Journal of Geometry and Physics 71(2013) 103-116

Contents lists available at SciVerse ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Tamed symplectic forms and generalized geometry” ®CM1

Nicola Enrietti?, Anna Fino®*, Gueo Grantcharov®

2 Dipartimento di Matematica, Universita di Torino, Via Carlo Alberto 10, 10123 Torino, Italy
b Department of Mathematics and Statistics, Florida International University, 11200 S.W. 8th Street, Miami, FL 33199, USA

ARTICLE INFO ABSTRACT
Article history: We show that symplectic forms taming complex structures on compact manifolds are
Received 2 January 2013 related to special types of almost generalized Kihler structures. By considering the

Received in revised form 29 March 2013
Accepted 20 April 2013
Available online 29 April 2013

commutator Q of the two associated almost complex structures J.., we prove that if either
the manifold is 4-dimensional or the distribution Im Q is involutive, then the manifold can
be expressed locally as a disjoint union of twisted Poisson leaves.

© 2013 Elsevier B.V. All rights reserved.

MSC:

53D18
53D05
53D17

Keywords:

Symplectic form

Complex structure

Tamed

Generalized complex structure
Twisted Poisson structure

1. Introduction

Let (M, £2) be a compact symplectic manifold of dimension 2n. An almost complex structure J on M is said to be tamed
by £ if

QUX,X) >0

for any non-zero vector field X on M. When J is a complex structure (i.e. ] is integrable) and £2 is tamed by J, the pair (£2, ])
has also been called a Hermitian-symplectic structure in [ 1]. Although any symplectic structure always admits tamed almost
complex structures, it is still an open problem to find an example of a compact complex manifold admitting a Hermitian-
symplectic structure, but no Kahler structures. From [1,2] there exist no examples in dimension 4. Moreover, the study of
tamed symplectic structures in dimension 4 is related to a more general conjecture of Donaldson (see for instance [2-4]),
i.e. if given an almost complex structure J on a compact 4-manifold which is tamed by a symplectic form, there exists a
symplectic form compatible with J.

In [5] it was shown that symplectic forms taming complex structures on compact manifolds are strictly related to
Hermitian metrics having the fundamental form dd-closed (called strong Kahler with torsion or simply SKT metrics), and
some negative results on compact quotients of Lie groups by discrete subgroups were also given. In particular, if M is a
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nilmanifold (not a torus) endowed with an invariant complex structure J, then (M, J) does not admit any symplectic form
taming J [5].

The generalized complex structures [6-8] contain, as particular cases, the complex and symplectic structures, so it is a
natural question to see if there is any geometrical interpretation of the tamed condition in terms of generalized complex
structures. There is an associated notion of almost generalized Kahler structure which consists of a pair of commuting almost
generalized complex structures (¢, g») such that § = —g1g- is a positive definite metric on the bundle TM & T*M. By
Gualtieri [6] an almost generalized Kdhler structure is equivalent to an almost bi-Hermitian structure (g, J, J_) together
with a 2-form b. The almost generalized Kdhler structure (g1, g») is integrable if and only if J, , J_ are integrable and there
is a 2-form b such that

]+da)+ = —j,da), = db,

where w4 (-, -) = g(+, J+-) denotes the fundamental form associated to the almost Hermitian structure (J+, g) and we use
the convention

Jrdwi(, -, ) =do(i-, ]+, J+).

This bi-Hermitian structure appeared in the physics literature as long ago as 1984 [9] as a target space for the supersym-
metric o -model.

The purpose of this paper is twofold—to consider the generalized geometry approach to tamed symplectic forms and to
study the related Poisson and twisted Poisson structures. In the first part of the paper (Section 2) we give an interpretation
of a symplectic form £ taming a complex structure J as a special case of an almost generalized Kdhler structure. More
precisely, we consider an almost bi-Hermitian structure (J, J_, g, b) defined naturally by the symplectic form §2 taming J.
This is done by twisting the complex structure J, = J with the symplectic form £2 considered as an isomorphism between
TM and T*M. Then the twisted operator J_ = —£27'J*£2 defines an almost complex structure, g = £2!!] is a Riemannian
metric g compatible with J and b is the 2-form given by —£2%°t%2]. In general, J_ is not integrable, and if it is integrable
then one obtains a generalized Kahler structure. In Section 2 we will prove that the bi-Hermitian structure (g, J =J,]J—, b)
is equivalent to an almost generalized Kahler structure (¢, g») such that §; = g, i.e. is the generalized complex structure
induced by the symplectic form 2 (a similar result was proven in [10] when J_ is integrable). An almost generalized Kahler
structure defined in this way will be call tamed.

Moreover, we will determine an explicit relation between the torsion 3-form of the Bismut connection associated to
(J+, g) and the 3-form J_dw_, where w_ denotes the fundamental 2-form associated to the almost Hermitian structure
J-. 8.

According to [6,11] there are strong relations between generalized Kdhler and Poisson structures. Indeed, given a
generalized Kahler structure (J+, g, b), if we consider the (2, 0) + (0, 2)-form with respect to both J.. given by

S(X,Y) =g(QX,Y),

where Q = [J,,J_], thenits (0, 2) part can be identified with a holomorphic Poisson structure for either complex structure
Jyor]J-[11].

The second part of the paper (Sections 3 and 4) is devoted to the study of twisted Poisson structures on tamed almost
generalized Kdhler manifolds, such as obtained from tamed symplectic structures. In particular, if J_ is not integrable, we
obtain (Theorem 4.6) an obstruction for the bivector induced by the (2, 0)-part of the commutator of the two complex
structures J+ to be holomorphic. Twisted Poisson manifolds considered by Severa and Weinstein [12] are a natural
generalization of the Poisson structures which also arise in string theory. A pair (7, ¢), where ¢ is a bivector field and
¢ is a closed 3-form, is called a twisted Poisson structure if it satisfies the equation

1 4
[r. 7] = "¢,
2
where [, ]; denotes the Schouten-Nijenhuis bracket and 7 is the vector bundle homomorphism T*M — TM induced by
7. In the case ¢ = 0 one recovers the usual notions of Poisson tensor and Poisson manifold. In [10] it was shown that
twisted Poisson structures are in one-to-one correspondence with Dirac structures on split exact Courant algebroids which
are T*M-projectable. They also are the structures on the target space of Poisson sigma models with Wess-Zumino term [13].
Let (M, g) be a Riemannian manifold and Q : TM — TM a skew-symmetric endomorphism of the tangent bundle of M,
i.e. such that g(QX,Y) = —g(X, QY), for every X and Y. In Section 3 we show that if Im(Q) is an involutive distribution,
then it is integrable to a generalized foliation, i.e. M can be expressed locally as a disjoint union of embedded submanifolds
(the leaves) such that at any point p € M, the tangent space to the leaf through p is precisely Im(Q)(p). Moreover, every leaf
has a twisted Poisson structure. If additionally the rank of Q is constant, then M itself carries a twisted Poisson structure.
In Section 4 we apply the previous results with Q = [/, J_] to investigate the existence of twisted Poisson structures on
a tamed almost generalized Kdhler structure when J_ is not integrable. We prove in particular that if either the manifold is
4-dimensional or the distribution Im(Q) is involutive, then Im(Q) induces a foliation on the M such that on every leaf L we
have two twisted Poisson structures induced by the projections on L of the endomorphisms Q and J, —J_. Moreover, it turns
out that the (2, 0)-part Q29 of the associated bivector Q is holomorphic if and only if the (3, 0) part of (X, N_(Y, Z))
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vanishes. So, in particular, for a complex surface (M, J) endowed with a symplectic form £2 that tames J, the (2, 0)-part
Q@9 of the bivector Q is holomorphic.

We note that many of the results in Section 4 can be interpreted in terms of complex Courant algebroids but we use the
more traditional geometric methods.

2. Generalized Kahler structures and symplectic structures

Let (M, J, g) be a Hermitian manifold and let w(:, -) = g(:,]-) be its fundamental 2-form. We say that the metric g is
strong Kdhler with torsion (or simply SKT) if the fundamental 2-form w is d9-closed, i.e. 30w = 0. The study of SKT metrics is
strictly related with Hermitian connections. Any Hermitian manifold (M, J, g) admits a unique linear connection V2, called
Bismut connection, such that VBg = V2] = 0 and the torsion 3-form c¢(X,Y,Z) = g(X, T5(Y, Z)) is skew-symmetric
[14,15]. This connection is also called Kdhler with torsion, or simply KT, and we say that it is strong if dc = 0. It is easy to
prove that the torsion 3-form c of V¥ is a multiple of Jdw, so dc = 0 if and only if the J-Hermitian metric g is SKT. The theory
of SKT manifolds has been recently developed in terms of generalized complex geometry in [16] by studying Lie algebroids
and differential operators associated to SKT structures.

SKT structures are deeply connected with symplectic forms taming complex structures. We say that a symplectic form
£2 on a complex manifold (M, J) tames ] if it satisfies

Q0X,X) >0

for every non-zero vector field X on M. In [5] it was proved that a symplectic form taming J is equivalent to an SKT metric
such that dw = 9 for a 9-closed (2, 0)-form . In particular, this implies that the torsion 3-form of the Bismut connection
c is exact, since c = d(B8 + B).

SKT metrics with exact torsion 3-form have also been studied because of their relations with generalized complex and
Kéhler geometry [6]. An almost generalized complex structure on M is an endomorphism ¢ of TM & T*M that satisfies the
condition g2 = —id and is orthogonal with respect to the natural inner product of TM & T*M. The +i-eigenbundle L of ¢ is
a maximal isotropic subbundle of (TM & T*M) ® C: if L is closed under the Courant bracket, we say that ¢ is integrable.

A pair (g1, ) of commuting generalized (almost) complex structures such that § = —g1 ¢, is a positive definite metric
on the bundle TM @ T*M is called generalized (almost) Kdhler structure.

Any almost generalized Kahler structure induces a quadruple (g, b, J;, J_), where g is a Riemannian metric, b is a 2-form
and J1 are almost Hermitian structures on (M, g). Conversely, for any quadruple (g, b, J.,J_) we can define an almost
generalized Kahler structure by

p 1(1 o)( J-—Js w:1+w;1><1 o)
T2 1 \—w-tws) —gr-gn) b1

=11 o)( 4+l ol - (1 0
A A CEE R e S VACER VA

Note that g1, g- are integrable if and only if

(i) J+,J- are integrable;
(ii) Jrdw; = —J_dw_ = db, i.e. g is SKT with respect to J+ and both the torsion 3-forms of the Bismut connections V2 are
exact.

Note that a symplectic form £2 on a manifold M induces the generalized complex structure

0 Q!
39=<_9 0 ),

which is integrable since d2 = 0. The following proposition allows us to see symplectic structures taming complex
structures as particular cases of (almost) generalized Kéhler structures.

Proposition 2.1. Let (M, §2) be a symplectic manifold. Giving an almost generalized Kdhler structure on M such that one of the
generalized complex structures is induced by 2 is equivalent to assigning an almost complex structure J such that §2 tames], i.e.
£2(JX, X) > 0 for any vector field X # 0.

Moreover, the almost generalized Kéhler structure is integrable if and only if the almost complex structures ] and —2 7! Ji82
are integrable.

Proof. We consider an almost generalized Kahler structure in the form (§; = J¢, $2), and by imposing that §; = Je in
Egs. (1) we find the conditions on the bi-Hermitian structure (g, b, J+). The (1, 2) element of the matrix representing g,
gives —%(a):1 +oi) =271 ie

1
g = EQ(H +J-)- 2)
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Moreover, by applying this condition to the (1, 1)-component we obtain

1
b=—590+ -J-). (3)
Note that g F b = £2J., so by using that g is symmetric and b skew-symmetric
J=—-275%. (4)

Now we can prove that §2 tames ], since

1
Q=" = (@)~ i) =g > 0.

We still have to prove the integrability conditions: an almost generalized Kéhler structure is integrable if and only if ], J_

are integrable and J; dw; = —]_dw_ = db. However, b = ¢.Qi°+°‘2]i, ie.

b3 = Fi2% and b%* = +iRd?,

where bi’o is the (2, 0)-part of b with respect to J,. Then, if J,, J_ are integrable the condition J,dw; = —]_dw_ = db is
necessarily satisfied. O

The bi-Hermitian structure (g, J+, b) associated to (§, $») was also considered in [10].

Remark 2.2. By a direct computation, if §; = . then the second generalized complex structure g, can be written as

g = ( —2(+ +J) —Q7'JE =10 +Ji>”>
-0y —J)Us +1)7! +205 +J5)7! ’

Moreover, by applying Eqs. (6.4) and (6.5) of [6] we have that
LT =LNLy = {X +i2X | X e T}°),
L"=LNLy = {X —i2X | 2X € (TH"},
where L, L denote the maximal isotropic subspaces associated to g, $».

When both J; and J_ are integrable, the condition Jydws = =db holds. In the following proposition we measure the
failure of this condition in the non-integrable case.

Proposition 2.3. If (J.., g, b) is the almost bi-Hermitian structure induced by an almost complex structure J taming a symplectic
form £2, then

1
_]+dw+(xv Y7 Z) + db(Xv Y’ Z) = EO‘XYZ[Q(]—Xs N+(Ys Z))L

—J_do_(X,Y,Z) —db(X,Y,Z) = %oxyz[()(hx, N_(Y,2))],

where by N1 we denote the Nijenhuis tensor of J.. given by
NL(X,Y) =[X, Y] = U=X, Ja Y] +JelJeX, Y]+ J2[X, J2 Y]
and by oxy; we mean the sum over cyclic permutations of X, Y and Z.

Proof. We reduce to the proof of the second condition (the first is similar). Using the relations
1
g = EQU+ —l—_],), ds2 =09 'Q.l:t = _J;:Qv
we obtain

Jodo_(X,Y,2) = do_(_X,]_Y,]_Z)
= oxzlJ Xw-(-Y,]-Z) + o_(J-X,[J-Y,]-Z])]

1
= Soxezl-X 2y +J)Y.J-2) + (U4 +J)X. U-Y.J-Z]]

1
= joxzll-X R0-Y,]-0)+ 20X, [J-Y,]-Z) +]-X2(+Y,]-Z) + 2(X, [J-Y,]-Z]D]

1
= Eaxyz[LX 22(Y,2) + 20X, J-Y.J-ZD].
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Moreover,

db(X,Y,Z) = oxyz[Xb(Y,Z) + b(X, [Y, Z])]

1
—5oxzlX ([ =J)Y. 2) + (U —JOX [Y. Z]]

1
—deyz[X 204Y,2) + U4 X, [Y, Z)) =X 2(-Y.2) — 2(-X, [Y.Z])]

1
= —50xyz[—X Q,]-2)+ 20X, [Y, Z]) - X 2(-Y,Z) — (X, [Y,ZD].
So
—J_dw_(X,Y,Z) —db(X,Y,Z) = %axyz[—],x U,2) — 20X, [J-Y,]-Z]) — X R2(,]_2)

+ 20X, [Y,Z]) - X22(-Y,Z2) — 2(J_X,[Y,Z])].
Note that since d2 =0
oxyz[—]-XR2(Y,Z2) =X Q2(Y,]-Z) — X 2(J_Y,Z) — 2(_X, [Y,Z])]
=oxvz[R2X, [Y,J-Z]) + 2X, [J-Y, Z])]
= oxvz[2(+ X, J-[Y,J-Z]1 +]-[]-Y, ZD].
Then
—J-do_(X,Y,Z) —db(X,Y,Z) = %nyz QUX Y, Z]1 = [J-Y, J-Z1 + J-IY.J-Z]1 +]-U-Y. Z]),

which concludes the proof. O

In the following, we will focus our attention on a particular case.

Definition 2.4. Let M be a 2n-dimensional manifold. An almost generalized Kdhler structure on M is called tamed if it is
induced as in Proposition 2.1 by an integrable complex structure J and a symplectic form £2 taming J.

Applying Proposition 2.3 we have immediately that a tamed almost generalized Kdhler structure satisfies
1
]+dw+ = db7 (]+dw+ +J—dw—)(xa Y5Z) = _EGXYZ[QU+X7N—(Y7Z))]' (5)

The following example shows that the almost complex structure J_ = —£~'J*£2 is not always integrable, even in the
compact 4-dimensional case.

Example 2.5 (A Compact 4-Dimensional Example). Consider the hyper-elliptic surface that can be viewed as a compact
quotient by a lattice of the solvable Lie group with structure equations

de! = e
deZ — —67]4
de® = de* =0,
endowed with the invariant complex structure J, defined by J,e; = —e,, J.e3 = —e4 and the invariant symplectic form
2 =e'? + e + e**. Note that ] is integrable and £2 tames ], but the almost complex structure J_ = —§2~'J% £2 defined

by
J-(e)) =—ey+es, J(e)=—e4, J(e3)=—e1—e4, J(es)=¢e
is not integrable.

By Cavalcanti [17, Theorem 3.2], for every generalized Kdhler structure (g1, g») with one generalized complex structure
defined by a globally defined nowhere vanishing closed spinor,the DGAs (£2*(L;), dy,) are formal for i = 1, 2. In partic-
ular, when ¢ is induced by a symplectic structure, (£2*(L;), d;,) is isomorphic to (£2*(M), d) and as a consequence of
[17, Theorem 3.2] we have the following.

Corollary 2.6. Let (M, ]) be a complex manifold. If it admits a symplectic form §2 taming ] and such that the almost complex
structure —$271J*§2 is integrable, then M is formal.
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3. Twisted Poisson structures on Riemannian manifolds
We recall the following.

Definition 3.1. A bivector field 7 on a manifold M is called a twisted Poisson structure if there exists a closed 3-form ¢ such
that

1
[, 7]y = §A3n#¢,
where 7# : T"M — TM is the vector bundle homomorphism induced by 7 and [, ], is the Schouten bracket on bivector
fields.

Let (M, g) be a Riemannian manifold and Q : TM — TM a skew-symmetric endomorphism of the tangent bundle of M,
i.e.suchthatg(QX,Y) = —g(~X, QSN’), for every X and Y. Denote with S the 2-form correspondingtoQ asS(X, Y) = g(QX, Y),
and define the bivector field Q as Q = #2_15, where # : TM — T*M is the isomorphism induced by the metric g. Our aim is

to understand under which conditions Q is a twisted Poisson structure.

Lemma 3.2. Let (M, g) be a Riemannian manifold and Q : TM — TM a skew-symmetric endomorphism of the tangent bundle
of M. Then the bivector Q satisfies

[Q.Q1 = —2#;" (oxvz g ((VerQ)Y. 2)) .

Proof. First, note that VE'S(Y, Z) = g((VXQ)Y, Z). Using [18], [Q, Q] = #3'{28,S A S — 84(S A S)}, where &, is the
co-differential §; = — * dx with respect to g. For ; we have the following formula: §ga (X1, ..., Xp—1) = — Zi(VéiCa)
(Ei, X1, ..., Xn—1) for any n-form « and orthonormal frame (Es, ..., Eqimv)). Then, a direct calculation shows that

—28,S AS(X, Y, 2) =2 {g((Vi*Q)E, X)g(QY, Z) + (Vi Q)E:, Y)g(QZ, X) + g(VE Q)Ei, 2)2(QX. Y)).

Also
8 (SAS)X,Y.2) =) g(VE(S ASHELX, Y, Z) =2 (Vi) AS)(ELX. Y. ).

When expanded, the last term becomes
2{g((VE*Q)E;, X)g(QY, 2) + g((V Q)Ei, Y)g(QZ, X) + g((Vi Q)E:i, 2)g(QX, Y)
+2((VE QY. 2)g(QE:;, X) + g(VEQ)Z, X)g (QEi, Y) + (Vi Q)X, Y)g(QEi, 2)}.
So after we take the difference we obtain

(28,S NS = 8;(SASNK.Y.Z) = +2 Y {8(VEQY. 2)g(QE:. X) + g(VEQ)Z. X)g (QE:. V)

+2((VE QX, Y)g(QEi, 2)}.
But
D g(VEQX. V)g(QEL2) = ) 8((Vaigr, 25, OX. Y) = —g((VegQ)X. Y). O

Proposition 3.3. Let (M, g) be a Riemannian manifold and Q : TM — TM a skew-symmetric endomorphism of the tangent
bundle. Then

(#[Q, Ql)(X, Y, Z) = —2{QX(g(Y, Q2)) + QY (g(Z, QX)) + QZ(g(X, QY))
+g(X, [QY, QZ]) +g(Y, [QZ, QX]) +g(Z, [QX, QYD}. (6)

Proof. By Lemma 3.2, we need to compute g((V¢5Q)Y, Z). Since Vg = 0 we obtain

2(VexQ)Y. 2) = g(VgQY, Z) — g(Q(VexY). Z)
= g(VoiY. Q2) + (Vi QY. Z)
= QX(g(Y,Q2)) —g(Y, V5 QZ) + g(VixQY, 2).
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Then
(#3[Q. Q1) (X, Y,Z) = QX(g(Y,QZ)) — (Y, V¢5,Q2) + g(VeiQY. 2)
QY(g(Z. QX)) — &(Z, V§,QX) + g(V5yQZ, X)
QZ(g(X,QY)) —g(X, VgQY) + g(VgrQX, Y).

But g(vég QZ,X)—g(X, Végqy) =g, Vé,c( QZ— Vég QY) = g(X, [QY, QZ]) since the Levi-Civita connection has no torsion,
so we have the thesis. O

Q is a twisted Poisson structure if there exists a closed 3-form ¢ such that
~ = 1
[Q, QL = 54°Q%.
Note that for any 1-form o we have Qo = Q# ', so

(A2Q*)(a, B, y) = p(Q# ', Q# 1B, Q# ).

Then %A3Q#¢ = %d)(QX, QY, QZ), soin view of (6) Q is a twisted Poisson structure if and only if there exists a closed 3-form
¢ such that

#(QX, QY, QZ) = —4oxyz (QX(g(Y, QZ)) +g(X, [QY, QZ))) .

Remark 3.4. If we suppose that Q is invertible, i.e. it has maximal rank at any point, then Q ~! is well defined, so Q is non-
degenerate and we can define its inverse q(X, Y) = g(Q ~'X, Y). Moreover,

BX, Y, Z) = —4{oxz(XEQ 'Y, 2) + oxz (€@, [Y, Z])) }
= —4dq(X,Y,Z),

so Q is a twisted Poisson structure. Note that it is Poisson if and only if dg = 0, i.e. q is a symplectic form. Moreover, if on a
complex manifold (M, J) we choose Q = J, then ¢ = w and we obtain

(07", 07 ']s = #5 (2dw). (7)

The endomorphism Q : TM — TM in general does not have constant rank and it defines two distributions (in the sense
of [19]) given by Im(Q) and Ker(Q), which are orthogonal since g(QX,Y) = —g(X, QY). We recall that in general for a
distribution £ on M, also called a “generalized distribution”, we mean a mapping £ that assigns to every pointp € M a
linear subspace £ (p) of the tangent space T,M without requiring the dimension of O (p) to be constant.

A foliated manifold M is one that can be expressed as a disjoint union of subsets called leaves. A leaf is a connected
submanifold (injective immersion) L C M such that any point p € L has a neighborhood U C M where the connected
component of P in LN U is an embedded submanifold of M. In a usual foliation all the leaves have the same dimension, while
a generalized foliation allows the dimension of the leaves to vary. In [19] Sussmann described necessary and sufficient
conditions for a distribution D to be integrable into a generalized foliation (i.e. for every point p € M the tangent space to
the leaf through p coincides with D (p)).

A distribution D is involutive if for any two vector fields X, Y € D their commutator [X, Y] € D. If a distribution D is
regular, i.e. if dim £ (p) is constant, then by the classical Frobenius Theorem the distribution D is involutive if and only if it
is integrable. In general (i.e.,, when D has “singularities”), the condition that £ is involutive is necessary but not sufficient
for the integrability of £. However, as pointed out in [6], distributions locally of finite type satisfy a Frobenius-like result
even if they are not regular in general. We say that a smooth distribution is locally of finite type if for every p € M there are
smooth vector fields X, ..., X, € O such that

D(p) = span(X1(p). . ... Xn(p)).

By Sussmann [19, Theorem 8.1] a smooth distribution £ locally of finite type is integrable to a generalized foliation if and
only if it is involutive.

Since Q : TM — TM is a bundle map of TM and Im(Q) is the image of a smooth bundle map, then Im(Q) is spanned by
the smooth vector fields Y = Q (X) and hence it is a smooth distribution. Furthermore, for any point p € M we may choose
a local basis of sections Xy, ..., X, of TM in some neighborhood U of p. Then Q (X1), ..., Q(X;) certainly span Im(Q) on U,
so Im(Q) is locally of finite type and is integrable if and only if [Im(Q), Im(Q)] C Im(Q). Moreover, note that the function
rank(Q) is lower semi-continuous.

Theorem 3.5. Let (M, g) be a Riemannian manifold and Q : TM — TM a skew-symmetric endomorphism of the tangent bundle
of M. If Im(Q) is an involutive distribution, then it is integrable to a generalized foliation, i.e. M can be expressed locally as a
disjoint union of embedded submanifolds (the leaves) such that at any point p € M, the tangent space to the leaf through p is
precisely Im(Q)(p) and the dimension of the leaf is a lower semi-continuous function on the manifold. Moreover, every leaf has a
twisted Poisson structure.
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Proof. The first part of the proposition follows by Sussmann [19, Theorem 8.1] and by using that Im(Q) is involutive, i.e.
(Im(Q), Im(Q)] C Im(Q). Moreover, since on every leaf L the endomorphism Q is non-degenerate, as noted in Remark 3.4

= Q| satisfy
5 A T 3 4
[Q, Qs = 5/1 Q/ dqy,
where q;(X,Y) = g(QL_lx, Y), O
As a consequence we have the following.
Corollary 3.6. Let (M, g) be a Riemannian manifold and Q : TM — TM a skew-symmetric endomorphism of the tangent bundle

of M. If Im(Q) is an involutive distribution of constant rank, then Q is a twisted Poisson structure.

Proof. For every point p € M we have the orthogonal decomposition T,M = Im(Q)(p) @ Ker(Q)(p). As a consequence of
Theorem 3.5 the 3-form ¢

SX.Y.Z) = {é#g[é, QQ'X,Q7'Y,Q'2) ifX,Y,Z e Im(Q)

otherwise
is well defined. If one considers the 2-form

gQ7X,Y) X,Y €Im(Q),
otherwise,

qX,Y) :{

then ¢ = —4dq and so ¢ is closed and
#(QX, QY, QZ) = —4oxyz (QX(g(Y,Q2)) +g(X, [QY,QZ])). O

4. Twisted Poisson structures on tamed almost generalized Kdhler structures

Generalized complex and Kahler structures are deeply related with Poisson structures. If 4 is a generalized complex
structure on M, the bivector 8 = m(Z|r+m) is a Poisson structure (see [20]). Moreover, let (M, J1, g, b) be a generalized
Kéhler manifold. Then the endomorphism of the tangent bundle Q = [J., J_] is skew-symmetric and satisfies Q/l+ = —J+Q,
so the induced 2-form S has type (2, 0) + (0, 2) with respect to both J. In [11] Hitchin proved that the (2, 0)-part oy (with
respect to J, ) of the bivector Q = #_15 is a holomorphic Poisson structure, i.e. Ba+ = 0and [0}, o4]s = 0. In particular,
this implies that the bivector Q =#, 1S is a Poisson structure.

Now, let (45, 9») be atamed almost generalized Kahler structure on M induced by (£2, J).If]_ = —£271J* 2 isintegrable,
both g, and gz induce Poisson structures, which are given by

B! =w; '+ '=2027" and p° :a);1 —w !
(note that the first one is simply the Poisson structure induced by the symplectic form §2). Moreover, the (2, 0)-part of the
bivector Q induced by Q = [J+,J-]is a holomorphic Poisson structure.

The goal of this section is to use the results obtained in Section 3 to investigate the existence of twisted Poisson structures
on a tamed almost generalized Kdhler structure when J_ is not integrable. First, we consider the structures defined by
v (& |1+m) on the generalized complex structures (9o, $2).

Lemma 4.1. Given a tamed almost generalized Kiihler manifold (M, ]+, g, b), then 8 is a Poisson structure and

(B2, B%]s = 4#5 ' (1 dwy +]_dw_). (8)
In particular, 82 is a Poisson structure if and only if J_dw_ = —] dw., i.e. if (5) vanishes.

Proof. For any almost Hermitian manifold (M, J, g) the associated fundamental 2-form w satisfies the relation (7), as also
proved in [21]. Applying this result, we obtain

;" 0l = #;'2sdoy), [0 o 'l =#;'(2)_do_).
Moreover, by using that 8! = 22! is a Poisson structure, we find that
(07", o'l = —#;" (I doy +]_do_),
andthen(8). O

Proposition 4.2. Let (4., §2) be a tamed almost generalized Kéhler structure on M induced by a Hermitian symplectic structure
(£2,]). Then the bivector 82 is a twisted Poisson structure if and only if there is a closed 3-form ¢ such that J_dw_ + ] dw, =

10 —0)9.
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Proof. Note that 8%a = (J, —J_)# 'a forany o € T*M, so the twisted Poisson condition becomes

1 _
(%, B%) = #5'(4 — )9
for some closed 3-form ¢. Then the proof follows by Lemma 4.1. O

Now, let us consider the endomorphism Q = [J,J_] : TM — TM. In the integrable case, the (2, 0)-part of the bivector
Q induced by Q as in Section 3 is a holomorphic Poisson structure. However, when J_ is not integrable, we can apply
Theorem 3.5 to obtain conditions for the existence of a “local” twisted Poisson structure.

Proposition 4.3. Let (9, $2) be a tamed almost generalized Kdhler structure on M induced by a Hermitian symplectic structure
(£2, ]).~ If Im(Q) is an involutive distribution, then it is integrable to a generalized foliation and on every leaf L the bivectors
Q. = Q[ and B} = B2, are twisted Poisson structures.

Proof. The only non-trivial part is to prove that ,Bf is a twisted Poisson structure on every leaf of the foliation induced by

Im(Q). Since B%2a = (J. —J_)# '« forany a € T*M, 2 is the bivector induced as in Section 3 by the endomorphism J, —J_.
Moreover, since Q = (J» —J_)(J+ +J-) andJ. +J_ isinvertible,J, —J_ is non-degenerate if and only if Q is non-degenerate.
Then, on every leaf L the restriction (J;, — J_)|; is non-degenerate, so as in the proof of Theorem 3.5

1
(B, BLls = 5A3(1+ +J-) If dpy,

where p;(X, Y) = gl; (J+ —J-) I; ' X, Y) for any vector fields X, Y onL. O

IfJ_ is integrable, in [22] it has been shown that the spaces orthogonal to the kernels of (J.. +]_) and of the commutator
[J+,J-] (which coincide with the images of these operators since they are skew-symmetric) are always integrable as

generalized distributions and thus they are in particular involutive. As remarked in [21], this property follows also from the
fact that the spaces orthogonal to the kernels of (J; =]J_) correspond to the symplectic leaves of w;l +w-"and w;l — !

respectively. o
In the following proposition we compute [Q, Q]; for a tamed almost generalized Kéhler structure.

Proposition 4.4. Let (9, $2) be a tamed almost generalized Kdhler structure on M induced by a Hermitian symplectic structure
(£2,]). Then

#3[Q, Qls(X, Y, Z) = —ox.y.z[(N= + 36N_)(QX,J_Y.J4Z) + (N~ + 36N_)(QX,J,Y,]_Z)
—J4dwy (QX,J-Y,J+Z) — Jydw, (QX, J+Y.J-Z) — J+dw, (QX,Y.]4]-2)
—J4do (QX.J4J-Y. Z) +]_dow_(QX.]_Y. ] Z) + ]-dw_(QX. Y.]_J,+Z)
+J_do_(QX,J_J+Y, Z) +J_do_(QX.J+Y.]-2)], 9)

where N_(X,Y,Z) = g(X,N_(Y, 2)) is the 3-tensor associated to the Nijenhuis tensor of J_ and bN_ is the skew-symmetric
part of N_ defined by

(BNL)(X,Y,Z) = %[N,(X, Y, Z)+N_(Y,Z,X)+N_(Z,X,Y)].

Proof. By Lemma 3.2, we need to compute g((Vg( Q)Y, Z). In the proof we use the Bismut connections V* of the (almost)
complex structures J.-, which satisfy V*J. = 0 and following [15] are defined by

1
g(VyY.2) = g(V{Y,Z) - Hrdor (X, Y, 2),
1 1
g(VyY,Z) =g(ViY, 2) — Z(N_ +36N_)(X,Y,Z) — 5]_dw_(x, Y, 7).

Using these definitions,
2(VxQ)Y.2) = —g(V Y. QZ) — g(Vi QY. Z)

1 1
—g(Va'XY, QZ) - g(va_nyv Z) - Ej+dw+(QXs Ys QZ) - §]+da)+(QXs QYv Z)

1 1
—g((V&],)Y,]JrZ) - g((véxﬁ)ﬁry’ Z) — 5j+dw+(QX, Y,QZ) — §]+da)+(QX, QyY,2).
By definition of V' and V~ we obtain that
1 1 1
g(VTIL)Y,Z) = —E(N, +3b6N_)(X,J-Y,Z) + 5(]+dw+ —Jdw_)X,Y,]-2) + 5(]+dw+ —Jdw_)X,]-Y,Z).

Using this condition in the previous equation, we obtain the thesis. O
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Remark 4.5. We know that whenJ_ is integrable, Q is a Poisson structure, i.e. [Q, Q]s = 0.Indeed, if ]_ is integrable N_ = 0
andJ_dw_ = —J,dw,, soJ,dw, has type (2, 1) + (1, 2) with respect to both complex structures, then (9) becomes

#5[Q, Q1s(X, Y, 2) = oxyz[2]4dw (QX, 1Y, ]-Z) + 2] ydw, (QX,]-Y, ]+ 2)
—J+dw, (QX, PY, Z) + J+dw, (QX, Y, PZ)],

where P = J,J_ +J_]4, and arguing as in [23] we obtain [0,Q]s = 0.

In [11] it was shown that for a generalized Kahler structure (g, J.,J_, b) the skew form g(QX, Y) for the bi-Hermitian
metric is of type (2, 0) + (0, 2) and defines a holomorphic Poisson structure for either complex structure J, or J_. For a
tamed almost generalized Kahler structure we can prove the following theorem.

Theorem 4.6. Let (g, $2) be a tamed almost generalized Kéhler structure on M induced by a Hermitian symplectic structure
(£2,]). Then the (2, 0)-part Q>? of the bivector Q is holomorphic if and only if ¥>® = 0, where
Y(X,Y,Z) = Q2X,N_(Y, 2)).

Proof. Let D" be the Chern connection of (g, J, ). Then
+ LC 1
g(D}Y.2) = g(VKY.2) + Sdo, (X, Y. 2),
where w, (X, Y) = g(X,],Y) is the fundamental 2-form of (J, g). From (5) we have
1
Jidoy =db, (ido; +] do )X,Y,Z) = —EUXYZ[-Q(]+X7 N_(Y,Z))].

By Gauduchon [15, Proposition 1] we have the following formula for the covariant derivative of J_:
28(VJ)(Y), Z) = —do (X, Y,Z) + do_(X,]-Y,]-Z) —g(-X,N_(Y, 2))
= —(do_)*(X,Y,Z) + (do_)"(X,]_Y,]_Z)
1
- E(g(LX, N_(Y,Z)) +g(-Y,,N-(X,2)) —g(J-Z,N_(X, Y))),

where (dw_)™ denotes the (2, 1) + (1, 2)-component of the 3-form dw_ with respect to J_. In particular,
dw_ )" (X,Y,2) — (dw_)"(X,]_Y,]-Z) = (dow_)"(_X,Y,]_-Z) + (dow_)"(_X,]_Y,Z)
(see [15, formula (1.3.6)]). Similarly, from (dw_)@V = 0 follows
do_ )" X—iJ-X,Y+i.Y,Z4+i_Z)=0
and
(da),)_(X, YsZ) - (dw,)_(X,],Y,],Z) = —(da),)_(],X, Y,],Z) - (dw,)_(],X,],Y,Z),
where by (dw_)~ we denote the (3, 0) + (0, 3)-component of the 3-form dw_ with respect to J_. From above
28((VJ)(Y), Z) = —(dw_ )" (X, Y,2) + (do_ )" (X,]-Y,]-2)
- (dw—)_(X7 Y’ Z) + (dw—)_(X5J—Y7.]—Z) - g(]—x9 N—(Y7 Z))
= _(da)—)+(]—x5 Y’J—Z) - (dw_)+(]_X,]_Y, Z)
+ ([dw ) (X, Y,J_2) + (dw_)"(_X,]J_Y,Z) —g(J_X,N_(Y, Z))
= —do_(J_X,Y,]-Z) —dw_(J_X,]_Y,Z)
+2(dw_)"(J_X,Y,]-Z) + 2(dw_)"(_X,]_Y,Z) —g(_X,N_(Y, Z))
= —do_(J_X,Y,]_-Z) —dw_(J_X,]_Y,Z)
- Z(dw,)_(X, Y, Z) + Z(da),)_(x,],Y,],Z) - g(lfxv Nf(yv Z))
= —dw_(JX,Y,] Z) —dw_(J_X,]_-Y,Z)+2¢p1 + g(J_X,N_(Y, Z)),

where

¢1(X5 Y7 Z) = _(dw—)_(x’ Y7 Z) + (da)_)_(X,J_Y,J_Z) - g(]—x5 N—(Y5 Z))

1 1 1
. (gU—XaN—(YaZ)) - ig(l—y7 7N—(X7Z)) + EgU—ZvN—(X7 Y))) .

2
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Denote

VX, Y, Z) = —%nyz[QU+X, N_(Y,Z)],  $X.Y,2) =2¢:(X.Y,Z) +g(-X,N_(Y,2)),
VolX, Y, 2) =yn (X, J-Y, 2) + Y1 (X, Y-Z), ¢ =2+ V.
Then from [23]:
28((DYJ-)(Y).Z) = 2g(DyJ-Y.Z) +2g(DyY.J-2)
= 28((V{J)(Y), 2) + dwy (14X, ]-Y, Z) + doy (X, Y,]-Z)
= —do_(_X,Y,]-2) —do_(J_X,]_Y,Z) + ¢,(X, Y, Z)
+dw, (14X, J_Y, Z) + doy (4 X, Y. ]-2)
=—dow-(X,]-Y,2)—d o_-X,Y,]-2)
—d o (X, J4J-Y.J:2) — dto (X )Y, J-2) + $a(X, Y, 2)
and since d*wy (X, Y, Z) = —dws (J+X, J+Y,]+Z) = —J+dw+ (X, Y, Z) Eq. (6) from [23] becomes
28((DJ)(Y),Z2) = +dTw (X, )Y, Z) +dTw (X, Y,]-Z)
—dTo, (X, JJ-Y, 4 2) — d s (X4 Y J)-2) + Y (X, Y, D). (10)
Because J is integrable again we have
d*w, (A, B,C) =d*w, (4A J4B,C) + d*w (A, B, J,C) + d*w, (A J4B, ];C).
So (7) from [23] becomes
Zg((D)}L]_)(Y),Z) =+d o, (X, J-Y. J12) + dT 0 (4 X.]1]-Y. Z)
+d 0 (X, Y ) 2) + d 0 (00X, 4 Y, J-2) + (X, Y, 2). (11)
Thus, for Q = [J4,J_] we get
28((DFQ)(Y). 2) — 28((D} xQ)(Y). J+Z) = —28((DFJ-)(Y).J4Z) — 2g((Dy]-)(+Y). Z)
—2g((Df xJ)(Y), Z) + 28((D} (J ) U+ Y), ]+ 2).

Then, after applying (10) to the first and the second terms, and (11) to the third and the fourth terms, we easily get the last
and most important identity (8) from [23] in the form of

2g((DYQ)(Y), Z) — 2g((D,th)(Y)J+Z) = VU X, 1Y, 4 2) — v (X, Y, Z) =¥ (X, ]+ Y, 2) — v (X, Y, [, 2).
From here we notice that

VX = XY =i, Y.Z - i,2) = X, Y, Z) =¥ (X, 1Y, 2) =¥ (X, Y. J1 D) = ¥ (X, [ Y, ] Z)
FHiW U X 1Y D) =Y (X, Y. 2) = v (X, ] Y, 2) = ¥ (X, Y, ] 2)).

Then, we proceed further similarly to obtain

gDy

i x Q%0 Y AZ) = 2D%, ) (SOP)(Y, Z)

= [g((DFQ)(Y),Z) + ig((Dy Q) (Y), ]+ Z)] + i[g((D,th)(Y), Z) + ig((D]th)(Y),hZ)]
= [g((DxQ)(Y), 2) — g((D]ﬁxQ)(Y),hZ)] +ilg((Df Q)(Y), J+2) +g((D,++XQ)(Y), 2)],
which leads to

2(Dy

SO D) =y X — XY =LY, Z - i,2) =y DX, Y, 2). (12)

So Q29 s holomorphic iff 3-® = 0.
Now we compute . By recalling that g = %.Q(LL +J.),8J-X,N_(Y,Z2)) =gX,N_(J_Y,2)) =g(X,N_(Y,]J_Z)) and
2(4+X,Y) = —(X,]_Y) we obtain that

(X, Y,Z2) =2¢0:(X,Y,2) +g(J_X,N_Y,Z) =g(J_Y,N_(Z,X)) +g(J-Z,N_(X,Y))

1
X SIR204-Y, NAZ, X)) + 204 -Z,N-(X, ¥) = 2(Y,N-(Z, X)) = Q(Z, N-X, V)]
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Moreover,
V2X, Y, Z) = yn(X, )Y, 2) + Y1 (X, Y, ]-2)
= %[—me, N_(_Y.,2)) = 2(+J-Y.N_(Z.X)) — 2(+Z,N_(X.]_Y))
— Q204X N_(Y,J-2)) — 2(4+Y,N_(-Z. X)) — 2(4J-Z, N_(X, Y))]
= %[ZQ(X,N,(Y,Z)) — 2(4J-Y,N_(Z. X))
+R2(Z,N-(X,Y)) + 2(Y,N_(Z,X)) = 2(J-Z,N_(X, Y))],
S0

vX,Y,2) =X, Y, 2)+yo(X,Y,Z2) = R2(X,N_(Y,Z)). O

Remark 4.7. The (3, 0)-part of ¥ can be written as

YOOX,Y.2) = Y (X, Y, 2) = v (4 X. ] Y. 2) = ¥ (X, Y. J:Z2) — (X, ] Y. ]+ Z)
Fi( 04X, 1Y, 2 2) — WX, Y, 2) — Y (X, ] Y, 2) — ¥ (X, Y. ]42))
= QX,N_(Y,Z) +]_-N_(J:Y,Z) + J-N_(Y,J:Z) = N_(J+Y.].Z))
—i2(+X,N_(Y,2) + J-N_(J4Y.2) + J-N_(Y,]J+Z) — N_(J+Y.]+2)).
Thus ¥ 39 = 0 if and only if the tensor
N(Y,Z) =N_(Y,2) +J-N_(4Y.2) + J-N_(Y.J+Z) = N_(J+Y.],2)

vanishes.

Example 4.8 (A Compact 6-Dimensional Example). Now we consider an example in dimension greater than 4. Let g be the
unimodular solvable 6-dimensional Lie algebra with structure equations

de] — 926

de* = —e'®

de? — ¢

de4 _ _e;’:G

de® = de® =0,
together with the complex structure J, defined by J e; = —e,,Je3 = —es,Jres = —eg and the symplectic form
2 = e?+e*+e*+e'® Then (J,, £2)is a Hermitian symplectic structure, but the almost complex structureJ_ = —Q7'J* 2
defined by

J_e1 = —eg, J-ex =€ —es, J_e3 = —ey, J-eq =e3, J-es =e; —eg, J-es =€

is not integrable. Moreover, the almost bi-Hermitian metric is

1
1 0 00 —2 0
2 1
0 1 0 0 0 —=
’ 2
* 0 0 1 0 0 0
=—(2]. =] 2) =
g 2( ]+ ]+ ) 0 0 1 0 0 )
1
—= 0 0 O 1 0
2 1
0 —— 0 O 0 1
2
with fundamental 2-forms
1 1
wy = el e eS¢ 5(615 — e, o =¥+ 5(elz + e 4 o2,
and
Jrdowy = 1e256 J-dw :—16126
+ —+ 2 ’ - - 2 .

Evaluating Q = 1[J+,J_1g”" = (J+ —J-)$2~" we obtain that

1 A 52 3 A L4 A 55 6
Qe = —es, Qe” = eg, Qe” =0, Qe" =0, Qe’ =ey, Qe’ = —ey,
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considering Q as a morphism T*M — TM. Q is skew-symmetric, so we can see it as Q = es; + e;6 € A’TM; moreover,
Q(a,JB) = —Q(a, B),s0Q € A’T10 @ A2T%!, We want to know if the bivector Q is a Poisson structure, i.e. [Q, Q]; = 0.
We compute

[Q, Qls = 2 exs,
so Q is not a Poisson structure. However, Q is a twisted Poisson structure, indeed
e = —AQ¥ (%),
and de®® = 0. Indeed, since Q is given by
Qe; = —eq + 2es, Qe = e; — 2eg, Qe; =0, Qes =0, Qes = —2eq +es, Qe = 2e; — eg,
Im(Q) = (eq, ez, €5, €5), and [X, Y] € (e, e;) C Im(Q) for anXX, Y € Im(Q).
To conclude the example, we prove that the (2, 0)-part of Q is not holomorphic. Indeed, by computing i we obtain
U= @2 —eP +eF) +ef @ (26 — e,
so the (3, 0)-part of ¥ becomes
U0 = 3(e5 1 ie%) @ (€% — e + ie®® + ie'),

which is not zero, so the (2, 0)-part Q29 of the bivector Q is not holomorphic. This example arises in fact as a deformation
of the symplectic form of a Kahler structure. Indeed, for the given complex structure and the family of symplectic forms
e'? 4+ e3* 4 e°% + te'5, for t = 0 we have a Kihler structure and for t # 0 the symplectic form is no longer of type (1, 1). The
3-form twist is H = d(e'®), which is globally defined since Q has constant rank.

4.1. Complex surfaces

Here we consider the case of 4-dimensional manifolds. When (M, J) is a complex surface we have some additional prop-
erties. For instance, we have no (3, 0)- or (0, 3)-forms, and if M is compact, we know that if £2 is a symplectic form taming
J then J admits a Kdhler metric [2]. Thanks to these peculiarities, we prove stronger versions of Propositions 4.3 and 4.4.

Proposition 4.9. Let (M, J) be a complex surface and $2 a symplectic form that tames J. Then the distribution Im Q induced by
Q = [J+,J-]is involutive.

Proof. Note that rank(ImQ,) = rank(ép) for every p € M, and Qisa (2, 0) + (0, 2) bivector. Since dim M = 4, the space of
(2, 0) 4+ (0, 2) bivectors is locally generated by

8/\8 8/\8 3/\8+3/\3
ax! T ax3  9x2 T 9x2Tax' axt  oax2 ax3 )’

where (:) is a local frame of TM such that J ;% = =% and J ;% = L. So for every point either Q is zero or it is non-

degenerate, i.e. rank(é) = 4, and the same holds forImQ. O

Thus, on a 4-dimensional manifold Im Q,, either coincides with T,M or it is {0}. Since Im Q is a distribution locally of finite
type, the rank is a lower semicontinuous function, i.e. for every point we have an open neighborhood where the rank cannot
decrease. Moreover, by Theorem 3.5 Im Q is integrable, so the leaves of the foliation are either

e M except some points p;
or
e the points p;.

Proposition 4.10. Let (M, J) be a complex surface and 2 a symplectic form that tames J, then
#5'1Q., QI(X. Y, Z) = (oxvz (~N_(QX,J_Y.J4Z) = N_(QX.J1Y.]-Z) — (Jydo; +]_dw_)(QX. Y, Q2))). (13)

Proof. In dimension 4 we have that any 3-form is of type (1, 2) + (2, 1) with respect toJ, and J_, thus
oxyzJ+dw (A, B, C) = ox vy 7]+ dwy (4 A, J+ B, C) = oxyz]1dwy (J-A,J-B, C)
and bN_ = 0. Therefore, by a direct computation we obtain

oxyz — J4+dw(QX,J-Y,J+Z) — J+dw (QX, ]+ Y,]-Z) — J+do4 (QX, J1]-Y, Z)
—J+do (QX, Y, J4J-Z) = oxyz)+dw (QX, Y, QZ).
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Similarly

oxvz]-dw_(QX,J-Y,J+Z) +]-dw_(QX,]+Y,]-Z) + ]-do_(QX, J-J+Y, Z)
+J_dw_(QX,Y,]_J+Z) = —oxyz]-dw_(QX, QY, Z) = oxyz/-dw_(QX, Y, QZ),
and (13) follows. O

Finally, as a consequence of Theorem 4.6 we have the following.

Corollary 4.11. Let (M, ]) be a complex surface and §2 a symplectic form that tames J. If £22° = 0, then the (2, 0)-part Q2
of the bivector Q defines a non-vanishing holomorphic Poisson structure.
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