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0. Introduction

First order Lagrangian mechanics can be generalized to higher order Lagrangian field theory. Moreover, the latter has
got a very elegant geometric (and homological) formulation (see, for instance, [1]) on which there is general consensus.
On the other hand, it seems that the generalization of Hamiltonian mechanics of Lagrangian systems to higher order field
theory presents some more problems. Several answers have been proposed (see, for instance, [2-10] and the references
therein) to the question: is there any reasonable, higher order, field theoretic analogue of Hamiltonian mechanics? In our
opinion, none of them is satisfactorily natural, especially because of the common emergence of ambiguities due to either the
arbitrary choice of a coordinate system [2] or the choice of a Legendre transform [7,8,10]. Namely, the latter seems not to be
uniquely definable, except in the case of first order Lagrangian field theories when a satisfactory Hamiltonian formulation
can be presented in terms of multisymplectic geometry (see, for instance, [11]—see also [12] for a recent review, and the
references therein).

Nevertheless, it is still desirable to have a Hamiltonian formulation of higher order Lagrangian field theories enjoying
the same nice properties as Hamiltonian mechanics, which (1) is natural, i.e., is independent of the choice of any structure
other than the action functional, (2) gives rise to first order equations of motion, (3) takes advantage of the (pre-)symplectic
geometry of the phase space, (4) is a natural starting point for gauge reduction, (5) is a natural starting point for quantization.
The relationship between the Euler-Lagrange equations and the Hamilton equations deserves a special mention. The
Legendre transform maps injectively solutions of the former to solutions of the latter, but, generically, Hamilton equations

* Tel.: +39 089963329; fax: +39 089963303.
E-mail address: lvitagliano@unisa.it.
URL: http://www.dmi.unisa.it/people/vitagliano/www.

0393-0440/$ - see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.geomphys.2010.02.003


http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
mailto:lvitagliano@unisa.it
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://www.dmi.unisa.it/people/vitagliano/www
http://dx.doi.org/10.1016/j.geomphys.2010.02.003

858 L. Vitagliano / Journal of Geometry and Physics 60 (2010) 857-873

are not equivalent to Euler-Lagrange ones [11]. However, the difference between the two is a pure gauge and, therefore, it
is irrelevant from a physical point of view.

In this paper we achieve the goal of finding a natural (in the above mentioned sense), geometric, higher order, field
theoretic analogue of Hamiltonian mechanics of Lagrangian systems in two steps: first, we find a higher order, field theoretic
analogue of the Skinner and Rusk “mixed Lagrangian—-Hamiltonian” formalism [13-15] (see also [16]), which is rather
straightforward (see [17] for a different, finite dimensional approach, to the same problem) and, second, we show that
the derived theory “projects to a smaller space” which is naturally interpreted as phase space. Local expressions of the
field equations on the phase space are nothing but de Donder equations [2] and, therefore, are naturally interpreted as
the higher order, field theoretic, coordinate free analogue of Hamilton equations. A central role is played in the paper by
multisymplectic geometry in the form of partial differential (PD, in the following) Hamiltonian system theory, which has
been developed in [18].

The paper is divided into nine sections. The first four sections contain reviews of the main aspects of the geometry
underlying the paper. They have been included in order to make the paper as self-consistent as possible. The next five
sections contain most of the original results.

The first section summarizes the notations and conventions adopted throughout the paper. It also contains references
to some differential geometric facts which are often used in the subsequent sections. Finally, in Section 1 we briefly review
the Skinner-Rusk formalism [ 14]. Section 2 is a short review of the geometric theory of partial differential equations (PDEs)
(see, for instance, [19]). Section 3 outlines the properties of the main geometric structure of jet spaces and PDEs, the Cartan
distribution, and reviews the geometric formulation of the calculus of variations [1]. Section 4 reviews the theory of PD-
Hamiltonian systems and their PD-Hamilton equations [18]. Moreover, it contains examples of morphisms of PDEs coming
from such theory. These examples are presented here for the first time.

In Section 5 we present the higher order, field theoretic analogue of Skinner-Rusk mixed Lagrangian-Hamiltonian
formalism for mechanics. In Section 5 we also discuss the relationship between the field equations in the
Lagrangian-Hamiltonian formalism (now on, ELH equations) and the Euler-Lagrange equations. In Section 6 we discuss
some natural transformations of the ELH equations. As a byproduct, we prove that they are independent of the choice of a
Lagrangian density, in the class of those yielding the same Euler-Lagrange equations, up to isomorphisms. ELH equations are,
therefore, as natural as possible. In Section 7 we present our proposal for a Hamiltonian, higher order, field theory. Since we
don’t use any additional structure other than the ELH equations and the order of a Lagrangian density, we judge our theory
satisfactorily natural. Moreover, the associated field equations (HDW equations) are first order and, more specifically, of the
PD-Hamilton kind. In Section 8 we study the relationship between the HDW equations and the Euler-Lagrange equations. As
a byproduct, we derive a new (and, in our opinion, satisfactorily natural) definition of Legendre transform for higher order,
Lagrangian field theories. It is a non-local morphism of the Euler-Lagrange equations into the HDW equations. Finally, in
Section 9 we apply the theory to the KdV equation which can be derived from a second order variational principle.

1. Notations, conventions and the Skinner-Rusk formalism

In this section we collect notations and conventions about some general constructions in differential geometry that will
be used in the following.

Let N be a smooth manifold. If L C N is a submanifold, we denote by iy : L < N the inclusion. We denote by
C*°(N) the R-algebra of smooth, R-valued functions on N. We will always understand a vector field X on N as a derivation
X : C®°(N) — C*°(N). We denote by D(N) the C*(N)-module of vector fields over N, by A(M) = P, AK(N) the graded
R-algebra of differential forms over N and by d : A(N) —> A(N) the de Rham differential. If F : Ny —> N is a smooth map
of manifolds, we denote by F* : A(N) —> A(N;) the pull-back via F. We will understand everywhere the wedge product
A of differential forms, i.e., for w, w; € A(N), we will write ww; instead of w A w1.

Let @ : A—> N be an affine bundle (for instance, a vector bundle) and F : N; —> N a smooth map of manifolds. Let .7
be the affine space of smooth sections of «. For a € < and x € N we put, sometimes, a, := a(x). The affine bundle on N,
induced by « via F will be denoted by F°(«) : F°(A) —> N:

F°(A) —— A
F°(a)i i“ ,
Ny —F =N

and the space of its sections by F°(<). For any section a € .« there exists a unique section, which we denote by
F°(a) € F°(«), such that the diagram

F°(A) ——A

F°(a)T Ta

Ny ——N
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commutes. If F : Ny —> N is the embedding of a submanifold, we also write | (or, simply, |y, ) for F°(e), and refer to it
as the restriction of “e” to Ny (via F), whatever the object “e” is (an affine bundle, its total space, its space of sections or a
section of it).

We will always understand the sum over repeated upper-lower (multi)indexes. Our notations about multiindexes are
the following. We will use the capital letters I, J, K for multiindexes. Let n be a positive integer. A multiindex of length k is
a ktuple of indexes I = (iy, ..., i), i1, ..., iy < n.We identify multiindexes differing only by the order of the entries. If I is
a multiindex of length k, we put |I| := k. LetI = (i, ..., i) andJ = (ji, ..., j;) be multiindexes, and i an index. We denote
by IJ (resp. Ii) the multiindex (iy, . .., ik, j1, . - . , j;) (resp. (i1, . .., ik, i)).

We conclude this section by briefly reviewing those aspects of the Skinner-Rusk formalism for mechanics [13-15] that
survive in our generalization to higher order field theory.

Let Q be an m-dimensional smooth manifold and q', ..., g™ coordinates on it. Let L € C°°(TQ) be a Lagrangian function.
Consider the induced bundle ‘L'J = ré’(ré) (T = 5 (T*Q) —> TQ from the cotangent bundle rg :T*Q — Q toQ, via
the tangent bundle 7o : TQ —> Q.Letq: TT — T*Q be the canonical projection (see Diagram (1))

Tt ——>T*Q

rgi ira . (])

Q —25qQ

On T' there is a canonical function h € C*®(T') defined by h(v, p) = p(v),v € T,Q,p € T;Q, q € Q. Consider also
the function £, := h — tj*(l) € C™(T"). E; is locally given by E, := pi¢' — L, where ..., ¢q',...,q,...,p;, ... are
standard coordinates on T. Finally, put w = q"(wo) € AX(TT), wy € A%(T*Q) being the canonical symplectic form on
T*Q, which is locally given by wy = dp;dq'. w is a presymplectic form on Tt whose kernel is made of vector fields over T*

which are vertical with respect to the projection q. In the following, denote by I C R a generic open interval. For a curve
y 115t y(t) € T, consider equations

i;y°(w) + y°(dE) = 0, (2)

where y € y°(D(TT)) is the tangent field to y. Eq. (2) read locally
d i -

-4 =4
dt

oL
Di=

aq
d L

api: 87(]'

In particular, for any solution y of Eq. (2) as above, 73 o roT oy : I — Q is a solution of the Euler-Lagrange equations
determined by L. Notice that solutions of Eq. (2) can only take values in the submanifold 22 C T' defined as

2 :={PeT": thereexists £ € TpT' such thatizwp + (dE;)p = 0},

and that & is nothing but the graph of the Legendre transform FL : TQ — T*Q. Finally, consider 2, := q(2) C T*Q.If
Py C T*Q is a submanifold and q : &2 — 224 a submersion with connected fibers, then there exists a (unique) function
H € C*(%,) such that q*(H) = E; | 5. Thus, foracurve o : I 5 t — o (t) € £, we can consider equations

is0°(wo) + 0°(dH) = 0, (3)

where 6 € o°(D(T")) is the tangent field to o. For any solution y : I — Q of the Euler-Lagrange equations,
FLoy : I— &, is a solution of Eq. (3). If the map q : ¥ — T*Q has maximum rank (which happens iff the matrix

H 0%L/34'd¢ H]I has maximum rank, i.e., FL is a local diffeomorphism), then 2, C T*Q is an open submanifold, H is a local
function on T*Q, and Eq. (3) read locally

d . oH
=2
dt api
d  oH
e’ aqi’

which are Hamilton equations. In this case, for any solution o : I — T*Q of Eq. (3), ré oo : I — Q is a solution of the
Euler-Lagrange equations.
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2. Geometry of differential equations

In this section we recall basic facts about the geometric theory of PDEs. For more details see, for instance, [19].

Let m : E —> M be a fiber bundle, dimM = n, dimE = m + n. In the following we denote by U C M a generic open
subset. For 0 < I < k < oo, let 7, : J¥& —> M be the bundle of k-jets of local sections of 77, and 7y : J*7 — J'm the
canonical projection. For any local sections : U —> E of r, we denote by jis : U —> J¥r its kth jet prolongation. For

x € U, put [s]ﬁj = (jxs)(x). Any system of adapted to 7 coordinates (..., x', ..., u%,...) onanopen subset V of E gives rise
to a system of jet coordinates on n,;(} (V) C J*m which we denote by (..., x", ..., u%,,...)orsimply (..., x, ..., uf, ...)
if this does not lead to confusion, |I| < k, where we putud :=u*, o =1,...,m.

Now, let k < 00, 79 : Ty —> J*m be a vector bundle, and (..., ', ..., uy, ..., v% ...) adapted to 7o, local coordinates

on Ty. A (possibly non-linear) differential operator of order < k ‘acting on local sections of 7, with values in o’ (in short ‘from
7T to Tp') is a section @ : J*r — Ty of .

Let 7’ : ' —> M be another fiber bundle and ¢ : E —> E’ a morphism of bundles. For any local sections : U —> E of
7,905 : U — E'isalocal section of 7. Therefore, for all 0 < k < oo, ¢ induces a morphism jyp : J*7 —> J*7’ of the
bundles 7y and 7}, defined by (jx@)[s] := [¢ o]k, x € U. Diagram

Jy
_IIT[ H-]lj.[/

”‘»"\L i”l/.k
ke
]kﬂ N _]kﬂ/

commutes forall 0 < k <[ < oo.jyp is called the kth prolongation of ¢.
The above construction generalizes to differential operators as shown, for instance, in [20]. If @ is a differential operator
as above, we denote by @ its Ith prolongation. Moreover, put & = {8 € J*7 : ®(0) = 0}. & is called the (system of)

PDE(s) determined by @. For 0 < | < oo put also éf’q(,l) =Ep0 C J¥H o If & is locally defined by
d>“(...,xi,...,u;",...)=0, a=1,...,p (4)

.., @ := @d*(v%), ... being local functions on J*rr, then 6"(;') is locally defined by

D@ (..., %, ... uf,..)=0, a=1,...,p, || <1, (5)
where D¢, _j) == Dj, o---oDj,and D; := 9/9x + u;d/0uy is the jth total derivative, j, j1, ..., i = 1,...,m. éig) is called
the Ith prolongation of the PDE &. In the following we put 8}, := d/0uf, e = 1,...,m.

Alocal section s of 7 is a (local) solution of & iff, by definition, im j,s C &¢ or, which is the same, im j;s C g;’,) for some
I < oc0. Notice that the ooth prolongation of & , ggg’") C J®°m, is an inverse limit of the sequence of maps

M Ep

Tk Tk+1,k+1—1 TCh-14+1,k+1
- éa(g) gd()lﬂ) < - (6)

and consists of “formal solutions” of &, i.e., possibly non-converging Taylor series fulfilling (5) for every .

J°m is not a finite dimensional smooth manifold. However, it is a pro-finite dimensional smooth manifold. For an
introduction to the geometry of pro-finite dimensional smooth manifolds see [21] (see also [20] and, for a different
approaches, [22,23]). In the following we will only consider regular PDEs, i.e., PDEs &, such that éif,oo) C J®x is a smooth
pro-finite dimensional submanifold in J*x, i.e., nm,l(é’g’o)) C J'7 is a smooth submanifold and 41,0} oo, l+1 (ﬁéoo)) —

noo,,(gq(;’o)) is a smooth bundle for all | > 0.

There is a dual concept to the one of a pro-finite dimensional manifold, i.e., the concept of a filtered smooth manifold which
will be used in the following. We do not give here a complete definition of a filtered manifold, which would take too much
space. Rather, we will just outline it. Basically, a filtered smooth manifold is a(n equivalence class of) set(s) ¢ together with
a sequence of embeddings of closed submanifolds
io1

i0,1 C ik—1,k ¢ Ik k-1

0o € 0, € Ok—1 € Ok e (7)

and inclusions i, : ¢y — ¢,k > 0, such that ¢ (together with the i;’s) is a direct limit of (7). The tower of algebra
epimorphisms

i;—Lk i;k 1
C>(60) e C®(61) < C®(Op 1) <—— - (8)

is associated to sequence (7). We define C°°(¢) to be the inverse limit of the tower (8). Every element in C*°(¢) is naturally
a function on ¢. Thus, we interpret C*°(¢) as the algebra of smooth functions on ¢. Clearly, there are canonical “restriction
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homomorphisms” i; : C*(6) — C*(6y), k > 0. Differential calculus over ¢ may then be introduced as differential
calculus over C*°(0) [21] respecting the sequence (8). Since the main constructions (smooth maps, vector fields, differential
forms, jets and differential operators, etc.) of such calculus and their properties do not look very different from the analogous
ones in finite-dimensional differential geometry we will not insist on this. Just as an instance, we report here the definition of
a differential form w on &' it is just a sequence of differential forms wy, € A(&y), k > 0, such that ilt—l,k (wy) = wy_1 forall k.

Finally, notice that, allowing for the &}’s in (7) to be pro-finite dimensional manifolds, we obtain a more general
object than both a pro-finite dimensional and a filtered manifold. We will generically refer to such an object as an infinite
dimensional smooth manifold or even just a smooth manifold if this does not lead to confusion. Our main example of such a
kind of infinite dimensional manifold will be presented in the beginning of Section 5.

3. The Cartan distribution and the Lagrangian formalism

Let 7 : E — M and & be as in the previous section. In the following we will simply write J* for J*7, k < oo, and &
for 5(00) & will be referred to simply as a PDE (imposed on sections of i) if this does not lead to confusion. Notice that for

=0,6=6 =),

Recall that J* is canonically endowed with the Cartan distribution [19]

€ ]® 20— €y CTyJ™
which is locally spanned by total derivatives, D;, i = 1,...,n. ¥ is a flat connection in 7, which we call the Cartan
connection. Moreover, it restricts to & in the sense that 3 = Ty & for any 0 € &. Therefore, the (infinite prolongation of) any
PDE is naturally endowed with an involutive distribution whose n-dimensional integral submanifolds are of the form js,
withs : U —> E a(local) solution of &3. In the following we will identify the space of n-dimensional integral submanifolds
of ¢ and the space of local solutions of &.

Let 7’ : E' —> M be another bundle and &’ C J*°7’ (the infinite prolongation of) a PDE imposed on sections of 7’. A
smoothmap F : &' —> & is called a morphism of PDEs iff it respects the Cartan distributions, i.e., (dg'F)(%3') = (e for any
6’ € &'. The idea of non-local variables in the theory of PDEs can be formalized geometrically by special morphisms of PDEs
called coverings [24] (see also [25]). A covering is a morphism ¢ : & —> & of PDEs which is surjective and submersive. A
covering y : & —> & clearly sends local solutions of & to local solutions of &. If there exists a covering ¥ : & —> & of PDEs
we also say that the PDE & covers the PDE & (via v). Fiber coordinates on the total space &ofa covering Y : & — & are
naturally interpreted as non-local variables on &. Also notice that given a solution s of the PDE &, a covering  : &— &
determines a whole family of solutions of & “projecting onto s via /", so that ¥/ may be interpreted, to some extent, as a
fibration over the space of solutions of &. Many relevant constructions in the theory of PDEs (including Lax pairs, Backlund
transformations, etc.) are duly formalized in geometrical terms by using coverings.

The Cartan distribution and the fibered structure 7, : J* —> M of J* determine a splitting of the tangent bundle
TJ°° — J*° into the Cartan or horizontal part ¢ and the vertical (with respect to 7, ) part. Accordingly, the de Rham com-
plex of ], (A(J*), d), splits in the variational bi-complex (¢* A ® A, d, d"), (here and in what follows tensor products will
be always over C*°(J*) if not otherwise specified), where ¥* A and A* are the algebras of Cartan forms and horizontal forms
respectively. d” and d are the vertical and the horizontal de Rham differential, respectively (see, for instance, [ 19] for details).
The variational bicomplex allows a cohomological formulation of the calculus of variations [1,19,21,26]. In the second part
of this section we briefly review it.

In the following we will understand isomorphism A(J®) >~ ¢* A ® A. The complex

0—> () L=t e s s e

is called the horizontal de Rham complex. An element .# € A" is naturally interpreted as a Lagrangian density and its
cohomology class [.#] € H" :== H"(A, d) as an action functional on sections of 7r. The associated Euler-Lagrange equations
can then be obtained as follows.

Consider the complex

d — d — d
0 %Al (KA]®A]H"'H(@&A1®A(JH"'5 (9)

and the C®(J*)-submodule x* C ¥ A' ® A" generated by elements in ¥A' ® A" N A(J'x). x" is locally spanned by
elements (du* — u®dx’) ® d"x, where we put d"x := dx' - - - dx".

Theorem 1 ([1]). Complex (9) is acyclic in the qth term, for q¢ # n. Moreover, for any w € ¢ A! ® A" there exists a
unique element E, € x' C ¢A' ® A" such that E, — o = do for some 9 € ¢A' ® A" and the correspondence
H (¢A'® A, d) > [w] — E, € »' is a vector space isomorphism. In particular, for o = d' ¢, £ € A” being a Lagrangian
density locally given by # = Ld"x, L a local function on C®(J*), E(#) := E,, is locally given by E(#) = L. (du® — uf'dx') @d"x
where (fTLa = (=) ‘D,aéL are the Euler-Lagrange derivatives of L.

Bu“‘

In view of the above theorem, E(.#) does not depend on the choice of ¢ in a cohomology class [#] € H" and it is naturally
interpreted as the left hand side of the Euler-Lagrange (EL) equations determined by .#. In the following we will denote by
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&L C J™ the (infinite prolongation of the) EL equations determined by a Lagrangian density. Any 9 € ¥A' ® A" such
that

E(®)—d" ¢ =dv (10)
will be called a Legendre form [10]. Eq. (10) may be interpreted as the first variation formula for the Lagrangian density .#. In
this respect, the existence of a global Legendre form was first discussed in [27].

Remark 1. Notice that, if € ¥A' ® A" ! is a Legendre form for a Lagrangian density ¥ € A", then ¢ + d'g is a
Legendre form for the d-cohomologous Lagrangian density .# + do, ¢ € A™!, which determines the same EL equations
as .. Moreover, any two Legendre forms ¢, ¥’ for the same Lagrangian density differ by a d-closed, and, therefore, d-exact
form,ie., 9 — ' =dA,forsome A € ¥A' @ A" 2.

Remark 2. Finally, notice that complex (9) restricts to holonomic sections j..s of 7, s being a local sections of 7, in the
sense that, for any such s, there is a (unique) complex

d)j _ dj; _ d)j
0*>%’A1|j*)>%’/\1®A1|j*1>"'*><€A1®Aq|j*J>“', (11)
where j := joo$, such that the restrictionmap #A'® A —> ¢ A'Q A|; >~ ¢ A'|; @cooqury A(M) is a morphism of complexes.
Moreover, complex (11)is acyclic in the gth term and the correspondence defined by H" (4 A ® A" lj» E|,-) 5 [w|j] — Eulj €
xTj, 0 € #AT ® A", is a vector space isomorphism.

4. Partial differential Hamiltonian systems

In [18] we defined a PD analogue of the concept of Hamiltonian system on an abstract symplectic manifold which we
called a PD-Hamiltonian system. In this section we briefly review those definitions and results in [ 18] which we will need in
the following.

Letor : P — M beafiberbundle, A := C®(P),x', ..., x" coordinateson M, dimM = n,andq', ..., g™ fiber coordinates
on P, dimP = n + m. Denote by C(P, «) the space of (Ehresmann) connections in ««. C(P, «) identifies canonically with the
space of sections of the first jet bundle «; ¢ : J'@ — P and in the following we will understand such identification. In
particular, for V € C(P, @), we put ..., VA := V*(¢}), ..., ¢%, ... being jet coordinates on J'a.

Denote by A1 = B, A’]‘ C A(P) the differential (graded) ideal in A(P) made of differential forms on P vanishing when

pulled-back to fibers of «, by A, = P, A;j its p-th exterior power, p > 0, and by VA(P, o) = B, V A¥(P, «) the quotient
differential algebra A(P)/Aq,d" : VAP, @) —> V A(P, o) being its (quotient) differential.
Remark 3. For instance, if « = 7o : P = J* — M, then, using the Cartan connection ¥ € C(J°, 74 ), one can
canonically identify VA (J*, n,,) with #A! and d" with the vertical de Rham differential. More generally, for any k > 0,
VA, ) ®coogiyy C° (1) identifies canonically with the C*°(J*"'z)-module #A' N A(*" ') of (k 4+ 1)th order
Cartan forms.

Now, for any k > 0, put 2%(P, @) :== A¥™""Tand 2K(P, ) = 2%(P, @)/ A%+, It is easy to show that 2X(P, o) ~
VA¥(P, @) ®4 A'~. An element w € £2%(P, ) determines an affine map

C(P,a) 3 V — iyw = py(w) € VA1 (P, &) @4 A, (12)
where

py 1 A(P) —> VAP, o) @4 A"
is the canonical projection determined by the connection V. The linear part of the affine map (12) naturally identify with
the class w + A’n‘*“*1 in 2K(P, o) (see [18] for details). Notice that, since (12) is affine, it is actually point-wise and,
therefore, can be restricted to maps. Namely, if F : Py —> P is a smooth map, 0 € F°(C(P, «)), then an element
inF°(w) € FP(VA1(P, o) ®4 A") is defined in an obvious way.

Definition 1. A PD-Hamiltonian system on the fiber bundle o : P —> M is an element w € £2%(P, «) such that dw = 0. The
first order PDEs
ij1aw|a =0

on (local) sections o of « are called the PD-Hamilton equations determined by w. Geometrically, they correspond to the
submanifold

0 =10 eJ'a igw, =0,p = a100)} CJ'a.
Let w be a PD-Hamiltonian system on the bundle & : P —> M and consider the subset P; := a0(£®) C P.In the

following we will assume P; C P to be a submanifold and ay = «|p, : P; —> M to be a subbundle of o. o is called the
first constraint subbundle of w.
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As an example, consider the following canonical constructions. Let @ : P —> M be a fiber bundle and . . ., ¢, . . . fiber
coordinates on P. 21(P, o) (resp. 2'(P, «)) is the C*°(P)-module of sections of a vector bundle pox : .#a —> P (resp.

rga : o — P), called the multimomentum bundle of « (resp. the reduced multimomentum bundle of o). Recall that there
is a tautological element ©, € 2'(.Za, pa) (resp. O, € 2'(J e, tia)), where ua = a o poa (resp. tia = a o tja),
which in standard coordinates ..., x', ..., ¢% ...,p}, ..., pon.Za (resp....,x, ..., q", ...,p,,...onJa)is given by

Oy = pydq’d" 'x; — pd"x  (resp. @, = pyd'¢* @ d"'xy),

where d"'x; == iz,/axfd"x [28]. d®, is a PD-Hamiltonian system on po locally given by
do, = dp,dq*d"'x; — dpd"x.

Notice that d®, determines empty PD-Hamilton equations.

Example 1. A PD-Hamiltonian system is canonically determined, on the fiber bundle & : P —> M, by the following data: a
connection V in o and a differential form . € A" Let..., g%, ...Dbe fiber coordinatesinP and.. ., P pj", .. D
(resp.....x,....q¢" ..., pj;, ...) standard coordinates in .Z« (resp. Jta). Let .# be locally given by ¥ = Ld"x, L a local
function on P. Obviously, V determines a section Xy : Jfa — .7« of the projection .#o — ], which in local standard
coordinates reads X3 (p) = p,V{. Put Oy := X%(6,). In local standard coordinates, Oy = pidg*d"~'x; — p, VAd"x. Put
also,

Oy = Oy + (]a)"(£).
Locally, @ ¢ v = pidq’d"'x; — E vd"x, where Eo v := p, VA — L Finally, consider w v := d® v. Locally,
Wy v = dpi,qud”_lxj — dEgyvan.

w. v is the PD-Hamiltonian system on t'a determined by V and . The associated PD-Hamilton equations read locally

Pl = iL_piiv,B
Ari agh By P
q.i=V}
where we denoted by “e,;” the partial derivative of “e” with respect to the ith independent variable x', i=1, ..., n.

We conclude this section by discussing two examples of morphisms of PDEs coming from the theory of PD-Hamiltonian
systems.

Example 2. Let « : P —> M be a fiber bundle, w a PD-Hamiltonian system on it, @’ : P — M another fiber bundle,
B : PP —> P a surjective, submersive, fiber bundle morphism, and o’ := B*(w). @’ is a PD-Hamiltonian system on «’.
Denote by & C J®a (resp. & C J®a') the ooth prolongation of the PD-Hamilton equations determined by w (resp. «'’).
We want to compare & and &”. In order to do this, notice, preliminarily, that J*«’ covers ]« via joo B : J®a¢ —> J%a.
Moreover, it can be easily checked that a local section o’ of &’ is a solution of &” iff the section 8 o ¢’ of « is a solution of &.
We now prove the formal version of this fact.

Proposition 2. (j.8)(&') C & andj.B : & —> & is a covering.

Proof. Considerj;8 : J'a’ — J'a.Itiseasyto checkthat(g’;?) = (1B) 1Y) c J'o/. Similarly, & = (jooB) "1 (&) C J¥a.
In particular, joo 8 : & —> & is the “restriction” of joo 8 : J®a’ —> J®a to & C J®« and, therefore, is a covering. O

Example 3. let ¢ : P — M, w and & C J*°«a be as in the above example, and oy : Py —> M the first constraint
subbundle of w. Put w; = i;’;1 (w). w1 is a PD-Hamiltonian system on «1. Denote by &; C J*«; the coth prolongation of the
PD-Hamilton equations determined by w;. We want to compare & and &;. In order to do this, notice, preliminarily, that J* o
may be understood as a submanifold in J*a via jooip, : J*0; < J*°a. Moreover, it can be easily checked that any solution
of & is also a solution of &; (while the vice-versa is generically untrue). We now prove the formal version of this fact.

Proposition 3. & C &.

Proof. Recall that the projection a1 o : J'a —> P sends &% to P;. As a consequence, & C J*a4. Moreover, by definition of
ooth prolongation of a PDE, it is easy to check that

& = éaﬂjooal
= {0 =[0]° €% : [ijowl,13° = 0,x € M}
c {0 =101 €% : [ije01l,13° = 0,x € M}
=¢&. 0O
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5. Lagrangian-Hamiltonian formalism

In this section we show that the Skinner-Rusk mixed Lagrangian-Hamiltonian formalism for first order mechan-
ics [13-15] (see Section 1) is straightforwardly generalized to higher order Lagrangian field theories.

First of all, let us present our main example of a filtered manifold. Let # : E —> M be a fiber bundle. Consider the
infinite jet bundle 7, : J* —> M for which Af = A%, ¢ > 0. Moreover, the C*(J*°)-module 2'(J®°, 7)) >~ A’ ® A"
is canonically filtered by vector subspaces Wy, == #A!' ® A" ' N A(J*'x), k > 0. Denote by 2] C £2'(J*, 7s) the
C*°(J°°)-submodule generated by Wy, k > 0. Then, for all k, Q,l is canonically isomorphic to C*° (J*°) ®cook+1) W and

R0CR1C - CCT R4y T CR'I™, 7o), (13)

is a sequence of C*°(J*)-submodules. Notice that, for any k, Q,l( is the module of sections of a finite-dimensional vector
bundle j,f —> J*°. Moreover, the inclusions (13) determine inclusions

Jchic o clicliyc

of vector bundles. J' := [J,J} is then an infinite dimensional (filtered) manifold and the canonical projection 7,

Jt — J* an infinite dimensional vector bundle over J* whose module of sections identifies naturally with 21(J*°, 7).
We conclude that rOT : JI — J™ is naturally interpreted as the reduced multimomentum bundle of ... Denote by

X uf, ..., pfj, ... standard coordinates on Jt. We will also consider the bundle structures ],j — M,k > 0,
and tt ::mmotoT Jf— M.

In the following we denote by U’ C J* a generic open subset. Notice that any (local) element ¥ € ¥A! @ A" ! =
R1(%°, 7s), in particular a (local) Legendre form, is naturally interpreted as a section 9 : U — J of rg. Put then
o, Ok = 9x(plh), ... which are local functions on J*° such that ¢ = #L(duf — u%dx’) ® d"~'x;. It follows that, locally,
dy = —(D}' + 800 (duf —ufdx) @ d'x € ¥A' @ A",
where 8 = 0ifI # K, while §} = 1ifI = K.

Now, in Example 1, put o = 7o, : P = J*° — M and V = ¥, the Cartan connection in 7. £ € A} = A" is then a
Lagrangian density in 7. Put ¥ := Y, 0y = Oy ¢ and wy = @y 4.0 isaPD-Hamiltonian systemont’ : JT — M
canonically determined by .#. Locally,

we = dplidutd"x; — dE.d",
where E¢ = pLiu? — L. Leto : U —> J' be alocal section of tf,and j := 7/ 00 : U —> J®.Put...,of := o*(u¥) =
@, ..., ol = o*(pLh), ... which are local functions on M. Then, locally,
owele = [(—oy'i — 8ol + 8L Lo pd ullo + (0, — oi)d P11 @ d"x,
and the PD-Hamilton equations determined by w » read locally
P = L — sl
uf',; = uj.

We call such equations the Euler-Lagrange-Hamilton (ELH) equations determined by the Lagrangian density .#. Notice that they
are first order PDEs (with an infinite number of dependent variables). Denote by &y C J®t! their infinite prolongation.
In the following theorem we characterize solutions of & . As a byproduct, we derive the relationship between the ELH
equations and the EL equations.

Theorem 4. A local section o : U — Jt of t1 is a solution of the ELH equations determined by the Lagrangian density . iff it
is locally of the form ¢ = ¥ 0 j®s where (1) s : U — E is a solution of the EL equations &; and (2) ¢ : U — JT is a Legendre
form for #.

Proof. Let o : U — J' be alocal section of tt. First of all, let o be of the form o = ¥ o j where (1)j : U — J*® is a local
section of 77, and (2) ¥ : U' —> JT is a local section of 7/ : JT — J*°. Then,
oyl =Dy oj.
Therefore, locally,
fewele = [[(=D) — 8;0% + L) o jld"ul l; + Gf i — jid" pl'lo | ® d"x
= (@ + d"2)|; + Gf i —id" bl ® d'x,
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where ..., j} = j*(uf), ... and they are local functions on M. Thus, if ¢ is a Legendre form and j = j.s for some local
solution s : U — E of the EL equations then, in particular, ji',; = ji,a =1,...,m, i=1,...,n,and

lowzle = @ +d" 2|+ (i — Ji)d" ple ® d"x = E(2)|; = 0.
On the other hand, let ¢ : U — J be a local section of 7¥ and j := ‘L’J oo : U —> J*. Locally, there always exists a

section ¥ : U' — JT of ‘L'J ,such that 0 = ¥ oj. Notice, preliminarily, that ¢ is not uniquely determined by o except for its
restriction to imj. If o is a solution of the ELH equations then, locally,

0=ijp0zl, = @0 +d"2)|;+ (i — jd"pls ® dx.
Since (d"pl))|, ® d"x and (d9 + d".)|; are linearly independent, it follows that
{(819 +d'2);=0
j‘IX i = ](l); .
In particular, j = jooS, where s = m g 0.

Now, let @ be a Legendre form for .. Then d'.# = E(¢) — di, and, therefore, (d — d9y + E(.£))|; = 0. Recall that d
restricts toj = jooS (Remark 2). Thus,

dj;(® — 9o)|j = E(2)];.

In particular, E(2)|; is H|j-exact. Inview of Remark 2, this is only possible if E(.#)|; = 0, i.e., s is a solution of the EL equations.
We conclude that

dj;(® — D)|j =0,
ie, (0 — vo)ljis Elj—closed. Again in view of Remark 2, this shows that, locally,
(¥ — Po)|j = d|jv; = dv);
for some v € ¥A' ® A" 2. In particular, we can put ¢ = ¥ 4 dv and, therefore, ¢ is a Legendre form for . as well. O

We now prove a formal version of the above theorem. Put p := rgo’o o 'CJ kA p— L

Theorem 5. p(&gy) C &L and p : &y —> &L is a covering of PDES.

Proof. In J*°t' consider the submanifold & made of ooth jets of (local) sections 0 : U — J of the form o = ¥ o js,
where s : U — E is a local section of 7, and ¢ : U’ — J is a local Legendre form. It can be easily checked that & is
locally defined by

) . SL
[Pf;'m + 5]1,-pf,"|1< = Dy (dLL) — %DKW (14)

o a
Up ik = -

Clearly, the Cartan distribution restricts to &; and, therefore, & can be interpreted as a PDE. Moreover, it is easily seen from
(14) that &; covers J* via p. Denote by

D{_i_i_ua_a +l.i_
b oxi lulau;yu Py Ujap‘lxju
the jth total derivative on J®tt, j = 1, ..., n. &y is locally defined by
{Pfx‘iwm = D (3,L) — &bl ik as)
o o
Uy ki = Uik,

which is equivalent to
Py = Dx (L) — 8;pl 1
uf‘”( = u;}(.
Moreover, on &gy
; SL . SL )
()Mp i = DKW - (—)‘I‘Sjlip{ilua = DKW + () "pL i,

and, therefore, DK{% =0, =1,..., m.Itthen follows from (14), that &y = & Np~ ' (&.). In particular, p : &y — &
is the “restriction” of p : & —> J*° to & C J* and, therefore, is a covering. O
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6. Natural transformations of the Euler-Lagrange-Hamilton equations

Properties of Legendre forms discussed in Remark 1 correspond to specific properties of the ELH equations which we
discuss in this section.

First of all, notice that the ELH equations are canonically associated to a Lagrangian density. But, how do the ELH equations
change when changing the Lagrangian density into a d-cohomology class? In particular, does an action functional uniquely
determine a system of ELH equations or not? In order to answer these questions consider ¢ € ¥A' @ A" . ¢ determines
an automorphism ¥y : J© — JT of the fiber bundle rg via

Wy(P) =P -y, PejJl, 0=1/(P)eJ™.
In particular, 7} o Wy = t/. Clearly, ¥, ' = w_,.
Lemma 6. ¥} (wy) = wyp — 10" (dD).
Proof. Compute,
Vi(we) = P5(dOy)
= d¥; (O)
= d[(¥; 0 Z")(O) + (¥ 0 14)(2)]
= d[(¥; 0 Z)(O) + (t§ 0 ¥3)*(2)]
= d[(¥; 0 £ () + 7 (2)].
Now, since, locally, ..., ¥y (pl) = p,i — 911, ..., we have
W5 0 T, =py' - 0,
(W5 0 ¥ (p) = (P — oLHu.
Thus, locally
¥ o 2 (O) = L — o hdud"'x; — (plT — oLHutd"x
= T*(O) — {* ().

We conclude that
Vi (wy) = dl(¥) 0 %)(0) + 1" (2)]
= d[Z*(0) — 1" (¥) + 13 ()]
= wy —1i*(d®). O

Theorem 7. Let ¥’ = % + dp, 0 € A", be another Lagrangian density (thus, ¢’ determines the same EL equations as .%).
Then lpd* ((A)D(g) = W'

v
Proof. Nf)tice, preliminarily, that
75" (dd" o) = 7" (dd" o)
= —7"(d"do)
= —17"(ddo)
= —dt)*(do).
Therefore, in view of the above lemma,
Vi, (02) = 0y — 14" (dd"0)
d[Z*(®) + 13 *(£)] + dr)*(do)
= d[Z(O) + 15 *(£ + do)]
= dO o
=we. O

Corollary 8. An action [#] € H", % € A" uniquely determines a system of ELH equations, modulo isomorphisms of PD-
Hamiltonian systems.

We conclude that the ELH equations are basically determined by the sole action functional and not a specific Lagrangian
density.
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Theorem 9. Let € €A’ ® A" ! be d-closed, hence d-exact. Then, for every Lagrangian density & € A™, Wy is a symmetry of
the ELH equations determined by . in the sense that joo Wy : J®tT — ]t preserves &y.

Proof. By definition of infinite prolongations of a PDE and infinite prolongation of a morphism of bundles, it is enough to

prove thatj, ¥y : J'tT —> [z preserves & == &% c J'tT. Notice, preliminarily, that, in view of the proof of Theorem 4,

we have
P N ()} . 1
(G179) (&) C iM% CJ Moo.
Now, let c € ;éLO,l, P = rf’o(c) and £ e TpJ' be a tangent vector, vertical with respect to tf. Consider also ¢’ := (j;¥y)(c),
P’ = Wy (P) = rf’o(c/) and &' := dwy (). In particular, &’ € TpJ' is vertical with respect to 1 as well. Let us prove that

¢’ € &% In view of Lemma 6,
Ui wy) =0y — 10 (dV) = 0y — 10" (d"9).
Compute
i (We)p = igic Wy (W )p = igic(we)p — igic[tg (A" D)]p = —igrig, (d'9)g = 0,

where 6 = ‘L'J (P) € J®and &" = (dtg)(é) € TyJ™ is a tangent vector, vertical with respect to 7. It follows from the
arbitrariness of &, that iy (we)p =0. O

7. Hamiltonian formalism

In this section we present our proposal of an Hamiltonian formalism for higher order Lagrangian field theories. Such
proposal is free from ambiguities in that it depends only on the choice of a Lagrangian density and its order. Moreover,
d-cohomologous Lagrangians of the same order determine equivalent “Hamiltonian theories”.

First of all, we define a “finite dimensional version” of the ELH equations (see also [17]). In order to do this, notice that,
in view of Remark 3, for all k > 0, W is canonically isomorphic to the C*°(J**1)-module of sections of the induced bundle
78 UTm) — J¥1. We conclude that J/ —> J* is canonically isomorphic to the pull-back bundle g Jim) —
J°°, k > 0. Notice that the coordinates ..., p., ..., |I| <k on ],j identify with the pull-backs of the corresponding natural
coordinates on 7, which we again denote by . . ., p&'", e

Now, let % € A" be a Lagrangian density of order [ 4 1,i.e.,.# € A" N A(J*"). Let ] be the pull-back of @ onto /. )
is a PD-Hamiltonian system on ]f — M, and it is locally given by

o] =Y dpjidufd"'x; — dEd"x,
=t
where E; = le‘gpf);"u;’; — L is the restriction of E¢ to j,T. Notice that wj is also the pull-back via ]f — 5,0 )
of a (unique) PD-Hamiltonian system «; on nl‘;l,,(ﬁm) —> M. oy is locally given by the same formula as ; and it is a
constrained PD-Hamiltonian system, i.e., its first constraint bundle 2 — M is a proper subbundle of 71,‘;],,(/*71,) —> M.
Let us compute it. Let P € nl‘;]‘,(]*m) and 6 = 77111,1(75771)(1’) € J71. Then P € 2 iff there exists c in the first jet bundle of

n,ﬁ’H’,(]Tm) —> M such thatic(w;)p = 0, i.e,, iff there exist real numbers ..., cf -, ..., CL'" iy -+ I <1, such that
{cg" = (OuL)©) — 8P, Il <1+ 1
Cja = Pﬁv I.” < l

where we put ¢+ = 0for |I| =1+ 1,and .. P =u(P), ., PX = pKipy, ... Ul K| <L = 1,...,m.Thus, for
|Il =1+ 1, P should be a solution of the system

wL—oppli=0, l=1+1. (16)
Eq. (16) define 2 locally.
Remark 4. & is a submanifold of n,‘jH,,(]Tm) of the same dimension as JTm;, and 2 — J" an affine subbundle of
Uty — JHL
Let 2, be the image of 2 under the projection 7, , ,(JTm)) —> Jim.
Assumption 1. We assume #, to be a submanifold of JT7; and v 1] @y . P90 —> M to be a smooth subbundle of im. We
also assume that the projection q : 22 — 2, is a smooth submersion with connected fibers.

Notice that, as usual, all the above regularity conditions are true if we restrict all the involved maps to suitable open
subsets.
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The following commutative diagram summarizes the above described picture:

| //JJIT

) 78 1) <

/ q

Jl+1 JTT[I -

+
T 7

s

[

M

Theorem 10. Under the regularity Assumption 1, there exists a unique PD-Hamiltonian system wg on &y —> M, such that
i () is the pull-back of wg viaq : 2 — 2.

Proof. Since q : & —> % has connected fibers and i%;, (w) is a closed form, it is enough to prove that i7i%, (w;) = 0 for all
vector fields Y € D(#) vertical with respecttoq. LetY € D(n,‘l]’,(]Tm)) be vertical with respect to n,‘;]’,(]fm) — Jtm,
andY := Y| . ThenY is locally of the form

V=) vioflz.

IK|=l+1
for some..., Y,f, ... local functions on 2. Now Y € D(2) iff, locally,
> YiogoiLl o = 0.
[1]=I+1
Compute
YElz)= Y Yio§Elo = Y YF@p, = L)|s =0.
|K|=I14+1 |I=14+1

Thus E|| & is the pull-back via g of a (unique) local function H on &2,. Moreover,
ivi*, () = —Y(E| »)d"x = 0.

It follows from the arbitrariness of Y that i%5 (wy) is the pull-back via q of the PD-Hamiltonian system wy on &2y —> M
locally defined as

wo =Y i (dpliduf)d"'x; — dHd"x. O

[n=t

Definition 2. w, is called the PD-Hamiltonian system determined by the (I 4+ 1)th order Lagrangian density .#, and the
corresponding PD-Hamilton equations are the Hamilton-de Donder-Weyl (HDW) equations determined by .#.

Definition 3. A Lagrangian density . of order | + 1 is regular at the order | + 1iff the map 2 — Jm; has maximum rank.
The Lagrangian density .# of order | 4 1 is regular at the order I + 1 iff the matrix
HD®) = |QFLDO) | (G, ML IKI =141,

where the pairs («, I) and (B, K) are understood as single indexes, has maximum rank at every point @ € J'+!. In its turn,
this implies that 27, is an open submanifold of JT7; and, in view of Remark 4 and Assumption 1, q : & — % is a
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diffeomorphism. In particular, wg is a PD-Hamiltonian system on an open subbundle of 77 locally given by

wo =Y dplidufd"'x; — dHd"x,

=t

where, now, H is a local function on J ;. In this case, as expected, the HDW equations read locally

I.i oH
Pysi = —w
o oH
Upsi 8p1.i'

Notice that the HDW equations are canonically associated to a Lagrangian density and its order and no additional structure
is required to define them. Moreover, in view of Theorem 7, two Lagrangian densities of the same order determining the
same system of EL equations, also determine equivalent HDW equations. Finally, to write down the HDW equations there
is no need of a distinguished Legendre transform. Actually, the emergence of ambiguities in all Hamiltonian formalisms for
higher order field theories proposed in the literature seems to rely on the common attempt to define first a higher order
analogue of the Legendre transform and, only thereafter, the “Hamiltonian theory”. In the next section we present our own
point of view on the Legendre transform in higher order Lagrangian field theories.

8. The Legendre transform

Keeping the same notations as in the previous section, denote by '&;4 the infinite prolongation of the PD-Hamilton
equations determined by w; and by p’ : ”111,1(/“7!) — E the natural projection.
Proposition 11. (joop))(&an) C & and joop’ : '&n —> & is a covering.
Proof. The proof is the finite dimensional version of the proof of Theorem 5 and will be omitted (see also [17]). O

Denote also by é”f the infinite prolongation of the PD-Hamilton equations determined by i, (w;) and by & the infinite
prolongation of the HDW equations.

Proposition 12. (iooq)((f,f" ) C &y and jooq : 6”,? —> &y is a covering.
Proof. It immediately follows from Theorem 10 and Proposition 2. O

Notice that, in view of Propositions 3, 11 and 12, there is a diagram of morphisms of PDEs,

@
gy &y

Jjoob’ Jooq s ( ]7)
&L 8y

whose vertical arrows are coverings. Therefore, the inclusion &y C ﬁHg‘ may be understood as a non local morphism of
& into &y. We interpret such morphism as Legendre transform according to the following

Definition 4. We call diagram (17) the Legendre transform determined by the Lagrangian density ..

Any Legendre form of order [, ¢ : J* —> ]lT — n,il’,(]’fm), determines a section joo¥|sy : g —> &1y of the
covering joop’ : 'éan —> & and, therefore, via composition with j,.q, a concrete map &; —> &. Nevertheless, among
these maps, there is no distinguished one.

We now prove that, if . is regular at the order [ + 1, then &y itself covers &;. This result should be interpreted as the
higher order analogue of the theorem stating the equivalence of EL equations and HDW equations for first order theories
with regular Lagrangian (see, for instance, [11]). Let us first prove the following

Lemma 13. If ¢ is regular at the order | + 1, then 'y = é"H‘@.

Proof. The proof is in local coordinates. Let o : U — m,,,(JTm;) be a local section of 77, ,(J'm;) —> M. Suppose
imo C 2. Then, locally,

dloo —syoll =0, |I|=1+1.
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Now, ij, s, is locally given by

ijowlly = [ > (—oyti— 8ol +olLooyd uf + ) (0, — o,‘f)dvpf,;i:|

[I=i+1 <t

® d"x.

o

As already outlined, the annihilator of D(#) in A! (n,‘;L,(ITm)) | # is locally spanned by 1-forms

L=d@LL—8pD e, =141
Therefore, ij, 1%, (wp) |, = 0iff, locally,
owlo = Y [l @d', (18)
=141
for some local functions...., f, ... onimo, where
Ao=d" QL - 8pl)le = Y @foLLd uf — 8jd Pl m. |1 =1+ 1.
IK|<l+1

Eq.(18) read

Z ( a’1+alLOO'—8;j ")’t] kaa BILOO') |cr
[I<i+1

IK|=I+1
a o i a o I[l] + 1 i
+ Z (01,1' — Oy ) dvpf;l“ + Z <gI i — 0 + fll > dvpf)ﬂﬁ =0,
in=<i = [+1
where I[i] is the number of times the index i appears in the multiindex I. Since the vertical forms . .., d"u®|,, ..., d"pLi,,

. are linearly independent, i;, ,i%;, ()|, = 0 iff, locally,

—oy i+ Loo — 8ol — > flofolloo =0, Il <I+1

IK|=I4+1
ofi — o =0, <1 (19)
Ili] 4+ 1
of.i—of + 1 —f=0, I =1,
forsome...,f",....It follows from the third of Egs. (19) that
I+1
fﬁy = —m(af‘,,- - Uﬁ), [ =1L (20)
Moreover, since imo C £, the first equation, for |I| = [ + 1, gives
Jil+1 ol B I
ZfKaB Z 1 %BaLoaz—Z(a],j a]]>8]8Loa
|K|=I+1 Jl=l U=l

and, in view of the regularity of .# and Eqgs. (20),
ofyi—of=fi =0, [Il=1L
Substituting again into (19), we finally find that the PD-Hamilton equations ij,,i%, (w))|, = 0 are locally equivalent to
equations
Pyl =L —opl. Il <141
Uy, = uj, <1
which are the PD-Hamilton equations determined by w;. O

Now, suppose that . is regular at the order [ + 1. Then, as already mentioned in the previous section,q : 2 — 2 isa
diffeomorphism, and q* (wo) = i%, (wy). Therefore, joq : 5’;? —> &y is anisomorphism of PDEs and the Legendre transform
(17) reduces to

! -
Sk

]‘oop/l J}jwq

EkL i
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Moreover, J{7; maps to E via 7 o rgm and such map is a morphism of bundles (over M). The induced morphism

joorgm —> J restricts to a morphism of PDEs, « : &y — J*°, locally defined as «*(uy) = ug, |[K| > 0. It is easy
to show that diagram

I P
SELH Sy
Jjoob' 2]50‘1 )
G K G
& € J® EH

commutes, so that k = jo.p’ o (iooq|gH)‘1. Consequently, k (6y) C & and k : & —> & is a covering. Summarizing, we
have proved the following

Theorem 14. If . is regular at the order | + 1, then &y covers &.

Finally, it should be mentioned that in most cases, even if the Lagrangian density is not regular, &4 covers &g via ¥ and,
therefore, 3,;@ itself covers &z (see the example in the next section).

9. An example: The Korteweg-de Vries action

The celebrated Korteweg-de Vries (KdV) equation
¢>r - 6¢¢x + ¢xxx =0 (21)

can be derived from a variational principle as follows. Introduce the “potential” u by putting u, = ¢. Eq. (21) becomes the
fourth order non-linear equation

Uty — Bllyllyy + Ugxy = 0 (22)

for sections of the trivial bundle = : R x R > (¢, x; u) — (t, x) € R%. In its turn, (22) is the EL equation determined by
the action functional

1 1
/ (ui — Uk + 2ufm) dtdx.

Choose the second order Lagrangian density

3_ 1 15
Z=|u — 5 Ule + 5 U dtdx. (23)

Since the matrix

0 0 O
H(L) = (0 0 0)
0 0 1

hasrank 1, ¢ is not regular. Let t, x, u, u;, uy, pt, p*, ..., p, ... be natural coordinates on J T, i,j = t, x. Then
w; = dp'dudx — dp*dudt + dp"‘du,dx — dp**du,dt + dp*'du,dx — dp**du,dt — dExavdtdx

where
t X t.t t.x X.t X.X 3 1 1 2
Exay :==p ue +piuy +p Uy + (P + D)) + P U — Uy + o Ul = Sl
Accordingly, ! &y reads

p.t’t +p4X,X — O

1
P+ = —o

1
Pt P =30 — S
U,; = Uj i=t,x (24)
Uj,j = U Lj=1t,x
t.t
=0
pr.x x.t
P 4 p =0
P —Ux=0

1o .
SELH ©
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which clearly cover (22). Notice that the last three equations in (24) define #. Thus, & is coordinatized by
t» X, U, Ug, Uy, Ugt, Ugx, pt'xv pX‘X and

iy (w1) = dp'dudx — dp*dudt — dp"*(du,dt + duydx) — dp**duydt — dExay| s dtdx,

where
t X 1 X.X\ 2 3 1
Exavle = p ur +pTuy + i(p )T —uy + Euxup
Accordingly, & reads

pAt,[ + p.X’)‘(l — 0

t.x
P = _Eux

1
. t.x X.X 2
H VPt +D 7x=_3ux+§ut
U, = uyj i=t,x
utvx = uXat

X.X
Uy,x =D".

Notice that, even if the Lagrangian density is not regular, and variables u,, u;, are undetermined, 6",? covers (22). Finally, &
is defined by the sixth and the seventh equations in (24) and, therefore, it is coordinatized by ¢, x, u, u;, uy, p**, p**. Thus,
o and &ypw are given by exactly the same coordinate formulas as i%, (@) and g,f” . In particular, &ypw itself covers &;.

Finally, recall that the KdV equation is Hamiltonian, i.e., it can be presented in the form u, = A(E(2#)), where 2# is a top
horizontal form in the infinite jet space of the bundle R? 5 (x; u) — x € R, and A is a Hamiltonian #-differential operator
(see, for instance, [19]). Since Hamiltonian PDEs play a prominent role in the theory of integrable systems, it is worth to
mention that such property (which is based on a 1+ 1, “covariance breaking” splitting of the space of independent variables
(t, x)) is directly related with the present covariant Hamiltonian formalism as shown, for instance, in [29]. There the author
provides a multisymplectic framework for the KdV equation by choosing, along the lines of [6], a “quasi-symmetric” Cartan
form for the Lagrangian density (23). Such Cartan form is unique for a second order theory. Therefore, the formalism of [29]
is actually equivalent to ours, in the special case of a second order theory.

10. Conclusions

In this paper, using the geometric theory of PDEs, we solved the long standing problem of finding a reasonably
natural, higher order, field theoretic analogue of Hamiltonian mechanics of Lagrangian systems. By naturality we mean
dependence on no structure other than the action functional. We achieved our goal in two steps. First we found a higher
order, field theoretic analogue of the Skinner-Rusk mixed Lagrangian-Hamiltonian formalism [13-15] and, second, we
showed that such theory projects naturally to a PD-Hamiltonian system on a smaller space. The obtained Hamiltonian
field equations enjoy the following nice properties: (1) they are first order, (2) there is a canonical, non-local embedding of
the Euler-Lagrange equations into them, and (3) for regular Lagrangian theories, they cover the Euler-Lagrange equations.
Moreover, for regular Lagrangian theories, the coordinate expressions of the obtained field equations are nothing but the
de Donder higher order field equations. This proves that our theory is truly the coordinate-free formulation of de Donder
one [2].
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