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1. Introduction

The classical nonlinear Schrodinger (NLS) equation iu; = uy, + %lulzu for a complex-valued function u(x, t) is well-
known to arise in numerous physical applications and has a deep connection to differential geometry, particularly
symmetric spaces.

On one hand, from the viewpoint of isospectral theory in symmetric Lie algebras, the NLS equation is given by a linear
isospectral flow in the Lie algebra su(2) =~ so(3). This provides a natural Lax pair for the NLS equation, which is directly
related to the AKNS scheme [1] yielding a hierarchy of isospectral equations and integrable flows in su(2) C sl(2, C). The
NLS isospectral flow is also associated with a geometric curve flow y; = [ys, yss] in the Lie algebra su(2) which is given
by the Sym-Pohlmeyer [29,32] construction. Constant phase rotations on u, which are a symmetry of the NLS equation,
correspond to a U(1) gauge group of transformations generated by a u(1) Cartan subalgebra in su(2). This is directly related
to the structure of CP' = SU(2)/U(1) ~ S? as a Hermitian symmetric space.

On the other hand, from the viewpoint of geometric integrability theory in Riemannian symmetric spaces, the NLS
equation arises as the evolution equation for the curvature and torsion («, T) of a non-stretching curve flow y(x, t) in
Euclidean space R3. The motion of the curve is given by the bi-normal equation ¥; = T x N = ¥, x Jxx where T = }j is
the unit tangent vector, N is the normal vector, and B = T x N is the bi-normal vector comprising a Frenet frame (T, N, B)
along the curve. Note that R has the natural structure of a Riemannian symmetric space (SO(3) x R3)/S0(3) in which
the SO(3) is the structure group of orthonormal frames. In this formulation [26], («, t) = (Jul, arg(u)y) are invariants of
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the curve, while u = xe'/” % has the geometrical meaning of a U(1)-covariant of the curve, with (Reu, Imu) being the
components of the Cartan matrix of a parallel frame [15] given by the tangent vector T and the pair of normal vectors
Re(eiff (N + iB)), [m(eiff (N + iB)). The phase-rotation symmetry on u corresponds to a U(1) ~ SO(2) gauge group
of transformations in SO(3) preserving the structure of a parallel frame by rigid rotations in the normal plane along the
curve.

As shown by Hasimoto [19], the bi-normal equation also describes the physical motion of a vortex filament in fluid
mechanics. Furthermore, the bi-normal equation can be interpreted as a Heisenberg spin model in R?, or equivalently as
a Schrédinger map equation on the sphere S2. The geometrical interrelationships among these physical and mathematical
formulations of the NLS equation have been explored in Ref. [12]. Abstract formulations involving differential invariants,
Hamiltonian structures, and loop groups can be found in Refs. [24,25,33].

A generalization of linear isospectral flows yielding group invariant multi-component integrable NLS systems is
known [17] for all Lie algebras associated with Hermitian symmetric spaces (namely, Riemannian symmetric spaces
with a compatible complex structure). These isospectral flows, called Fordy-Kulish systems, each have an associated
Sym-Pohlmeyer curve flow which can be viewed as a Lie-algebra version of a bi-normal equation [22].

A generalization of parallel frames and Hasimoto variables yielding group-invariant integrable systems is known [6]
for all Riemannian symmetric spaces. This includes [5] semi-simple Lie groups, viewed in a natural way as diagonal
Riemannian symmetric spaces. In particular, the results in Ref. [5] show that the NLS equation arises directly from
a parallel frame formulation of a non-stretching geometric curve flow given by a chiral Schrédinger map equation
in the Lie group SU(2), which is a variant of the Sym-Pohlmeyer curve flow in the Lie algebra su(2). This type of
geometrical derivation of group-invariant integrable systems and corresponding non-stretching map equations has been
pursued [2,4,8-10,30] for all of the basic classical (non-exceptional) Riemannian symmetric spaces, yielding many types
of multi-component mKdV and sine-Gordon systems, as well as multi-component NLS systems [5], formulated in terms
of Hasimoto variables.

In the present paper, we adapt the general results on parallel frames and Hasimoto variables from Ref. [6] to extend
the geometrical relationships among the NLS equation, the vortex filament equation, the Heisenberg spin model, and the
Schrédinger map equation to the general setting of Hermitian symmetric spaces. Several main results are obtained.

We give a new geometrical derivation of the Fordy-Kulish isospectral NLS flows [17], together with the associated
Sym-Pohlmeyer curve flows [22], in all Lie algebras that arise from Hermitian symmetric spaces. The derivation provides
an explicit bi-Hamiltonian formulation for the NLS flows and the Sym-Pohlmeyer curve flows. We also show that the
underlying geometrical curve flows can be formulated as bi-normal equations which can be viewed as vortex filament
equations in affine symmetric spaces defined from the Lie algebras.

Most interestingly, we derive generalized Heisenberg spin vector models and Schrédinger map equations from
the vortex filament equations in affine symmetric spaces, and we obtain their explicit bi-Hamiltonian structure. The
Schrodinger map equations describe a geometric version of the NLS equation for a map into a Hermitian symmetric space,
which is generalization of the Grassmannian spaces studied in Ref. [33]. We also show that the equations corresponding to
axial motion of a vortex filament in affine symmetric spaces correspond to a higher-order Heisenberg spin vector model
and an mKdV analog of a Schrodinger map equation, which have a simple bi-Hamiltonian structure. The explicit form
of the Hamiltonian structures of these geometric map equations is shown to involve only the intrinsic Hermitian and
Riemannian structure of the Hermitian symmetric space. Furthermore, we obtain an explicit recursion operator arising
from Magri’s theorem [23] applied to this bi-Hamiltonian structure, which yields a hierarchy of higher order geometric
map equations. We show how the resulting hierarchy of Hamiltonians leads, through the inverse recursion operator, to
a hierarchy of Hamiltonian forms for the Schrédinger map equations and their mKdV analogs. We also derive a new
non-standard Hamiltonian structure for these equations.

In addition, we show how to obtain an explicit matrix representation for the Schrédinger map variable, the spin
vector variable, and the Hasimoto variable. The matrix representation provides a Backlund transformation relating the
isospectral flows, vortex filament equations, Heisenberg spin vector models, and Schrédinger map equations. This allows
the integrability properties of any one of these nonlinear PDE systems to be transferred to any other.

All of these new results, which make essential use of the generalized Hasimoto variable in Lie algebras associated
with Hermitian symmetric spaces, will be of interest for applications and further developments in both mathematics and
physics.

The basic geometric setting for this work will be to formulate a Lie algebra g that is associated with a general Hermitian
symmetric space as being an affine semidirect-product symmetric space g >~ (G x g)/G, analogously to the treatment of
semi-simple Lie groups in Ref. [5]. We develop a general theory and apply it to the Lie algebra su(N + 1) ~ CN @ u(N)
corresponding to the complex projective space CPN = SU(N + 1)/U(N). This example will provide a higher-dimensional
version of the vortex filament equation, the Heisenberg spin model, and the Schrédinger map equation, since in the case
N = 1, we have g = su(2) ~ so(3) ~ (SO(3) x R3)/50(3), with R® ~ s0(3). The NLS and mKdV isospectral flows for this
example reproduce the vector NLS system and vector mKdV system derived in Ref. [5] from the Lie group SU(N + 1), with
the Hasimoto variable being a complex vector in CV.

The rest of the present paper is organized as follows.

Section 2 reviews the theory of linear isospectral flows and the resulting integrable Fordy-Kulish NLS systems in Lie
algebras associated with Hermitian symmetric spaces. For later comparison, the recursion operator and its factorization
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Table 1

Non-exceptional Hermitian symmetric Lie algebras.
Type g b m
Al su(n + m) s(u(n) @ u(m)) R2Mm
D I so(2n) u(n) R=1)
BD I so(n +2) so(n) @ s0(2) R2"
Cl sp(n) u(n) RHD

into Hamiltonian operators generating higher isospectral flows, in particular integrable mKdV systems, are presented in
an explicit form. A short summary of the Sym-Pohlmeyer construction of associated curve flows is also given.

Section 3 presents the new geometrical derivation of this isospectral hierarchy. As a first step, the geometrical and
algebraic structure defining an affine Hermitian symmetric space is stated. Next, the formulation of parallel frames and
Hasimoto variables in Riemannian symmetric spaces is adapted to affine Hermitian symmetric spaces. This formulation
is then applied to non-stretching curve flows, where the flow is shown to induce a bi-Hamiltonian isospectral equation
on the Hasimoto variable. By considering geometric flows generated by a translation symmetry and a Hermitian (phase)
symmetry of this bi-Hamiltonian structure, the resulting flows on the Hasimoto variable are shown to yield exactly the
NLS hierarchy of Fordy-Kulish isospectral flows. The relationship between the parallel frame formulation and the Sym-
Pohlmeyer construction is explained. It is emphasized that bi-Hamiltonian structure and its associated recursion operator
arise in a natural geometric fashion in the parallel frame formulation, whereas the Hamiltonian structures are hidden in
the Sym-Pohlmeyer construction.

Section 4 first shows how to obtain the explicit form of the geometric non-stretching curve flows. For the Fordy-
Kulish NLS systems and associated mKdV systems, these curve flows are shown to be given by a generalized version of,
respectively, the vortex filament equation and the equation describing axial motion of a vortex filament. These equations
are formulated geometrically in terms of the tangent vector, normal vector, and a generalized bi-normal vector of the
underlying curves in affine Hermitian symmetric spaces. Next, the vortex filament equation is shown to yield a general
Heisenberg spin model, while the equation for axial motion of a vortex filament is shown to give rise to a related higher-
order spin vector model, where the dynamical variable in these models is given by the tangent vector of the curve.
In addition, a geometric recursion operator is derived which generates a hierarchy of non-stretching curve flows and
associated spin vector models. This result establishes that each geometric curve flow and associated spin vector model
possesses an infinite hierarchy of higher symmetries. Section 5 extends these main results by showing that the geometric
curve flows and associated spin vector models have an explicit bi-Hamiltonian structure which arises from a factorization
of the geometric recursion operator. A new non-standard Hamiltonian structure for these equations is also obtained. As
a consequence, all of the geometric curve flows and spin vector models are tri-Hamiltonian integrable systems.

Section 6 derives, for all Hermitian symmetric spaces, the general Schrodinger map equation and its mKdV analog
from, respectively, the general Heisenberg spin model and its higher-order counterpart in affine Hermitian symmetric
spaces. These geometric map equations are shown to represent curve flows that are locally stretching but whose total
arclength is a constant of motion. The main integrability features of these geometric map equations are presented,
including their recursion operator and multi-Hamiltonian structure in an explicit geometrical form. In addition, the explicit
matrix representations and Backlund transformations for the general Schrédinger map equation and the associated general
Heisenberg spin vector model and vortex filament equation are stated.

Section 7 applies the preceding results to the example of the Hermitian symmetric space CPN = SU(N + 1)/S(U(N) x
U(1)) = SU(N+1)/U(N) and the associated Lie algebra su(N+1) ~ CN@u(N). The correspondence between the isospectral
NLS flows and their associated Heisenberg spin models and Schr odinger map equations is shown in an explicit form. The
necessary algebraic structure is summarized in an appendix. Concluding remarks are given in Section 8.

2. Fordy-Kulish NLS hierarchy

We will begin by summarizing the theory of isospectral flows in Lie algebras associated with Hermitian symmetric
spaces, as developed in Ref. [17].

Recall [20], a compact semi-simple Lie group G with subgroup H such that the quotient of Lie algebras m = g/h has a
complex structure defines a Hermitian symmetric space G/H. This is equivalent to stating that g = m @ b is a Hermitian
symmetric Lie algebra.

There is a well-known classification of Riemannian and Hermitian symmetric spaces [20]. These spaces divide up
into classical and exceptional types. The corresponding irreducible Hermitian symmetric Lie algebras of classical type
are shown in Table 1.

The Lie bracket structure of a Hermitian symmetric Lie algebra g = m @ b is given by

(b,b]1SHh, [b,m]Sm, [mm]Ch, (2.1)

while the Hermitian structure consists of an element A € ) such that its centralizer in g is b, and it acts as an imaginary-unit
on m:

CQ(A) =0b,
ad, (A = —id,,.
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Thus, ad(A)m = m and ad(A)h = 0. The element A has the squared norm
K(A, A) = tr(ad,(A)?) = — dim(m) (2.4)
in the Killing inner product on g.
ia b+ic
—b+ic —ia

1; . )
30 _(ia o0 _ (0 b+ic B
(0 —%i eh= 0 —ia) where ad,,(A) = J acts as a complex structure on m = haic 0 by Jm =

0 . i(b—i—ic)):( 0. _C+ib>.Hereh:u(1)andm:R2:C.

In the example of g = su(2) = ( ) a,b,c € R, the Hermitian structure is given by A =

—i(—b +ic) 0 c+ib 0
2.1. Isospectral flows

The theory starts with a linear overdetermined system

¢ps=U¢p, ¢r=Vo, (2.5)

in which ¢ = ¢(s, t, 1) takes values in the Lie group G, while U(s, t, A) and V(s, t, A) take values in the Lie algebra g.
Compatibility of Egs. (2.5) yields a Lax pair formulated as a zero-curvature equation

U —Vs+1[U,V]=0. (2.6)
Choose U = U(s, t, A) to be a linear polynomial in A,
U=2A+Q, (2.7)
where Q = Q(s, t), called the potential, sits in m C g. Choose V = V(s, t, A) to be a Laurent polynomial in A,
V= v, (2.8)
k

Then for the zero-curvature equation (2.6) to hold with A being arbitrary, the coefficient of each separate power of A must
vanish. This describes a generalization of the AKNS scheme [1] from sl(2, C) to g.
To derive the NLS isospectral flow, take V to be a quadratic polynomial,

vV =v@2 vy 4 v, (2.9)
The coefficients of A in the zero-curvature equation (2.6) projected into h and m yield the system
D, V(O) [Q. V(o . (2.10)
st(l) [Q, V(l] (2.11)
v = [Q. V), (2.12)
and
Q =DV — Q. V"], (2.13)
DV — 1, V"1 - [A, VO] =0, (2.14)
DVP —1Q, V1 - 1A, V"1 =0, (2.15)
[A, V] =0, (2.16)

for V{0, Vék), k=0, 1,2.Eq.(2.16) leads to V{?) = 0 by property (2.2). As a consequence, equation (2.12) can be integrated,
which gives

Véz) = A, ¢y = const. (2.17)
Next, Eq. (2.15) becomes [A, c;Q — V("] = 0, whence

VD = c,Q (2.18)
by property (2.2). Eq. (2.11) then can be integrated, yielding

Vé” = 1A, ¢ = const. (2.19)
Substitution of these expressions into Eq. (2.14) gives c;,Qs = [A, V,Sf’) — ¢1Q]. Hence
VO = ¢,Q — c,ad(A)Qs (2.20)

m



328 S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357

by properties (2.2) and (2.3). Next, Eq. (2.10) becomes stéo) = —c3[Q, ad(A)Qs] which simplifies to DSVéO) = —%cz
[Q, ad(A)Q]s through the Jacobi identity [Q, ad(A)Q]s = 2[Q, ad(A)Qs] + ad(A)[Qs, Q] combined with ad(A)[Qs, Q] = 0 due
to [Qs, Q] € b. Thus,

V¥ = coA — 16:[Q, ad(A)Q]s (2.21)

with the integration constant chosen in the same way as before.
Finally, the evolution equation (2.13) reduces to

Q = cad(A)Q + c1Qs — c2(ad(A)Qss — 3[Q. [Q, ad(A)Q]]). (2.22)
This equation can be cleaned up as follows. Write

ad(A) =] (2.23)
where J2 = —id on m. Now apply a Galilean transformation t — t, s — s 4 c;t combined with a phase transformation

Q — exp(cpad(A))Q, and use a scaling t — ét. As a result, Eq. (2.22) becomes

Q= —JQs + %[Q, [Q,JQll, (2.24)
which is called the Fordy-Kulish NLS system [17]. Note that it comes from V(® = —1[Q, JQ]; — JQ;, V(¥ = Q, V¥ = A.
This NLS system is integrable. It has the Lax pair
U=2M+Q, V= _%[Q’JQ]S_JQS+)\Q+)\'2A7 (2.25)
and corresponding isospectral equation
¢s=(A+Q)p, ¢ = (—31Q.JQls —JQs +2Q + 2*A)p. (2.26)

2.2. An isospectral hierarchy

For any polynomial V = Y ;_;AkKV®), the zero-curvature equation (2.6) splits into a coupled system that contains
Egs. (2.10), (2.11), (2.13), (2.14). These four equations turn out to encode a recursion operator.
First, eliminate V,EO) from Eq. (2.13) via Eq. (2.10) to get

Q = HVD (2.27)
where

H = D5 — ad(Q)D; 'ad(Q). (2.28)
Next, eliminate Vél) from Eq. (2.14) via Eq. (2.11) to get

v = rry(D (2.29)
where

R* =] (Ds — ad(Q)D; 'ad(Q)) =]~ 'H (2.30)
is the adjoint of

R = (Ds — ad(Q)D; 'ad(Q)y ' = 1) . (2.31)

Theorem 1. If V is polynomial of degree n > 2 in A, then the corresponding isospectral flow is given by
Q =HR™(Q) = R"(Q) (2:32)

called the 4+n flow, where R = #J~! is a hereditary recursion operator. Moreover,  and | are compatible Hamiltonian
operators. Each of these operators, along with all of the isospectral flows, are invariant under the unitary group Ad(H).

A geometrical derivation of H and R will be given in Section 3 where the proof of their properties will be discussed.
Moreover, the potential Q will be seen to be a Hasimoto variable, which is related to the principal curvature of non-
stretching geometric curve flows associated with the isospectral flows by the Sym-Pohlmeyer construction, as shown in
Section 4. This will also provide a geometric origin for the unitary invariance of the isospectral flows and the Hamiltonian
operators.

In the hierarchy (2.32), the 0 flow is Q; = JQ, and the +1 flow is Q; = Qs, while the +2 flow is the Fordy-Kulish NLS
system (2.24). The 43 flow can be shown to be given by the mKdV system

Q = —Qs +[Q. [Q. Q11 + 3UQ. Q. Qll (2.33)
which is derived in Ref. [14].



S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357 329

As is well known, negative flows arise by taking V to be a Laurent polynomial in A. The first negative flow is given by
U=)A+Q, V=xvCD, (2.34)
which leads to the system
Q=-AVYL DV =1Q.vy 1L DU =[Q. VL. (2.35)
This system is equivalent to the flow equation
R(Q:)=0 (2.36)
called the —1 flow.

2.3. Sym-Pohlmeyer curves

Each isospectral flow in the hierarchy (2.32) gives rise to an associated curve flow via the Sym-Pohlmeyer construction
starting from the linear isospectral system (2.5) for ¢(s, t, A). The curve is defined by

ys.t)=¢ b, (2.37)
which lies in the Lie algebra g. It is straightforward to see that the tangent vector and the flow vector of y are given by
vs=¢ Ul _, = b 'Ado. v =0 Vid|,_, =0 Vo, (2.38)

where ¢ = ¢|,—o. Moreover, the tangent vector s satisfies K(ys, ¥s) = K(¢o~'Ago, po~'Ady) = K(A,A) = — dim(m).
Hence the arclength parameter of the curve y is related to s by

x = y/dim(m)s (2.39)

with K(yx, yx) = —1. Furthermore, y;s = (¢o ™ 'Ado): = ¢o'[A, VOl = o~ JV O, and thus K(ys, yis) = K(o~'Adbo,
o YV O¢y) = K(A, JVO@) = —K(JA, V(®) = 0. This shows that the arclength x is locally preserved in the curve flow,

3K (vx, y4) = 0. (2.40)

For a given isospectral flow, V(") will be a function of Q and s-derivatives of Q, which can be expressed in terms of
s-derivatives of y; through the following relations:

Vs = (¢o "Ado)s = do~ '[A, Qlpo = B0~ 'JQbo, (2.41)
[¥s, vss) = [0~ Ao, do~ ' JQebo] = o '[A, JQlpo = o~ 'J*Qepo = —po~ ' Qebo, (2.42)

using ¢gs = q¢po from the linear isospectral system (2.5). Then y; = ¢~ ' V(D¢ will yield an explicit equation of motion
for the curve flow.

In particular, the NLS isospectral flow (2.24) has V(¥ = Q, which yields y; = ¢~ 'Q¢o = —[ys, ¥55]. Hence, the
Sym-Pohlmeyer curve flow associated with the Fordy-Kulish NLS system (2.24) is given by [22]
Ve = —[¥s Vsl (2.43)

in the Hermitian symmetric Lie algebra g.

The mKdV isospectral flow (2.33) can be seen to have V() = —jQ, — %[Q,]Q]. This yields y; = —¢0‘1UQg+%[Q,]Q])¢O.
From relations (2.41)~(2.41), note [ys, [1s, %11 = ¢o~'JQ. JQ. Allgo = do Q. Ql¢po and ysss = o~ 'JQs + [JQ, Q1)¢bo.
Hence, Ysss — %[yss, [¥ss, 511 = o~ 1(JQs + %[Q,]Q])qbo, and so the Sym-Pohlmeyer curve flow associated with the mKdV
system (2.33) is given by [22]

Ve = —Vsss t+ %[Vss, [Vsss ¥s51] (2.44)

in the Hermitian symmetric Lie algebra g.

3. Geometrical derivation of the isospectral hierarchy

We will now present an entirely geometrical new derivation of the hierarchy of isospectral flows (2.32), including the
Fordy-Kulish NLS system (2.24) and the associated mKdV system (2.33).

The setting for the derivation is given by non-stretching curve flows in an affine symmetric space constructed from
any Hermitian symmetric Lie algebra (g, A), with a corresponding compact semisimple Lie group G. Key ingredients will
be to introduce a G-parallel frame and corresponding Hasimoto variable, by applying the general results in Ref. [6] for
Riemannian symmetric spaces.



330 S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357
3.1. Affine Hermitian symmetric spaces

A Hermitian symmetric Lie algebra (g, A) consists of [20,21] a vector space g = m @ h equipped with the following
structure: a Lie bracket with the properties (2.1); a complex structure ] = ad(A) on m, satisfying properties (2.2)-(2.3),
where ad(A)h = 0; an ad-invariant inner product given by the Killing form K( - , - ).

Typically, a symmetric Lie algebra g = m @ b is identified with the infinitesimal isometry group G of a corresponding
symmetric space defined by M = G/H, with H C G being the stabilizer group of the origin o of M. There is a left-invariant
g-valued 1-form on G, called the Maurer—Cartan form [20,21], which provides a canonical isomorphism between the vector
space m and the tangent spaces of M. As a manifold, the symmetric space M = G/H will have a curvature 2-form given
in terms of Maurer-Cartan. When g has a Hermitian structure, the resulting curved Hermitian manifold M = G/H is a
Hermitian symmetric space (namely, a Riemannian symmetric space with a compatible complex structure) [20,21],

Rather than considering this geometrical setting, we instead construct an affine symmetric space

aff(G, H) := (G x g)/G, (3.1)

where G acts by a semidirect product on g via the adjoint representation. This space has a very different geometrical
structure in comparison to M = G/H.

Elements of G x g will be represented by (g, a), with g € G, a € g, where G C G x g is the inclusion (g, 0). A group
product for G x g will be defined by (g1, a;)(g2, a2) = (2182, Ad(g1)az + a;), which has a semidirect product structure.

We will now explain the main features of the space aff(G, H).

First, we consider the algebraic structure of aff(G, H). The Lie algebra of G x g is gaff := g x g. As a vector space,

Gaff = Dafr © magr (3.2)
whose elements will be represented by
(a,d) € gair.  (a,0) € hag = g, (0,d) € myy = g = RO, (33)

with a, @’ € g. The Lie bracket on g, is given by

(a1, d}), (a2, @y)] = ([a1, a2], [a1, @y] + [d], az]). (34)
For later, it will be useful to note the semidirect algebra structure is given by
[(a1,0), (a2, 0)] = ([a1, a2],0), [(a1,0),(0,a;)] = (0, [ar, a51), [(0,a}), (0, a,)] = (0,0). (3.5)
The Lie bracket gives aff(G, H) the structure of a symmetric space
[Batrs basr] € batrs  [Datr Magr]  magr,  [magr, magr] = 0. (3.6)

There are further decompositions m,g = RIMO) @RAM™) .o = hBm, garr = (HDm) x (H@®m), which induce corresponding
decompositions of the Lie bracket, used later.

The element A € ) defines a complex structure [, = ad((A, 0)) on both (m, 0) C bha and (0, m) C mag. Moreover,
fff = —id,, acts as a projection operator on these subspaces and annihilates the complementary subspaces (b, 0) C hagr
and (0, f)) C myff.

The Killing form on g yields a positive-definite inner product on ga¢:

<(a1’ Cl/]), (aZﬂ a/2)>aff = _I<(a1’ a2) - I<(a/13 a/z) (37)

This inner product is ad-invariant. It is also Hermitian invariant when restricted to the subspaces (m,0) C b and
(0, m) C myf.

Next, we consider structure of aff(G, H) as a Klein geometry [6,31].

The space aff(G, H) possesses a Maurer-Cartan form £2 which is a left-invariant gag-valued 1-form on G x g satisfying

de2 + 12, 21=0. (3.8)

Moreover, aff(G, H) is a principal G-bundle over g on which §2 defines a zero-curvature connection. Let £2°7 be the pullback
of 2 from G to aff(G, H) in a local trivialization of the bundle aff(G, H). A smooth change of the local trivialization is
described by a G-valued function g(x) on aff(G, H). This induces a gauge transformation of $2°f:

23 5 23 — Ad(g(x)" )2 + g(x)"'dg(x). (3.9)
The 1-form £2° can be decomposed via the vector space structure (3.2). This yields
e = (2 o= (2", (3.10)
where
de + [w,e] =0, (3.11)

do + %[a), w]=0 (3.12)
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arise from the zero-curvature property (3.8) of the Maurer-Cartan form. These equations (3.11)-(3.12) imply that e is a
g-valued linear coframe on aff(G, H), and w is a g-valued linear connection 1-form w on aff(G, H). In particular, e provides
a linear map from the tangent space of aff(G, H) at any point x into the vector space mgg:

e : Tyaff(G, H) > mug >~ g. (3.13)

The structure group of frame bundle of aff(G, H) is G. Under a local gauge transformation (3.9), the linear coframe and
linear connection transform by

é=Ad(g(x) e, @ =Ad(g(x) " + gx)"'dg(x). (3.14)

Last, we consider the Riemannian structure of aff(G, H).

As a manifold, aff(G, H) is a vector space in which vectors X € T,aff(G, H) >~ aff(G, H) can be identified with elements
e|X € myg through the soldering relation (3.13). The inner product on m,g thereby yields a positive-definite metric on
aff(G, H):

g(X,Y) = (elX, e]Y)as. (3.15)
The manifold aff(G, H) carries a group action by G, where group elements g € G act on vectors X € aff(G, H) via
e](gX) = Ad(g)(e]X) = g(elX)g . (3.16)

The isometry group of aff(G, H) is G x g, with g C G x g acting as translations.

The metric g on aff(G, H) determines a torsion-free Riemannian connection, which can be viewed as a contravariant
derivative V satisfying Vg = 0. This contravariant derivative provides a covariant derivative, Vx = g(X, V), which is
given in terms of the linear connection w through the soldering form e:

e]VxY = dx(e]Y) + [w]X, e]Y]. (3.17)

The Maurer-Cartan equations (3.11)-(3.12) combined with the symmetric space structure (3.6) show that V has
vanishing torsion T(X, Y) = VxY — VyX — [X, Y] = 0 and vanishing curvature R(X, Y) = [Vx, Vy] — V|x,y; = 0; here the
bracket [ -, - ] denotes the commutator of vector fields.

Thus, aff(G, H) is a flat manifold, whose Riemannian structure is isomorphic to a Euclidean space RY™9), [t has a
degenerate Hermitian structure J given by

e]J(Y) := ad(A)(e]Y), (3.18)

where J2(Y) = —Y if e]Y belongs to either (m, 0) C hu5 or (0, m) C musr, and otherwise J2(Y) = 0.
Finally, the group action of G provides an explicit representation for the soldering (3.13).

Proposition 1. The soldering (3.13) of the tangent space of aff(G, H) onto m.g is explicitly given by

Ad(Ye(x))ma = Teaff(G, H) >~ aff(G, H), (x) € G. (3.19)
In particular, the linear coframe and linear connection thereby have the corresponding explicit representation
e=(0,Ad(Ve "), = (e 'dye,0). (3.20)

Thus, there is a one-to-one correspondence between functions v.(x) : aff(G,H) — G and linear coframes e :
Txaff(G, H) —> Muff = g.

The derivation of the representations (3.20) is straightforward from Egs. (3.13) and (3.17). Specifically, for vectors
X,Y € T,aff(G, H) ~ aff(G, H), note the soldering relation (3.19) gives a mapping of Y into an element in m,g given
by Ad(v.~')Y, which thus implies e|Y = (0, Ad(v/.~')Y). This mapping directly establishes the representation for the
linear coframe. Then, note e|VxY = dx(0, Ad(v.~")Y) + ad(wx )0, Ad(v.~1)Y) = (0, dx(Ad(e™")Y) + [wx, Ad(¥e"1)Y])
by Eq. (3.17), while e| VxY = (0, Ad(v.")VxY) = (0, dx(Ad(ve = 1)Y) + [~ 0x e, Ad(y.~1)Y]) by the previous soldering
relation, with the use of dyAd(v,.~!) = —ad(y.~'9x ). Equating these expressions for e|VxY yields the representation
for the linear connection.

3.2. Parallel framing of non-stretching curve flows

Now consider an arbitrary smooth non-stretching curve flow y = y(x, t) in an affine Hermitian symmetric space
aff(G, H), where x parameterizes the curve and t is time. The non-stretching property means that the arclength |yy|dx is
locally preserved at every point x on the curve under evolution, so that D;|yx| = 0, with || = /g(¥x, ¥x). Hereafter, x
will be taken to be the arclength, and its domain will be assumed to be C = R or S'.

A moving frame for y(x, t) consists of specifying a set of dim(g) orthonormal vectors spanning aff(G, H) at each point
in the two-dimensional surface y(x, t). From the viewpoint of Klein geometry [31], this is equivalent to specifying an
orthonormal basis for g >~ m,s which gets mapped into corresponding frame vectors for the tangent space T;aff(G, H)
of the surface y(x, t) through the soldering relation (3.13) provided by the linear coframe e. In particular, if X is a frame



332 S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357

vector in T;aff(G, H), then e]X is its corresponding basis element in g. The frame is said to be adapted to the curve if the
tangent vector y is one of the frame vectors, while the remaining frame vectors belong to the normal space of yy.

Given an orthonormal adapted frame at any point x on the curve y(x), its infinitesimal transport along the curve is
given by the Cartan connection matrix which describes the Frenet equations of the frame. Through the soldering relation
(3.13), the Cartan connection matrix can be identified with the linear connection w projected along the tangent vector yx
of the curve:

Ve = —ad(w]yy)e, (3.21)

where V, = g(¥x, %). Similarly, the infinitesimal transport of the frame at each point x under the flow y(x, t) is given by
the Cartan connection matrix arising from the evolution equations of the frame, which can be identified with the linear
connection w projected along the flow vector y;:

Ve = —ad(w]j;)e, (3.22)

where V; = g(7, V).

Two orthonormal adapted frames will be related locally by the action (3.14) of frame gauge group G such that e|yy
remains fixed, namely Ad(g(x)~1)(e|¥x) = e]¥x. When w |y is held fixed in addition to e|y,, then the action of the gauge
group relating the two frames consists only of a rigid transformation (3.14) in which g is a constant group element
belonging to the stabilizer subgroup of e|y; in g. This subgroup in G is called the equivalence group of an adapted frame.

As a result, a non-stretching curve flow together with an adapted orthonormal frame is determined up to equivalence
by specifying

ex = e]Yx € Mar, € = e]Y; € My,
Wy = O] Vx € baft, @ = ®] V¢ € bagr,

for the projections of e and w along the curve and along the flow, respectively. In particular, e, can be chosen as a
constant, while e;, wy, w; Will be, in general, functions of (x, t). These functions will satisfy the Maurer-Cartan equations
(3.11)-(3.12) on the two-dimensional surface swept out by y(x, t):

(3.23)

Dye; — Drex + [wx, er] — [w, ex] =0, (3.24)
Dyw; — Drwx + [y, 0] =0, (3.25)

where D, D; represent total derivatives. Note that [ey, e;] = 0 because aff(G, H) is a flat space.

The non-stretching property of y (x, t) imposes the condition that e, has unit norm, (e, e,)arr = 1. Hence ey is a constant
unit-norm element in mu. Under a local gauge transformation on the frame, e, transforms into &, = Ad(g(x)~!)e,. Hence,
the possible inequivalent choices for e, are in one-to-one correspondence with the orbits of the group action Ad(G) on
W If the group G has rank greater than one, then there will be more than one choice of e, up to equivalence. (For
further discussion, see Ref. [6].) Consequently, curves y(x, t) in aff(G, H) at any fixed time t can be divided into algebraic
equivalence classes determined by the inequivalent choices of ey in m,g. Since ey is constant, a curve flow y(x, t) will stay
in the same equivalence class throughout its evolution.

Remark 1. The equivalence class of curves that will be relevant for obtaining a geometrical realization of the isospectral
flows (2.32) turn out to have e, belonging to the span of the element A in h. This is motivated by comparing the
representation e, = (0, Ad(v/.~")},) for the tangent vector y, given by the soldering relation (3.20) and the analogous
representation (2.38) for the tangent vector y; of the Sym-Pohlmeyer curve associated with an isospectral flow.

Thus, hereafter the curve flows y(x, t) under consideration will be taken to have
ey =€ = %(O,A) € Mafr, (3.26)
where
%2 = ((0,A), (0, A))ar = —K(A, A) = dim(m) (3.27)

is the norm-squared of A.

From the general theory of parallel frames in Ref. [6], a G-parallel frame for these curve flows y(x, t) in aff(G, H) will
be an adapted frame having the property that its Cartan connection matrix w, belongs to the perp space of the centralizer
of e, in b, The equivalence group of this frame consists of the subgroup G; C G that preserves e,. Its Lie algebra g, C g
is the centralizer of A, which is given by h from property (2.2), and hence G; = H.

To work out what this definition implies for wy, let (has)) be the centralizer of e in b, given by [e, (hae)y] = 0, and
let (har) 1 be the orthogonal complement defined by ((has) 1, (Dafr)j)arr = 0. Then

att = (barr)L @ (harr)y (3.28)

is a direct sum of vector spaces. The explicit representation for these subspaces can be obtained from the Lie bracket
[xe, bag] = [(0, A), (a, 0)] = (0, [A, a]) plus the property (2.2) that the centralizer of A in g is h. This determines

(batt)) = {(a, 0)la € b}, (bat)L = {(a,0)]a € m}. (3.29)
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Since hagr =~ mu = g as vector spaces, it will be convenient to also define

(mae)) = {(0, a)la € b}, (mae)L = {(0, a)la € m}, (3.30)
whereby
mafe = (Magr) 1 D (Mage)) - (3.31)

As a consequence of invariance of the Killing form with respect to ad(e), the Lie bracket structure (3.6) has the following
decomposition:

[(Bare)y» (Bare)y] S (amrdy,  [(bate)ys (maee)y] S (magr)y, (3.32)
[(hase)y> (Barr) L] S (Base)r,  [(bare) L, (mag)y] S (magr) 1, [(Bas)y, (Magr) L] S (mag) L, (3.33)
[(Dar) L, (Bag) ] S (Bage)y,  [(bae) L, (Mar) ] S (mage)y (3.34)
Through these decompositions (3.28)-(3.31) and (3.32)-(3.34), the Maurer-Cartan equations (3.24)-(3.25) become
Dy(ec)y + [wx, ()11 =0, (3.35)
Dy(e¢)1 + [wx, ()] — [(wr)1, €] =0, (3.36)
Dy(we)) + [wx, ()L] =0, (3.37)
Dy(w)1 — Drwx + [wx, (wr )] = 0, (3.38)
in which the variables are represented by
(ee)y =(0,hy) € (myr)y, (e)r =1(0,hr) e (mag)s, (3.39)
(o)) = (wy,0) € (bair)y, (o)L = (wy,0) € (ha)sL, (3.40)
wx =(q, 0) € (batr) L, (3.41)

where hy, wy € hand hy, w,, g € m are functions of (x, t). The Lie brackets in these Egs. (3.35)-(3.38) are straightforward
to compute using the representations (3.3) and (3.5). This yields

Dihy +1[g,hi ] =0, (3.42)
Dihy + g, byl + Xl[A, w1] =0, (3.43)
Dyw) +[q, w1] =0, (3.44)
Dyw; —q¢+[q, wy] =0, (3.45)

where all of these reduced Lie brackets sit in g.
The preceding developments, combined with Proposition 1, can be summarized as follows.

Theorem 2. In any affine Hermitian symmetric space aff(G, H) = (G x g)/G, with e and w being a linear coframe and a linear
connection (3.20), there is a distinguished class of non-stretching curve flows y(x, t) for which

e)yx = 5 (0,A) € (ma)y = b, (3.46)
where A € b is the complex-structure element (2.2)-(2.3). These curve flows have a G-parallel framing given by

@] P = (Y 'Dxe, 0) = (q, 0) € (mapr) 1 = m, (3.47)
and

elye=(0,hy +h) emyr>g, @]y = (Ye 'Dete, 0) = (wy +wy,0) € my = g, (3.48)

where y.(y) € G. The equivalence group of the framing is Gy = H C G, where H is the stabilizer group of A € b, acting in
the adjoint representation. For such a framing, the frame structure equations take the form (3.42)-(3.45), which are invariant
under G.

Remark 2. The variables (3.39)-(3.41) in the frame structure equations have the following geometrical meaning: q
encodes the Cartan connection matrix of the G-parallel frame; h, and h; respectively encode the motion of the curve
projected into the subspaces (3.30) of mus; w; +w) encodes the Cartan connection matrix of the evolution of the G-parallel
frame induced by the motion of the curve.

A geometrical interpretation of the algebraic property (3.46) distinguishing the curve flows y(x, t) will be given in
Section 4.1.

Furthermore, as will be shown later, there is an explicit geometrical correspondence between the G-parallel frame
structure equations (3.42)-(3.45) and the isospectral flow equations (2.10)-(2.11), (2.13)-(2.14). This correspondence is
closely related to the Sym-Pohlmeyer construction.
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3.3. Bi-Hamiltonian structure and hierarchies of isospectral flows

From the general results [6] known for non-stretching curve flows in Riemannian symmetric spaces, the G-parallel
frame structure equations (3.42)-(3.45) turn out to encode a bi-Hamiltonian structure for the induced flows on the Cartan
connection-matrix variable q.

Introduce the variable

ht = ad(e)h, = %[A, hilem (3.49)
and use Eqgs. (3.42) and (3.44) to eliminate the variables
hy = xD;'[a. Jht], wy = =D '[g, wl, (3.50)

where the property (2.3) that ad(A) =J is a complex structure on m has been used. Then the remaining equations (3.43)
and (3.45) become

wy = x2J(h"), (351)
ge = H(wy), (3.52)

where # is the operator
H = D, — ad(q)D; 'ad(q) (3.53)

and 7 is the conjugated operator

J =JH] " =Dy —Jad(q)D; 'ad(q) . (3.54)

Theorem 3. The operator equations (3.51)-(3.52) on the Cartan connection-matrix variables q and w, provide an equivalent
formulation of the G-parallel frame structure equations describing non-stretching curve flows y(x, t) of the algebraic type (3.46)
in any affine Hermitian symmetric space aff(G, H) = (Gxg)/G. In this formulation, H and ] are a compatible pair of Hamiltonian
operators with respect to the m-valued flow variable q, and R = 1]~ is a hereditary recursion operator. A curve flow y(x, t)
is determined by specifying the variable h*(x, t), which yields the flow equation

50 = Hwy) = —R*(h) (3.55)

for q(x, t). The curve flow equation as well as the Hamiltonian operators (and the recursion operator) are invariant under the
equivalence group Gy = H C G of the G-parallel frame.

This result is a direct application of the general theorem in Ref. [6] on a parallel-frame formulation of non-stretching
curve flows in Riemannian symmetric spaces. The proof of that theorem involves showing that the pair of operators
arising in the flow equation in a parallel frame satisfy the conditions to be a bi-Hamiltonian pair, in particular, H gives
rise to a bilinear bracket that is skew and obeys the Jacobi identity, while 7 gives rise to a bilinear form that is skew and
closed. These conditions are proved to hold by using an extension of the standard theory of bi-Hamiltonian structures to
the setting of Lie algebra-valued variables. The general theory of recursion operators [28] then shows that the hereditary
property of R follows from its factorized form in terms of # and 7.

Thus, a G-parallel frame encodes a natural bi-Hamiltonian structure #, J, along with a hereditary recursion operator
R. By Magri’s theorem, a hierarchy of bi-Hamiltonian flows can be produced by taking X = h' | d4 to be the generator of
a symmetry of the Hamiltonian operators #, J.

There are two natural symmetries, consisting of phase rotations and translations, generated by

Xphas. = —Jq19q, (3.56)
Xirans. = —qx]9g, (3.57)
which respectively produce a hierarchy of flows on q starting from h' = —Jq and ht = —q,.
The first hierarchy is given by
50 =R"0g), n=012.... (358)

Its root flow, for n = 0, is Xizqt = Jq. The next flow, for n = 1, is obtained by starting with R(Jq) = H(q) = qx, and so

RA(Jq) = R(qx) = H(U1qx) = —Jgxx + ad(q)D; '(ad(q)gx), where ad(q)jgx = %(ad(q)]q)x was derived earlier. Hence, this
yields

~50c = R*(q) = —Jau + 52d(9)’Ja, (3.59)
which is, up to scaling, the same as the isospectral NLS system (2.24). Note that this flow (3.59) has

ht=—Jg, hy =0, ;ﬁwl = —Jqx, X%wn = lad(q)q. (3.60)
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Similarly, the second hierarchy is given by

50 =R"(q). n=0,12,..., (3.61)

which has the root flow, for n = 0, is ﬁ% = qy. The next flow is given by R?(qx) = R(—Jqx + 3ad(q)*Jq), which requires
several steps to simplify. The first term

— RUGxx) = —H(qxx) = —Gux + ad(Q)ZQX (3.62)

follows from the use of D} '(ad(q)qw) = [g. gx]. The second term is 1R(ad(q)*Jq) = 3#(~'ad(q)¥Jq) = —3J(ad(q)*Jq)x +
%ad(q)DX”(ad(q)]ad(q)zjq). This expression can be simplified via the identity

Jad(q)’Jq = U, ad(q)lad(q)Jq + (ad(q)])*q = —ad(Jq)*q, (3.63)

which holds by [J,ad(q)] = ad(Jq) and (ad(q)/)’q = ad(q)/[q,Jq] = O due to [q,]q] € b. First, note that the local
term in 1R(ad(q)*Jq) directly becomes —1j(ad(q)*q)x = 3(ad(Jq)*q)x. Next, the nonlocal term in R(ad(q)?/q) vanishes
by the following steps applied to ad(q)Jad(q)*Jq. On one hand, from the identity (3.63), consider ad(q)Jad(q)*jq =
—ad(q)ad(Jq)*q = ad(q)lJq. ad(q)/q] = [ad(q)/q, ad(q)Jq] + [Jg, ad(q)*Jq] = ad(Jg)ad(q)?Jg. On the other hand, by the same
steps used in proving the identity (3.63), note ad(q)Jad(q)*Jq = [ad(q),J]ad(q)*Jq + Jad(q)*Jqg = —ad(Jq)ad(q)?*/q. Thus,

ad(q)/ad(q)*Jq = —ad(q)/ad(q)*Jq, which implies ad(q)D; !(ad(g)/ad(q)*Jq) = 0. Consequently, these steps give

3R(ad(q)’Jq) = 3(ad(Jq)*q)x. (3.64)
Combining the terms (3.62) and (3.64) thereby yields

250e = R*(qx) = — G + 2d(q)°qx + 3(ad(q)*q)x, (3.65)
which is, up to scaling, the same as the isospectral mKdV system (2.33). This flow (3.65) has

W=~ yhy=—3ad@)a, Hw.=—Gu— 3ad@’)g. Fw = —ad(q)gx. (3.66)

In these two hierarchies (3.58) and (3.61), the respective root flows are related by the recursion operator R, since
R(Jq) = qx. Hence, the hierarchies can be merged to form a single intertwined hierarchy of flows given by

Xl—zq[ =R"Jq)=hy, n=012 ... (3.67)

In particular, the 0 flow is X‘—zqt =Jq= h(LO) and the +1 flow is Xizqt =(Qx = h(ﬁ), while the +2 and +3 flows are precisely
the NLS flow (3.59) and the mKdV flow (3.65).

Remark 3. All of the higher flows in the hierarchy (3.67) can be viewed as higher symmetries XV = h(in)J dg, n > 4, of
both the NLS flow and the mKdV flow.

The merged hierarchy (3.67) has the following Hamiltonian structure.
Theorem 4. Each flow in the hierarchy (3.67) for n > 1 has a bi-Hamiltonian formulation
Xl—zq[ =H(HM/8q) = J(SH™V/8q), n=1,2,... (3.68)
where the Hamiltonians are given by the functionals
H® = % /D;l(R"Uq), Qdx, n=12,... (3.69)
C
on the domain C = R or S'. For n > 2, each flow has an additional Hamiltonian structure,
Xizq[ =&BH"V/8q), n=2,3,... (3.70)

where & = R?] is a third Hamiltonian operator which is compatible with the Hamiltonian operators H = RJ and J.
As a consequence, the NLS flow (3.59) and the mKdV flow (3.65) have the tri-Hamiltonian structures
0 = —Jgu + 310 [.Jq1) = £(6HV/8q) = (5H™)/5q) = J(5H")/5q) (371)
and
20t = — o + 2d(9)qx + 3(adUqYq) = E(BH? /8q) = H(SHP /8q) = J(5HW /8q), (3.72)

which are given in terms of the Hamiltonians

HO = / 1q. g dx. (3.73)
C
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H(Z) = / %qu qx)m dX7 (374)
C

H® = / 3 (@ Q) — 3(14.J), [4.Jq))w dx, (3.75)
C

H® = / 5 U, Godm — 3(19,Jq), [q, Gl dx. (3.76)
C

Expression (3.69) for the Hamiltonians comes from a general scaling formula in Ref. [3] (see also Ref. [6,7]), with
X — ex, ¢ — e °q (e € R) being the scaling group. In the case n = 0, this formula leads to a trivial identity
(0)H® = [.D;'(0) dx = 0.

Correspondingly, the n = 0 flow has only a single Hamiltonian form, X—lzq[ =Jq =J(8HV/8q), and the n = 1 flow has
only a bi-Hamiltonian form, Xizqt = qy = H(8HV/8q) = J(8H®/8q), rather than a tri-Hamiltonian form. Nevertheless, it
is possible to view #(0) = Jg = —ad(q)A if D! which appears in 7 is defined to contain a constant of integration given
by

D'(0) = A. (3.77)
Proposition 2. In the hierarchy (3.67) of flows, the bi-Hamiltonian structure (3.68) can be extended to n = 0 with a trivial

Hamiltonian H® = 0 if the Hamiltonian operator H is generalized by defining D, ! to have a non-trivial cokernel (3.77). This
yields #(0) = Jq = h(LO), which is the 0 flow. In a similar way, the tri-Hamiltonian structure (3.68) can be extended to n = 1

with a trivial Hamiltonian H® = 0, whereby £(0) = R#(0) = R(Jq) = qx = h{§, which is the +1 flow.

As a final remark, there is a direct link between the Hamiltonians (3.69) and the variable h; given in terms of
ht by Eq. (3.50). Specifically, consider Dy(A, hy), = x{(A, [g, ad(A)h*]), = x{Jq,Jht)m = x(q, ht)n. This shows that
Dy Y (hisy, Om = (A, h(H”))g, where

h" = xDy '[q. ad(A)hS;)] (3.78)
based on Eq. (3.50). Hence the following relationship holds.

Remark 4. The Hamiltonians in the hierarchy (3.67) can be expressed as

1
HO == [ (A ™), dx, n=1,2,..., (3.79)
n J e

where
W =h, n>2 (3.80)
holds for the +n flow.

The +n flow in the hierarchy (3.67) for n > 2 determines a non-stretching curve flow

po=P" Y n=273, ... (3.81)
arising from the soldering relation
el V=hy +h. n>2 (3.82)

with h; and h; being given in terms of h(in_z) through Egs. (3.49), (3.50), and (3.55). Note that the presence of R?
in Eq. (3.55) accounts for why h, is related to h(;_,, rather than to hy,_,, or hy.
pn—1)

It will be useful geometrically to split the motion of the curve into components (y;);, = P\’

and (7)) = ﬁﬁ"_l) at
every point along the curve. Then the L component is given by

elP'" = h = )7 = ) gy = xR @), nz2, (3.83)
where

R* =] "" =] (D, — ad(q)D; 'ad(q)) = (Dx — ad(Jq)D; 'ad(Jq)) ' (3.84)
is the adjoint of the recursion operator

R = (Dx — ad(q)D; 'ad(q)) " =]~ '(Dx — ad(jg)D; 'ad(Jq)). (3.85)
The tangential component is determined from the normal component by

elP\" " = hy = —D; '(ad(q)h.) = —xD; '@d(q)R*" *(q)), n= 2. (3.86)

These relations (3.83) and (3.86) allow P("~1 to be expressed in terms of yy and its x-covariant derivatives, as will be
shown explicitly in Section 4.



S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357 337
3.4. Relationship to the Sym—Pohlmeyer construction

The Sym-Pohlmeyer construction of non-stretching curve flows uses the scaled arclength parameter s = yx as shown
by the relation (2.39). Thus, the tangent vector of y(s, t) with respect to s is represented by e]y; = (0, A) in a G-parallel
frame. Consequently, the covariant derivative of a vector Y in aff(G, H) ~ g with respect to y; has the representation

e]VsY = (0, &5y + xad(q)y) (3.87)

with y = e]|Y. These soldering relations correspond to the identifications provided by Ad(¢o) in the Sym-Pohlmeyer
construction, with ¢y = ¢|—o Where ¢(s, t, 1) is the G-valued spectral function. Specifically, if y = ¢oY¢o~! then

VsY = (¢o~ 'yo)s = ¢o ' (dsy + [¥, QDo = ¢~ '(3sy — ad(Q)y)po using ¢os = q¢po from the linear isospectral system
(2.5) and (2.7), whereby

Go(VsY)go~ ' = By — ad(Q)y. (3.88)
Comparison of Egs. (3.87) and (3.88) establishes the correspondence
Q=—xq. (3.89)

Likewise, the covariant derivative of a vector Y with respect to y; is given by
e|ViY = (0, 0y + ad(w + wy)y), (3.90)
while in the Sym-Pohlmeyer construction,
$o(VeY)go ™ = By — ad(V@)y. (3.91)
This yields the correspondence
VO = —(wy + wy). (3.92)

Finally, a comparison of the flow vector j; itself in these two formulations ey = (0, hy + h,) and dovepo !t = v
gives

VW =hy +h,. (3.93)

Hence, the following correspondence holds.

Proposition 3. The G-parallel frame structure equations (3.42)-(3.45) and the isospectral flow equations (2.10)-(2.11),
(2.13)-(2.14) are related by the transformation
x=xs, q=-1Q wi=-VV w=-v" h =V, n=v" (3.94)

m

The main advantage of the G-parallel frame formulation over the Sym-Pohlmeyer construction is that it encodes an
explicit bi-Hamiltonian structure as well as a recursion operator. These structures are hidden in the Lax pair approach
underlying the Sym-Pohlmeyer construction.

The transformation (3.94) now leads to the following important correspondence result.

Theorem 5. The merged hierarchy (3.67) of tri-Hamiltonian flows on the Hasimoto variable q coincides with the hierarchy
of isospectral flows (2.32) on the isospectral potential Q under the transformation (3.94). In particular, the +2 and +3 flows
(3.59) and (3.65) respectively correspond to the H-invariant NLS and mKdV equations (2.24) and (2.33). Moreover, the non-
stretching curve flow (3.81) determined by the +n flow for n > 2 coincides with the Sym-Pohlmeyer curve flow associated
with the corresponding isospectral flow.

In this correspondence, the operators (3.53) and (3.54) which provide the bi-Hamiltonian structure are related to the
isospectral recursion operator (2.31) by

HT = —R? (3.95)

up to an overall scaling factor.
3.5. Covariants of non-stretching curves

Each of the isospectral flow equations (3.67) is invariant under rigid (constant) transformations Ad(G;) on the
dynamical variable q(x, t), where Gy = H C G is the equivalence group of the G-parallel frame. The explicit form of
these transformations is given by

q— Ad(glg=gqg”', geHCG. (3.96)
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Since the Cartan connection matrix of the G-parallel frame is represented by g, this variable encodes differential
covariants of the curve y(x), namely, q is invariantly defined by y(x) up to the rigid group action (3.96). In particular,
once any G-parallel frame is fixed through the soldering relation (3.13) by specifying an orthonormal basis for g >~ mg,
the components of g in this basis are scalar covariants, and likewise the components of any x-derivatives of q are scalar
differential covariants. These covariants carry geometrical information related to curvature invariants of the curve y(x).
Specifically, any scalar constructed only in terms of q and x-derivatives of g by use of the Lie bracket and the inner product
on g will be a curvature (differential) invariant.

This will be illustrated more fully in Section 4 when the geometrical curve flows arising from the isospectral flows
(3.67) are obtained.

4. Generalized vortex filament equations and Heisenberg spin models

We will now derive the geometric curve flows defined through Theorem 3 for the hierarchy of isospectral flows
(3.67) given in Theorem 1. From Theorem 5, these curve flows coincide with Sym-Pohlmeyer curves after a scaling of
the arclength parameter. In particular, the resulting curve flows that arise from the NLS and mKdV isospectral flows will
be shown to be close analogs of the equations in R> for the motion of a vortex filament and its axial generalization, which
will be formulated using the tangent vector, the normal vector, and a generalized bi-normal vector along the curves. We
will then show how these generalized vortex filament equations give rise to associated Heisenberg spin models for the
tangent vector of the underlying curve flows. Finally, we will present a geometrical recursion operator for the generalized
vortex filament equations as well as the associated Heisenberg spin models.

The derivation will use only some of the structure of an affine Hermitian symmetric space aff(G, H). Specifically, as a
manifold, aff(G, H) is isomorphic to a Euclidean space of dimension dim(g), namely aff(G, H) ~ RY™); and aff(G, H) ~ g
carries the Lie bracket structure of a Hermitian symmetric Lie algebra.

The role of a G-parallel framing will be seen to be essential in providing a simple geometrical way to relate the
isospectral flow equations to geometrical vectors arising from curves in aff(G, H). Looked at another way, the Cartan
connection-matrix variable q provides a generalized Hasimoto variable, such that the relationship between the isospectral
flows on g and the geometric curve flows is a generalized Hasimoto transformation.

4.1. Geometric preliminaries
Given a curve y(x) in aff(G, H), the tangent vector is yx, and hence V, = g(j, %) is the directional derivative along

the curve. For G-parallel framed curves of algebraic type (3.46), the directional derivative V, of vector fields corresponds
to the Lie-algebra element in g given by the soldering relation (3.17):

e]VxY = Dy(e]Y) + [(q, 0), e]Y] = Dx(0, y) + (g, 0), (0, y)] = (0, dxy + ad(q)y), (4.1)
where y = e]Y is the Lie-algebra element corresponding to the vector Y. In particular,

el Vi = 1(0, [, Al) = —1(0, Jg), (4.2)

el V27, = —1(0, Ja. + [a. Jql), (4.3)

and so on for higher derivatives. Namely, V, corresponds to d, + ad(q).
Similarly, the soldering of the flow vector y; is obtained from the representation (3.39) and the expressions
(3.49)-(3.50):

ely. = (0, hy + h.) = —x(0,Jh* — D;'[q,Jh*]). (4.4)

Any vector in aff(G, H) has an action on the vector space aff(G, H) through the Lie bracket on g. This action will be
denoted by ad,(-). For vectors Y, Z € aff(G, H), let e]Y = (0, y) and e]Z = (0, z) in the representation (3.3). Then ad(-) is
given by

elady(Z)Y = (0, [z, y]) (4.5)
and consequently
elady(2)*Y = (0, [z, [z, ¥]]). (4.6)
In particular, T has the action
elady(7)Y = 7(0,[A,y]) = £(0,Jy), eladg()*Y := X%([O,]zy]) = —X%(O, V), (4.7)

where (y),, denotes the projection of y into m. If Y belongs to the subspace in aff(G, H) corresponding to m in g, namely
y € m, then there is an inverse for the action of T:

elady(y)7'Y = x(0,J7'y) = —x(0,Jy) (4.8)

since J? = —id,,.



S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357 339

The action (4.7) of T provides a geometrical way to characterize the algebraic property (3.46) distinguishing the curve
flows y(x, t) in Theorem 2.

Remark 5. Non-stretching curve flows y(x, t) of algebraic type (3.46) have the geometrical characterization that the
action of aldg(f/x)2 on T;aff(G, H) 2 aff(G, H) ~ m @b has eigenvalues —1 and 0 on the respective subspaces in T;aff(G, H)
corresponding to m and b.

4.2. Tangent and normal vectors, and curvatures

The x-derivative of the tangent vector
T=% (4.9)

along the curve y(x) defines the principal normal vector V,T = V. The normal vector of the curve y(x) is then given
by

N=1lvT, (4.10)
where

« = g(N, V,T) (4.11)

defines the principal curvature scalar of the curve. This scalar is related to the norm of q by ¥ = g(V,T, V,T) =
(e] Vi, €] ViFilar = 25 ((0.Ja), (0, Ja))ar = —-5K (g, Ja) = —5K(g. q). Hence,

k| = ++/—K(g, q) (4.12)

which is a direct generalization of the relationship between the Hasimoto variable and the principal curvature for
non-stretching curves in R3,
A vector that is orthogonal to both T and N can be constructed algebraically by using adg(T)”. Note

g(ady(T)"'N,T) =0, g(ady(T)"'N,N) =0, g(ady(T)"'N, ad,(T)"'N) = 1 (4.13)
due to ad-invariance of the inner product on aff(G, H). Therefore,
B := ad,(T)"'N (4.14)

can be viewed as defining a bi-normal vector. The vectors T, N, B correspond to the Lie-algebra elements

e|T = %(O,A), (4.15)
e]N = —(0,]q), (4.16)
e|B=1(0,2q) = —1(0,q). (4.17)

This triple of vectors is a direct generalization of the vectors in a Frenet frame for non-stretching curves in R3. However,
in general T, N, B do not span all of g ~ R4m(e),

For comparison with the Sym-Pohlmeyer construction, we can use Proposition 1 to obtain an explicit identification
between vectors Y in T,aff(G, H) >~ aff(G, H) and Lie-algebra elements e|Y in m,¢ >~ g. Specifically, let e]Y = (0, y), where
y € g. Then we have (0, y) = (0, Ad(v.~")Y) with ¥.(x) € G, whereby

Y € aff(G, H)
>~ Ad(¥e)y € g.
Moreover, derivatives Vy of vector fields Y in aff(G, H) can be identified with derivatives D, of functions Ad(v.)y in g:
V.Y € aff(G, H)
>~ Dy(Ad(ve)y) € g.
This is established by noting, on one hand, e|V,Y = (0,Ad(y,. !)V,Y) from Eq. (4.18), while on the other hand,

e| VY = (0, 3y + ad(e 19, )y) = (0, Ad(yr.~1)Dy(Ad(v.)y)) through Eq. (4.1) combined with Eq. (3.47).
Thus, the vectors T, N, B can be represented as

T~ JAd(Ye)A, N2 —LTAd(Yedq, B=—IAd(Ye). (4.20)

kX

(4.18)

(4.19)

We will now derive the geometrical curve flows defined by the NLS and mKdV isospectral flows.
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4.3. NLS curve flow and generalized vortex filament equation

The NLS isospectral flow (3.59) is generated by h* = —Jq, with hy = 0, as given by Eq. (3.60). Thus, from expression
(4.4),

el = —x(0, q). (421)
Now apply the relation (4.8) with Y = py:

e] adg(l_/'x)qvx?x = —(0, q). (4.22)
This expression directly yields

e] J7t = xe] adg()_)x)i]vx)_"x (4.23)
which gives the equation of motion

¥ = adg(72) 7 Vi (4.24)
After scaling t, this equation of motion can be expressed as

¥t = kady(T)"'N = «B (4.25)

in terms of the tangent vector, normal vector, and the principal curvature scalar.

Hence the NLS isospectral flow corresponds to a bi-normal equation of motion (4.25) for a curve y in aff(G, H). This
geometric flow equation is analogous to the vortex filament equation in R3 [19]. In the form (4.24), it coincides with the
Sym-Pohlmeyer curve flow (2.43) after the scaling (2.39) of x.

4.4. mKdV curve flow and generalized vortex filament axial equation
The mKdV isospectral flow (3.65) is generated by h* = —q,. This flow has hy=—x %[q,]q], from Eq. (3.66). Thus

el = x(0.Jqx — 31q.Jq)). (4.26)

To relate this expression to x-derivatives of 7, apply the relation (4.6) with Y = V2§, and Z = %, eJad,(}x)* V¥ =
%(O,]qx). Then this expression can be combined with expression (4.3) to get

el(1+ x*ady(7)*) V7 = — (0. [4.JqD)- (427)

Hence,
5 1,2 2 = N2 25

elye = g x"el(1+ 3x ady(¥) ) Vi vk (4.28)
which gives the equation of motion

5 7e = 5(1+ 3x%ady(73)") Vi v (4.29)
After scaling t, this equation of motion can be expressed as

Ve = 5(1 4 3x%ady(T)*)V(«N) (4.30)

in terms of the tangent vector, normal vector, and the principal curvature scalar.
There is an alternative expression for the equation of motion (4.30). Consider the relation (4.6) with Y = yy and
Z = Vi

eJady(Vxia) 7 = ﬁ(o, Ug. Ug. All) = — \/1723(0, (9. Ja))- (4.31)
Then this expression combined with expression (4.3) yields

el = x*el(= Vit + 3 x*ady(Viix)* 7). (4.32)
After scaling t, this equation of motion can be expressed as

Ve = —Ve(kN) + 2 x°k*ady(NY’T, &> = g(V,T, V,T) (4.33)

in terms of the tangent vector, normal vector, and the principal curvature scalar.

Thus the mKdV isospectral flow corresponds to the geometrical equation of motion (4.33) for a curve y in aff(G, H).
This flow equation is analogous to the equation in R* describing axial flow of vortex filament [18]. When it is expressed
in the form

Ve = =Vitx + 3 x%adg(Vidx )’ (4.34)
this coincides with the Sym-Pohlmeyer curve flow (2.44) after the scaling (2.39) of x.
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4.5. Spin vector models in g

Any geometric non-stretching curve flow y; = P, with the vector P given in terms of yy and its x-covariant derivatives,
induces an associated flow on the tangent vector T = y;:

=V,P, T =1, (4.35)
where, for notational ease,
Yoi=ViY, Y=V, Y-X:=g(V,X), [YP?:=g(Y,Y) (4.36)

This induced flow equation (4.35) can be naturally viewed as defining a spin vector model, since T has a unit norm that
is preserved in the flow.
The spin vector model arising from the NLS curve flow (4.25) is given by

T, = —ady(T) Ty, [T = 1. (4.37)

This equation describes a generalized Heisenberg spin model.
The mKdV curve flow (4.33) yields the spin vector model

T = —Tuxx + 3X23dg(Txx)adg(Tx)Tv IT| =1, (4.38)
after the identity ad,(T)[Tx, Txx] = O has been used.

4.6. Recursion structure for geometric curve flow equations and spin vector models in g

Theorems 3 and 5 yield a hierarchy of geometric non-stretching curve flows, starting from generalized vortex filament
equation (4.25). This hierarchy inherits a geometric recursion operator from the lsospectral recursion operator (3.85).

Recall from Egs. (3. 81) (3.83), (3.86) that each curve flow y, = pin—1 ,n=2,3, ..., in the hierarchy is determined by
the variable h; = eJP - giving the motion of the curve projected into the subspace in aff(G, H) corresponding to m C g.
A recursion operator on this variable arises from its relationship (3.49) to the variable h' that determines the isospectral
flow corresponding to the curve flow. Specifically, consider a variation §h* = R(h'). The variation of the relation (3.49)
yields §h; = —Jsht = —JR(h*+) = —J 1#J(h') = R*(h.), where R* = J~!%{ is the adjoint of the isospectral recursion
operator R. This relationship shows that R* acts as a recursion operator on h;. Then the soldering equation

R¥(hy) = e]R7(P.) (4.39)

determines a corresponding recursion operator on the vector P .

The explicit geometric form of this recursion operator R; can be derived from expression (3.84) for R* as follows.
Consider R*(h ) = (Dx—ad(Jq)D; 'ad(Jq))J ~h_. First, the local term in R*(h ) can be expressed as Dy(J~'hy) = J"'Dyh, =
J~Y(Dyhy + ad(q)h.), since ad(q)h, belongs to i C g which is annihilated by J. Hence,

Dy(J"'hy) = eJ(ady(7%) ' ViPy) (4.40)

using the soldering relation (4.8). Next, the nonlocal term in R*(h,) can be expressed as —ad(Jq)Dy Yad(Jg)y~'hy) =
—ad(Jg)h; through the relation (3.42) between h; and h,, combined with the identity ad(Jq)/~ 'h, = —ad(q)h, due to
the properties of J. This yields Dyh = ad(]q)] Th, = eJ( —ady(Par)adg ()™ 1Pl) by the soldering relations (4.2) and (4.8),
while thu (th” + ad(q)h 1y = EJV P”, with h” = EJPH Here

VD = (1+ ady(7)*) Vi (4.41)
denotes the projection of V, into the subspace in aff(G, H) corresponding to h C g. Consequently, A P” = —ady(Yu)
ad, ()~ 1P, which yields

Pj = (V)™ (ady(F)adg () 'PL). (4.42)
Hence,

— ad(jq)D; 'ad(jq) ~"hy. = e](ady(V)P) = eJ(—ady(7) (V1) (ady(Fi)adg(75)'PL)). (4.43)
Combining the nonlocal term (4.43) and the local term (4.40) now yields

R (1) = e)(ady(72) " ViP 1 — adg(Fu)(V2) ™ (ady(FioJady(75) " PL)), (4.44)
and thus

Ry = ady(7)” " Vy — ady(7) (V1) adg(Fun)ady(75) ! (4.45)

gives the corresponding geometric recursion operator.
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A similar derivation produces a recursion operator for the hierarchy of spin vector models arising from the hierarchy
of geometric non-stretching curve flows. R

Each spin vector model T, = V, pin— D n = 2,3,..., in the hierarchy is determined by the variable e|V,P"~1 =
(Dx 4+ ad(q))(hy + hy). By means of the frame structure equations (3.42)-(3.43) and (3.49), this variable can be expressed
as

e]V,P"D = Dih) + ad(q)hy = —+jwy = —xR(h") (4.46)
on which R itself acts as a recursion operator. The geometric form of R can be obtained through the soldering equation

R(h") = e Ry(PL), (4.47)
where P is a vector defined by e]PX = h' in analogy to P,. Now consider R(h‘) = J=1(Dy — ad(Jq)D; 'ad(jq))ht. The
local term in R(h') can be expressed as J~'Dyh* = J~'(Dyh* + ad(q)h'), and hence,

J7'Dht = e](ady(T)"'V,PY) (4.48)

51mllarly to the derivation of Eq. (4.40). Likewise, the nonlocal term in R(h') can be expressed as —]~ ad(]q) I(ad(Jq)ht)
= J~'ad(Jq)h, which yields Dshy = —ad(Jq)ht = e](ad, (yxx)Pi) while Dyhy = (Dxhy + ad(q)hy), = eJV P” as before.
Hence,

— ]~ 'ad(Jq)D; 'ad(Jq)h*t = e](—ad,(T)'ad,(T,)(V!) ' (ady(T,)P)). (4.49)
Combining the two terms (4.48) and (4.49) now yields

R(h) = eJady(T)" (VP — ady(T,)(V?)~!(ad,(T,)PL)), (4.50)
and thus

R = ady(T)™1(Vx — ady(T,)(V]) " "ady(Ty) (451)
gives the corresponding geometric recursion operator.

Now observe that an x-translation generated by Xeans. = — x| 05 = —T JaT is a symmetry of the recursion operators

Ry and Ry. Applying these respective operators to the corresponding vectors ¥ and T, yields

R?(Vx) = adg(yx)_ me (4.52)

Ri(Tx) = ady(T) Ty, (4.53)

which are precisely the righthand sides of the generalized vortex filament equation (4.25) and the associated Heisenberg
spin model (4.37). This leads to the following result.

Theorem 6. The hierarchy of isospectral flows (3.67), with n > 1, on the Hasimoto variable q corresponds to the hierarchy
of geometric non-stretching curve flows

oo =P =REG). Id=1 k=0,1,2,... (454)
and the associated hierarchy of spin vector models
T =P =RET). ITI=1, k=0,1,2,... (4.55)

with k = n—1 > 0, starting from (y,), = PL =y and T; = PO) =Ty, where R; and Ry are hereditary recursion operators
(4.45) and (4.51). In particular, the k = 1 curve flow and assoczated spin vector model are respectively given by the generalized
vortex filament equation (4.25) and associated Heisenberg spin model (4.37), which correspond to the n = 2 isospectral flow
given by the H-invariant NLS equation (3.59) on the Hasimoto variable q.

The hereditary property of the geometric recursion operators Ry and Ry can be established from the general theory
of recursion operators [28] by noting that the isospectral recursion operator R is hereditary due to its factorized form
(3.85) in terms of the pair of compatible Hamiltonian operators J and #.

Remark 6. The hierarchy (4.54) describes the motion of the curves y(x, t) projected into the subspace in aff(G, H)
corresponding to m C g. The motion in the full space aff(G, H) is given by

e =P+ P P = —(VI) N ady(Fady (7)), k=0.1,2,..., (4.56)

[ X

which is obtained from Eq. (4.42) relating PH to P | . This hierarchy (4.56) of non-stretching curve flows is related to the
hierarchy (4.55) of spin vector models by

Py = V(PP + P{). (4.57)

Remark 7. Since both R; and Ry are hereditary, all of the hlgher curve | flows and spin vector models in the hierarchies

(4.55) and (4.56) can be v1ewed as higher symmetnes XK = p ")Jaﬂ = Pk)JaT k > 2, of the generalized vortex filament
equation (4.25) and the associated Heisenberg spin model (4.37).



S.C. Anco and E. Asadi / Journal of Geometry and Physics 144 (2019) 324-357 343
5. Tri-Hamiltonian structures

We will now show that the geometric curve flows and the associated spin vector models obtained in Theorem 6 have
a natural tri-Hamiltonian structure. This structure arises from factorization of the geometric recursion operators that
generate the hierarchies, and it can be understood as a geometrical version of the tri-Hamiltonian form (3.68) of the
corresponding isospectral flows.

To begin, recall that the isospectral recursion operator (3.85) has the factorized form R = #J~! with  and J being
compatible Hamiltonian operators with respect to the Hasimoto variable g. In general, a linear operator D is a Hamiltonian
operator if it is skew and has vanishing Schouten bracket. A concrete formulation of these two properties in the present
context of Lie-algebra valued variables is stated in Ref. [6], generalizing the standard formulation for real variables given
in Ref. [28] using the calculus of multi-vectors.

It will turn out to be simplest to start first by considering the spin vector models (4.55) and afterwards return to
the geometric non-stretching curve flows (4.56), because of the simple form of the soldering relation (4.47) between the
isospectral recursion operator R and the spin vector recursion operator Rrt.

5.1. Tri-Hamiltonian form of generalized spin vector models

In the context of spin vector models (4.55), the counterpart of the operator J is given by
Jr = ady(T). (5.1)

This operator has the algebraic characterization that yJr is like a square-root of the projection operator P, onto the
subspace in aff(G, H) corresponding to m C g:

X .]T = —Pum, 7)31 =Pn, Pam=m, Pyh=0. (5.2)

It is straightforward to prove that J; is a Hamiltonian operator with respect to the spin vector variable T by using a
geometrical version of the method used in Ref. [6] to show that # is a Hamiltonian operator with respect to the Hasimoto
variable q. The general theory of Hamiltonian operators [28] then shows that RyJr := Ht will be a compatible Hamiltonian
operator, where Rr is the hereditary recursion operator (4.51). This yields

Hr = —ady(T)(Vy — ady(T,)(V)) ™ 'ad,(Ty))ad,(T). (5.3)

For writing down the Hamiltonian structure for the hierarchy of spin vector models in Theorem 6, it will be useful to
introduce some additional spin vector operators. Flrstly V" and V™ will be the respectlve projections of the contravariant
derivative V as defined by X - Vh = (14 ady(T Y)X - V)and X - Vm = —ad oT Y(X - V) for all vectors X € aff(G, H).
Secondly, ad* g — A%g will be the skew tensor associated with the adjoint operator ady : g — End(g) as defined by
(ad*( ), YA Z) = (Y, ady(X)Z), for all vectors X, Y, Z € aff(G, H).

Now from Theorem 4, the following main result is obtained.

Theorem 7. The hierarchy of spin vector models (4.55) arising from the isospectral flow hierarchy (3.67) has a tri-Hamiltonian
structure. For k > 2, this structure is given by

T, = A(SH® /8T) = Hy(SH*V/8T) = er(sH* 2 /8T), k=2,3,..., (5.4)

where & = RyHr is a third Hamiltonian operator compatible with Jy and Hry, and where the Hamiltonians are given by the
functionals

1
H® = E /C D, (RE(Ty) - (ady(T)Ty)) dx, k=1,2,... (5.5)
and

H® = / E(T) - Ty dx (5.6)
C

on the domain C = R or S'. Here §(T) is any vector function in aff(G, H) satisfying

V™ A€ = adi(T). (5.7)
For k = 1, the tri-Hamiltonian structure consists of

T, = F(8HV/8T) = H(8HV/8T) = &r(8Ho /8T) (5.8)
with Hy = const. being a trivial Hamiltonian, and where V) is generalized to have a non-trivial cokernel

(V2)71(0) = —ady(T). (5.9)
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Proof. The first two Hamiltonian structures (5.4) for k > 2 come from the Hamiltonian form of the corresponding
isospectral flows in Theorem 4 by using a derivation similar to that for the geometric recursion operators in Theorem 6.
The third Hamiltonian structure (5.4) for k > 2 arises from the property

SH© /8T = ady(T)"'T, (5.10)

for the Hamiltonian (5.6). This is shown by considering an arbitrary variation of g(T) - Ty. First, the variation of §(T) is
given by 6&§(T) = Ver&(T) = (8T - V)4(T), and hence T, - 8§(T) = g(6T ® Ty, V&(T)). Next, the variation of Ty is given
by 6T, = V,dT, and thus &(T) - 6Ty = —dT - V,&(T) modulo a total x-derivative, where V,&(T) = (T, - V)&(T). Hence
E(T) - 6Ty = —g(T, ® 8T, V&(T)). Combining these variations then yields

S(E(T) - T,) = g(BT A Ty, VE(T)) = gST® Ty, V A E(T)), (5.11)
and consequently, by using Eq. (5.7),

S(E(T) - Ty) = (8T ® Ty, ad’(T)) = —g(8T, ady(T)T,), (5.12)

which establishes the result (5.10).
For k = 1, the third Hamiltonian structure (5.8) follows from

H1(0) = ady(T)ady(T,)(V})(0) = —ady(T)’Ty = Ty, (5.13)

whereby £1(0) = R(Ty) = ady(T)™'Ty is equal to Hr(ady(T)"!Ty) = —ad,(T)Vy(Ty) = ad,y(T) Ty
Note that the generalization (5.9) of V,? is well-defined because T belongs to the kernel of this operator. Specifically,
as shown by e|T, = —%(O,]q) from Egs. (4.10) and (4.16), the vector V,T = T, belongs to the subspace in aff(G, H) >~ g

corresponding to m C g, and thus VT = PyTx = 0. Here P, = id — P, is the projection operator onto the orthogonal
subspace in aff(G, H) ~ g corresponding to h C g, where P,, is the projection operator (5.2). O

As a result, the general Heisenberg spin model (4.37) has the tri-Hamiltonian form
T, = ady(T) Ty = F(8HV/8T) = H1(8H?/6T) = &1(0). (5.14)

The second and third Hamiltonian structures presented here appear to be new.
In contrast, the higher-order spin vector model (4.38) has the tri-Hamiltonian form

T, = —Ta + 3x2ad, (T )ady(T)T = Fr(8H'/8T) = H(8H ™V /8T) = &x(8H®/8T), (5.15)

which holds without needing the generalized cokernel (5.9).

A useful remark is that the Hamiltonians (5.5) in these spin vector models for k > 2 correspond to the Hamiltonians
(3.69) in the isospectral hierarchy with q and its x-derivatives expressed in terms of T and its x-derivatives through the
soldering relations (4.15), (4.7), and (4.1). In particular, the first few Hamiltonians are explicitly given by

H“):/%|Tx|2 dx, (5.16)

C

H? = fc 1T - (ady(T)T) dx, (5.17)

H® = / HTel? = 31ady(TO?TI” dx, (5.18)
C

HO = fc 1(ady(T)Tye) - Ty + L(ady(TPT) - (ady(T)Ty) dix. (5.19)

A direct derivation of all of the spin vector Hamiltonians H® for k > 1 can be given by applying a general scaling formula
in Ref. [3] (see also Ref. [6,7]), with x — e‘x, T — T (¢ € R) being the scaling group. This formula is not applicable
for k = 0 because the spin vector Hamiltonian H(® is scaling invariant. Instead, H®) can be obtained by using a general
homotopy formula in Ref. [7,11] (see also Ref. [6]). A more explicit expression for H® will be derived in Section 6.

5.2. Tri-Hamiltonian form of generalized vortex filament equations

It is straightforward to show that neither ady(}y) nor Vy = ¥y - V are Hamiltonian operators for the geometric non-
stretching curve flows (4.56), and so the previous steps used to obtain a pair of compatible Hamiltonian operators for
spin vector models will not work.

Instead, the spin vector Hamiltonian operators Jr and #Hy can be transformed into corresponding operators J; and #;
via the relation T = V,y, which will provide a pair of compatible Hamiltonian operators for geometric non-stretching
curve flows.
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Lemma 1. (i) For any Hamiltonian functional H,

8H L, 8H
— =V = (5.20)
6T Sy
is a variational identity. (ii) If Dy is a Hamiltonian operator with respect to T, then
Dy = -V, 'DrV, ! (5.21)

is a Hamiltonian operator with respect to y.

Proof. Consider an arbitrary variation §T = V,8y. Then for any Hamiltonian H, since §H = (§H/§7 )-8y = (§H/ST)-8T =
(8H/8T) - V487 holds modulo a total x-derivative, this directly yields the variational identity (5.20) after integration by
parts. Now suppose that Dy is Hamiltonian operator with respect to T, and consider T; = Dy(6H/8T). Use of the previous
variational identity combined with T, = V,y; gives y; = D;(8H /3y ), where D; is the operator (5.21). The proof that this
operator is Hamiltonian can be shown to reduce to the proof that Dy is a Hamiltonian operator, analogously to a canonical
transformation, via T = V,y. O

As a result, the Hamiltonian operators Jr and Hr give rise to the corresponding Hamiltonian operators

Iy = =V lad(3) V5 ', (5.22)
Hy = Vi ady(72)(Va — ady(7)(V2) ™ ad(Fia))ady (7). (5.23)

These two Hamiltonian operators (5.22) and (5.23) are compatible, since J; and #1 are compatible.
Now the Hamiltonian structure for the hierarchy of non-stretching curve flows in Theorem 6 can be obtained from the
Hamiltonian form of the corresponding isospectral flows in Theorem 4. The proof is the same as that of Theorem 7.

Theorem 8. The hierarchy of geometric non-stretching curve flows (4.54) in aff(G, H) arising from the isospectral flow
hierarchy (3.67) has a tri-Hamiltonian structure. For k > 2, this structure is given by
(Fo) = T3(8HV/87) = 1y (SH D /89) = £5(SH* 2 87) = PP, k=2,3,..., (5.24)

where £ = RyHopy is a third Hamiltonian operator compatible with J; and H;, and where the Hamiltonians are given by
the functionals

1 -y -
HY = E/Dx‘]( E5) ) dx, k=1,2,... (525)
C
and
HO = / E(Va) - P dx (5.26)
C
on the domain C = R or S'. Here ;?(;7x) is any vector function in aff(G, H) satisfying
V™ AE = adi (7). (5.27)
For k = 1, the tri-Hamiltonian structure consists of
(7)1 = F3(8HV/87) = Hy(8H /67) = —€7(8Ho/87) (5.28)

with Hy = const. being a trivial Hamiltonian, and where v s generalized to have a non-trivial cokernel (5.9) given by
(V) (0) = 7.
Similarly to the case k = 1 in Theorem 7, note that here #3(0) —J since —V; 'ady(7)ad, (P (V) 1(0)
ol

V;](aﬁdg(?x)zfxxx)q= —ﬁV;‘)?xx = —}. Hence, —£;(0) = Ry(3x) = ady(1x) ™ Y is equal to Hy(ady(x)yx) = Vi 'ady(¥x
Vi(—Y) = adg(yx)ilyxx-

Consequently, the tri-Hamiltonian form of the general vortex filament equation (4.24) is given by
Ve = ady ()™ Ve = T5(8HV/87) = H7(8H? /67) = —£5(0). (529)

The second and third Hamiltonian structures shown here have not previously appeared in the literature.
The general vortex filament axial equation (4.34) has the tri-Hamiltonian form

Ve = =P + 2 x2ady (7 ) = E(BHO /87) = Hy(SHV /87) = T3 (8HP) /57, (5.30)

which holds without needing the generalized cokernel (5.9).

Each of the Hamiltonians (5.25)-(5.26) in these curve flow equations can be seen to be exactly the same as the
Hamiltonians (5.5)-(5.6) for the associated spin vector models. In particular, the first few Hamiltonians for k > 1 are
explicitly given by

HY = / Pl dx, (5.31)
C
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H® = / %?xxx . (adg()_}x)?xx) dx, (5.32)
C
- - - 2
H(g) = / %|yxxx|2 - §|adg(yxx)27/x| dX, (533)
C
H® = / (ady(7)7x0c) - Pooox + Z(ady( ) *x) - (ag(Fro i) . (5.34)
C

A more explicit expression for H® will be derived in Section 6.
6. Multi-Hamiltonian Schrédinger maps in Hermitian symmetric spaces

We will now show how the hierarchy of general spin vector models obtained in Theorem 7 for affine Hermitian
symmetric spaces aff(G, H) gives rise to a corresponding hierarchy of geometrical evolution equations for a map ¥ (x, t)
into the Hermitian symmetric space M = G/H associated with the Hermitian symmetric Lie algebra (g, A) underlying
aff(G, H). These evolution equations will be geometric versions of the isospectral flows in Theorems 1 and 4. In particular,
the respective geometrical versions of the H-invariant NLS and mKdV equations (2.24) and (2.33) will be the Schroédinger
map equation into M = G/H and its mKdV analog. We will discuss some of their properties. Specifically, we show that,
in contrast to the geometrical non-stretching curve flows in Theorem 8, these geometrical map equations are locally
stretching yet have a time-independent total arclength. Finally, we derive the Hamiltonian structure of the hierarchy of
geometrical map equations. These equations turn out to have a multi-Hamiltonian structure which has a simple form
involving only the Hermitian structure and the Riemannian connection on M = G/H. This generalizes and makes explicit
some results in Ref. [33] for Grassmannian Hermitian spaces.

6.1. Geometrical relationship between Hermitian spaces and Lie algebras

There is an explicit isometric embedding of a Hermitian symmetric space M = G/H into the orbit of the adjoint action
of G through A € g in the symmetric Lie algebra ¢ = m @ 5, where A is the imaginary-unit (2.2)-(2.3) in b. Since G is
compact, this embedding is given by [27] Ad(G)A = exp(ad(g))A >~ M. There is gauge freedom in the embedding, because
ad(h)A = 0 implies Ad(G)A = Ad(G/H)Ad(H)A = Ad(G/H)A. Thus, the embedding can be expressed as

Ad(G/H)A ~ exp(ad(m))A ~ M, (6.1)

which is closely connected to the representation (4.20) for the tangent vector T of non-stretching curves y(x) in the affine
Hermitian space aff(G, H) constructed from g. Specifically,

{XT =~ Ad(Ye)A, Yo € G} =M (6.2)

with yx given by the norm (3.27) of A. (Note that Ad(vy.)A = A when ¥(x,t) e H C G.)

Hence, for any given Hermitian symmetric space M, the components of the tangent vector T provide global coordinates
in M, as will be illustrated in the example in Section 7. As a consequence, xT(x, t) € aff(G, H) = (G x g)/G can be viewed
as a map ¥(x,t) into M = G/H. Recall [20,31] that the tangent space of M is isomorphic m, whereby Ty M =~ m. An
embedding of Ty M analogous to Eq. (6.2) comes from the principal normal vector T, = %N of non-stretching curves y(x),
namely,

{xTx = Dx(Ad(re)A) = _Ad(l/fe)](l/fe71axwe)a Ye(x) € G} =~ Ty M. (6.3)

A comparison between the tangent space embedding (6.3) and the representation (4.20) of the principal bi-normal
vector ady(T)T, = %B shows that the Hasimoto variable is given by q = .~ '9,1.. The property that q belongs to m C g
directly corresponds to the condition on v,(x) that v, 9,1, belongs to m C g. This condition can always be achieved,
starting from a general v,(x) € G, by making a gauge transformation

Ve(x) = Ye(x)g(x), g(x) € H CG, (6.4)
where g(x) is determined by
(We ™ Oxtedy = ((Ve8(X)) ™" Ox(WeB(X)))y = (8(X)™" (Ve " Oxre)g(X) + (X)3xg(X))y = O. (6.5)

Such a gauge transformation is the analog of going from a general linear coframe in aff(G, H) to a G-parallel frame as
described in Theorem 2. Note that T, N, B are gauge invariant, since Ad(y.)A — Ad(vy.)Ad(g(x))A = Ad(V.)A.
The Hermitian and Riemannian structure of M = G/H given in terms of the embedding (6.1) will be discussed next.
The Hermitian structure on Ty M is related to the Hamiltonian operator Jr = ady(T). Specifically, if Y ~ Ad(v.)y € To M,
with y € m, then

hY = SAd(Ye)ly € Ty M, (6.6)
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whereby xJr coincides with action of ] = ad(A) on m. Hereafter we will denote

Ju = xJr, (6.7)
which acts as

J2 =—id (6.8)
on Ty M.

The Riemannian metric, g,,, on M is given by restriction of the Euclidean metric g on aff(G, H) ~ g to the subspace
corresponding to m C g. Namely, for Y >~ Ad(v.)y, Z >~ Ad(V.)z € TyM, withy,z € m,

gn(Y.Z) = (Ad(Ve)y, Ad(Ve)2)m = (¥, Z)m (6.9)

by Ad-invariance of the inner product. This metric determines a unique torsion-free covariant derivative, VM, on M, which
can be identified with the restriction of V in aff(G, H) >~ g to the subspace corresponding to m C g:

VM~ 2V (6.10)
The curvature of M can be found by [20,31]
RX,Y)Z = [V, VIZ = —ady([X, Y],)Z (6.11)

when X, Y, Z are vector fields in Ty M such that X, Y are commuting, where R(-, - ) is the Riemann curvature tensor. It is
worth giving an explicit derivation of the curvature formula.
Consider, from the representation (4.19),

Vy'Z = —J¢ Dy(Ad()z)
= —Ad(VeJ?(3vz + [Ve "0y Ve, 2]) (6.12)
= Ad(Ve)(3yz + [(We By Ve )y, 2])
by the Lie bracket structure (2.1) of M. Thus,
VY(VZ = —J3 Dx(—J3 Dy(Ad(¥)2))
= Ad(ve) ( dxdyz + [(Ye "By Ve, Ixz] + [(Ye " Ox Ve )y, dy2]

-1 . . (6.13)
+ (Ve Ox0yVely, 2] — [(We ™ OxWee™ Oy Ve, 2]
L B [0 By 211 ).
and hence
(VX' VP'1Z = Ad(e)(1(e " Ox W)y (Ve Oy ko), 21 — [[We ™ " OxWer Yo Oy Vel 21) (6.14)

after use of the condition [dx, dy] = O that X, Y are commuting, and the Jacobi identity. Then, use of the decomposition
Yo 10, = (Ve 10 )y + (Ve ') combined with the Lie bracket structure (2.1) of M yields

(VY VWZ = —Ad(Ye X [[(Ve " Ox Ve dms (Ve ' Oy Yedml, 21). (6.15)
Next,
(X, Y1g = [=Ad(e) (Ve ' dx V), —Ad(We) (e Dy e)]
= Ad(Ye)lJ (Ve OxWe), J (e~ 'Oy e)] (6.16)
= Ad(Ye)l(Ye ' OxWedms (W By o)
by Ad-invariance of the Lie bracket and the property Jt = 0. Thus,

ady([X, Y1,)Z = ad(Ad(ye)l(Ve ™ dxte)ms (Ve Oy Yie)m])2

. . (6.17)
= Ad(l/fe)ad([(we aX‘/fe)ms (we aY‘/’E)m])Z,
which completes the derivation.
6.2. Geometric Schrédinger map equation
Through the relations
¥ xT, W= xTe, Y~ xTk (6.18)

and

Jo Vit >~ —x Vs, (6.19)
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the general Heisenberg spin model (4.37) for T(x, t) in aff(G, H) can be expressed as a geometrical map equation for ¥ (x, t).
This yields

W = —Ju V' &, (6.20)
which is the well-known Schrédinger map equation formulated on a general Hermitian symmetric space M = G/H.

The Schrédinger map equation (6.20) can be viewed geometrically as a curve flow on M = G/H, where the local
arclength is given by d? = /g.(Wy, ¥) dx. The flow is locally stretching:

3 dl = —(38u( VMW, Ju V) /v 8P, W) dE # O. (6.21)
This result follows from
Degn(Wy, W) = 28u( VW, W) = 280(VY (Ju VM), W) = —2Dygu( VW, Ju W) # 0 (6.22)

using integration by parts followed by g..(JyX, X) = 0. Nevertheless, the total arclength of ¥ on a domain C in M is
preserved, since

¢ =/\/gm(llfx, w,) dx (6.23)
c

satisfies
ac
dt
for C = S! with periodic boundary conditions on ¥, or C = R with asymptotic decay conditions on ¥,.
There is an explicit transformation under which the Schrédinger map equation (6.20) is equivalent to the H-invariant
NLS equation (2.24) for the Hasimoto variable q. Moreover, from the Hamiltonian formulation of the NLS equation on g

and the general Heisenberg spin model on T, the Schrédinger map equation acquires a rich Hamiltonian structure, which
will be derived next.

0 (6.24)

6.3. Tri-Hamiltonian operators

The identifications (6.18) allow the spin vector Hamiltonian operators Jr and Hy to be identified directly with
corresponding operators J, -1, and #H, -1, which will be, formally, a pair of compatible Hamiltonian operators with respect
to ¥. However, the form of #y involves ad; and vy which are defined in terms of the structure of the affine space aff(G, H)
and are not part of the intrinsic structure of the Hermitian symmetric space M = G/H. This obstacle can be circumvented
by introducing geometrical versions of ad, and V,? based on the structure of the group manifolds G and H.

One way to proceed is by exploiting the correspondence between the general Heisenberg spin model (5.14) and the
NLS isospectral flow (3.59) on the Hasimoto variable g arising through the soldering relations (4.20) and (6.10). These
relations show that

Jo = ade(¥), V' =—JiDs, [V} Jul=0, (6.25)
hold on T,M, and that

U =Ad(Ye)A, W = —Ad(Ye)q, ¥ = —Ad(Ye)w, (6.26)
with

g=ve 'Y em w=v. QY. Eg=mh. (6.27)

As a consequence, the Hamiltonian operators | and # and the recursion operator R = #J~! with respect to q can be
transformed into corresponding geometrical operators. Let V¢ and V¥ denote the unique torsion-free covariant derivative
determined by the metric on G and H, respectively. Then VM and V¥ are the restrictions of V¢ to T,M and T,H:

VM =—pve, V=145V (6.28)
Let adg(- ) denote the adjoint action of G given by the Lie bracket in T,G, which can be identified with ady(- ) introduced
previously.

Proposition 4. Under the mapping Ad(v.):
Ad(Ye JAd(Y, ") = v, (6.29)
Ad(Y ) HAA(Y, 1) = —Ju (VY — My )y = Hy, (6.30)
Ad(Ye)RAA(Y, ) = —Ju (VY — My) == Ry, (6.31)
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where
My = adg()(VI) ad(%) (6.32)

is a geometrical operator acting in T,M.

Proof. Let Y = Ad(v.)y be any vector in T,M. We start with J and observe

Ad(Ye Y Ad(Y, )Y = Ad(¥e)IA, y] = [Ad(Ve)A, Ad(¥e)y] = ad(¥)Y =]y,

which yields the mapping (6.29).
We next consider

Ad(YeYH(Ad(Y, 1Y) = Ad(Ve Dy — ad(q)D; ' (ad(q)y))-

For the first term, we note that D,y = —J?(Dyy + ad(q)y) by use of —J?>m = m and Jh = 0 along with the symmetric
Lie-algebra structure (2.1) of g. Hence, we have

Ad(Ye)Dy = —J Dx(Ad(e)y) = VY. (6.33)
The second term is

—Ad(.)ad(q)D; '(ad(q)y) = Ad(v.)ad(Jq)D; '(ad(Jq)ly)
after we again use the previous properties. Then

Vi (Ad(y)D; ' (ad(Jq)ly)) = Ad(v)((Dx + ad(q))D; ' (ad(Jq)y)),
= Ad(Yre)ad(Jq)ly = adg(¥ )y Y

since (ad(q)D; '(ad(Jq)ly)), = 0 by the symmetric Lie-algebra structure (2.1). Hence we have
Ad(yJad(Jq)D; ' (ad(Jq)ly) = Jwade(¥)(Vy )~ (ade(WxJw Y) = Ju My (Ju Y). (6.34)

Combining the two terms (6.33) and (6.34), we obtain the mapping (6.30).
Finally, composition of Hy and ];1 = —Jy yields the mapping (6.31). O

The geometrical operators (6.29)-(6.31) have the following main properties.

Theorem 9. In any Hermitian symmetry space M = G/H,

Ry = Huly' (6.35)
is a hereditary recursion operator, and
Jo, He =Ruyly, E» =RuHMe =RiJu (6.36)

are compatible Hamiltonian operators with respect to the geometrical map variable ¥ € M. Each of these operators involves
only the intrinsic structure of M. They respectively correspond to the recursion operator R and the Hamiltonian operators
£ =RH =RY, RE = R*H = R3], R?¢ = R¥*H = R4, with respect to the Hasimoto variable q € m.

Theorem 9 gives a generalization, in an explicit form, of some results stated in Ref. [33] for geometrical maps into
Grassmannian Hermitian spaces. In particular, there is a shift of —2 in transforming Hamiltonian structures with respect
to q into Hamiltonian structures with respect to . To proceed with the proof, a useful variational result will be established
first.

Lemma 2. (i) For any Hamiltonian functional H,
Ju(8H/8¥) = —Ad(Yre)H(8H/5q) (6.37)

is a variational identity, where  is the Hamiltonian operator (3.53). (ii) If Dy is a Hamiltonian operator with respect to q, then

Dy = JyAd(Yre)H ' DyH ' Ad(Y, ' Jw (6.38)
is a Hamiltonian operator with respect to W.
Proof. To derive part (i), consider an arbitrary variation 8. The first expression (6.27) yields 8q = (Dx+ad(q))(¥. ™ '8ve),
which can be projected into m and . Since 8q belongs to m, the projections give §q = Dy(¥e ™' 8We)m + ad(q)(We '8 )y

and Dy(¥.~18v)y + ad(q)(¥e '8v)w = O by use of the symmetric Lie-algebra structure (2.1) of g. Solving the second
equation for (v, 18v.), and substituting it into the first equation, we obtain

8q = H(Ve '8Ve)m- (6.39)
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Next, the first expression (6.26) yields 8 = §(V.A. 1) = —Ad(V. )] (V.81 ). Hence, we have

8Y = —Ju(8¥ete . (6.40)
The variational relations (6.39) and (6.40) then yield

8q = H(Ad(y, " Jud¥). (6.41)
Now consider the corresponding variations of any Hamiltonian functional H: modulo a total x-derivative,

SH = (8H/84, 8q)m = (8H/3q, H(A(Y, 'V 8¥ ))m = —(H(8H/30), Ad(Y; ' u8¥ )m (6.42)

by use of the property that # is skew-adjoint. Likewise,
SH = gu(SH/8W, 8%) = (Ad(Y, 'Yy (SH/8¥), Ad(Y, ' Vu ¥ ) (6.43)

by use of the Ad-invariance of g,,. Equating these two expressions (6.42) and (6.43), we get the variational derivative
relation (6.37).

To verify part (ii), suppose that D, is Hamiltonian operator with respect to g, and consider q; = Dy(8H/8q). We can
relate q; to ¥; by applying equation (6.41) to the variation given by § = 9;:

e = HA(Y, Vo W) (6.44)
This yields ¥, = —JyAd(v.)%~'(q;) and hence
Dy(8H/8W) = —Jy Ad(Ve)H ™ 'Dy(8H/8q). (6.45)

Then, through the relation (6.37), Dy is given by the operator (6.38). The proof that this operator is Hamiltonian can be
given by the same argument used in the proof of Lemma 1. O

Now the main step in the proof of Theorem 9 consists of applying Lemma 2 to the three compatible Hamiltonian
operators Dy = € = HJ'H, Dq =RE = (H] YH, D7 = R?¢ = (HJ 1) This yields, respectively, Dy = Jy Ad(,)
JTAdY e = Ju, Do = JuAd(We) "HJ ™ 1Ad Yo = Ho, Dy = JoAd(We) "1 HTAAWY e = Eu.
Consequently, these geometrical operators are compatlble Hamiltonian operators with respect to ¥. Moreover, their
compatibility implies that Ry is a hereditary recursion operator. This completes the proof.

6.4. Multi-Hamiltonian form of the general Schrédinger map equation

The Hamiltonian operators (6.36) in Theorem 9 are geometrical counterparts of the spin vector operators Jy, Ht, and
&r. As a consequence, a tri-Hamiltonian form can be derived for the Schrédinger map equation (6.20) similarly to the
tri-Hamiltonian structure of the general Heisenberg model (5.14).

This geometrical tri-Hamiltonian form is given by

W = —Ju VI, = Ju (SHV /8W) = 1y (BH O /6W) = £4(0), (6.46)
where

H(”:[%gm(lllx, o) dx (6.47)
and ‘

H© :/;gm(é('ll), ¥,) dx (6.48)

are the Hamiltonian functionals on the domain C = R or S!, with £(¥) being any vector function satisfying

MAE =]k (6.49)

Here J;, denotes the skew tensor associated with Jy as defined by g(J;. X AY) = g(X, Ju'Y), for all vectors X, Y € TyM,
where M = G/H. Note that Eq. (6.49) has a solution because VMJ# = 0 and so no integrability condition arises on &.
(Specifically, VM A VM A £ = 0 holds identically.)

Also, note £4(0) = Ry Hy(0) with #(0) = Jyade(¥)¥ = —Jypade(¥ )W = —J2 ¥ = ¥, which holds by generalizing
VH to have a non-trivial cokernel

(VH o) =w. (6.50)

This generalization is well-defined because Vflll = Ad(v.)(ad(q)A), = 0. Then £y (0) = Ry (%) = —].I,V .
The second and third Hamiltonian structures for the Schrédinger map equation in a general Hermitian symmetric space
M = G/H are new results.
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Finally, it is worth looking at the geometrical equivalence between the Schrodinger map equation (6.20) and the
isospectral NLS equation (3.59). This equivalence arises directly from the relation (6.44) derived previously between g,
and ¥, together with the main relations

W = —Ad(Ve)q. Jo = Ad(YeJAd(Y, '), VY =DAd(Y, ') = —Ad(v. ) Dx. (6.51)
which follow from Egs. (6.25), (6.26), (6.33).

Proposition 5. The Schridinger map equation (6.20) on ¥ € M in any Hermitian symmetric space M = G/H is equivalent
to the NLS isospectral flow (3.59) on the Hasimoto variable q € m in the associated affine Hermitian space aff(G, H). Both this
isospectral flow and the Schridinger map equation geometrically correspond to the general Heisenberg spin vector model (5.14)
for T € aff(G, H)

Through this equivalence, the tri-Hamiltonian structure (3.71) of the isospectral NLS flow (3.59) turns out by Theorem 9
to yield the first Hamiltonian structure (6.46) of the Schrédinger map equation plus two additional Hamiltonian structures:

W = —Ju VI, = R,y (SHP /8W) = R, %Jw (BHP J5W), (6.52)
where
H® = / 1ga (VM Ju d) dx, (6.53)
C
HO) — / 1 (VM o W) d (654)
C

are Hamiltonian functionals on the domain C = R or S'. Clearly, there is a hierarchy of similar Hamiltonian structures
given by

W = RMw (SHKD /5wr) (6.55)
with the Hamiltonian functionals

1
H = / D (gn(R (W), o)) ds k=12, ... (656)
C

Each of these Hamiltonians corresponds to the Hamiltonians (3.69) in the hierarchy of isospectral flows (3.70) with g and
its x-derivatives expressed in terms of ¥ and its covariant x-derivatives through the relations (6.51).
The bottom of the hierarchy of Hamiltonian structures can be viewed as being given by the third Hamiltonian form

(6.46) of the Schrodinger map equation involving £, and H = 0. It is interesting to note that this non-standard
Hamiltonian form corresponds to a similar non-standard Hamiltonian structure for the isospectral NLS flow (3.59):
20t = —Jqu + 314, [4.J1] = R(qx) = RE(0), (6.57)

where £(0) = gy as explained in Proposition 2.
6.5. Hierarchy of geometrical map equations

Each isospectral flow equation (3.68) in the hierarchy in Theorem 4 is equivalent to a geometrical map equation
for ¥(x, t) given by the same steps used to establish the equivalence between the NLS isospectral flow (3.59) and the
Schrédinger map equation (6.20) in Proposition 5. Likewise, this equivalence allows identifying each spin vector model
(5.4), (5.8) for T(x, t) in the hierarchy in Theorem 7 with a corresponding geometrical map equation. All of the resulting
geometrical map equations will have an explicit multi-Hamiltonian structure similar to what was just derived for the
Schrédinger map equation (6.55).

These results are summarized in the following two Theorems.

Theorem 10. For any Hermitian symmetric space M = G/H, there is a hierarchy of geometrical map equations

@ =RL(W), n=0,1,2,... (6.58)

for W(x,t) € M, where Ry is the hereditary recursion operator (6.35). Each of these geometrical map equations (6.58) for
n > 1 has a multi-Hamiltonian structure given by

U = RMw (SHMW 8wy, k=1,2,..., (6.59)
where the Hamiltonians are given by the functionals (6.56) on the domain C = R or S'.

The hierarchy of geometrical map equations (6.58) starts from ¥ = ¥, (n = 0), which is a traveling wave equation.
Next in this hierarchy (n = 1) is the Schrédinger map equation (6.20). After that comes (n = 2)

W = —(VP) ¥ — adc(Ju Wy ) ¥, (6.60)
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which is an mKdV analog of the Schrédinger map equation. More precisely, it is analogous to the mKdV equation in
potential form and corresponds to the higher-order spin vector model (4.38).

Like the Schrédinger map equation (6.20), each of these geometrical map equations describes a locally stretching curve
flow on M with the feature that the total arclength of the curve ¥ on a domain C in M is a constant of motion.

Theorem 11. In the hierarchy of geometrical map equations (6.58) in any Hermitian symmetric space M = G/H, the +n
evolution equation (6.58) for the map ¥ is equivalent both to the +n + 1 flow equation (3.67) in the hierarchy of isospectral
flows for the Hasimoto variable q and to the +k vector equation (4.55) in the hierarchy of spin models for T in the associated
affine Hermitian space aff(G, H) = (G x g)/G.

In particular, the +1 flow equation q; = R(Jq) = gy corresponds to the n = 0 map equation ¥; = ¥,; the +2

flow equation q; = R%(Jq) = —Jquw + %ad(q)zjq, which is the H-invariant NLS equation, corresponds to the n = 1
map equation ¥; = Ryg(¥) = —jq,V)’(V’lI/X, which is the Schrédinger map equation (6.20); and +3 flow equation
g = R*(Jq) = —qux + ad(q)’qx + %(ad(]q)zq)x, which is the H-invariant mKdV equation, corresponds to the n = 2

map equation ¥, = R2 (%) = —(V")?W, — %adm(]q, ¥, )*W,, which is the mKdV analog of the Schrédinger map equation.
6.6. Matrix formulation of geometrical map equations and spin vector models

When examples of Hermitian symmetric spaces M = G/H are considered, it is useful to have a matrix representation
for the geometrical map variable ¥ € M, the spin vector variable T € aff(G, H), and the Hasimoto variable q € m.

We will work with the fundamental matrix representation in gl(dimg) for the Hermitian symmetric Lie algebra
g = m @ bh. Since G is a compact Lie group, recall that it is generated by the exponential mapping exp(g) >~ G.

A fundamental matrix expression for the spin vector variable T and the geometrical map variable ¥ is given by

xT = ¥ = Ad(exp(m(x, t)))A (6.61)

because their representations (6.2) and (6.26) are invariant under gauge transformations (6.4). Derivatives of T and ¥ can
be obtained from relations (4.19) and (6.33) by applying, respectively, Vy = D, and VM = —ad(Ad(exp(m(x, t)))A)*Dy to
the matrix expression (6.61). In particular,

xTy = DyAd(exp(m(x, t)))A, (6.62)

¥, = —ad(Ad(exp(m(x, t)))A)’ DyAd(exp(m(x, t)))A, (6.63)
and so on. Similarly, their time derivative is given by

xT: = DAd(exp(m(x, t)))A, (6.64)

Y, = —ad(Ad(exp(m(x, t)))A)D;Ad(exp(m(x, t)))A. (6.65)
Moreover, the matrix expression (6.61) yields

xady(T) = Jy = ad(Ad(exp(m(x, t)))A). (6.66)

As a result, the Schrodinger map equation (6.20) and the Heisenberg spin model (4.37) are equivalent to the matrix system

D.Ad(exp(m(x, t)))A + ad(Ad(exp(m(x, t)))A)DiAd(exp(m(x, t))A =0. (6.67)

Finally, a fundamental matrix expression for Hasimoto variable g can be obtained by starting with y.(x) = exp(m(x, t))
and applying a gauge transformation (6.4) to achieve the gauge condition (6.5):

(g(x. )" (exp(—m(x, £))ox exp(m(x, 1)))g(x, t) + g(x, £)A,g(X, t))y = O, (6.68)
which determines g(x, t) € H C G. Then, from the representation (6.27),
q = g(x, t)”" exp(—m(x, t))(0x exp(m(x, t)))g(x. t). (6.69)

7. Example of CPV

We will now apply the general theory developed in Theorem 5, 7, 8, and 10 to the Hermitian symmetric Lie algebra
su(N+1) ~ CN @u(N), which underlies the complex projective space CPN = SU(N+1)/S(U(N)x U(1)) = SU(N+1)/U(N).

In this example, first the NLS and mKdV isospectral flows on the Hasimoto variable will be written down, where the
cubic nonlinear terms will be expressed in terms of the inner product and the Hermitian structure of the Lie algebra. Next
the corresponding geometric non-stretching curve flows in the affine Hermitian symmetric spaces aff(SU(N + 1), U(N))
and aff(SU(N+2), S(U(N)x U(2))) will be formulated. After that, the fundamental matrix representation of the Schrodinger
map equation in CPN and Heisenberg spin vector model in su(N + 1), along with their Hamiltonian structures, are written
out.

Details of the needed algebraic structure of the Lie algebra su(N + 1) ~ CN @ u(N) are summarized in an appendix.
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7.1. Integrable systems arising from a complex vector-valued hasimoto variable

The Hermitian symmetric Lie algebra su(N 4+ 1) ~ CN @ u(N) has the fundamental matrix representation

(‘_t;{‘ ;) € g=su(N+1), (7.1)
—trA 0

< 0 A) € b =s(u(1)®u(N)) = u(N), (7.2)

0 a N
(_at 0) e m=su(N + 1)/u(N) ~ C", (7.3)
where A € u(N), a € CV, tr(A) € iR. Hence, the Hasimoto variable in m ~ ms is given by the matrix

_ { 0q(x, t) N

q= <_qt(x’ 0 0>, qeC’, (7.4)

which represents a complex vector in C". The geometrical setting for this variable consists of arclength-parameterized
curves y(x) formulated using a linear coframe e and a linear connection w in the affine Hermitian space

aff(SU(N + 1), U(N)) = (SU(N + 1) x su(N + 1))/SU(N + 1), (7.5)
where the tangent vector of a curve is represented by the matrix
= | (T 0 2 . N
elpxxe= NJ61 g ) €Z(h), x°=dim(C")=2N, (7.6)
TN+TIN

which is a unit-norm element belonging to the center of b. In this setting, the Hasimoto variable represents the principal
bi-normal vector of the curve, eJad,(%)Vy)x =~ g. It also is the tangential projection of the linear connection w in
aff(SU(N + 1), U(N)) along the tangential direction yy of the curve, ¢ >~ w|¥x.

A non-stretching flow ¥; of an arclength-parameterized curve is specified by the variable h = h, +h; >~ e]}; in g >~ gas,
where this variable has the matrix representation

_ 0 hi(x,t)
h, = (_EN’ 0 o ) h, ecV, (7.7)
by = (—trh(;(x, t) h\l(?" t)) . hj e uN). (7.8)

The projection of the linear connection along the flow direction y; is given by the variable w = w; + w; >~ ]} in
g = gafr, Which is represented by the matrices

0 w(x,t)
vy = (—tr\Ng(X, ) w”& t)>’ wy € u(N). (7.10)

To write out the integrable isospectral flows on the Hasimoto variable q, we will need the Lie bracket structure (2.1)
and, in particular, the ad-squared action of C¥ on CV. This structure can be expressed entirely in terms of the vector dot
product on CN and the Hermitian structure ] = ad(A) of SU(N + 1)/U(N) which acts by multiplication by i on CN, where
A = yxe as shown in Egs. (A.10)-(A.11).

The NLS and mKdV isospectral flows (3.59) and (3.65) thereby have the respective forms

250 = —i(qu + 2|91°q) (7.11)
and
250 = — G — 31010 — 3(dx - ). (7.12)

These complex-vector equations (7.11) and (7.12), which are U(N)-invariant, agree with the NLS and mKdV integrable
systems derived from geometric curve flows in the Lie group SU(N + 1) in Ref. [5], after a phase rotation, a Galilean
boost, and a scaling of t are applied. Their bi-Hamiltonian structure (3.71) and (3.72) is also presented explicitly there. In
particular, the bi-Hamiltonian operators are given by

H = Dy + 2iqD; 'Imq - +q - D, 'q A, (7.13)
J =Dy +2qD; 'Req - +q-D;'q O, (7.14)
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which are U(N)-invariant, where
aAb=2ab—b'a, a®b=a2ab+bfa, abecCl. (7.15)

An equivalent form for each isospectral flow equation (7.11) and (7.12) is obtained by using the relation (A.7) between
the vector dot product and the inner product (-, -) on CV. This yields

-50c = —i(quw + 2(q. 9)q) (7.16)

and

X%Qt = —Qux — 3(q, 9)%ax — 3({q, qx) +i(ig, gx))a, (7.17)

which are expressed just in terms of the inner product. The bi-Hamiltonian operators (7.13)-(7.14) can be expressed in
an analogous form.

In the context of Hermitian symmetric spaces, the isospectral NLS equation (7.11) first appeared in Refs. [16,22], and
likewise the isospectral mKdV equation (7.12) first appeared in Ref. [14], but the explicit bi-Hamiltonian operators were
not given.

7.2. Schrédinger map equation in CPN and Heisenberg spin vector model in su(N + 1)

The isospectral NLS equation (7.11) is geometrically equivalent to the Schrodinger map equation (6.20) for a map
¥ (x, t) into the Hermitian symmetric space

CPN ~ SU(N + 1)/S(U(1) x U(N)) = SU(N + 1)/U(N). (7.18)
This space has an isometric embedding into the Lie algebra su(N + 1) ~ CN @ u(N), as given by the matrix
N_i _ sin%(0)i — sin(6) cos(8)i®
— [ N+1 E -
(gin(e)cos(e)i@t kil + sinz(e)i@t(~)> €suN+1) (7.19)
with
gelo,n], ©@ecC, (©,0)=1. (7.20)

Thus, (6, @) provide global coordinates for the space (7.18).
Through the matrix representation of the principal bi-normal vector, ad,(¥x)Vsjx = X2 V,’(V’ ¥, shown in Eq. (A.25),
the Hasimoto variable can be expressed explicitly in terms of the coordinates (6, @):

q = 37 (6,0 + sin(0)O, + sin(6)(1 — cos(8))(iOy, @)iO) T, (7.21)

where I" and T are nonlocal expressions given by the system of differential equations (A.24).
The Schrédinger map equation (6.20) in matrix form (6.67) is given by ¥; + ad(W)DﬁlI/ = 0. This su(N + 1)-matrix
equation can be split into m and h components, given by a complex vector equation and a unitary matrix equation:

5 SiN(20)i0; 4 €0s(260)6;iO® — (6,0 + 5 sin(26)(i(1 — 0s(260))(iOy, @) O + 6y)), =0, (7.22)

1(1 = cos(20))i(®'©); + sin(20)6,i0'O
— (3(1 = cos(20))(O A Oy + 3(1 — c0s(20))(iO,, O)iO'®)) = 0.

This coupled nonlinear system is equivalent to the evolution system
O = — sec(20)(6x(iOy. O) + (3 sin(260) cos(20)(iOx, ©)),), (7.24)
i®; = 2csc(26) ( 0 (iOy, ©)iO — % sin(20) cos(260)(iOy, O)iOy

+(1 sin(20)(i0y, ©)iO), + (6,0 + 1 sin(20)0,); )

(7.23)

(7.25)

which inherits the integrability properties of the Schrédinger map equation (6.20).
The integrable system (7.24)-(7.25) is equivalent to the Heisenberg spin model (5.14) for T = %lI/ € su(N +1). Another
way of formulating this system is by expressing

—itrS +iy/1— [s|s 1 ¢
XT = :Flmgt is s S= THIN +S's, (726)
where
s=sin(0)® e CN, |s| <1. (7.27)

In this representation, T gives a double cover of the complex ball 0 < |s| < 1 describing the stereographic projection
of the two half-spaces of CPN onto the complex space CN. Then the evolution equation for T can be expressed as an
evolution equation for s given by combining the equations in the system (7.24)-(7.25).
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It is worth remarking on the case N = 1. The isospectral flow equations (7.11) and (7.12) reduce to the scalar NLS
equation u; = —i(ux + 2|u*u) and the scalar Hirota (complex mKdV) equation u; = —uy — 6|ul?uy foru = q € C. In
this case, CP! ~ S? is the Riemann sphere. The coordinates (6, ®) geometrically describe a polar angle 6 € [0, 7] and an
azimuthal angle ¢ € [0, 27) represented by a unit complex number ® = e/?. The complex number s € C lies in the disk
Is| < 1, which represents the stereographic projections of the upper and lower hemispheres of the Riemann sphere into
the complex plane attached to the north and south poles.

The equivalence between the scalar NLS equation u; = —i(uy + 2|u|?u), the Schrodinger map equation into S, and
the Heisenberg spin model in su(2) ~ R3, as well as their integrability structures, is discussed in Ref. [12].

8. Concluding remarks

This paper has presented a general theory extending the geometrical relationships among the NLS equation, the vortex
filament equation, the Heisenberg spin model, and the Schrédinger map equation to the setting of Hermitian symmetric
spaces.

The main underlying relation is provided by geometric non-stretching curve flows in an associated affine Hermitian
symmetric Lie algebra. There is a hierarchy of curve flows having a bi-Hamiltonian structure which takes a simple explicit
form in terms of a Hasimoto variable defined by the connection-matrix variable in a parallel moving frame, as given by
the general results on parallel frames and Hasimoto variables obtained in Ref. [6].

To illustrate some of the main results, we have considered one example: complex projective space CPN = SU(N +
1)/S(U(N) x U(1)) = SU(N 4+ 1)/U(N), which corresponds to the Hermitian symmetric Lie algebra su(N + 1) ~ CN @ u(N).
In a subsequent paper [13], we will look at all other classical Hermitian symmetric spaces: SU(N + 2)/S(U(N) x U(2)),
SO(N + 2)/(SO(N) x SO(2)), SO(8)/U(4), Sp(2)/U(2).

An interesting direction for generalizing this work would be to study Miura transformations. It is well-known that a
Miura transformation exists between the NLS equation and the vector NLS equation, and that this relationship extends [16]
to the isospectral NLS flows in general Hermitian symmetric spaces.

Another interesting direction would be to study negative isospectral flows and explore their relationship to group
invariant Camassa-Holm type equations in general Hermitian symmetric spaces.
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Appendix. Lie algebraic structure of complex projective space

The complex projective space CP" is isomorphic to the Hermitian symmetric space SUN + 1)/S(U(1) x U(N)) =
SU(N + 1)/U(N) which is of type Alll(q = 1) in the classification of Cartan [20]. This space has the associated symmetric
Lie algebra su(N + 1) = CN @ u(N).

The Lie brackets (2.1) in the fundamental matrix representation (7.1)-(7.3) are straightforwardly given by

[, m] = [(A), (a)] = (—tr(A)a — aA) € m, (A1)
[m, m] = [(a1), (2)] = (a2 Aa1) € b, (A2)
(6, b] = [(A1), (A2)] = ([A1, A2]) € b, (A3)
where
(A) = (_gA f\) eh~uN), (a)= (_Oét 3) cem~CV, (A4)
and
(A, a):= (A)+ (a) = (‘_t;{‘ ;) cg=sulN+1), (A5)

with a € CV, A € u(N), and where a, A a; = étzal — ét]az € u(N). For more details, see Ref. [2].
From composition of the Lie brackets (A.1) and (A.2), the following formula for the action of ad(m)? on m is obtained:

ad((a))’(b) = ((2b-a —a-b)a — (3a- a)b) = (({b, a) + 3i(ib, a))a — (a, a)b). (A6)
This result uses the relations
b-a= (b, a) +i(ib, a), (A7)

(b,a) = Re(b-a), (ib,a) =Im(b-a), (A8)
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where (-, -} denotes the inner product on C. The Killing form on m is related to this inner product by

(b, @) = —K(b, a) = —2(N + 1)tr((a)(b)) = 4(N + 1)(b, a). (A.9)
The Hermitian structure of SU(N + 1)/S(U(1) x U(N)) = SU(N + 1)/U(N) is given by the imaginary-unit element
A=(— N+111N)eu( )=h. (A.10)
This element acts as
ad(A)g = ad((—iln))(A. a) = (0, ia), (A.11)
whereby | = ad(A) is represented by multiplication by i on m. The squared norm of A is given by
2 = —K(A, A) = —2(N + 1tr(A%) = 2N = dim(C"). (A12)

The embedding (6.1) of CPN ~ SU(N+1)/S(U(1)x U(N)) = SU(N +1)/U(N) into the Lie algebra su(N+1) = CN @u(N),
along with the corresponding su(N + 1)-matrix expression for g, will now be derived. This is most easily carried out in
two steps. First, a simple gauge choice ¥, = exp(m) will be used to evaluate ¥ = Ad(v)A, which is gauge invariant.
Next, a gauge transformation (6.4) will be applied to impose (1//e 19re)y = 0 on v, yielding ¢ = Yo 19, e.

For the first step, consider the matrix w = exp(m Zk 0 k, a)¥, where it will be simplest to evaluate the even and
odd power terms separately:
k=1 (k=1
k[T 1al(a), k=1,3,5,...
a) = _ A13
(a) {—i’<2’<—1|a|’<2(ata), k=2,4,6,... (A13)

with |a]?> = (a, a). Hence,

0 a 1 0
XLJNGW1—ama%:§ 3, > @’ = ummn—n<05%>, (A14)

=1

with 4 = ﬁa, which yields
~ 0 0 . 0 a 1 0
Y = exp(m) = <0 Iy — §t€1> + sin(|al) (—ét 0) + cos(]al) (0 été> € SU(N + 1). (A.15)

Proposition 6. The orbit of AA(SU(N + 1))A in su(N + 1) is given by the matrix

W = Ad()A = — 515 (ily) + 1(1 — cos(260))(i6'©) — 1 sin(26)(i©) € SU(N + 1) (A.16)

with
gelo,n], ®ecCN, (©,6)=1, (A17)
where (ily), (I0'®@) € § ~ u(N), (i®) € m ~ CN. This unitary matrix (A.16) represents the isometric embedding of

N ~ _SUNN+1) " SUN+1) : . _ N
CP”™ =~ swapamy = ~umy -~ into the Lie algebra su(N + 1) = C" & u(N).

The next step consists of evaluating ¥~ !9, using the matrix (A.15). This yields, by a direct computation,

(V1040 m = 64 (©) + sin(0)(Oy) + sin(6)(1 — cos(6))¢ (iO), (A.18)

(W19, = (1 — cos(9))(i®) + (1 — cos())*¢ (i0'O), (A.19)
with

¢ = (i0,,0) €R, i®=0OAO,culN), tré=—2¢. (A.20)
Now consider a gauge transformation ¥ — ¥ g(x) = 1., where

&= (e:)r e,l?il"r) € H=S(U(1) x UN)) ~U(N), I €R, T eSU(N). (A21)

This transformation yields
(e 'B¥edn = 6x (€W OL) + sin(0)(e W) 6,1)
+sin(6)(1 — cos(6))p (iel 1+ ¥ OT),

(Ve '0ce)y = (1 — cos(9))(IAA(T~1)®) + (1 — cos(6))*¢ (IAd(r~1)O'O)
+H(FH iy + T7'Ty).

(A22)

(A23)
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Then the gauge condition (v, '3,¥.), = O gives a matrix differential equation. Its trace and trace-free parts yield the
system

0 = Iy +sin?(0)¢,
0=T,+(1—cos(9))i(® + (1 — cos(6))pO'O)T,

for I'(x) € R, I'(x) € SU(N). Clearly, this system of differential equations (A.24) will have a unique solution (locally in x)
with any given initial data I"(xg) € R, I'(xg) € SU(N) specified at an arbitrary x = x¢. As a result, the following expression
is obtained for q.

(A.24)

o . . ~ ~N N ~ _SU(N+1) _ SU(N+1)
Proposition 7. The Hasimoto variable q € m ~ C" for CP" ~ 5550w = ~um)

q = Ve 'ae = 6, (N OT) + sin(0) eV O,1)
+ sin(0)(1 — cos(0))¢ (iR @),

which is determined uniquely in terms of 6(x) and ©(x) through the differential equations (A.24), up to a rigid (x-independent)
gauge transformation ¢ — Ad(U(N))gq.

is given by the matrix

(A25)
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