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1. Introduction

We consider a n-dimensional (n > 3) smooth connected semi-Riemannian manifold M equipped with the semi-
Riemannian metric g with signature (p, n — p) and the Levi-Civita connection V. We note that M is Riemannian if p = 0 or
nand M is Lorentzian if p = 1 or n — 1. Let us consider R, R, S, S and « respectively be the Riemann-Christoffel curvature
tensor of type (0, 4), the Riemann-Christoffel curvature tensor of type (1, 3), the Ricci tensor of type (0, 2), the Ricci tensor
of type (1, 1) and the scalar curvature of M.

A spacetime is a connected 4-dimensional Lorentzian manifold and it presents a pure radiation if its energy-momentum
tensor T is of the form

T=pn®mn, (1.1)
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where 7 is a null vector and p is the radiation density. Such a spacetime describes some kind of field that propagates at
the speed of light and it could represent a null electromagnetic field. It could also represent an incoherent beam of photons
or some kind of massless neutrino field. On the other hand a spacetime presents a perfect fluid spacetime if its energy-
momentum tensor is of the form

T=(p+pn®n+pg, (1.2)

where p is the energy density, p is the isotropic pressure and 7 is the four-velocity of the fluid. Thus a pure radiation source
can be considered as a limiting case of a pressureless perfect fluid with null four-velocity. For this reason a pure radiation
source is sometimes referred as “null dust”.

In [58] Wils investigated homogeneous and conformally Ricci flat solutions of Einstein’s field equations for pure radiation
case. Later in 1997 Ludwig and Edgar [20] obtained exhausted class of conformally Ricci flat pure radiation solutions of
Einstein’s field equations. The line element of conformally Ricci flat pure radiation spacetime in (x!; x?; x3; x*) = (u; r; x; y)-
coordinates with x > 0 is given by [20]

1
8p2

2
~o T 4r
ds? = (—2xW° - 8P2—2> du? + 2dudr — —dudx — —(dx* + dy?),
X X
where P is an arbitrary non-zero constant and W is an arbitrary function of the three non-radial coordinates u, x and y. For
simplicity of symbols we write the above metric as

2 4 1
ds? = (xw — p?= ) du? + 2dudr — ~~dudx — —(dx® + dy?), (1.3)
X2 X p?

where w = w(u, x,y) = —2W°andp = 2/2P = const.
Now in (u; r; x; y)-coordinates with x > 0, we consider the following metric

1’2

ds? = (xw +a
2

2br
) du? + 2dudr + =—dudx + f(dx* + dy?), (1.4)
X
where a, b are arbitrary non-zero constants and f is a nowhere vanishing function of x and y. We note thatifa = —p?,b = —2
and f = —piz, then the metric (1.4) reduces to pure radiation metric (1.3). Hence we call the metric (1.4) as pure radiation

type metric. Again if w(u, x,y) = w a=b=0andf(x,y) = —%F(x, y), then the metric (1.4) reduces to generalized
pp-wave metric [29,35,49], given by,

1
ds* = —2h(u, x, y)du® + 2dudr — EF(dx2 +dy?). (1.5)

On the other hand if w(u, x,y) = M a =b = 0andf = 1, then the metric (1.4) reduces to pp-wave metric [3,49],
given by,

ds? = h(u, x, y)du? + 2dudr + (dx* + dy?). (1.6)

The physical properties of the pure radiation metric (1.3) are well known and we refer the reader to see [20,58]. In
the literature of differential geometry there are many curvature restricted geometric structures on a semi-Riemannian
manifold, such as locally symmetric manifold [5], semisymmetric manifold [5,51-53], recurrent manifold [30-32,57],
pseudosymmetric manifold ([ 1,8] and also references therein) etc. The main object of the present paper is to investigate
such kinds of geometric structures admitted by the pure radiation metric (1.3). It is noteworthy to mention that the metric
(1.3) is neither locally symmetric nor conformally symmetric but semisymmetric. It is also shown that the pure radiation
metric (1.3) is Ricci simple, weakly Ricci symmetric, weakly cyclic Ricci symmetric, R-space by Venzi and its curvature
2-forms, Ricci 1-forms and conformal curvature 2-forms are recurrent. Again the spacetime satisfies the semisymmetric
type conditions C-R = 0,C-C =0,C-S = 0,Q(S,R) = 0,Q(S5,C) = 0,P-R = P -C = 0 and also satisfies the
pseudosymmetric type condition P - P = —% (S, P). It is shown that its energy-momentum tensor T is semisymmetric and
itis Codazzi type (resp., cyclic parallel or covariantly constant) if w33 + w44 is independent of x and y (resp., constant or zero),
where w; denotes the covariant derivative with respect to x' and x'.

The paper is organized as follows. Section 2 deals with the preliminaries. In Section 3 we compute the components
of various tensors of the metric (1.3) and we state the main results on the geometric structures admitted by pure
radiation metric (1.3). Section 4 deals with the curvature properties of pure radiation type metric (1.4). It is shown that
such metric is Ein(4) and 3-quasi-Einstein. We also obtain the conditions for which the metric is 2-quasi-Einstein, Ricci
generalized pseudosymmetric and manifold of vanishing scalar curvature. Finally, we made a comparison (similarities and
dissimilarities) between pure radiation metric and pp-wave metric. It is interesting to mention that both are semisymmetric
and weakly Ricci symmetric, but generalized pp-wave metric is Ricci recurrent whereas pure radiation metric is not so.
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2. Curvature restricted geometric structures

It is well known that a curvature restricted geometric structure is a geometric structure on a semi-Riemannian manifold
M obtained by imposing a restriction on its curvature tensors by means of covariant derivatives of first order or higher orders.
We will now explain some useful notations and definitions of various curvature restricted geometric structures.

For two symmetric (0, 2)-tensors A and E, their Kulkarni-Nomizu product A A E is defined as (see e.g. [11,16]):

(AN E)X1, Xa, X3, Xa) = A(X1, X4)E(X2, X3) + A(X2, X3)E(Xq, X4)
— A(Xy, X3)E(X2, Xq) — A(Xz, X4)E(X1, X3),
where X1, X3, X3, X4 € x(M), the Lie algebra of all smooth vector fields on M. Throughout the paper we will consider
X,Y,X1,X5,... € x(M).
Again for a symmetric (0, 2)-tensor A, we get an endomorphism A defined by g(.AX,Y) = A(X, Y). Then its k-th level
tensor A of type (0, 2) is given by
AKX, Y) = A(ATX, Y),
where A1 is the endomorphism corresponding to A1,

In terms of Kulkarni-Nomizu product the conformal curvature tensor C, the concircular curvature tensor W, the
conharmonic curvature tensor K [18,59] and the Gaussian curvature tensor & can respectively be expressed as

1 r
C =R—m(gAS)+ m(g/\g),
r
w :R—m(g/\g),

1
K'=R——=(gAS),
n—2

1
& =—(gAg)
2(g g)

Again the projective curvature tensor P is given by
1
P(X1, X2, X3, X4) = R(X1, X2, X3, Xa) — m[g(xl,xzt)s(xmxz;) — 8(Xa, X4)S(X1, X3)].
For a symmetric (0, 2)-tensor A, (0, 4)-tensor D and a (0, k)-tensor H, k > 1, one can define two (0, k 4+ 2)-tensors D - H

and Q(A, H) respectively as follows (see [9,10,14,36,39] and also references therein):

D-H(X1, X2, ..., Xk, X, Y) = —H(D(X, Y)X1, X2, ..., Xk) — - - - — H(Xq, Xa, ..., DX, Y)Xq)
and

QA H)X1, X2y -, Xk, X, Y) = AX,XDH(Y, X, 0 Xi) + - + AKX, XH(X, X2, 00, Y)

— A(Y,X)H(X, X3, ..., Xk) — - - — A(Y, X )H(Xy, X2, - - ., X),

where D is the corresponding (1, 3)-tensor of D, given by D(X1, X5, X3, X4) = g(D(X1, X2)X3, X4).

Definition 2.1. A semi-Riemannian manifold M is said to be H-symmetric [4,5] if VH = 0. In particular if H = R (resp., S
and C), then the manifold is called locally symmetric (resp., Ricci symmetric and conformally symmetric).

Definition 2.2. A symmetric (0, 2)-tensor E on M is said to be cyclic parallel (resp, Codazzi type) (see, [15,17] and references
therein) if

(VX1E)(X27 X3) = (VXQE)(X17 X3)
(resp., (Vx, E)(X2, X3) + (Vx, E)(X3, X1) + (V. E)(X1. X2) = 0).

Definition 2.3 ([1,4,8,13,39,41,42,51]). A semi-Riemannian manifold M is said to be H-semisymmetric type if D- H = 0 and it
is said to be H-pseudosymmetric type if (25:1 ciDi) -H = 0 for some scalars ¢;’s, where Dand each D;,i = 1, ..., k, (k > 2),
are (0,4) curvature tensors.

Definition 2.4. A semi-Riemannian manifold M is said to be Einstein if its Ricci tensor is a scalar multiple of the metric tensor
g.Again M is called quasi-Einstein (resp., 2-quasi-Einstein and 3-quasi-Einstein) if at each point of M, rank(S —ag) < 1(resp.,
< 2 and < 3) for a scalar «. In particular, if « = 0, then a quasi-Einstein manifold is called Ricci simple.

We note that Som-Raychaudhuri metric [40] and Robinson-Trautman metric [34] are 2-quasi-Einstein whereas Godel
metric [15] is Ricci simple.
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Definition 2.5 ([2,43]). A semi-Riemannian manifold M is said to be Ein(2), Ein(3) and Ein(4) respectively if
SZ 4 1S+ g =0,

S3 4+ 135% + A4S + A5g = 0 and

S+ 068>+ 2752 +2gS+Aeg =0
holds for some scalars A;, 1 <i < 9.
Definition 2.6. Let D be a (0, 4)-tensor and E be a symmetric (0, 2)-tensor on M. Then E is said to be D-compatible [12,21,22]
if

D(EX1, X, X2, X3) + D(EX2, X, X3, X1) + D(EX3, X, X1,X3) =0

holds, where £ is the endomorphism corresponding to E defined as g(£X1, X2) = E(X1, X2). Again an 1-form I7 is said to be
D-compatible if IT ® IT is D-compatible.

Generalizing the concept of recurrent manifold [30-32,57], recently Shaikh et al. [48] introduced the notion of super
generalized recurrent manifold along with its characterization and existence by proper example.

Definition 2.7. A semi-Riemannian manifold M is said to be super generalized recurrent manifold [39,44,48] if
VR=ITQR+ 2R3 AS)+OQR@EAS)+0o®@(EAg)

holdson {x € M : R # 0 and any one of S A S, g A S is non-zero at x} for some 1-forms I7, £2, ® and w, called the associated
1-forms. Especially, if 2 = ® = w = 0(resp., ® = w = 0and £2 = w = 0), then the manifold is called recurrent [30-32,57]
(resp., weakly generalized recurrent [33,46] and hyper generalized recurrent [45,47]) manifold.

Again as a generalization of locally symmetric manifold and recurrent manifold, Tamassy and Binh [54] introduced the
notion of weakly symmetric manifolds.

Definition 2.8. Let D be a (0, 4)-tensor on a semi-Riemannian manifold M. Then M is said to be weakly D-symmetric
manifold [38,54] if
VxD(X1, X2, X3, Xa) = H(X)D(X1, X2, X3, X4) + 2(X1)D(X, X2, X3, X4)
+2(X2)D(X1, X, X3, X4) + O(X3)D(X1, X2, X, Xa) + O(X4)D(X1, X2, X3, X)
holds VX, X; € x(M) (i = 1, 2, 3, 4) and some 1-forms 17, §2, 2,60 and O on {x € M : Ry # 0}. Such a manifold is called as
weakly D-symmetric manifold with solution (17, £2, §2, ©, ®).In particular, if the solution is of the form (217, IT, IT, I, IT),

then the manifold is called Chaki D-pseudosymmetric manifold [6]. Again if the solution is of the form (/7, 0, 0, 0, 0) then
the manifold is called D-recurrent manifold [30-32,57].

Definition 2.9. Let Z be a (0, 2)-tensor on a semi-Riemannian manifold M. Then M is said to be weakly Z-symmetric [38,55]
if
(VxZ)(X1, X2) = I(X)Z(X1, X2) + 2(X1) Z(X, X2) + O(X2) Z(X1, X)

holds V X, X;, X € x(M) and some 1-forms 7, £2 and ® on U; = {x € M : Z # 0 at x}. Such a manifold is called as weakly
Z-symmetric manifold with solution (/7, §2, ®). Especially, if the solution is of the form (217, IT, IT) then the manifold is
called Chaki pseudo Z-symmetric manifold [7]. Again if the solution is of the form (77, 0, 0) then the manifold is called
Z-recurrent [27].

For details about the defining condition of weak symmetry and the interrelation between weak symmetry and Deszcz
pseudosymmetry, we refer the reader to see [36] and also references therein.
Definition 2.10. A Riemannian manifold M is said to be weakly cyclic Ricci symmetric [37] if its Ricci tensor satisfies the
condition
(VxS)(X1, X2) + (Vx, S)X, X2) + (Vx, S)(Xq1, X)
= T1(X)S(X1, X2) + £2(X1)S(X, X2) + O(X2) 5(X1, X),

for three 1-forms I7, £2 and ® on M. Such a manifold is called weakly cyclic Ricci symmetric manifold with solution
(11, £2, 0).

It is noteworthy to mention that the solution of weakly cyclic Ricci symmetric structure is not always unique.
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Definition 2.11. Let D be a (0, 4) tensor and Z be a (0, 2)-tensor on M. Then the corresponding curvature 2-forms 2, [2,19]
are said to be recurrent if and only if [23-25]

(Vx, D)X, X3, X, Y) + (Vx,D)(Xa, X1, X, Y) + (Va, D)(X1, X2, X, ¥) =
TT(X1)D(X2, X3, X, Y) + I1(X2)D(X3, X1, X, Y) + IT(X3)D(X4, X2, X, Y),
and the 1-forms Azy [50] are said to be recurrent if and only if
(Vx, Z)(X2, X) = (Vx, Z)(X1, X) = I(X1)Z(X2, X) — H(X2)Z(X1, X)

for an 1-form I7.

Definition 2.12. ([28,42,56]) Let £(M) be the vector space formed by all 1-forms @ on M satisfying
O(X1)D(X2, X3, X4, X5) + O(X2)D(X3, X1, X4, X5) + O(X3)D(X1, X2, X4, X5) = 0,
where D is a (0, 4)-tensor. Then M is said to be a D-space by Venzi if dim[£(M)] > 1.

From definition of recurrency of curvature 2-forms 2%, and second Bianchi identity it is clear that on a semi-Riemannian
manifold .Q("Ig)l are recurrent if and only if it is a R-space by Venzi.

3. Curvature properties of pure radiation metric

The metric tensor of pure radiation metric (1.3) is given by

(xw—pz)%) 1 == 0

g = 1 0 0 0
- -2 1

= 0 —% 0

0 0 0 —piz

Then the non-zero components (up to symmetry) of its Riemann-Christoffel curvature tensor R, Ricci tensor S, scalar
curvature «, conformal curvature tensor C and projective curvature tensor P are given by

w33X R W34X R Wy4X
1314 = — 1414 = —
b 2 b 2 9

Rizi3 =—

1
Sii= —EPZ (w33 + waa) X, k =0,

1 W34X
—C1313 = Cia14 = — (w33 — wgg) X, Ci314 = — ,
4 2
1, 1,
Pip1y = —613 (w33 + waq) X, P1311 = gP (w33 + was) ,
1 W34X
Pi313 = s (2wsz — waa) X, —P1314 = P13g1 = —P1413 = P1az1 = 5
w33X 1 WaaX
P33y = - Piy14 = 5 (w33 — 2waq) X, Prag1 = .

Then from above it is easy to check thatR- R = Q(S,R) =R-C =Q(S,C) = 0.
Now the non-zero components (up to symmetry) of VR, VS, VC are given by

2 2 2 2 2 2
p wss pwsg X“wi33 + 2pTrwss 2p"Twaq — X“W144
Ri2131 = 5 Ri2141 = — Ri313,1 = T R = ——— —,
1 w334X W134X 1
Riz133 = 5 (w33 — w333X), R334 = - Ri31a,1 = - Rig1a3 = 5 (Waq — w344X) ,
1 W344X W34 W444X Wagq
Ri3143 = 5 (w3g — w334X), Ri3144 = — 5 Ri3341 = - Rig144 = — 5 Ri43a1 = 72

p? (—x2w144 — w33 + 2pPrwss + 2p2rw44)
2x ’

S111 =

1
St13 = Epz (—ws333X — W344X + W33 + Wys) ,
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1 1
2 2 )
Si1,4 = —EP (w334 + Waga) X, S131 = EP (w33 + wag) ;
1 p*w
2 34
Ci213,1 = =P” (w33 — waa), Cio141 = ,
4 2
32 2 2 2 -2 2
X W144 + X W133 + 2P TW33 D TWaq
Ci3131 = — ,
4x
1
Ci3133 = —Cia143 = 2 (—ws333X + W344X + W33 — Waq) ,
1 w134X
—Ci313,4 = Cig144 = 2 (w334 — wa4q) X, Ci314,1 = — >
1 W344X W34
Ci3143 = = (w3g — w334X), Ci3144 = ————, Ciz341 = —,
2 2 2
X*w1ag — X°wi33 + 2p*rwss — 2p*rwag 1
Cigra1 = — i s Ciazan = ~2 (w33 — wayq) .

According to Einstein’s field equations, the energy-momentum tensor T for zero cosmological constant is related to the
Ricci tensor and the metric tensor as
4

T — C (S K>
~ 876G 2%)

where ¢ = speed of light in vacuum and G = gravitational constant. Thus the only non-zero component of the energy-
momentum tensor of the pure radiation metric (1.3) is given by:
c*t (P2 w33X + p? w44x)

1677 Gx2

Obviously, T = p(n ® n), where n = {1, 0, 0, 0} and the radiation density p = Ty;. It is easy to check that ||5| = 0.
Now the non-zero components of covariant derivative of T are given by

Ty =—

T — c*p? (—x*wias — X*wi3z + 2p*rwss + 2p*rway) T — c*p? (w33 + waq)
e 167Gx L 167G
c*p? (—w333x — W3sX + W33 + Was) c*p? (w334 + waga) X
T3 = » T4 =—
167G 167G

From the value of the local components (presented in Section 3) of various tensors of the pure radiation metric (1.3), we
can conclude that the pure radiation metric (1.3) fulfills the following curvature restricted geometric structures.

Theorem 3.1. The pure radiation metric (1.3) possesses the following curvature properties:

(i) Its Ricci tensor is neither Codazzi type nor cyclic parallel but the scalar curvature is zero and hence R = W and C = K.
(ii) It is a R-space (also C-space, P-space) by Venzi for the associated 1-form IT = {c, 0, 0, 0}, c being arbitrary scalar. Hence
the curvature 2-forms 9(”1%)1 are recurrent for IT as the 1-forms of recurrency.
(iii) It is neither locally symmetric nor conformally symmetric but semisymmetric. Hence it satisfiesR-S = 0,R - C = 0 and
R-P=0.
(iv) It satisfies the semisymmetric type condition C - R = 0 and henceC -S =0,C-C =0,C-P=0andP-S=0.
(v) Ror C of the space is not a scalar multiple of S A S, but Q(S,R) = 0, Q(S,C) = 0. Hence P -R=0and P - C = 0, although
P-R#O0butP-S=0. ,
(vi) Itis not Einstein but Ricci simple, since S = S(n ® n), where § = —M and n = {1, 0, 0, 0} (moreover ||n|| =0
and Vn # 0). Hence S AS = 0 and S = 0.
(vii) Here P - P # 0 but P - P = —1Q(S, P).
(viii) If wss + waq is nowhere zero, then the metric is neither recurrent nor Ricci recurrent but Ricci 1-forms are recurrent with
associated 1-form

W333 + W344 W334 + Wagq
1,0, , .
W33 + Waq W33 + Waq

(ix) If 4w§4 + (waa — w33)? is nowhere zero, then the metric is not conformally recurrent but conformal 2-forms are recurrent
with associated 1-form I1, given by

m=1 I,=0,
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_ 2w34 (W334 + Wagsa) — (Wag — W33) (W333 + W344)

4w, + (wag — wi3)?

1_[3 )
_ 2w3q (w333 + W344) + (Wag — W33) (W334 + Waaa)

Il
4w, + (wag — wi3)?

(x) The general forms of the compatible tensors for R, C and P are respectively given by

.y A2 da.3) ag1.4)
aei,1) 0 0 0
azn 0 ags as,a) ’
W444(3,4) w330d(4,3)
aan 0 Au3 @3+ =
G,y da.2) a(1.3) a(1,4)
(1(2’1) 0 0 0
and

azny 0 as,3) a,4)

2w340(3 3) 2w340(4 4)
dea) 0 T wg—wyz a3.4) + w44—w33 CE)
a1y da.2) 1.3 ag1.4)
aeo,1) 0 0 0

(Qwgqa—w33)a(3 4) (wgq—2w33)0(4,3) ’
azny 0 — S - Sung +du4 dz4
a1y O 0(4.3) a(4,4)

where a; j) are arbitrary scalars.

(xi) Ricci tensor of this spacetime is not Codazzi type but is compatible for R, C and P.

(xii) If w3z + waq is nowhere vanishing, then the metric is weakly Ricci symmetric with infinitely many solutions (I1, §2, ®),
given by

W333X + W344X — W33 — Waq W334 + Waaq

1 =111,0, , } s
(w33 + waq) X W33 + Wayq

1
2 =1§4,0, 3 0; and

2 2 2 2
X W144X“W133 — 2P TW33 — 2P“T W4y

® = 5
(w33 + waq) X

1
—171—91,0,—,0},
X

where I1, and §24 are arbitrary scalars.
(xiii) If w33 +waq is nowhere vanishing, then the metric is weakly cyclic Ricci symmetric with infinitely many solutions (I, $2, ©),

given by

m=1m.0. (w333 + w344) X — 3w33z — 3w44’ w334 + Wagq }

(w33 + waq) X W33 + Waq
x—3 -3

2=1a.0 (w333 + W344) w33 u)447 w334 + Waaq } and

(w33 + waq) X w33 + Wayq
3 (x? (wyasa + wizz) — 2p%1r (w33 + w
o — ( (w144 133) — 2p 2( 33 44)) -0
(w33 + waq) X

(w333 + Ww344) X — 3w33 — 3wyg w334 + Wagq }
,
(w33 + wag) X W33 + Waq
where IT, and §2, are arbitrary scalars.

(xiv) It is not weakly symmetric for R, C, P, W and K and hence not Chaki pseudosymmetric for R, C or P.
(xv) divR # 0, divC # 0, divP # 0.
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Now from the values of the non-zero components of VT, we get

2

3ctp? (—x2w144 — X*wi33 + 2p*rw3s + 2p*rway)

)

Ti11+ T, + T

167 Gx
c*p? (—w333x — w3aaX + 3w33 + 3wag)
Tz +Tiz1+T511 = , (3.1)
167G
c*p? (w334 + wass) X
T T T. -
11,4 + T1a1 + Ta11 167G
and
cp? (w333 + w3aa) X
Tiz1—Tnz = ,
167G (3.2)
4.2 .
Tout —Tinae P (w334 + wags) X
141 — T4 = 160C

Again since R-S = 0 and T is a linear combination of S and g, soR - T = 0. Hence we can state the following:

Theorem 3.2. The energy-momentum tensor T of the pure radiation metric (1.3) is
(i) semisymmetricie,R-T = 0,
(ii) Codazzi type if w33 + wyy is independent of x and y,
(iii) cyclic parallel if w33 + waq is independent of u, x and y,
(iv) covariantly constant if w3z + wgq = 0.

4. Curvature properties of pure radiation type metric

We now consider the pure radiation type metric (1.4). Its metric tensor is given by

(xw +a§> 1 20
_ 1 0 0 O
g ,
b
br 0 f o0
0 00 f

where a, b are arbitrary non-zero constants and w = w(u, x,y), f = f(x, y) are nowhere vanishing functions. Then the
non-zero components (up to symmetry) of R, S and « are given by

R 4d — b? Ren — r (8af + b?) Rewer — b*fyr

1212 = g R = e R = e

1
Rizi3 = 2 [ab*fr? + 2abfsr’x + 2afsr’x + 12afr* — b*r? + b*fwx’
+2bfw3x4 + 2bwa3 —f3w3x5 +f4w4x5 + 2fw33x5 —f3wx4 + 4fw3x4] s
2abfar? + 2afsr? + bf wax® — fawsx® — frwax* + 2f waax* — frwx® + 2f wex’
Riz1a = — 3 ;
4fx

R __bf +fx+2f) Riens — R _ _bf

1323 gz e =R 4fx’

—2abf3r2 — 20f31’2 +f3UJ3X4 —f4UJ4X4 + ZfLU44X4 +f3wx3
Rig14a = — 3 )
4fx

Ross = bfs Rosns — bfr Rusns — =+ s+ ffaa

1424 = 4o Rusa = 75 Raasa 2 ,

2a*fr* — 3ab*r? — 8abr? + 2af wx? — 6ar? — b(bw + w3x + w)x> — (w33 + Wag)x* — 2wsx?
Si= “ohd ,
2af —b*—b bffs +f32X +f42X — ff33x — ffaax bfy
Sp=———F5—, Stu=-— , S =——,
2fx? 2f2x 2fx
r(4af + b + b?) b’f% + 2bf% 4 bfsfx + faafx® + faafx® — f2x* — f2x°

Si3= 2 » S = 272 ,

_ —4af® + b(3b + 4% +2 (33 + fa) ¥ — 2 (7 +f7) ¥
- 2f3x2 ’
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Again for zero cosmological constant, the non-zero components (up to symmetry) of the energy-momentum tensor are
given by
4

T = 7327;3@(4 [3ab*f?r® + 12abf*r® + 12af*r® + 2af1r°X* + 2af{r?x* — 2affssr’x®
—2affasr*x* — b?f2wx® + 2bf2wsx? — 2bf2wx® + 2f2w33x° + 2f2waux’
+4f2wsx* + 2f32wx5 + 2f42wx5 — 2ff3wx’ — 2ff44wx5] ,

I — _04 (b%f2 + 2bf? + 2fsafx® + 2faafi® — 2f}x% — 2f7x?)

327362 :
c*r (4abf3 + 8af? + b® (—f?) — 2b°f? + 2bf2x* + 2bf3x* — 2bffs3x* — 2bffsax?)
hs = 327f3Gx3 :
Iy — c* (4af? + b*(—f) + 2bfsx) o bc?fy Y c* (4af? — 3b%f — 2bfsx — 4bf) .
327 fGx? : 167fCx’ 327 fGx?

From above we have the following:

Theorem 4.1. The pure radiation type metric (1.4) has the following curvature properties:

i) It is a 3-quasi-Einstein manifold, since S — Mg is of rank 3.
2x2

(ii) For zero cosmological constant, its energy-momentum tensor T is of the form
T=oag+B(e1®e1)+ B,(e3®e3)+ B,(es®es) +0o,(e1Qes+e3®er) +0,(e3 ®eq +e4 @ e3),
where

e1 ={1,0,0,0}, e3=1{0,0,1,0}, e, ={0,0,0, 1},

A [b(b +2)f + 2 (f33 + faa) x* — 2 (2 + f}) %]

*=- 327f3Gx2 ’

B, =T —agu, By, =T3—oagss, B, =Ty —agy, o, =Tz —ag3, 0, =T —agsys.

(iii) It is an Ein(4) manifold, such that

—2af + b2 + b)’
(af16f8x7) [b(b +2)f2 ((fs3 + fas) X — bf3)

+ 2% ((f33 + faa) 6% = 2b(b + 1) (7 + 7))
=2 (F +£2) 3+ fa) ° + (5 +f42)2x3] g

-2 b’ +b
- (afg;)@” [F4 (B(b + 1)(b +2) — 4a (fs3 + faa) )
+2f3x (x (2aff + b(2b + 3) (fs3 + faa)) + 2af3x — (b + 2)b°f;)

—2ab(b + 2)f° + 2f*%* ((fs3 + faa)* X = 3b(b + 1) (7 + 7))
—4 (2 +12) G+ a5 2 (7 +£7)" ¥ s

st =

T [40%f® + f* (b*(b + 1)(3b + 5) — 8a (f33 + faa) X°)

+7x (x (8aff + b(5b + 6) (fy3 + faa)) + 8afsx — (b +2)b°f3)
—4ab(2b + 3)f° + f2x* ((f33 + faa) x> — 6b(b + 1) (f{ +f7))

22 +17) G+ fa B+ (FF +£7)" ] 2

- [F2(4af — b(3b +4)) +2 (] + 17 — f (33 + faa)) ¥°] S°,

2f3x2
Remark 4.1. Since for zero cosmological constant S = 5g + %GT, hence from above theorem we can state that the Ricci

tensor of (1.4) is of the form

S = (S12)g + (S11 — S12811)(e1 @ €1) + (S33 — S12833)(€3 ® €3) + (Sas — S12844)(€4 @ €4)
+(S13 — S12g13)(e1 ® €3 +e3 ® e1) + (S3a — S12834)(e3 ® €4 + €4 ® e3).
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We can easily check that ||e1|] = 0 and the nonzero components of Ve; are given by

ar b

V] e = x7, V3€1 = ﬂ
We know that a spacetime is called generalized pp-wave [29,35] if there exists a covariantly constant null vector field. Hence
we can state the following:

Theorem 4.2. The pure radiation type metric (1.4) represents generalized pp-wave ifa = b = 0.

Now a spacetime is 2-quasi-Einstein if Rank(S — «g) = 0. Hence the metric (1.4) becomes 2-quasi-Einstein if one of the
following condition holds

(1) (S34 — S12834) = (S44 — S12844) =0,
(ii) (S13 — S12813) = (S33 — S12833) = (534 — S12834) = O,

(iii) (S11 — S12811) = (S13 — S12813) = 0.
Simplifying the above conditions we can state the following:

Theorem 4.3. The pure radiation type metric (1.4) becomes 2-quasi-Einstein if any one the following condition holds
(Vb =2af> — (ff +f7 —f (fs3 + faa)) ¥* = 0,
(i) fs = 2af> + xf (xfs3 — bfs) — b(b + 1)f* — X*f7 =0,
(iil)a=b=—f +f] +f (fs +fas) =0,

2
(iv)f4=a=bf3+%+xf33—%:o,
2 2
fimb—2=Y 1y o -5 _F g,
X f X

(vi)a = (b + 2)ws + w33X + waex = 0,
(vii)b — 2 = w33 + wyq = 0.
1,3

Example 4.1. If we consider the metric (1.4) with f(x,y) = ‘;;;(3 ,b=—2and a = 0, then (1.4) becomes a 2-quasi-Einstein

manifold.

Now a spacetime is perfect fluid if it satisfies (1.2). Hence the metric (1.4) represents perfect fluid if one of the following
condition holds

(i), =B,=0,=0,=0,
(i), =B, =0, =0,=0,

(iii) B, = B, =0, =0, =0.

Simplifying the above conditions we can state the following:

Theorem 4.4. The pure radiation type metric (1.4) represents perfect fluid if any one the following condition holds
()a=b=2ws+xwss + xwas =f5 +f} —f (fs3 + fas) =0,
(ii) b+ 2 = fs = w33 + was = 2af> — X°f] +xf (xf33 — 2f3) — 2f> = 0,
(iii) a = fa = (b + 2)ws + w33X + wasx = xf (b3 + Xfz3) + bf* — X°f7 =0,
(iv) a = fa = xf (bf +xf") +bf2 — x*f2 = xf (bf' = xf") + b(b + 1)f* + Xf? =0,

(v)b+2=f—%=0.

1,3
Example 4.2. Consider the metric (1.4), where w(u, x, y) = uxy, f(x,y) = ‘;;—/2 b = —2 and a = 0, then (1.4) represents a
perfect fluid spacetime. The energy-momentum tensor of this metric can be expressed as

3
cle T (3x*+1) ct(3x* —2)
T=-— e e4).
G 8T Tiance (4@

Moreover in this case the metric is quasi-Einstein and Ein(2).
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Again a spacetime is a pure radiation spacetime if it satisfies (1.1). Now |le;|| = 0 and hence the metric (1.4) represents
perfect fluid if« = B, = B, = o, = 0, = 0. Simplifying these conditions we can state the following:

Theorem 4.5. The pure radiation type metric (1.4) represents pure radiation if f = % and b = —2.

Again from above we can easily calculate (large but straightforward) the components of R - R, Q(g, R) and Q(S, R). Then
we have the following:

Theorem 4.6. The pure radiation type metric (1.4) is
(i) Ricci generalized pseudosymmetric (R- R = Q(S,R)) if b = —2 and f is constant. And in this case the metric is R-space by
Venzi for the associated 1-form {1, 0, 0, 0},
(ii) a manifold of vanishing scalar curvature if f =

b(3b+4)
4a
(iii) semisymmetricifb = —2 and f = %

From (1.3), (1.4) and (1.5), we see that both the pure radiation metric and the pp-wave metric are special cases of the
metric (1.4). We refer the reader to see [26,35] and also references therein for recent works on pp-wave metric. We now
draw a comparison (similarities and dissimilarities) between the curvature properties of pure radiation metric and pp-wave
metric.

A. Similarities:

(1
2
3
(4
(5
6
(7
(8
€
(10
(11
(12

Both the metrics are of vanishing scalar curvature,

both are R-space by Venzi as well as C-space by Venzi,

both are semisymmetric and semisymmetric due to conformal curvature tensor,

for both the metrics Q(S,R) = Q(S,C) =0,

both the metrics are Ricci simple,

Ricci tensors of both metrics are Riemann compatible as well as conformal compatible,
Ricci 1-forms A(zy of both metrics are recurrent,

conformal 2-forms 9('2), of both metrics are recurrent,

for both the metricsP - R =0butP - R # 0.
both are weakly Ricci symmetric and hence weakly cyclic Ricci symmetric,
both the metrics satisfy P - P = —1Q(S, P),

the energy-momentum tensors of both the metrics are semisymmetric.

(AN NGNS NSNS RN N

B. Dissimilarities:

(1) For zero cosmological constant, the energy-momentum tensors of both the metrics are of rank one, but the associated
1-form for radiation metric is null, and for pp-wave metric it is null as well as covariantly constant,

(2) pp-wave metric is Ricci recurrent but pure radiation metric is not so,

(3) for pp-wave metric energy-momentum tensor is cyclic parallel if and only if it is parallel but this fact is not true for
pure radiation metric.

Acknowledgement

All the algebraic computations of Sections 3 and 4 are performed by a program in Wolfram Mathematica. This work
initially started in Department of Mathematics, Aligarh Muslim University when the first author A. A. Shaikh was working
there as a professor.

References

[1] A. Adaméw, R. Deszcz, On totally umbilical submanifolds of some class of Riemannian manifolds, Demonstratio Math. 16 (1983) 39-59.
[2] A.L. Besse, Einstein Manifolds, Springer-Verlag, Berlin, Heidelberg, 1987.
[3] H.W. Brinkmann, Einstein spaces which are mapped conformally on each other, Math. Ann. 94 (1925) 119-145.
[4] E.Cartan, Lecons sur la géométrie des espaces de Riemann, second ed., Paris, 1946.
[5] E.Cartan, Sur une classe remarquable d’espaces de Riemannian, Bull. Soc. Math. France 54 (1926) 214-264.
[6] M.C. Chaki, On pseudosymmetric manifolds, An. Stiing. ale Univ., AL. I. Cuza din Iasi N. Ser. Sect. Ia 33 (1) (1987) 53-58.
[7] M.C. Chaki, On pseudo Ricci symmetric manifolds, Bulgarian J. Phys. 15 (1988) 526-531.
[8] R.Deszcz, On pseudosymmetric spaces, Bull. Belg. Math. Soc. Ser. A 44 (1992) 1-34.
[9] R.Deszcz, M. Glogowska, Some examples of nonsemisymmetric Ricci-semisymmetric hypersurfaces, Colloq. Math. 94 (2002) 87-101.
[10] R.Deszcz, M. Glogowska, M. Hotlos, Z. Sentiirk, On certain quasi-Einstein semi-symmetric hypersurfaces, Ann. Univ. Sci. Budapest E6tvos Sect. Math
41(1998) 151-164.
[11] R.Deszcz, M. Glogowska, M. Hotlos, K. Sawicz, A Survey on Generalized Einstein Metric Conditions, Advances in Lorentzian Geometry, in: M. Plaue, A.D.
Rendall, M. Scherfner (Eds.), Proceedings of the Lorentzian Geometry Conference in Berlin, in: S.-T. Yau (Ed.), AMS/IP Studies in Advanced Mathematics,
vol. 49, 2011, pp. 27-46.


http://refhub.elsevier.com/S0393-0440(18)30496-0/sb1
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb2
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb3
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb5
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb6
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb7
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb8
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb9
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb10
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb10
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb10
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb11
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb11
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb11
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb11
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb11

206

[12]
[13]
[14]
[15]
[16]

[17]
(18]
(19]
[20]
[21]
(22]
(23]

(24]
[25]

(26]

[27]
(28]
[29]

(30]
(31]
(32]
(33]
(34]

(35]
(36]
(37]
(38]
(39]
[40]

[41]
(42]

[43]
[44]

[45]
[46]
[47]

(48]
(49]

[50]
[51]
(52]
[53]
[54]
[55]
[56]
[57]
(58]
[59]

A.A. Shaikh, H. Kundu, M. Ali et al. / Journal of Geometry and Physics 136 (2019) 195-206

R. Deszcz, M. Glogowska, L. Jetowicki, M. Petrovi¢-TorgaSev, G. Zafindratafa, On Riemann and Weyl compatible tensors, Publ. Inst. Math. (Beograd)
(N.S.)94(108)(2013) 111-124.

R. Deszcz, S. Haesen, L. Verstraelen, On natural symmetries, in: A. Mihai, I. Mihai, R. Miron (Eds.), Topics in Differential Geometry, Editura Acad.
Romane, 2008, (Chapter 6).

R. Deszcz, M. Hotlos, On hypersurfaces with type number two in spaces of constant curvature, Ann. Univ. Sci. Budapest E6tvos Sect. Math. 46 (2003)
19-34.

R. Deszcz, M. Hotlos, J. Jetowicki, H. Kundu, A.A. Shaikh, Curvature properties of Godel metric, Int. ]. Geom. Methods Mod. Phys. 11 (03) (2014) 1450025
(20 pages).

M. Glogowska, Glogowska M Semi-Riemannian manifolds whose Weyl tensor is a Kulkarni-Nomizu square, Publ. Inst. Math. (Beograd) (N.S.) 72 (86)
(2002) 95-106.

A. Gray, Einstein-like manifolds which are not Einstein, Geom. Dedicta 7 (1978) 259-280.

Y. Ishii, On conharmonic transformations, Tensor (N.S.) 11 (1957) 73-80.

D. Lovelock, H. Rund, Tensors, Differential Forms and Variational Principles, Courier Dover Publications, 1989.

G. Ludwig, S.B. Edgar, Conformally Ricci flat pure radiation metrics, Classical Quantum Gravity 14 (12) (1997) 3453-3473.

C.A. Mantica, L.G. Molinari, Riemann compatible tensors, Colloq. Math. 128 (2012) 197-210.

C.A. Mantica, L.G. Molinari, Weyl compatible tensors, Int. ]. Geom. Methods Mod. Phys. 11 (08) (2014) 1450070 (20 pages).

C.A. Mantica, Y.J. Suh, The closedness of some generalized curvature 2-forms on a Riemannian manifold I, Publ. Math. Debrecen 81 (3-4) (2012)
313-326.

C.A.Mantica, Y.J. Suh, The closedness of some generalized curvature 2-forms on a Riemannian manifold II, Publ. Math. Debrecen 82 (1) (2013) 163-182.
C.A. Mantica, Y.J. Suh, Recurrent conformal 2-forms on pseudo-Riemannian manifolds, Int. ]. Geom. Meth. Mod. Phys. 11 (6) (2014) 1450056 (29
pages).

C.A. Mantica, Y.J. Suh, Pseudo-Z symmetric space-times with divergence-free Weyl tensor and pp-waves, Int. ]. Geom. Methods Mod. Phys. 13 (02)
(2016) 1650015 (34 pages).

E.M. Patterson, Some theorems on Ricci recurrent spaces, J. Lond. Math. Soc. 27 (1952) 287-295.

M. Prvanovié¢, On weakly symmetric Riemannian manifolds, Publ. Math. Debrecen 46 (1-2) (1995) 19-25.

L. Radhakrishna, N.I. Singh, Pure radiation fields admitting nontrivial null symmetries, . Math. Phys. 25 (1984) 2293-2300, http://dx.doi.org/10.1063/
1.526434.

H.S. Ruse, On simply harmonic spaces, J. Lond. Math. Soc. 21 (1946) 243-247.

H.S. Ruse, On simply harmonic ‘kappa spaces’ of four dimensions, Proc. Lond. Math. Soc. 50 (1949) 317-329.

H.S. Ruse, Three dimensional spaces of recurrent curvature, Proc. Lond. Math. Soc. 50 (1949) 438-446.

A.A. Shaikh, F.R. Al-Solamy, I. Roy, On the existence of a new class of semi-Riemannian manifolds, Math. Sci. 7 (46) (2013) 1-13.

A.A. Shaikh, M. Ali, Z. Ahsan, Curvature properties of Robinson-Trautman metric, ]. Geom. 109 (38) (2018) http://dx.doi.org/10.1007/s00022-018-
0443-1.

A.A. Shaikh, T.Q. Binh, H. Kundu, Curvature Properties of Generalized pp-Wave Metric, Kragujevac ]. Math. (in press).

A.A. Shaikh, R. Deszcz, M. Hotlos, ]. Jetowicki, H. Kundu, On pseudosymmetric manifolds, Publ. Math. Debrecen 86 (3-4) (2015) 433-456.

A.A. Shaikh, S.K. Jana, On weakly cyclic Ricci symmetric manifolds, Ann. Pol. Math. 89 (3) (2006) 139-146.

A.A. Shaikh, H. Kundu, On weakly symmetric and weakly Ricci symmetric warped product manifolds, Publ. Math. Debrecen 81 (3-4) (2012) 487-505.
A.A. Shaikh, H. Kundu, On equivalency of various geometric structures, J. Geom. 105 (2014) 139-165, http://dx.doi.org/10.100.7/s00022-013-0200-4.
A.A. Shaikh, H. Kundu, On curvature properties of Som-Raychaudhuri spacetime, J. Geom. 108 (2) (2016) 501-515, http://dx.doi.org/10.1007/s00022-
016-0355-x.

A.A. Shaikh, H. Kundu, On warped product manifolds satisfying some pseudosymmetric type conditions, Diff. Geom. - Dyn. Sys. 19 (2017) 119-135.
A.A. Shaikh, H. Kundu, On some curvature restricted geometric structures for projective curvature tensor, Int. J. Geom. Methods Mod. Phys. 15 (2018)
1850157 (38 pages). http://dx.doi.org/10.1142/S0219887818501578.

A.A. Shaikh, H. Kundu, On generlized Roter type manifolds, Kragujevac J. Math. 43 (3) (2019) 471-493.

A.A. Shaikh, H. Kundu, Md.S. Ali, On warped product super generalized recurrent manifolds, An. $tiing. Univ. Al. I. Cuza lasi Mat. (N.S.) LXIV (f.1) (in
press).

A.A. Shaikh, A. Patra, On a generalized class of recurrent manifolds, Arch. Math. (BRNO) 46 (2010) 71-78.

A.A. Shaikh, I. Roy, On weakly generalized recurrent manifolds, Ann. Univ. Sci. Budapest, E6tvds Sect. Math. 54 (2011) 35-45.

A.A. Shaikh, I. Roy, H. Kundu, On the existence of a generalized class of recurrent manifolds, An. $tiin{ Univ. AL I Cuza lasi Mat. (N.S.) LXIV (f.2) (in
press).

A.A. Shaikh, I. Roy, H. Kundu, On some generalized recurrent manifolds, Bull. Iranian Math. Soc. 43 (5) (2017) 1209-1225.

H. Stephani, D. Kramer, M. Maccallum, C. Hoenselaers, E. Herlt, Exact Solutions of Einstein’s Field Equations, second ed., Cambridge Univ. Press, UK,
2003.

Y.J. Suh, ].-H. Kwon, Y.S. Pyo, On semi-Riemannian manifolds satisfying the second Bianchi identity, ]. Korean Math. Soc. 40 (1) (2003) 129-167.

Z.1. Szabd, Structure theorems on Riemannian spaces satisfying R(X, Y) - R = 0, L. The local version, J. Differential Geom. 17 (1982) 531-582.

Z.1. Szabd, Classification and construction of complete hypersurfaces satisfying R(X, Y) - R = 0, Acta Sci. Math. 47 (1984) 321-348.

Z.1. Szabd, Structure theorems on Riemannian spaces satisfying R(X, Y) - R = 0, II, The global version, Geom. Dedicata 19 (1985) 65-108.

L. Tamassy, T.Q. Binh, On weakly symmetric and weakly projective symmetric Riemannian manifolds, Coll. Math. Soc. J. Bolyai 50 (1989) 663-670.
L. Tamassy, T.Q. Binh, On weak symmetries of Einstein and Sasakian manifolds, Tensor (N.S.) 53 (1993) 140-148.

P. Venzi, Una generalizzazione degli spazi ricorrenti, Rev. Roumaine Math. Pures Appl. 30 (1985) 295-305.

A.G. Walker, On Ruse’s spaces of recurrent curvature, Proc. Lond. Math. Soc. 52 (1950) 36-64.

P. Wils, Homogeneous and conformally Ricci flat pure radiation fields, Classical Quantum Gravity 6 (9) (1989) 1243-1251.

K. Yano, M. Kon, Structures on Manifolds, World Scientific Publ., Singapore, 1989.


http://refhub.elsevier.com/S0393-0440(18)30496-0/sb12
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb12
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb12
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb13
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb13
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb13
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb14
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb14
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb14
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb15
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb15
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb15
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb16
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb16
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb16
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb17
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb18
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb19
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb20
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb21
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb22
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb23
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb23
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb23
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb24
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb25
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb25
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb25
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb26
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb26
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb26
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb27
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb28
http://dx.doi.org/10.1063/1.526434
http://dx.doi.org/10.1063/1.526434
http://dx.doi.org/10.1063/1.526434
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb30
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb31
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb32
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb33
http://dx.doi.org/10.1007/s00022-018-0443-1
http://dx.doi.org/10.1007/s00022-018-0443-1
http://dx.doi.org/10.1007/s00022-018-0443-1
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb36
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb37
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb38
http://dx.doi.org/10.100.7/s00022-013-0200-4
http://dx.doi.org/10.1007/s00022-016-0355-x
http://dx.doi.org/10.1007/s00022-016-0355-x
http://dx.doi.org/10.1007/s00022-016-0355-x
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb41
http://dx.doi.org/10.1142/S0219887818501578
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb43
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb45
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb46
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb48
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb49
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb49
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb49
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb50
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb51
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb52
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb53
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb54
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb55
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb56
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb57
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb58
http://refhub.elsevier.com/S0393-0440(18)30496-0/sb59

	Curvature properties of a special type of pure radiation metrics
	Introduction
	Curvature Restricted Geometric Structures
	Curvature properties of pure radiation metric
	Curvature properties of pure radiation type metric
	Acknowledgement
	References


