Journal of Geometry and Physics 146 (2019) 103513

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

L)

Check for
updates

Symmetries, integrals and hierarchies of new
(3+1)-dimensional bi-Hamiltonian systems of Monge-Ampére
type

M.B. Sheftel **, D. Yazic1”

2 Department of Physics, Bogazi¢i University, Bebek, 34342 Istanbul, Turkey
b Department of Physics, Yildiz Technical University, Esenler, 34220 Istanbul, Turkey

ARTICLE INFO ABSTRACT

Article history: We study point symmetries, the corresponding conserved densities and hierarchies of
Received 26 April 2019 four new bi-Hamiltonian heavenly systems in 3 + 1 dimensions which we discovered
Received in revised form 25 August 2019 recently. We exhibit an important role played by the inverse recursion operators in the

Accepted 12 September 2019

description of the hierarchies. Their use is twofold, either to provide the correct bi-
Available online 16 September 2019 p P

Hamiltonian representation or to generate nonlocal symmetry flows. Invariant solutions

MSC: w.r.t. nonlocal symmetries will generate (anti-)self-dual gravitational metrics which do
35Q75 not admit Killing vectors which is a characteristic feature of K3 gravitational instanton.
83C15 © 2019 Elsevier B.V. All rights reserved.
37K05

37K10

Keywords:

Monge-Ampére equations
Point symmetries
Conserved densities
Recursion operator
Hamiltonian operator
bi-Hamiltonian hierarchy

1. Introduction

In our previous paper [22] we considered (3+1)-dimensional second-order evolutionary PDEs
f(uij) - Uttg(uij) =0

where the unknown u = u(t, {z;}) enters only in the form of the 2nd-order partial derivatives u;, us (i,j = 1,2, 3)
and there is no explicit dependence on independent variables. We have proved that all such equations, which possess a
Lagrangian, have the Monge-Ampeére form which is defined as a linear relation among all possible minors of the Hessian
matrix of u. In a two-component form all these equations become Hamiltonian systems. Using our approach of “skew-
factorization” of the determining equation for symmetries as a tool for producing recursion operators, we discovered four
nonequivalent new bi-Hamiltonian systems integrable in the sense of Magri [9]. The method for finding the recursion
operators in [22] extends the method of A. Sergyeyev from [17]. An invariant differential-geometric characterization of
the Monge-Ampeére property is given in [4].
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Our interest to this class of equations is caused by the fact that all known heavenly equations governing (anti-)self-dual
gravity belong to this class [3,12,13,16,19,23]. We are interested in gravitational instanton solutions [6], and most of all in
the famous K3 instanton [24] which explicit gravitational metric is still unknown. One of the main properties of K3 is that
it does not admit Killing vectors, i.e. continuous symmetries. For this property to be satisfied we need solutions of heavenly
equations that are noninvariant w.r.t. any point symmetries to avoid symmetry reduction in a number of independent
variables in the solutions. Our tool for constructing such solutions is their invariance w.r.t. nonlocal symmetries which
does not require symmetry reduction. We must point out that there is a fairly extensive literature on solutions invariant
under nonlocal symmetries, e.g. [2] and references therein.

In a subsequent publication we will obtain (anti-)self-dual gravitational metrics which are governed by our new
heavenly bi-Hamiltonian systems using the methods which we applied earlier to the general heavenly equation and
modified heavenly equation [10,20].

In this paper we study the new bi-Hamiltonian systems in more detail. We determine point symmetries and associated
conservation laws (integrals of motion) for these systems together with an algorithm of reconstructing the integral
generating a given symmetry. We utilize the Magri integrability by studying hierarchies of the bi-Hamiltonian systems.
The objects of special interest to us are nonlocal symmetry flows. Due to the nonlocality, invariant (stationary) solutions
of nonlocal flows will not experience symmetry reductions in the number of independent variables and generate
gravitational metrics without Killing vectors.

The paper is organized as follows. In Section 2, we gather results on point symmetries of our new bi-Hamiltonian
systems which we call system I, system II, system Il and system [V. In Sections 2.1-2.4 we present point symmetries and
their commutator algebras for systems I, II, IIl and IV, respectively. In Section 3, we present an algorithm for determining
conserved densities which generate known symmetries via the Hamiltonian structure and apply it in Sections 3.1-3.4 to
obtain the conserved densities for systems [, II, Il and IV, respectively. In Section 4, we review some basic properties
of hierarchies of bi-Hamiltonian systems. A new feature is the utilization of inverse recursion operators which allows us
to move along the hierarchy chain not only in the right direction but also in the left direction. In Sections 4.1-4.4 we
describe in detail the hierarchies of systems I, I, Ill and IV, respectively. The most important for us are nonlocal flows in
each hierarchy because their stationary (invariant) solutions need not to experience symmetry reduction and hence the
corresponding gravitational metrics will not admit Killing vectors, which is a characteristic property of the K3 instanton.

2. Point symmetries

In this section we study point symmetries and corresponding integrals of each of our new bi-Hamiltonian systems
(7.3), (9.11), (9.22) and (9.33) from our preceding paper [22], which we call now as systems I, I, IIl and IV, respectively.
We skip system (9.2) from [22] because it can be obtained from system I by a permutation of indices combined with an
appropriate permutation of coefficients.

For the sake of compactness, in the following we utilize the operators L;jx) = uD; — uiD; where D; denotes the total
derivative with respect to z;.

2.1. System |
System I reads

U =v, v= Tn{vzva — Calia3)[v] — cslazz)[v] — cslasny[v]
—CoLia3)[u1] — crolaz)[unl} = ¢q (2.1.1)
with the condition c19 = ¢sc9/cs.
Generators of point symmetries have the form (9; = 9;;)
X1 =01, Xy =ud,+v0d, X3=20
X4 =0 + 2101 + 2200 + udy, Xy =a(z3)dy, Y, = b(z3)03
Xoo = ()92 + (Alwy) 4 Blw-) + €(£))d, (2.1.2)

+ { <C4 +4/c2 — 4c9) Alwy) + <c4 -2 - 469) B’(w_)} 3
where ¢ = ¢521 — (325, w1 = <c4 +./c2 - 4C9) t —2z;.

The corresponding two-component symmetry characteristics read
p1=—Ui, Y1=—v1, @2=1U Y=,
@3 = —VU, 1//3 =—(q, @Yg=U~— tv — Zq1Uq — ZpUy — Z3U3
Yy = —tq — 2101 — 2oV — 23v3, @ =a(z3), Yo =0, ¢@p = —b(z3)u3
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Table 1
Commutators of point symmetries of the system I.
Xq X3 X3 X4 Xa Yy Xc,e)
Xi 0 0 0 Xq 0 0 CSX(C/,e’)
X, 0 0 0 0 —Xa 0 —X0.e)
X3 0 0 0 X3 0 0 0
X4 —X; 0 —X3 0 —Xq 0 X9
Xa 0 Xa 0 Xa 0 0 0
Yp 0 0 0 0 0 0 0
Xio.e) —C5X(o".e) X0,e) 0 —X.8) 0 0 Xie.)
Vb = —b(z3)v3, @Yoo = Alwy)+ Blw-) + e(¢) — c(§)uz (2.1.3)

VYoo = <c4 +./c2 - 469> Alwg)+ <C4 —Ja- 469> B(w_) —c(Z)v,

For simplicity, we will determine Hamiltonian density for the flow generated by X, in (2.1.2) only if it commutes with
d; and so has no t-dependence

Xoo = Xic,e) = €(£)32 + €(£)0y (2.14)
with the characteristic
@ee) = €(&) —c(EIua,  Pee) = —C(§)va. (2.1.5)

In Table 1 of commutators of point symmetries the commutator [X;, X;] stands at the intersection of ith row and jth
column, ¢ =¢c’ —c,e=¢€ —e, ¢ =o0c —co’, e = g’ — es’ and similarly for & and &.

2.2. System Il
System II has the form

1 A N A
U =v, V== — 10Uy v] —Clus v3ClUy L.
— {02 (Al = Elus]) + st o1} (2.2.1)

where we use the notation from our paper [22]

N

A = agDy + ayoDs + a11Ds, A = Aluy], &= cgDy + ¢;Ds. (2.2.2)
Generators of point symmetries have the form
X1 =udy +vd,, Xq=a(z;){(aszs + cgt)dy + cgdy}
= —by(z1, v)0; + (b — vb,)dy
Xoo = {cs(aszs + cst)c'(z1) + as(8E(¢) — cr¢(z1)) } 0r + csc(21)0y
+{g(0) — a10c§E(£)} 92 — cs(E(Z) — c7¢(21)) 03
+ (P(o)—d(g)) 0y — c8 c'(z1)v0,. (2.2.3)

Here ¢ = ¢7z7 — cgz3, 0 = a10¢ + 822, § = aq1Cg — agCy.
We will determine Hamiltonian density for the flow generated by X, in (2.2.3) only if it commutes with 9;: [0, Xoo] =
cszc’(z1)8t = 0. Hence c is constant and X,, becomes

X = as8e(¢)d; + ccgdy + Glo, £)9; — c8e(¢)d3 + (o) = X o 6.4 (2.2.4)

where e(¢) = E(¢) — cc; /4, @(0, f)=g(o)— awc§c7c/8 — alocge(g), <D(cr, )= @(o) — d(¢) are new arbitrary functions
of o and ¢.

We note that some obvious symmetrles are obtained as partlcular cases of the generators (2.2.3) and (2.2.4),
eg Yp—_, = 0, X(C Le=t—d=0) = C3 294, X(C emdo0.i=1) = = 0y, X(e Lemtadbo0) = = &(agd; — cgd3) which is effectively 93
because we have already obtained the symmetry 9.

Two-component symmetry characteristics of the generators (2.2.3) and (2.2.4) read

o1=Uu, Y1 =v, @s=az )(0323 + cst), Yo = cga(zy),

@b = b(Z], v)! Wb = bqu {b (G ;) - aS(Se(;)v - ngcul
“ N ) R ~
—G(o. Oy + cade(Ous, = — j(g){vz(A[v] — Elus]) + vsélunl}

—c2cvy — G(o, £)vy + cgde(L)vs. (2.2.5)
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Table 2 of commutators of point symmetries generators of the system II has the form

Table 2
Commutators of point symmetries of the system II
Xq Xa Yy X
X1 0 —Xa va,;fb 75&[(‘:9:(;:0)
Xa Xa 0 csaYp, —cc2Xa(zy)
Yy 7va”,b 7c3aYb” 0 7CCSZY1,ZI
X X(c:e:&:o) Ccéxa’(zl ) CCé Ybll 0
2.3. System III
System III reads
1
U =v, V=4q= u {U§ — ¢5(valip3 — v3lipp) — Co(VqUs3 — V3llg3)
33
—C7(vau33 — v3lz3) — Cg(vall3 — U3U12)}~ (2.3.1)
Generators of point symmetries have the form
X1 =udy + vy, Xoo= —(fv(,07 v) — b(Z1 ))at + Ceb(Z1 )01
1 s,
+?(E(C) + cs5c6b(21)) 92 + {1 2(2) — Cj(E (¢)z1 + ceb(z1))
8 8
CgZ3 Z1 1
—z3E'(¢)}0s + i( 5 T 7) x(€)+a(f) — 5Az1)
Cg C8
+f(p, v) — vfy} 9y — cafp(p, V)3, (23.2)

where p = z; — cgt, £ = €527 — Cgz2, § = C5C5 — c7c3. We impose again the condition [9;, Xoo] = 0 which implies
that f = f(v) is independent of p in (2.3.2). We denote X = X |f=) Which after appropriate redefinitions of arbitrary
functions in (2.3.2) becomes

X = (c2b(z1) — f'(v)) ¢ + cscab(z1)d1 + cs (E(¢) + csCeb(z1)) 3
—{@(¢) + csb(z1) + (821 + c§23)E'(£)} 05

+{(621 + ¢§23)d(¢) + g(¢) — a(z1) + f(v) = vf (v)} By (2.3.3)
The two-component characteristics of symmetries X; in (2.3.2) and X in (2.3.3) read

pr=1u, Y1=v

¢ = f(v) = cgb(z1)v + (821 + c523)d(¢) + &(¢) — a(z1) — cocblz1)uy

—cs(E(¢) + cscsb(z1))u + {(821 + c§23)E'(¢) + 8csb(z1) + w(¢)}us (2.3.4)
¥ = (f'(v) — c3b(z1))q — cscab(zi)v1 — cs(E(¢) + c5csb(z1))v2

+{(821 + ¢§23)E'(¢) + 8csb(z1) + (¢ ) }vs

where q is defined in (2.3.1).

2.4. System IV

System IV reads
U =v, vr=¢q
1

q= {(071)1 + agvy + dgu3)uy — c1(vitliz — val11)
a7u11 + Agliz + dollq3

—C3(v1lia — Valiq2) — Ca(v1lp3 — v2u13)} (2.4.1)
Generators of point symmetries have the form

X1 = uau + Uava Y. = —Clv(Z3, U)at + (Cl - Uau)au
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Table 3
Commutators of point symmetries of the system IV.
X; Y. X
X1 0 Yua,—a —X(e=c=0)
Yy —Yyay—a 0 0
X X(E:G:U) 0 0

Xoo = {c3¢'(23)t + ao[cazac(23) — c3¢(23) + @E(0)]}9;
+ [c1¢4¢(23) — caBE(L) 4 G(0)] 01 + ca(csc(z3) — aE(2))0,
+¢5¢(23)d3 + {calcat + agz2)b'(z3) — agcsb(z3) — () + F(o)} 0y
+c4(b'(23) — '(z3)v) 0, (2.4.2)
where § = C42p — €323, 0 = ®Z] — /322 — YZ3, @ = dgC4 — 0d9C3, ﬂ = a7C4 — A9Cq, Y = AgC1 — A7C3. .
The condition [0;, Xoo] = 0 becomes cﬁ(c/(z3)8t + b’(z3)9,) = 0 so that b and c are constants and X,, = X +
¢ (—agC30¢ + c4(c30; + c403)) where

A~

X = aE(¢)(ag0r — €482) + (Glo) — caBE(L)) 04

+[F(o) — £22(¢)] 0y. (2.4.3)
We note that we have the obvious translational symmetries d; and 9, for i = 1, 2, 3 as particular cases of (combinations
of) symmetries Y, and X,, and hence we can skip the obvious symmetry ¢ (—agc30; + c4(c30> + c493)) and consider X

instead of X, (see Table 3).
Two-component symmetry characteristics read

pr=1u, Y1=v, @ =0a(z3,v), VYa=0ay(z3, )

¢ =F(0) — £2(¢) — agaE(¢ )v — (G(o) — caBE(L)) ur + caaE(8 uy

¥ = —aoE(£)q — (G(0) — caBE(L)) v1 + CaE(L v, (24.4)
where q is defined in (2.4.1).

3. Conserved densities

All the systems considered in [22] were shown to have the Hamiltonian form

( Zi ):10< 2”21 ) (3.0.1)

where Jy is the Hamiltonian operator determining the structure of the Poisson bracket, §,, 5, are Euler-Lagrange
operators [15] and H; is the Hamiltonian density. The Hamiltonian structure provides a link between characteristics of
symmetries and integrals of motion conserved by the Hamiltonian flows (3.0.1). Replacing time t by the group parameter
7 in (3.0.1) and using u, = ¢, v, = ¥ for symmetries in the evolutionary form, we arrive at the Hamiltonian form of the
Noether theorem for any conserved density H of an integral of motion

( 1‘2 ):]0( guz ) (3.02)

To determine a conserved density H that corresponds to a known symmetry with the characteristic (¢, ) we use the
inverse Noether theorem

SyH ©
( 8,H ) :K< v ) (3.03)

where the symplectic operator K = J; inverse to the Hamiltonian operator has the following structure

_( Kn Ku
K= < K O ) (3.0.4)
and is defined in (4.5)-(4.8) in [22]. Here (3.0.3) is obtained by applying the operator K to both sides of (3.0.2).
Let us now apply the formula (3.0.3) to determine conserved densities H' corresponding to all variational symmetries

with characteristics (¢', ') from the lists given above for the systems I, II, IIl and IV. Using the expression (3.0.4) for K,
we rewrite the formula (3.0.3) in an explicit form

&HU\ _( Kn K @'
( S,H' )‘( —11<12 0 )( A > (3.05)
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which provides the formulas determining Hamiltonian densities H' generating the known symmetries (¢, ¥') from the
lists in Section 2

8uH' = Ki1¢' + Koy, 8,H' = —Kpp¢'. (3.06)

We always start with solving the second equation in (3.0.6) in which we assume that H i does not depend on derivatives
of v, since ¢; never contain such derivatives. Hence §,H" is reduced to the partial derivative H; with respect to v, so that
the equation H; = —Ky,¢; is easily integrated with respect to v with the “constant of integration” h'[u] depending only
on u and its derivatives. Then the operator 4, is applied to the resulting H', which involves the unknown §,h'[u], and the
result is equated to 6,H' following from the first equation in (3.0.6) to determine 8, h'[u]. Finally, we reconstruct h'[u] and
hence H'. If we encounter a contradiction, then this particular symmetry is not a variational one and does not lead to an
integral.

3.1. System |

For the system I formulas (3.0.6) become
8uH' = K11¢' + Ki2¥' = {v3Ds + v2D3 + v23 + ca(u13D2 — uz3D1)
+5(uz2D3 — 23D;) + Cg(u12D3 — t13Da) fo' — 3!
SoH' = —Kp29' = un3¢'. (3.1.1)

The solution algorithm for symmetry characteristics in Section 2.1 of Section 2 yields the following results for
Hamiltonian densities

u
1
H' = —vujuys + §{C4(U11U23 — UrzU13) + Cs(Urplla3 — U22U13)},

a'(z3)

H® = a(z3)vuzs — T(Csuﬁ + csquz), (3.12)

b
HY = — (;3) {3vustys + cs(upuistizs — ujUz) + C(urusitps — Ui},
H = vus(e(¢) — (¢ )u) + = (untzs — s )(3el¢) — 266 uz)
—cgUlzsz(e(¢) — c(¢)uz) (3.1.3)

where ¢ = c5z1 — cgz;, whereas X; and X, generate non-variational symmetries.
3.2. System II

For the system II formulas (3.0.6) become
8uH' = {ag(vaDy 4 Davy) + @10(v2D; + Dava) + a41(v3D; + Davy)
—c7lo33) — C8L23(1)}§0i — Ay, 8,H = A¢. (3.2.1)

The solution algorithm for the symmetry characteristics in Section 2.2 ends up with the following results: X; is not a
variational symmetry,

1
H = a(z1){(aszs + cst)Av — 5(3 U3 + Cs1oliz2)},

Hb — B(U)A (3.2.2)

where B is the antiderivative for b (B'(v) = b(v)) and we have used the notation (2.2.2), or explicitly A = aguyy +agtizy +
aq1Us3. Since determining Hamiltonian density for X is a more complicated problem, we provide here more details of the
computation. We use symmetry characteristics (2.2.5) for ¢ and 17/ in the formulas (3.2.1). We start with SUI:I = A@ and
integrate it with respect to v to obtain

H= Ald(o, o — %agée(g)vz — cctuyv — G(o, & )upv + csde(¢usv}
+hu]. (3.2.3)

Then we apply to this expression the variational derivative &, and equate the result to the first formula in (3.2.1) for SuH.
All terms containing v are canceled in both sides of this equation and we end up with the following equation for h[u]

Suh[u] = ¢; [(auz — ®)yuuzz — (Guy — é))3u23]
+cCs {(auz - gAD)ZUB - (auz - gAD)3”12}

+c3 {[(8e + c7¢)uslsurz — [(8e + cr¢)usliuas}
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with the solution

. G 1, 1,
hlu] = 5 | 7 | taustas — Sujuss + cg | upusugy — S Ut

+E [c7 (uau33 — uslp3) + Cg (Upliy3 — Usliyn)]

+c2(8e + c7¢)uuzys. (3.2.4)
The sum of the two expressions (3.2.3) and (3.2.4) presents the Hamiltonian density H which generates the symmetry
flow of X. This is the conserved density for the flow of system II.

3.3. System IIl

For the system Il formulas (3.0.6) become
8uH' = {2v3D3 + v33 + C5(U22D3 — Uz3D2) + Co(13D3 — u33Ds)
+¢7(u23D3 — u33D;) + cs(u12D3 — u13Dy) )@ — sy’
S,H' = us3¢'. (3.3.1)
It turns out that X; is not a variational symmetry. To determine the Hamiltonian density H for the symmetry X, we first

integrate the second equation in (3.3.1) with H' :AI:I with respect to v assuming that H depends only on v but not on
derivatives of v with the “constant of integration” h[u] depending only on u and its derivatives

. 1
H = us; <F(v) - 56517(21)112 +v {821 + §23)d(¢) + g(¢) — a(z1)

—cgCab(z1)ur — cs(E(¢) + csceb(z1))ua

+[(621 + 223 )(E'(¢) + c68b(21)) + @(¢)]us }) + Alu] (3.3.2)
where F'(v) = f(v). To determine h[u] we plug in the variational derivative of A from (3.3.2) to the Lh.s. of the first
equation (3.3.1), with an unknown term (Su[h[u]] while we utilize ¢ and w from (2.3.4) in the r.h.s of the first equation
(3.3.1). We observe that all the terms which depend on v and its derivatives cancel in both sides of the resulting equation,
so that we have only d,[h[u]] remaining on the left and terms depending only on derivatives of u on the right.

The next step is to reconstruct h[u] from its known variational derivative for which we apply the homotopy formula
from P. Olver’s book [15]

1
hlu] = / udu[h(ru)] da (3.3.3)
0

which yields the extra factor u and either 1/3 or 1/2 for terms bilinear or linear in u, respectively, in the variational
derivative (Su[h[u]]. We obtain the following result

hlu] = (CSE( )[C6(uratizs — usstizs) + c7(Uzatizs — U35)
- Cs(ulzuza - U22U13)] + CgE (C)[Cs(ulzu3 — U3lz)
+ cs(uzaus — Uastiz) + c7(Ua3lis — Uaauz)]
+ ¢6E'(£ )(caustis + CsCsussliy — Sussiis)
+ (821 + c3z3) {E"(¢)(cguss + CsCsUas — Suiss)us
+E/(§)[C8(U12U33 — U13lia3) + Cs(Uzpliz3 — U%g)]}
+cg {C§ [b(Zl Yupquss — ujs) + b/(l1)ulu33]
+ CsCs [Zb(zl Nu12u33 — i3tiz3) + b'(z1 )U2U33]
+c2b(z1)(uzatiz3 — u3s) — 8b'(z1)ususs }
+ a)(f)[cs(uuun — Uj3lip3) + C5(Uxplizz — U§3)]
+/'(¢)(cgur3 + CsCsliaz — Suizz)us) (3.3.4)
+ g {d(f)[cg(csulz + Cstipp + C7Ua3 + Celi13) — C65U33]

+ [(821 4 ¢3z3)d(2) + &'(¢)] (cGu13 + caCsiins — Suss) + c6a'(21)uss )

where primes denote derivatives.
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The sum of expressions (3.3.2) and (3.3.4) yields the Hamiltonian density for the symmetry X which is conserved by
the flow of the system III.

3.4. System IV

For the system IV formulas (3.0.6) become
8uH' = {a7(2v1D1 + v11) + as(v2D1 + v1D2 + v12) +
+ag(v3Dy + v1D3 + v13) + ¢1(u11D2 — u12Dy)
+c3(u12Dy — D7) + ca(u13Dy — u23Dy)} !
—(azuy + aguis2 + agiiy3 )y
8,H' = (a7ury + aguupy + aguss)e’. (34.1)

We apply the solution algorithm at the beginning of this section to the symmetry characteristics in Section 2.4. Introduce
the shorthand notation A = a;uq1 + dgliyy + dglly3.

Symmetry X; is not a variational symmetry.

For the symmetry Y,, we start with the relation

8,H* = Ag, = Aa(zs, v).

Introducing A(zs, v) as the antiderivative of a, a(z3, v) = A,(z3, v), we integrate the last equation with respect to v to
obtain

H® = (ayuy1 + aguqz + dgui13)A(z3, v) + h[u]. (3.4.2)

Next, we calculate the variational derivative §,H" containing yet unknown term §,h[u] and equate it to the expression
for §,H® from (3.4.1) with ¢' = ¢, and ¥' = ,. The resulting equation can be satisfied only if a = a(v) is independent
of z3, same as A = A(v). Then it follows that §,h%[u] = 0, so that we can choose h?[u] = 0 and from (3.4.2) we have

H = (a;uq1 + aguqy + agiy3)A(v), A'(v) = a(v). (343)
For the symmetry X, we start again with the second equation in (3.4.1)

8,H = Ap = A[F(0) — 2(8) — asaE(¢ v — (G(o') — caBE(L))uy
+C4OIE(§)U2].
Integrating this equation in v we obtain
H = (a7un + dguipz + dgtiy3) [—%“E(C)UZ + U[F(U) — £2(¢)
~(6(0) = C4BE(E))ur | + coaB(Ouz | + hlu] (34.4)

with fz[u] as a “constant” of integration. We compute the variational derivative suH of (3.4.4) and equate it to the
expression for §,H from (3.4.1) with ¢' = ¢ and ¢' = ¢ taken from (2.4.4). Then all the terms containing v and its
derivatives are canceled on both sides of the resulting equation and we end up with the equation

Suhlu] = (ciups + csuzy + c4u23)[ (G(o)uy —F'(0))
+(G(o) — caBE(Z))ur1 — c4aE(§)u12]
H(erun + csun + c4u13)[ﬂ (G0 )y — F(0)
+ca(caBE'(Sur — 2'(¢)) — (Glo) — caBE(D))urz
+ea (caE' (O + E(g‘)uzz)] (3.4.5)
We reconstruct fl[u] from (3.4.5) using the homotopy formula (3.3.3). It modifies (3.4.5) by the extra factor u and either

1/3 or 1/2 for the terms that bilinear or linear in u, respectively, in the variational derivative Su[fl[u]]. Thus, we obtain
the following result

. 1
hlu] = u(ciu1z + c3upp + Callp3) {3[050 (o)uy

+(Glo) — caBE(L))un — C4(¥E(§)u12] - ;aF’(U)}
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1
+u(ciugr + C3Uiz + Calty3) { 3 [(,BG,(U) + G BE'())uy

—(G(o) — caBE(Q))urz + cacr(caE' (S Jua + E(C)Uzz)]

1
_Z(ﬁF/(0)+C4.Q/(§))}. (3.4.6)
Using this result in (3.4.4), we obtain the Hamiltonian density generating the symmetry flow of X which is conserved by
the system IV. R

Since we have eliminated from X in (2.4.3) the obvious translational symmetries X, = —d, and X3 = —0s, for
completeness we present below the Hamiltonian densities H? and H? for these symmetries, which are conserved by
the system IV

1
2
H* = vua(azurr + aguz + doltz) + E[Cﬂlz(ululz — Upl11)
—Cauq Uzl — U2U23)],
1
3
H? = vus(azurr + asuz + dott3) + g[C1U3(U1U12 — Upl11)

+c3uy (Ustizy — Uzliz3)]. (3.4.7)

Concerning our results for conservation laws for systems IIl and IV where we have used the homotopy formula, we
should note that the conserved densities are by no means unique, so that we could add or subtract total divergences to
them in order to obtain more compact expressions.

4. Recursion operators and hierarchies of the new bi-Hamiltonian systems

So far, we have not used the Magri integrability [9] of new bi-Hamiltonian systems studied above. Now we will consider
hierarchies of our systems I, II, IIl and IV related to their bi-Hamiltonian property. We first review main properties
of hierarchies of bi-Hamiltonian systems (see, e.g., [5] and [18]) with some new features related to our use of inverse
recursion operators.

Any bi-Hamiltonian system has the form

( ZI >:]°< 2”51 >:h< §”Z§ ) (4.0.1)

where Jp and J; are compatible Hamiltonian operators which determine the structures of Poisson brackets, H; and Hy
being the corresponding Hamiltonian densities, respectively, §,, §, are Euler-Lagrange operators [15].

Hamiltonian operators are skew-symmetric: JT = —], where t denotes the (formal) adjoint operator, and they satisfy
the Jacobi identities. The compatibility of J and J; requires the Jacobi identities to hold also for linear combinations of these
operators with arbitrary constant coefficients. A check of the Jacobi identities and compatibility of the two Hamiltonian
structures Jo and J; is straightforward but too lengthy to be presented here. Therefore, we restrict ourselves here by
demonstrating that all our candidates for Hamiltonian operators are indeed manifestly skew-symmetric. The method
of the functional multi-vectors for checking the Jacobi identity and the compatibility of the Hamiltonian operators is
developed by P. Olver in [15], chapter 7, that we have recently applied for checking bi-Hamiltonian structure of the general
heavenly equation [23] and the first heavenly equation of Plebariski [21] under the well-founded conjecture that this
method is applicable for nonlocal Hamiltonian operators as well. We note that our operators L) are also skew-symmetric.

A recursion operator R maps any symmetry again into a symmetry. Operator R provides a relation J; = RJp
between Hamiltonian operators in the bi-Hamiltonian representation (4.0.1), so that R admits the symplectic-implectic
factorization R = JyJ, ! Here K = Jo ! is a symplectic operator and “implectic” is another name for Hamiltonian
operator. Fuchssteiner and Fokas [5] showed that if a recursion operator has the form R = JiJ; 1 where Jo and J; are
compatible Hamiltonian operators, then it is hereditary (Nijenhuis). In order that the repeated applications of the adjoint
of a hereditary recursion operator to a vector of variational derivatives of an integral produce again vectors of variational
derivatives of (another) integral, it is necessary (but not sufficient) that the result of the first such application will be a
vector of variational derivatives (see e.g. Hilfssatz 4 c) in [14]). This condition is satisfied in our case because Eq. (4.0.1)
can be rewritten in the form

8H1 \ _ ot ( SuHo
( Sle ) =R 5UH0 (402)

where Rt = ]0_1]1. Therefore, applying Rt we can determine the next Hamiltonian density H, in the hierarchy from the
equation

(SuHZ _ pt 5uH1 __(pty2 (SuHO
( 8.Hy ) =K ( 8.Hi ) = (R 5,Ho (40.3)
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and so on. More generally, we have

( gugn >=(RT)"< 2”52 ) (4.0.4)
Taking the adjoint of J; = RJ, we have
Ji=JR" = Jo=J(R") (4.0.5)

and as a consequence of (4.0.4) and (4.0.5)

uzm+n _ 5an _ SuHm _ Squ
< Vi )—]m( 6UHH >—]n( (Sva _]k 8le (406)

where m +n = k+ [ and m, n, k, | are nonnegative integers. We will see that sometimes, in order to generate nonlocal
(higher) flows in a hierarchy and even to obtain bi-Hamiltonian representation, we also need the inverse recursion
operator R~! which satisfies the relations RR™' = R™'R = I where I is the unit operator. If we have

a b
RZ( c d ) (4.0.7)
with noncommuting entries, then the inverse operator is determined by the formula
a_f(e f\_{( (a=bd'c)!, (c—db 'a)!
= ( g h ) B ( (b—ac7'd)™', (d—ca 'b)”! (4.0.8)

which we derived earlier in [23] in a slightly different context. Here each operator x~! can make sense merely as a formal
inverse of x.

A proper way to deal with inversion of operators in total derivatives like W (below) is through the theory of differential
coverings, see e.g. the reference [8] and references therein. Specifically for the inversion of recursion operators and the
proper definition of their action, see also [7,11].

We can always properly define the inverse operators in a similar way as we did in [23], so that xx™' = x"'x = I.

Using R~!, we define J_; = R™1Jy = Jo(R" 1), so that Jy = RJ_; and Jo = R™'J; = J;(R~1)I. By virtue of (4.0.2)

1

BuHO _(p—1t aqu
( 8.Ho ) =® shy (4.0.9)
we have bi-Hamiltonian representation in the form
(Squ _ (SuHO
J-1 < §.H; ) _]0< 5,Ho ) (4.0.10)
More generally, we define J_,, = R™™Jy = Jo(R"™)! for positive integer m which implies
SyHy _ SuHo '\ _ duHy
me( San ) —Jnm( 8UH0 ) —Jn7k7m< 5ka )7 (4-0-11)

e.g., forn =4, m =1, k = 2 this yields

SaHa \ _ ( SuHa
=1 < dyHy > =) ( 8,Hs )

Relations (4.0.6) are now valid for any integer m, n, k, [ satisfying m + n = k 4 I, including their negative values.
There is a fairly extensive literature on negative (“minus first") flows, e.g. [1] and references therein.

4.1. Hierarchy of system I

Recursion operator for the system I, as given in [22], with a;; = 1 and the notation W = cgLy32) 4 ¢5La3(2) has the
form
_L1_21(3)(W — v2D3), —L1—21(3)U23

[Cg(Cg — C4)U2D3 + CgW]

R= (4.1.1)

v
Cgl33 —73D2L7] Up3 + C4 — Cg
U3 1 u 12(3)
_71123 D2L12(3)(W - U2D3), 23

where the relation cgcip = c5¢9 has been used. The first Hamiltonian operator for system I reads [22]

1 0 1
S 1 4.1.2
JO Us3 -1 Kyi— ( )

Up3
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where K11 = v3D; + D3v; — [(c4 — ¢s)L123) + W]. The corresponding Hamiltonian density reads
Uz Cq
H1 = —Uy3 + 7UW[U1] (4.].3)
2 3Cg

with the variational derivatives

Co
8yHy = Dy(vv3) + ?W[Ul], SyH1 = vups.
8

In the bi-Hamiltonian representation (4.0.1) for the system I we have the second Hamiltonian operator

L) L) ,.D !
12(3) - ( 12(3)P2v3 + Cs — C4) on
I = 23 (4.1.4)
1 -1 22
— (U3D2L12(3) =+ Cg — C4) 1
[15X]

where the entry J#2 is defined by

1 1 U3 _ U3
2 1
= —(coL132) + C10las2))— — —Daliy3Da— (4.1.5)
! [15X] @ @) Us3 (15X} 1263 [15%]
Cq4 — Cg 1
+ {D2v3 + v3D; — (Calia3) + Cslasz) + cslazn) ) —-
Up3

Uz3
Here J; is manifestly skew-symmetric. The corresponding Hamiltonian density is determined by the formula (4.0.9)

2
HO = —k L + Ci [Zulv + (C4 — Cg)u%] Uzs (416)
2 2C3
C
where k = ———> — To obtain the next Hamiltonian density in the hierarchy of system I, we use the relation
[cs(cs — €a) + o]
(4.0.3)
(SuHZ _pt (Squ
( dyHa ) =R 8,Hy (4.1.7)
with the result
1
H, = {2(C4 — cg)v® + (Cotty + C10U2)U} Uz3 (4.18)

Cs
—3 {coux(uqu13 — ustiyg) + crou1(Ustizg — Uglins)}.

The corresponding Hamiltonian flow

urz _ (SuHZ _ Squ
( v, )—Jo( 8,Hy )—h( 5,H (4.1.9)
is the local one

Ug, = (C4 — Cg)v + Coliy + Cioliz

Uy, = (C4 — €8)q + Cov1 + Crov2 (4.1.10)

where q is defined in (2.1.1). This flow is generated by the following combination of symmetry generators (2.1.2), (2.1.4)
XM = —cX1 — C10X(c=1,e=0) — (€4 — C5)X3.
Another flow is generated by H, via the next Hamiltonian operator J, = J;R" = Jo(Rt)? in the form

u‘[3 _ SUHZ _ (Squ
( Uy ) _jl ( 8,H, _JZ 8,H; (4]]])
where we can avoid the explicit use of operator J,. The explicit form of the flow
Up, = {(ca — ¢8)* — Colv + Co(Ca — 2¢8)u1 + (CaCro — 2C5Co )z

Ve, = {(Ca — C5)* — Co}q + Co(Ca — 2¢5)v1 + (CaCro — 2C5Co)v2 (4.1.12)

shows that it is still a local one. This flow is generated by the following combination of symmetry generators (2.1.2),
(2.1.4) X = (¢4 — )X + co(X3 + C5X(c=—1,e=0))-
Since we are looking for nonlocal (higher) flows, we continue applying powers of the adjoint recursion operator

8uHs \ _ ot ( SuH;
( 8uHs ) =R ( 8,Ha ) (4.1.13)
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which yields the next Hamiltonian density in the hierarchy

1
H; = {2 [(C4 —cg) — CQ] v* + (¢4 — 2cs)(cous + C10U2)U] U3

1
+§(C§ — C9) {coua(urlty3 — uzliyy) + Crotly(Usipy — Ualiz3)} . (4.1.14)

The corresponding Hamiltonian flow

Ug, _ SuHB _ 8UH2 4.1.15
<vf4>_h<5vH3>_]z(5uH2 (4.1.15)
has the explicit form

Up, = {(ca — cg)® + co(3cs — 2¢a)}v + {(c2 — co) + 3cs(cs — ca)}(Cotts + Croliz)
Vg, = {(ca — ¢3)> + co(3cs — 2¢a)}q + {(cZ — co) + 3cs(cs — Ca)}(Covy + C1oV2) (4.1.16)
which is again local.
Thus, applying positive powers of Rt we obtain only local flows of point symmetries with a similar dependence on
u and v and transformed coefficients. Hence, to obtain nonlocal (or higher) flows we need the inverse recursion operator

R~ which will allow us to move along the hierarchy in the opposite direction. Let R = ( g Z ) andR! = ; j,; )

The solution to equations RR™! = R™!R = I is given by the formula (4.0.8) where the values of the entries a, b, ¢, d are
given in the formula (4.1.1) for R. However, we will use here more simple formulas

f=(—db'a)', e=—fdb”!, h=—-b"laf, g=—hca’! (4.1.17)
equivalent to (4.0.8). We obtain the result
| -w! [(Cs — ca)lipz) + U3D2], W luys
R =k v2 -1 V2 -1
——DsW [(Cs —ca)lip3) + U3D2], —D3W™ uys3
Uz3 Uz3
0, 0
1 4.1.18
+ (csv3Dy — colypzy), —1 ( )
CgUz3
C
wherek= ———> Using its adjoint (R~1)f, we define the Hamiltonian operator J_; = Jo(R™") in the form
[ca(cs — €a) + co]
1
—-w-1, (W™ D3, — 1)—
Ja=k| U23 (4.1.19)
—(1—vDsW™) 2
2D , J=
[15X]
where
2 1 4 1 1
1= U2D3W D3‘U2 - (D3U2 + U2D3) + W — *L]z(g) —_—. (4120)
15X} k [15X]

Here J_; is manifestly skew-symmetric. Now we can consider the Hamiltonian flow

Uy ) _ 8uH,
( v, )‘J—l( SUHE ) (4.1.21)

with Hy defined in (4.1.6), or in an explicit form

C C
U | = K {—C9W1L13(2)[v + (cq4 — Cg)ul] +v+ C9u1}
3 3

k2 Cq _
UV, = — {—*U2D3W ]LIB(Z)[U +(cs — Cs)lh]
Uz3 Cg
Co 1 Cq
+*L13(2)[v +(cs — Cg)u1] + —Liya) |:v + —u1i| (4.1.22)
o k (o
Co Cy
—Wilv+ —ui|+vvs+ —us ).
Cg Cg
Due to W™, this is a nonlocal flow, so that its stationary solutions u; , = v;_, = 0 need not to admit the reduction in

the number of independent variables.
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Egs. (4.1.22) imply

vy k* (cq
Ve, = —Dsu; | + —  —Lizy[v + (¢4 — cs)uq]
Uz3 Uz3 | Cg
Co 1 Co
—Wlv+ —u |+ ~Lpg) |v+ —uy . (4.1.23)
Cg k Cg
For stationary solutions from (4.1.22) we have
Wicgv + cou1] = colyza)[v + (¢4 — cs)uq] (4.1.24)
and (4.1.23) implies
L]2(3)[C3U + CQU]] =0. (4125)

Further analysis is needed to determine an explicit solution to these equations which we postpone for future
publications.

Due to the greater simplicity of a similar problem for the system II, we defer to the next subsection the detailed
exposition of the procedure of studying the compatibility of the original bi-Hamiltonian system and its first nonlocal
flow, which shows that both flows commute and hence the latter flow is indeed a nonlocal symmetry of the first flow.
We will also show there how to treat the corresponding stationary equations.

4.2. Hierarchy of system II

The system II has the form (2.2.1) where we have used the notation (2.2.2). Recursion operator has the form [22]
-1 ~ -1
—Lyynv24, LyynA

R= .
{aD2Lyy A — Elus]}

q 1 A A (4.2.1)
——DyL5 s v2A+C, —

vy 2523(1) "2 s
The first Hamiltonian operator reads

0, AT
Jo _< —A7 AT A ) (4.2.2)

where Ky = vzﬁ + Dzﬂ[v] — ¢[us]D, + ¢[uy]Ds. The second Hamiltonian operator reads

_L£3l(t)’ (L;3l(t)D2qA - e[llz])n
=R = ; 2 (4.2.3)

-1 N
_a(qADZLZ:;([) - C[uz])v ]22

where

q a, cluy]

2_ ol eppnlalydpp 44
1 A 2 A A (%) 2-23(1) 21)2 [%) 2 va

2
UzA %) UzA

Clu] . q  Clux] Clus]
D L
2074

and g = v is given by the r.h.s. (2.2.1) of system II. Formulas (4.2.3) and (4.2.4) show that J; is manifestly skew-symmetric:

(4.2.4)

j]T = —J;. The Hamiltonian density corresponding to Jo reads
v? v?
H, = ?A = ?(a8u12 + 1ol + d11Uz3). (4.2.5)

However, there is a problem with the Hamiltonian density Hy corresponding to Ji, related to the fact that v belongs to the
kernel of the operator Ly3), so that to enforce the relation L531(r)L23(t) = 1 we had to skip v which is needed to reproduce
the correct second equation in (4.0.1).

To determine the correct Hy we apply the relation

(1 )= (1)

using an adjoint inverse recursion operator, inverse to R, Operator R reads

A

A L= o1

—AvsLyy,), szLz;([)Dz; —¢

o= ! 1 Coad ] (4.2.7)
— ALy, {ALB(t)qu - C[Uz]} "
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The inverse operator is determined by the formula
R'=

W {(étus] = AwDD; - efuaIns | w-1a

2 aw-1 {(6[u3] — Alv])D, — AéA”Dg] +2p,, Ziw-1a (4.28)
A A A

where W = A¢ — ¢[uz]A. Using its adjoint in the formula (4.2.6) we obtain the null result Hy = 0.

Hence we need the next Hamiltonian density H, in the hierarchy of the system II. We apply the relation (4.1.7) to

obtain

H, = vl[u]A = v(c7us + cglig )(agliyz + Aiollaz + A11li23) (4.2.9)
with the variational derivatives

8uHy = Alvot[ul] + A[vle[ua] — AC[v],  8,H, = AC[ul.
We also need the Hamiltonian operator J_; = Jo(R™")" with the result

-1 175 %)
W=, 7% AZ
J-1 = Va1 s 1 (4.2.10)
— AW , Z(UzAW sz + U3D2 - U2D3)Z

A

which is manifestly skew-symmetric.
Then we can easily check the validity of bi-Hamiltonian representation for the system II in the form

( :l)f >:J°< gugl )ZJ—l( ?Zi ) (4.2.11)

The first nonlocal flow is obtained by

u‘f3 _ 8UH2
( v, >—J1< 5,Hy (42.12)
with the explicit form

tey = Ligy { 46101 — w24 [2[ul]

¢[u]C[v] (42.13)

q - A ATA "
v = L0ty [ atte] - v Aferu]| + el -
2
We must show that this flow commutes with our original flow u; = v, v = q of the system II. The straightforward
check of this fact is impossible because of the nonlocal operator in (4.2.13). Therefore, we apply the following more
sophisticated procedure of checking the compatibility of the system II with the symmetry flow (4.2.13). We rewrite the
Egs. (4.2.13) in the local form

clu]Cv]

~ ATa q ~
Loyp[uz] = AC[v] — v A[E[u]], vy = Uszut3 + & u] — (4.2.14)
2

U2
We solve the first equation in (4.2.14) with respect to u.,,,, differentiate this equation with respect to t and substitute
u; = v and v; = q. We will also need D;[v,] and Ds[v,,] which we obtain by differentiating the second equation in
(4.2.14). After some tedious calculation we find that the first equation in (4.2.14) differentiated w.r.t. t with u; = v, v, = ¢q
determined by system II is identically satisfied as a consequence of Eqs. (4.2.13), which proves the compatibility of the
system II and the flow (4.2.13).

The invariant solution with respect to this flow is determined by the condition u., = 0, which implies v, = 0 which,
due to (4.2.14) implies the equations

Allv] — v A[E[u]] =0, E[uz)e[v] — vt [u] =0 (4.2.15)
or, equivalently,
e[ Alu]] — A% [u] =0, AE[v] — v, A[E[u]] = 0. (4.2.16)

Here we have to solve the first equation to determine u and then the second equation to determine v or, alternatively,
we can just use v = u; with the same result. No symmetry reduction in the number of independent variables needs to
occur because of the nonlocality of the flow.

One may wonder if we could obtain another independent equation for v by differentiating the first equation (4.2.16)
w.r.t. t (which would be bad)

¢lvale[Alul] + efuz e[ Alv]] — Alv2]e%[u] — A&*[v] = 0. (4.2.17)
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We apply the operator A to the second equation in (4.2.15) and combine the resulting equation with (4.2.17) to obtain
| aetv1 - voa[eru]] =0

which is identically satisfied due to the second equation in (4.2.16). Thus, t-differentiation of the first equation (4.2.16)
does not yield an independent equation which is again a confirmation of the compatibility of the flow (4.2.13) with the
system II.

4.3. Hierarchy of system III

According to (2.3.1), system IIl has the form
U= (4.3.1)
1
ve=q=_- {v3 = cslas)[v] — ceLizs)[v] — crLazs)[v] — cslazlvl} .
33

Recursion operator for the system (4.3.1) was obtained in [22]. We present it here in a more compact form by using the
relation Lij(k)[U]Dj + LljkL,'j(t) = ijij(k) (with u; = v) and definitions
W = cslp33y + csliz@), L = cslasp) + Celi3a) + C7La3(3) + Cslas(i)-

The recursion operator takes the form

W~ (v3D3 — L), —Wlus;
R= 1 _ v _ 4.3.2
— {U3D3W Y(v3D3 — L) — Lza([)} . ——DsW s ( )
Uss Us3
The first Hamiltonian operator [22]
1 0, 1
- 1 433
Jo uss \ —1, (vsD3+ D3v3 —L)— ( )
Us3
together with the corresponding Hamiltonian density
1
H, = 5v2u33 (4.3.4)

yields the first Hamiltonian form of the system IIl in (4.0.1). The second Hamiltonian operator J; = RJy is obtained by
composing the recursion operator (4.3.2) with the Hamiltonian operator (4.3.3) with the result

w1, —w'Ds 2
u
h=| » 1 L (4.35)
—DsW™, —— (U3D3W D3v3 + Lys)) —
Us3 Us3 Us3

which is manifestly skew-symmetric. For the corresponding Hamiltonian density Hy we assume the simplest possible
ansatz of its dependence only on v but not on derivatives of v which ends up with the expression

Hy = [k(t, Z1 )Uz — (Cgul + CsUp + c7u3)v] Us3 (436)

together with the existence condition cg¢ = 0 for such a density. We should note that the second Hamiltonian operator
(4.3.5) is valid with no such extra conditions and probably it admits the corresponding Hamiltonian density more general
than (4.3.6) with no additional restrictions. The same remark applies also for the existence condition cgcig = csco of
density Hy for system I in (4.1.6). With the condition ¢g = 0, the obtained expressions for Jy, Hy, J1 and Hy yield the
bi-Hamiltonian representation (4.0.1) for the system III.

The next Hamiltonian density H, in the hierarchy of the system IIl should be generated by the formal adjoint of the
recursion operator

( gﬁ ) ZRT( 3‘;51 ) = ( 8 ) (43.7)

but the null result implies that H, = 0 and so are all the next members of the hierarchy in the right direction.

Hence, to obtain nontrivial results we need an inverse recursion operator R~! determined by the formulas (4.0.8) to be
able to move in the left direction along the hierarchy chain. We again use more simple formulas given above in (4.1.17)
with the result

R'= (4.3.8)
—1 -1
Lysyv3Ds, —Ly5ylis3

1 _ 1 _
— {(U3D3 — L)L23]([)U3D3 - W} , ——(vsDs — L)L231(t)”33
uss Uss
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We use the operator adjoint to R~! to generate the Hamiltonian operator J_; moving in the left direction along the
hierarchy chain

Ja=JR N = (4.3.9)
-1 -1 1
L23(t)’ _L23([)(D3 U3 — L)u733
1 1 1 1 1
TB(UBDB - L)L23(t), TB{W — (v3D3 — L)L23([)(D3U3 - L)}ui33

Thus, J_; is manifestly skew-symmetric. The first nonlocal flow is generated by the formula

uT,] _ auHO
( Ve, >_1—1< 8,Ho ) (43.10)

with the explicit result for the flow (4.3.10)

Ur_y = Lyiy(W + 2KL)[v] (4.3.11)
1 _

Ve = {(v3D3 — L)Ly (W + 2KL)[v] — W[2kv — csu — csu1]}
33

where the identities L[csuy + c7us +cgug] = 0 and W[us] = 0 have been used. The first equation in (4.3.11) can be written
in the local form
Lysipy[u; 1 = (W + 2kL)[v] (4.3.12)
while the second equation becomes
1
Ve, = {(vsDs — Lyu,_, — W[2kv — csup — csuq]} (4.3.13)
33

which is more convenient for studying the commutativity of the flow (4.3.11) with the system I, similar to the way it
was done at the end of Section 4.2.

For the stationary flow u; , = 0, v, , = 0 we have W{[v] 4 2kL[v] = 0 and the second equation in (4.3.11) becomes
W{[2kv — csu; — cgug] = 0. Explicit solutions to these equations need further analysis and will be published elsewhere.

4.4. Hierarchy of system IV
System IV can be written in the compact form

1 ~ R n
we=v. w=q=- {vl(A[u] — &) + sz[U1]} (4.4.1)

where

~

A = a;D1 4 agDy 4+ agD3, € = ¢1D1 + c3D5 + 4D (4.4.2)

and A = A[uﬂ. The notation is similar to the one for the system II but the definitions of A and ¢ are different and the
two systems are also completely different, the system II depending on five parameters whereas the system IV depends
on Six parameters.

Recursion operator for system IV, as obtained in [22], has the form

—1 . -1
Liynn 4, —LpnA

R = q B A~ . 1 . _
U—Dllel(t)mA —C, vf (C[ul] - qD1lel(t)A)
1 1

(44.3)

where Ly = v2D1 — v1D; which implies Liy[v] = 0. The first Hamiltonian operator has the form

1/ 0 1
Jo= Z( 1 Kt ) (4.4.4)

where Ki; = v1A + D1 A[v] + ¢[u11D, — €[uz]D1, with the corresponding Hamiltonian density

vZ

Hy, = EA' (4.4.5)

The second Hamiltonian operator J; = RJy reads [22]
. -1 ] 1
Lixeys - (le(r)qu ~ A ) —

V1
= A 4.4.6
h 1 gDyl — Cluq] 2 ( )
v 1H12(t) A ’ 1
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where

T ATT A TA oy
+6[u1]D q Clu] Clus]

Avy v; Avy PO A

1 Clug]~ 1 Clu
2 _ 7+[1]A7 q g+gD[1]
U1

-1
DlL]Z(t)Dl V1 ! U1A

(4.4.7)

Formulas (4.4.6) and (4.4.7) show that J; is manifestly skew-symmetric: ]I = —/i.

However, we encounter difficulties, similar to the ones for the system II, in finding the Hamiltonian density Hy
corresponding to J; in the bi-Hamiltonian representation (4.0.1) of system IV. They are related to the fact that v belongs
to the kernel of the operator Liy), so that to enforce the relation szl(t)le(r) = 1 we had to skip v which is needed to
reproduce the correct second equation in (4.0.1). Therefore, to determine the correct Hy we apply the relation

SuHO _ (pty—1 8uH1
( 8,Ho ) =(R") 5,H (4.4.8)
inverse to (4.0.2). Hence at this point we again need an adjoint inverse recursion operator. Let the recursion operator
(4.4.3) and its inverse be written in the form

a b _ e f
(28) oe(2 1)

Then R~! is determined by the relations (4.1.17)

f = (euna- Ae) A, e=—fdb!

N . 1
= (c[uﬂA - Ac) { Liz — (A[v] + v—lLum[c[un) Dl}

U1

A N -1
h=—blaf = %A (f[ul]A - Aé) A

g = —hca™! (44.9)
Ul ~ (A A~ R -1 A~ 1 ~ AR 1

= —2a (el - a8) (ALl + —Logerul ) Dy — 4627 L
A vq U1

and its adjoint has the form

T t
R =R = ( i )

where
Cluq]
U1

~ 1 R
el = {le(r) - Dy (A[U] + mhz(r)[d“]])} w!

T ~ N 1 1 . 1A 14 U1
g' = 1D | Alv] + Liyp[Clull— ) — Ligry—A" cA W™ A—
U1 vq A

fl=—Aw™!, hi= AW—‘A% (4.4.10)

where W = Aé[u;] — ¢4 and we keep in mind that the square brackets denote the value of an operator.

Using the formula (4.4.8) with §,H; = A[vvl], 8y,H1 = vA, we obtain the result §,Hy = 0, §,Hy = 0 and Hy = 0. Hence
the bi-Hamiltonian representation of the system [V in the form (4.0.1) is not valid. Therefore, we search for a satisfactory
Hamiltonian density moving in opposite direction from H; to H, via the relation

SHy \ _ ot SuHi
( 5.H, ) =R s'h ) (4.4.11)
The result is
H, = —vc[u]A (4.4.12)

with the variational derivatives

~

Suly = E[v]A — Aplefu] — Afvié[ul],  8,H, = —AC[ul.
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As we will immediately see, H, corresponds naturally to the Hamiltonian operator J_; = Jo(R™")" with the explicit
expression

-1 —14 U

—w, WAL

e Cvawe, (01 AW Avr — L) ! (@at)
Viawet L, v — 1
A s 1= Lo ) %

which is manifestly skew-symmetric. Now, a straightforward check proves the validity of the following bi-Hamiltonian
representation of the system IV

( l'ji >=]°< g:ﬁi )21‘1( 3‘552 ) (4.4.14)

To discover higher (nonlocal) flows, we consider

Ury (Squ

— ) 4.4.15
< vr3 ) .]1 < 8uH2 > ( )
The explicit form of the flow (4.4.15) reads

uy, = L {Ae[u] - v1ﬁ[€[u]]}

1/, 1. . .
vy = (A[v] + U—1L12(t)[c[u]]> Dl [Ac[v] - le[c[u]]}

_c[uL]C[v] + &[], (4.4.16)
1

The second equation (4.4.16) can be rewritten as

Cluglcv]

1/ 1 . .
vy =~ (A[v] + U—1le<t)[6[u]]> Diuy, — + & [ul. (4.4.17)

1
Commutativity of system IV flow and nonlocal symmetry flow (4.4.16) can be proved by the procedure similar to the one
presented at the end of Section 4.2.

Stationary solutions u,, = 0, v, = 0 of the flow (4.4.16) are determined by the equations

Ab[v] — viA[e[u]] =0
¢luilélv] — v1€2[u] = 0. (4.4.18)

Solutions of these equations will be published elsewhere. They will not experience symmetry reduction in the number of
independent variables because of nonlocality of the flow.

5. Conclusion

We have carried out a detailed analysis of our four new bi-Hamiltonian systems in 3+1 dimensions. Point symmetries
and conserved densities generating these symmetries have been presented. Hierarchies of these four systems were studied
showing the important role played by the inverse recursion operators R~!. For systems II and IV such operators are
necessary to obtain a correct bi-Hamiltonian representation of the system, while for systems I and IIl operators R~
are utilized to discover nonlocal symmetry flows. We have explicitly constructed first nonlocal symmetry flows in the
hierarchy for each of the four heavenly systems. Stationary solutions of the latter flows do not need to admit symmetry
reduction in the number of independent variables and therefore the corresponding (anti-)self-dual gravitational metrics
will not admit Killing vectors, which is a characteristic feature of the K3 gravitational instanton. Explicit form of solutions
invariant w.r.t. nonlocal symmetry flows is now in progress. The description of (anti-)self-dual gravity governed by our
new bi-Hamiltonian heavenly systems will be published elsewhere.
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