ψ sin2 µ


F 45m 11, (m = 6, . . . , 10),

F 4mnp
= F 4mnp, (m, n, p = 6, . . . , 9),

F 4mn 10
= F 4mn 10

+ [cosψ cotµ] F 4mn 11
−


cscµ sinψ

1 − cos2 ψ sin2 µ


F 45mn, (m, n = 6, . . . , 9),

F 4mn 11
=


cscµ sinψ

1 − cos2 ψ sin2 µ


F 45mn

− [cosψ cotµ] F 4mn 11, (m, n = 6, . . . , 10),

F 5mnp
= −


cosµ cosψ

1 − cos2 ψ sin2 µ


F 5mnp

+ [sinψ] Fmnp 11, (m, n, p = 6, . . . , 9),

F 5mn 10
= −


cosµ cosψ

1 − cos2 ψ sin2 µ


F 5mn 10

−


cscµ


1 − cos2 ψ sin2 µ


F 5mn 11

+ [sinψ] Fmn 10 11, (m, n = 6, . . . , 9),

F 5mn 11
=


cscµ


1 − cos2 ψ sin2 µ


F 5mn 11, (m, n = 6, . . . , 10), F 6789

= F 6789,

Fmnp 10
= Fmnp 10

+ [cosψ cotµ] Fmnp 11
+


cscµ sinψ

1 − cos2 ψ sin2 µ


F 5mnp, (m, n, p = 6, . . . , 9),

Fmnp 11
= −


cscµ sinψ

1 − cos2 ψ sin2 µ


F 5mnp

− [cosψ cotµ] Fmnp 11, (m, n, p = 6, . . . , 10).

The 4-formsF 123 10 andF 123 11 are new, compared to the G2-invariant flow.

Appendix G. The left hand side of the Maxwell equation

The Maxwell equations can be summarized as follows. Let us introduce the notation

1
2
E∇MFMNPQ

≡ (NPQ ),

where we ignore the tilde in (NPQ ) for simplicity and present all the nonzero components of left hand side of Maxwell
equations in terms of the 4-forms in G2-invariant case
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(123) = −F49 10 11F5678 + F48 10 11F5679 − F489 11F567 10 + F489 10F567 11 − F47 10 11F5689
+ F479 11F568 10 − F479 10F568 11 − F478 11F569 10 + F478 10F569 11 − F4789F56 10 11
+ F46 10 11F5789 − F469 11F578 10 + F469 10F578 11 + F468 11F579 10 − F468 10F579 11
+ F4689F57 10 11 − F467 11F589 10 + F467 10F589 11 − F4679F58 10 11 + F4678F59 10 11
− F45 10 11F6789 + F459 11F678 10 − F459 10F678 11 − F458 11F679 10 + F458 10F679 11
− F4589F67 10 11 + F457 11F689 10 − F457 10F689 11 + F4579F68 10 11 − F4578F69 10 11
− F456 11F789 10 + F456 10F789 11 − F4569F78 10 11 + F4568F79 10 11 − F4567F89 10 11,

(456) = sinψF1235F789 10, (457) = − sinψF1235F689 10,

(458) = sinψF1235F679 10, (459) = − sinψF1235F678 10,

(45 10) = sinψF1235F6789, (467) = F1235F89 10 11,

(468) = −F1235F79 10 11, (469) = F1235F78 10 11,

(46 10) = F1235(cosψ cotµF789 10 − F789 11),

(46 11) = − cosψ cotµF1235F789 10, (478) = F1235F69 10 11,

(479) = −F1235F68 10 11, (47 10) = F1235(− cosψ cotµF689 10 + F689 11),

(47 11) = cosψ cotµF1235F689 10, (489) = F1235F67 10 11,

(48 10) = F1235(cosψ cotµF679 10 − F679 11), (48 11) = − cosψ cotµF1235F679 10,

(49 10) = F1235(− cosψ cotµF678 10 + F678 11),

(49 11) = cosψ cotµF1235F678 10, (4 10 11) = − cosψ cotµF1235F6789,

(567) = sinψ(−F1235F489 10 + F1234F589 10)+
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F89 10 11,

(568) = sinψ(F1235F479 10 − F1234F579 10)−
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F79 10 11,

(569) = sinψ(−F1235F478 10 + F1234F578 10)+
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F78 10 11,

(56 10) = −
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F789 11 + cscµ


1 − cos2 ψ sin2 µF1234F789 10

+ sinψ(F1235F4789 − F1234F5789),

(56 11) = − cscµ

1 − cos2 ψ sin2 µF1234F789 10,

(578) = sinψ(−F1235F469 10 + F1234F569 10)+
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F69 10 11,

(579) = sinψ(F1235F468 10 − F1234F568 10)−
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F68 10 11,

(57 10) =
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F689 11 − cscµ


1 − cos2 ψ sin2 µF1234F689 10

+ sinψ(−F1235F4689 + F1234F5689),

(57 11) = cscµ

1 − cos2 ψ sin2 µF1234F689 10,

(589) = sinψ(−F1235F467 10 + F1234F567 10)+
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F67 10 11,

(58 10) = −
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F679 11 + cscµ


1 − cos2 ψ sin2 µF1234F679 10

+ sinψ(F1235F4679 − F1234F5679),

(58 11) = − cscµ

1 − cos2 ψ sin2 µF1234F679 10,

(59 10) =
cosµ cosψ

1 − cos2 ψ sin2 µ
F1234F678 11 − cscµ


1 − cos2 ψ sin2 µF1234F678 10

+ sinψ(−F1235F4678 + F1234F5678),

(59 11) = cscµ

1 − cos2 ψ sin2 µF1234F678 10,
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(5 10 11) = − cscµ

1 − cos2 ψ sin2 µF1234F6789,

(678) = −(F1235F49 10 11 − F1234F59 10 11), (679) = (F1235F48 10 11 − F1234F58 10 11),

(67 10) = −F1235F489 11 + cosψ cotµ(F1235F489 10 − F1234F589 10)

+ F1234F589 11 +
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F89 10 11,

(67 11) = cosψ cotµ(−F1235F489 10 + F1234F589 10)−
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F89 10 11,

(689) = −(F1235F47 10 11 − F1234F57 10 11),

(68 10) = F1235F479 11 − cosψ cotµ(F1235F479 10 − F1234F579 10)

− F1234F579 11 −
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F79 10 11,

(68 11) = cosψ cotµ(F1235F479 10 − F1234F579 10)+
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F79 10 11,

(69 10) = −F1235F478 11 + cosψ cotµ(F1235F478 10 − F1234F578 10)

+ F1234F578 11 +
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F78 10 11,

(69 11) = cosψ cotµ(−F1235F478 10 + F1234F578 10)−
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F78 10 11,

(6 10 11) = cosψ cotµ(F1235F4789 − F1234F5789)+
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F789 11,

(789) = (F1235F46 10 11 − F1234F56 10 11),

(78 10) = −F1235F469 11 + cosψ cotµ(F1235F469 10 − F1234F569 10)

+ F1234F569 11 +
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F69 10 11,

(78 11) = cosψ cotµ(−F1235F469 10 + F1234F569 10)−
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F69 10 11,

(79 10) = F1235F468 11 − cosψ cotµ(F1235F468 10 − F1234F568 10)

− F1234F568 11 −
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F68 10 11,

(79 11) = cosψ cotµ(F1235F468 10 − F1234F568 10)+
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F68 10 11,

(7 10 11) = cosψ cotµ(−F1235F4689 + F1234F5689)−
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F689 11,

(89 10) = −F1235F467 11 + cosψ cotµ(F1235F467 10 − F1234F567 10)

+ F1234F567 11 +
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F67 10 11,

(89 11) = cosψ cotµ(−F1235F467 10 + F1234F567 10)−
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F67 10 11,

(8 10 11) = cosψ cotµ(F1235F4679 − F1234F5679)+
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F679 11,

(9 10 11) = cosψ cotµ(−F1235F4678 + F1234F5678)−
cscµ sinψ

1 − cos2 ψ sin2 µ
F1234F678 11.

Note that there are nonzero components (45m)wherem = 6, . . . , 10 while these are vanishing for G2-invariant flow.
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