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0. Introduction

The first instances of n-ary algebras in Physics appeared with a generalization of the Hamiltonian mechanics proposed
in 1973 by Nambu [1]. More recent motivation comes from string theory and M-branes involving naturally an algebra with
ternary operation called Bagger-Lambert algebra which gives impulse to a significant development. It was used in [2] as
one of the main ingredients in the construction of a new type of supersymmetric gauge theory that is consistent with all the
symmetries expected of a multiple M2-brane theory: 16 supersymmetries, conformal invariance, and an SO(8) R-symmetry
that acts on the eight transverse scalars. On the other hand in the study of supergravity solutions describing M2-branes
ending on M5-branes, the Lie algebra appearing in the original Nahm equations has to be replaced with a generalization
involving ternary bracket in the lifted Nahm equations; see [3]. For other applications in Physics see [4-6].

The algebraic formulation of Nambu mechanics is due to Takhtajan [7,8] while the abstract definition of n-ary Nambu
algebras or n-ary Nambu-Lie algebras (when the bracket is skew-symmetric) was given by Filippov in 1985; see [9]. The
Leibniz n-ary algebras were introduced and studied in [10]. For deformation theory and cohomologies of n-ary algebras of
Lie type, we refer to [11-15,8]. For more general works involving operads and where deformation theory is described using
a certain differential graded Lie algebras see [ 16-18]. For general theory see also [19-23].

The general Hom-algebra structures arose first in connection with quasi-deformation and discretizations of Lie algebras
of vector fields. These quasi-deformations lead to quasi-Lie algebras, a generalized Lie algebra structure in which the skew-
symmetry and Jacobi conditions are twisted. For Hom-Lie algebras, Hom-associative algebras, Hom-Lie superalgebras,
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Hom-bialgebras ...see [24-29]. Generalizations of n-ary algebras of Lie type and associative type by twisting the identities
using linear maps have been introduced in [30]. These generalizations include n-ary Hom-algebra structures generalizing
the n-ary algebras of Lie type such as n-ary Nambu algebras, n-ary Nambu-Lie algebras and n-ary Lie algebras, and n-ary
algebras of associative type such as n-ary totally associative and n-ary partially associative algebras. See also [31-33].

The aim of this paper is to provide cohomologies of n-ary Hom-Nambu-Lie algebras governing central extensions
and one parameter formal deformations. In the first section we summarize the definitions of n-ary Hom-Nambu (resp.
Hom-Nambu-Lie) algebras. We deal mostly in this paper with subclasses of these algebras called multiplicative n-ary
Hom-Nambu (resp. Hom-Nambu-Lie) algebras. In Section 2, we extend to n-ary algebras the notions of derivation
and representation introduced for Hom-Lie algebras in [34]; see also [35]. In Section 3, we show that for an n-ary
Hom-Nambu-Lie algebra ., the space A"~! W carries a structure of Hom-Leibniz algebra. Section 4 is dedicated to central
extensions, we provide a cohomology adapted to central extensions of n-ary multiplicative Hom-Nambu-Lie algebras.
In Section 5, we define a cohomology which is suitable for the study of one parameter formal deformations of n-ary
Hom-Nambu-Lie algebras. In the last section we show that the cohomology of n-ary Hom-Nambu-Lie algebras with values
in the algebra may be derived from the cohomology of Hom-Leibniz algebras. To this end we generalize to twisted situation
the process used by Daletskii and Takhtajan [7] for the classical case.

1. n-ary Hom-Nambu algebras

Throughout this paper, we will for simplicity of exposition assume that K is an algebraically closed field of characteristic
zero, even though for most of the general definitions and results in the paper this assumption is not essential.

1.1. Definitions

In this section, we recall the definitions of n-ary Hom-Nambu algebras and n-ary Hom-Nambu-Lie algebras, introduced
in [30] by Ataguema, Makhlouf and Silvestrov. They correspond to a generalized version by twisting of n-ary Nambu algebras
and Nambu-Lie algebras which are also called Filippov algebras. In this paper we deal with a subclass of n-ary Hom-Nambu
algebras called multiplicative n-ary Hom-Nambu algebras.

Definition 1.1. An n-ary Hom-Nambu algebra is a triple (&, [, ..., -], @) consisting of a vector space 4/, an n-linear map
[,...,-]: N" —> W and a family & = (;)1<j<n—1 Of linear maps «; : N —> N, satisfying

[a](X]), LR} an—l(xn—l)’ D’l» co ayn]]
= Z[al(_yl)7 ) ai—l(_yi—])a [X17 e 7xn—l’yf]7 ai(.yi+1)! ) an—l(yn)]’ (1‘1)
i=1

forall (x1,...,%0—1) € N1 (y1, ..., ¥n) € N™.
Identity (1.1) is called Hom-Nambu identity.

Letx = (X1,...,X—1) € M LG = (1(X1), ..., n—1(Xn—1)) € N Tandy € . We define an adjoint map ad(x) as a
linear map on , such that
ad®@ @) = [x1, - - X1, Y] (1.2)
Then the Hom-Nambu identity (1.1) may be written in terms of adjoint map as
2n—1

ad@®)([Xn, ..., X2n—11) = Z[Oﬁ(xn), oo 0oni1(Xi—1), ad(X) (X:), a2 —i(Xi1), + . -, An_1(X2n—1)].

i=n

Remark 1.2. When the maps («;)i<i<n—1 are all identity maps, one recovers the classical n-ary Nambu algebras. The
Hom-Nambu Identity (1.1), for n = 2, corresponds to Hom-Jacobi identity (see [27]), which reduces to Jacobi identity
when «; = id.

Let (M, [ ...,-],&) and (N, [, ..., ], &) be two n-ary Hom-Nambu algebras where & = (c;)i=1,. n—1 and @' =
(@))i=1,...n—1. Alinearmap f : ¥ — N'is an n-ary Hom-Nambu algebra morphism if it satisfies

f([xlv"'ﬁxn]):[f(xl)v“’7f(xn)]/
foai:a{of Vi=1,...,n—1.

Definition 1.3. An n-ary Hom-Nambu algebra (&, [, ..., -], @) where & = (;)1<i<n—1 is called n-ary Hom-Nambu-Lie
algebra if the bracket is skew-symmetric that is
X1y, -+ Xom] = SgN(O)[X1, ..., %], VYo € $pandVxq, ..., X, € N (1.3)

where 4§, stands for the permutation group of n elements.
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In what follows we deal with a particular class of n-ary Hom-Nambu-Lie algebras which we call n-ary multiplicative
Hom-Nambu-Lie algebras.

Definition 1.4. An n-ary multiplicative Hom-Nambu algebra (resp. n-ary multiplicative Hom—-Nambu-Lie algebra) is an n-ary
Hom-Nambu algebra (resp. n-ary Hom-Nambu-Lie algebra) (¥, [+, ..., ], &) with @ = (&)1<i<n—1 Where @y = --- =
on_1 = a and satisfying

a([x1, ..., %)) = [@(X1), ..., a(X)], VXq,...,% € N. (1.4)
For simplicity, we will denote the n-ary multiplicative Hom-Nambu algebra as (W, [+, ..., ], @) wherea : & — N isa
linear map. Also by misuse of language an element x € N " refers to x = (xq, ..., X,) and «(x) denotes (x(x1), ..., @ (X,)).

The following theorem gives a way to construct n-ary multiplicative Hom-Nambu algebras (resp. Hom-Nambu-Lie
algebras) starting from classical n-ary Nambu algebras (resp. Nambu-Lie algebras) and algebra endomorphisms.

Theorem 1.5 ([30])). Let (N, [-, ..., -]) be an n-ary Nambu algebra (resp. n-ary Nambu-Lie algebra) and let p : N — N be
an n-ary Nambu (resp. Nambu-Lie) algebra endomorphism. Then (N, p o [+, ..., -], p) is a n-ary multiplicative Hom-Nambu
algebra (resp. n-ary multiplicative Hom-Nambu-Lie algebra).

2. Representations of Hom-Nambu-Lie algebras

In this section we extend the representation theory of Hom-Lie algebras introduced in [34,35] to the n-ary case. We
denote by End(.V) the linear group of operators on the K-vector space .. Sometimes it is considered as a Lie algebra with
the commutator brackets.

2.1. Derivations of n-ary Hom-Nambu-Lie algebras

Let (N, [+, ..., -], @) be an n-ary multiplicative Hom-Nambu-Lie algebra.
We denote by o the k-times composition of «. In particular, we set ¢! = 0 and o = id.

Definition 2.1. For any k > —1, we call D € End(') an a*-derivation of the n-ary multiplicative Hom-Nambu-Lie algebra
WM, [y L) if
[D,a] =0 (i.e.Doa =aoD), (2.1)

and forx € #"

n

Dixt,.... %] = Y [e(r). ... o"(xii1), D). a* (i), ... e (xa)]. (2.2)
i=1

We denote by Der,« () the set of a*-derivations of the n-ary multiplicative Hom-Nambu-Lie algebra .. Notice that we
obtain trivial derivations for k = —1 and classical derivations for k = 0.

For x € N ! satisfying a(x) = x and k > —1, we define the map ad;(x) € End(~) by

ade )W) = X1, .o, X1, @] Vy € N (233)
Then
Lemma 2.2. The map ady(x) is an o*t'-derivation, that we call inner o*+'-derivation.

We denote by Inn,« (') the K-vector space generated by all inner o**1-derivations.

For any D € Der,« () and D’ € Der . () we define their commutator [D, D'] as usual [D, D'l = Do D’ — D" o D. Set
Der(N) = @,@_1 Dery k(M) and Inn(N) = EBkz_l Innyk (N).
Lemma 2.3. For any D € Der (V') and D' € Der v (V), where k + k' > —1, we have

[D, D'] € Der i (N).
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Proof. Letx; € &, 1 <i<n,D € Der(N)and D’ € Der_y (), then

DoD'([x1.....x:]) = Y_D([a* (x1).....D'(x). ... (xn)])
i=1
=Y [ x).....Do D (x). ... " (xy)]
i=1

+ > [ ), L D)), L o D). - o ()]

i<j
n J / J
+ ) [ ), L@ (D)), L @ D)), - o ().
i>j
The second and the third terms in [D, D'] are symmetrical, then

[D,D'1([x1,...,%]) = (Do D' — D o D)([X1, ..., X])

n
= > [@*¥@).....(DoD' =D o D)), .... " (x,)]
i=1

= > 1), .., D, D106, - 0 ()],
i=1

which yields that [D, D'] € Der i (V). O

Moreover since the bracket is closed we have:

Proposition 2.4. The pair (Der(N), [+, -]), where the bracket is the usual commutator, defines a Lie algebra and Inn(~N)
constitutes an ideal of it.

Proof. (Der(«), [+, -]) is a Lie algebra by using Lemma 2.3. We show that Inn(.) is an ideal. Let adg(x) = [xq,...
Xn_1, @¥~1()] be an inner o*-derivation on & and D € Der v () fork > —1and k' > —1wherek + k' > —1.Then

[D, ady(x)] € Der i (N)

3

and foranyy € &

[D, ady(®)]1(¥) = D([X1, - - -, Xpe1, W) = [X1, - - -, Xno1, D),
D([o*(x1), - -, X (1), D) = [ (%), . ., @ (), D)),
= > @), ., D)), - ), T ),

i<n—1

= > [, DR, X1, @),
i<n—1

= Z adg X1 Ao AD@) A - AXp1) ()
i<n—1

Therefore [D, ady(x)] € Inn . (N). O

2.2. Representations of n-ary Hom-Nambu-Lie algebras
In this section we introduce and study the representation of n-ary multiplicative Hom-Nambu-Lie algebras.

Definition 2.5. A representation of an n-ary multiplicative Hom-Nambu-Lie algebra (, [+, ..., -], @) on a vector space V
is a skew-symmetric multilinear map p : #"~! — End(V), satisfying for x, y € A"~ ! the identity

n—1
p(a®) o p®y) — play)) o pkx) = Z plax), ..., ad@)(X)), ..., aX—1)) o v (2.4)
i=1

where v is an endomorphism of V.

Two representations (o, V) and (p’, V') of N are equivalent if there exists f : V — V' an isomorphism of vector space such
that f(x -y) = x-'f(y) wherex -y = p(x)(y) andx-'y = p’(x)(y) forx e #" landy e V.
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Example 2.6. Let (N, [, ..., -], ®) be an n-ary multiplicative Hom-Nambu-Lie algebra. The map ad defined in (1.2) is a
representation, where the operator v is the twist map «. Identity (2.4) is equivalent to Hom-Nambu identity. It is called
adjoint representation.

3. From n-ary Hom-Nambu-Lie algebra to Hom-Leibniz algebra

In the context of Hom-Lie algebras one gets the class of Hom-Leibniz algebras (see [27]). Following the standard Loday’s
conventions for Leibniz algebras, a Hom-Leibniz algebra is a triple (A, [, -], &) consisting of a vector space A, a bilinear map
[,-]:AXx A — Aandalinear map « : A — A with respect to [, -] satisfying

[a®X), [y, z]] = [[x, y], a(2)] + [a (), [x, z]]. (3.1)

Let (&, [, ..., ], @) be a n-ary multiplicative Hom-Nambu-Lie algebra. On A" ! & which is the set of elements
X1 A -+ A X1 that are skew-symmetric in their arguments, forx = x; A -+ AXp_1 € AV TN, Yy =y1 A - Ayaq €
AT W,z € &, we define

e alinearmapL: A" ! W — End(WV) by
L(X) cZ = [X]7 cees Xp—1, Z], (3.2)

and extending it linearly to all elements of A"~! &, Notice that L(x) - z = ad(x)(z).
e alinearmap @ : A" ' W — A" T W bya(®) =ax) A AaX,_1),
e abilinearmap[,]Jo : A" N X AT N — AT by

n—1
(% Yl = LY@y = D _(@(V1), -, LX) - Yis -+ @) (33)
i=0

We denote by £(V) the space A"~ ! & and call it the fundamental set.

Lemma 3.1. The map L satisfies

L([x, yla) - a(z) = L(@(x)) - (L) - 2) — L@®)) - (L&) - 2) (34)
forallx, y € L(N), z € N.

Proposition 3.2. The triple (£(N ) 0 las a) is a Hom-Leibniz algebra.

Proof. Letx = X;{ A - AXqp_1, Yy = Y1 A---AYpqandu = uy A --- Ay € L(N), the Leibniz identity (3.1) can be
written

(% Y], )], = [, [y, ulo], — [€ @), [x, ulo], (3.5)

and equivalently for v € &
(L@eey)ei@) - @) = (La@)eu(L0)on) ) - @) = (L)oo (Lo euu)) - (v). (36)

Let us compute first (L(& (%) 00 (L(Y) 0o u)) This is given by

(Lt ea(Loan)) = Y L)oo (@@, ... L) -t .. ¢(utp-1))

i=0

= (), ..o LX) ), ..., L) up), ..., o Un—1))

+ ) (@), .. L@®) - L) - w), ..., o (Up—y)).

i=

o

The right-hand side of (3.6) is skew-symmetric in x, y. Hence,

(Lo (Ly)et)) = (Ham)eu(Leeu))

n—1
=) @), ..., {L@) - LY) - w) = L@®) - CLE) - w}, ..., o> WU1)). (3.7)
i=0
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On the other hand, using definition (3.3), we find

(L(L(x)-ay)-a&(u))

1n

3
|
|
—_

(az(ul)’ ey az(ui—l)a [a(yl)a ey L(X) y]7 ey Ot(yrl—l)a a(”i)]? Otz(ui+1)v ey az(un—l))

Il
]

Il
<)

J

3
|
—_

|
N

(az(ul)v ceey az(uifl)s [Xs y]Dl : a(ui)a az(ui+1)v ey az(un71))' (38)

:—-O

Identity (3.1) holds by using Lemma 3.1. O
Remark 3.3. We obtain a similar result if we consider the space TN = ®" N instead of L(N).

Remark 3.4. Forn = 2themapL : £L(~) —> End() defines a representation of .L(.A) on M.
One should set v = « and check

Lla(x)) - a(u) = a(lX) -u) (3.9)

L([x, ¥]o) - 2 (u) = L(ax)(¥) - u — L(a @) (x) - u. (3.10)
Indeed (3.9) and (3.10) are equivalent to

[a(x), x(¥)] = a([x, ¥]), (3.11)

[x, y], ()] = [[x(®), y], u] — [[a(y), x], u]. (3.12)

According to [34,35] it corresponds to the adjoint representation of a Hom-Lie algebra.
4. Central extensions and scalar cohomology of n-ary Hom-Nambu-Lie algebras
4.1. Central extensions of n-ary multiplicative Hom-Nambu-Lie algebras

Let (M, [, ..., ], @) be an n-ary multiplicative Hom-Nambu-Lie algebra.

Definition 4.1. We define a central extension & of & by adding a new generator e which is central and by modifying the
bracket as follows: for all X; = x; + a;e, a; € Kand 1 < i < n we have

X1, ... Xl = [X1, ..., Xn] + @ (X1, . .., Xp)e, (4.1)
B&) = ax) + A(x)e, (4.2)
[52], ey )?nfl, E]J\Nf = 0,

where A : & — Kis a linear map.
We make the following observations:

e Clearly, ¢ has to be an n-linear and skew-symmetric map, ¢ € A" ! /* A N*, where &* is the dual of V. It will be
identified with a 1-cochain.

e The new bracket for the X; € .V has to satisfy the Hom-Nambu identity. This leads to a condition on ¢ when one of the
vector involved is e. _

e Since e is central then the Hom-Nambu identity has no restrictionon A. Forx; = x; + ae € N,y = yi + be e ¥, 1 <
i < n, we have

n—1

[BG). .o BGact) T Tnli) g = D [BGDsees B Rrs o Fuct Vil g BGis). - BG)] 5

i=1
Using (4.1) and the Hom-Nambu identity for the original Hom-Nambu-Lie algebra, one gets

(p(a(xl)7 cee O[(Xn_]), [yla L ’Yn])
n—1

= > @@, .. @i, X X Yl @Gign), - (V) = 0. (44)

i=1
e The previous equation may be written as

8lo(x,y,2) =0
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wherex =% ® - @ %1 € N® L y =y Q- Qynq € N® ! 2=y, € V.

We provide below the condition that characterizes ¢ € A" 1 N* A N*, 0 : X AZ — @(x,2) as a 1-cocycle. It is seen
now why it becomes natural to call ¢ a 1-cochain (rather than a 2-cochain, as is stated in the Hom-Lie cohomology case
in [36]).

The number of elements of .£ (/') in the argument of a cochain determines its order. As we shall see shortly, an arbitrary
p-cochain takes p(n — 1) + 1 arguments in &. A 0-cochain is an element of & *.

4.2. Scalar cohomology of multiplicative Hom-Nambu-Lie algebras

Let us now construct the cohomology complex relevant for central extensions of multiplicative Hom-Nambu-Lie
algebras. Since & does not act on ¢(x, z), it will be the cohomology of multiplicative Hom-Nambu-Lie algebras for the
trivial action.

Definition 4.2. We define an arbitrary p-cochain asan elementgp € A" T N* ® --- @ A" T N* A N¥,
P LN)® QLN AN — K
X1y .0y Xp, 2) > @(X1, ..., Xp, 2).
We denote the set of p-cochains with values in K by CP (N, K).
Condition (4.4) guarantees the consistency of ¢ according to (4.1) with the Hom-Nambu identity (1.1). Then
8lp®.y.2) = ¢(a (). Ly) - 2) — (¢ ®). L®) - 2) = ¢([x. Y]o» 2(2)) =0, (45)

where L(x) - z and [x, y],, are defined in (3.2) and (3.3). It is now straightforward to extend (4.5) to a whole cohomology
complex; 8¢ will be a (p 4+ 1)-cochain taking one more argument of .£(.~) than ¢. This is done by means of the following

Definition 4.3. Let ¢ € CP(N, K) be a p-cochain on a multiplicative n-ary Hom-Nambu-Lie algebra .. A coboundary
operator 8P on an arbitrary p-cochain is given by

o1, ..., Xpt1,2) = Z (—1)ig0(o¢(x1),...,)?i,...,[xi,xj]a,...,oc(xp+1),a(z))

1=i<j=p+1
p+1 '
+ ) (=Dipla®). .. & @), L) - 2) (4.6)
i=1
where X1, ..., Xp11 € L(N), z € N and X; means that x; is omitted.

Proposition 44. Let ¢ € CP(N, K) be a p-cochain, then
8P 6 8P (p) = 0.

Proof. Let ¢ be a p-cochain, (x;)1<i<p € L(N) andz € N, we can write 6’ and 5P+ 5 8P as
&= 511) + 55 and §"*1 o 8P = ny1 + N1z + N2t + N2

where n;; =(Sf’+1 08;’, 1<i,j<2, and

p+1
81;90()(19 ceey Xp+'la Z) = Z (_1)l§0(a(xl)7 ) )/(\h LX) [xl" xj]ota L) (X(Xp+])’ Ol(z))

1<i<j
p+1

Bp®a, - Xpr1,2) = ) (= Dig(@®r), ., Ky @®pr), LX) - 2).
i=1

Let us compute first n11¢(X1, ..., Xp41, 2). This is given by

n(@) X1, ..., Xp11,2)
= Y D@, R @) 00, X Xladas - 0 Rpr1), 07 (2))

1<i<k<j
p+1 . —_—
+ Z (_1)1+’{_1§0(O{2(X1)7 ey (Xi)s ey Xiy oo ey [a(xi)s [xkvxj]a]a» "'aaz(xp+1)sa2(z))

1<i<k<j

p+1
+ ) D@ R R Xeas - [ X @) s @ (Xp41), @2 (2)).

1<i<k<j
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Whence applying the Hom-Leibniz identity (3.5) to x;, xj, xx € L(N), we find 11 = 0.
On the other hand we have

m1(@) (X1, ..., Xp11,2) + n12(@) (X1, .. ., Xp11, 2)

p+1
= Z (D@0 ®1), -, Riy e [Xi Xy -0 0 (ppr), LK X)) - @(2))
1<i<j
and
N2(@) (X1, ..., Xpp1,2) = Z (=D'p(®®1), o Ry @(X), o @ (Xpg), (Le(x) - (LX) - 2)))
1si<j
p+] . —_—
+ Y (DT p(@ ) (), R @ (), (LX) - (LX) - 2))).
1<i<j

Then applying Lemma 3.1to x;, xj € L(N) andz € N, 112 + 121 + 122 = 0.
Which ends the proof. O

Definition 4.5. The space of p-cocycles is defined by
Z°(N,K) = {p € C°(N,K) : §’¢ = 0},
and the space of p-coboundaries is defined by
BN, K) = {y =8""p: 9 e CPI(N,K)}.
Lemma 4.6. B*(N,K) C ZP(N, K).

Definition 4.7. We call pth cohomology group the quotient

ZP (N, K)
HP(N,K) = ———.
BP(NV, K)
Example 4.8. We consider the simple n-ary Nambu-Lie algebras (V, [, ..., -]) defined with respect to a basis {e;}i—1, . n+1

by
ler, ..\ 8o enpl = (=DF e or [ei,....e,] = —1)"2&41 e; (4.7)

where ¢; = %1 (no sum over the i of the ¢; factors) just introduce signs that affect the different terms of the sum in i and
using Filippov’s notation; see [13,9,37].

Leto : &N — N be a morphism of n-ary Nambu-Lie algebras. Then Theorem 1.5 leads to Ny, = (N, [+, ..., ]o, & =
(o, ..., )) isa Hom-Nambu-Lie algebra where the bracket [-, . .., -], is given by
) n+1 )
[e1, .. 8o ensile = (=1 eiaer) or e, ... ela = (=D" Y &iel  ae). (48)
i=1

Following [13] and by slightly changing the proof, we obtain:

Proposition 4.9. Any 1-cochain of the (n+1)-dimensional n-ary Hom-Nambu-Lie algebra -V, defined by (4.8)is a 1-coboundary
(and thus a trivial 1-cocycle).

Proof. Let ¢ € C!(N, K) be a 1-cochain on ,, ¢ is determined by its coordinates ®iy,in = ©(€ip, - - ., €;,). We now show
that, in fact a 1-cochain on W, is a 1-coboundary, that is there exists a 0-cochain ¢ such that
n+1
Gir,oin = —0([Ciy, -, € )0) = — Y _ el i (4.9)
k=1

where ¢, = ¢ o x(ey).
Given ¢ then we may consider the 0-cochain ¢ given by

&k i1,.emin
=== D &G i (4.10)
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Indeed, property (4.9) is satisfied:

n+1
k
- ¢([€,’1 PRI ein]a) = - § €I<Ei1 ,,,,, in(pk
k=1
n+1 2 n+l
= k Si Ejl ~~~~~ Jn
= i1seenin 7y k Dit..cin
k=1 T s Jn
1 n+1
— 1 ,,,,,
- E z : i1seensin Pitseesdn = Pitseensin O (4.11)
" J1seedn

5. Deformation of n-ary Hom-Nambu-Lie algebras

Let K[[t]] be the power series ring in one variable t and coefficients in K and N [[t]] be the set of formal series whose
coefficients are elements of the vector space ., (N[[t]] is obtained by extending the coefficient domain of & from K to
K[[t]]). Given a K — n-linearmap ¢ : & X --- X N — N, it admits naturally an extension to a K[[t]] — n-linear map ¢ :

N[ x - x N[E]] — N[E]] thatis, ifx; = Y gdtf, 1 < i <ntheng(,....x) =Y, ot g, ... dh).
The same holds for linear maps. N o

Definition 5.1. Let (N, [+, ..., ], &), @ = (@)1<i<n—1 be an n-ary Hom-Nambu-Lie algebra. A formal deformation of the
n-ary Hom-Nambu-Lie algebra . is given by a K[[t]] — n-linear map

Loy de s MO X - - X N[[ET] — N[[ET]
of theform [, ..., ]t =) ;o0 ti-, ..., Jiwhereeach[- ..., liisaK[[t]] — n-linear map[-, ..., Ji: N X -+ X N — N
(extended to a K[[t]] — n-linear map), and [+, ..., Jo = [, ..., -] such that for (x;))1<i<n—1, (Vi)1<i<n € N

[a](X]), RN arﬁ](anl)v D’l, e 7yl‘l][]t
n—1

= [e1y). .. i @iz X1, - Xt Vil @) - -0 @1 )], - (5.1)

i=1

The deformation is said to be of order kif [-, ..., ], = Z:'{:o t[-, ..., ]; and infinitesimal if t> = 0.
The above condition may be written for x = (X;)1<i<n—1, ¥ = (Vi)1<i<n—1 € £L(N) and by settingz = y,

Le([%, ¥]o) - on(2) = L@ (X)) - (L) - 2) — Le(@(y)) - (Le(x).2) (5.2)
where Li(X) - Z = [x1, .. ., Xn—1, 2] and & (%) = (i(%;)) 1<i<n—1-
Now let (N, [+, ..., -], ) be an n-ary multiplicative Hom-Nambu-Lie algebra (¢ = - - - = a;, = ).

Eq. (5.2) is equivalent, if the deformation is infinitesimal and by setting ¥ = [-, ..., -], to
[O((X]), DRI} a(xn—'l)’ ‘//(Vh e ,.Vn)] + 1//(0[()(1), (x(xn ]) Ly17 s Yn )

= Z[a(yl)7 CEI a(yi—l)a W(Xl» ey Xﬂ—hyi)? a(yH-l)v DY Ol(Vn)]
i=1

+ Z w(a(yl)! ceey a(.yifl)v [X17 ) an‘l’yi]! a(.Vi+1), ) a(.Vﬂ))
i=1
This identity may be viewed as the 1-cocycle condition §'v = 0 for the '-valued cochain . In terms of x, y € L(N) it
may be written, (setting again y, = z), as
8]1;0()65 Y, Z) = '(/f(Cl(X), L(y) : Z) - Ilf(a(y)a L(X) : Z) - ¢([X1a XZ]OU CI(Z))
+L@®) - Y y,2) = La®) - (% 2) + (V) - y)eaa(2) (5.3)

where

(V%) -y)ea(z) = Z[acyl) YYD, e W), a@)]. (5.4)
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Definition 5.2. A p-cochainisa (p + 1)-linearmap ¢ : L(N) Q@ - -+ ® L(N) A N —> N, such that
o Q(X1, ..., %, 2) = @(a(x1), ..., axp), a(2)).
We denote the set of p-cochains by CP (N, V).

Definition 5.3. We call, for p > 1, p-coboundary operator of the multiplicative n-ary Hom-Nambu-Lie algebra
(N, [ ..., ], «) the linear map 87 : CP(N, &) — CP*1(W, W) defined by

p+1
SPY (X s Xpy Xpi1,Z) = Z(—l)iw(a(xl),...,a(x,-), o o) (X Xilas - @ (Xpe), @(2))
1<i<j
pt1

+ DY (@) @), . @) L) - 2)
i=1
p+1

+ Y (DL ) Y (XK X1 2)

i=1
+ (=P (Y1, Xpy ) - Xpr1) 0P (2) (5.5)

where
(W1, Xpy) - Xpi1 )@ (2) = Z[ap(xpﬂ) Y X X)L PR, P ()], (5.6)

forx; = (X)1<j<n1 € LN), 1<i<p+1,z€ N

Proposition 5.4. Let Yy € CP(WN, N) be a p-cochain then
P o 8P(y) = 0.
Proof. Let Y be a p-cochain, x; = (xf-)li,-f,,_l € L(N), 1<i<p+2andz e N.Weset

¥ =5+8+8+38, and &0 = Z i
when nij = 81p+1 o 5]p and

p+1

Sﬁ)llf(X],...,Xp_'_l,Z) Z( 1)1// (X(Xl) [XI,X]]Q,...,(X(Xp+1),0{(l))

1<i<j
p+1

U (xis . X1, 2) = Z( DY (1), . - @(Xp41), LX) 2)

p+1

Y, X1, 2) = Y (D@ Y (xa R Xpg1,2)
i=1

W (X1, o Xpr1.2) = (= DP (Y (X1, ..o Xp, ) - Xpy1) 80P (2).

To simplify the notations we replace L(x) - z by x - z.
The proof that 111 + 112 + 721 + 122 = 0 is similar to the proof of Proposition 4.4.
On the other hand, we have

p+2
7713\0()(17 "'!xp+2=z) = Z {( 1)k+,ap+](xk) I)b.(a(x‘l) [XI’X_)]OU "'7')?](! "'7“(2))
1<i<j<k

+ (D) Y@, R R [ X - @(2))
+ (=TT X Y@y R R (X Xk - (2)) )

p+2
MY (X1, X2, 2) = =¥ (K, X2, 2) Y (=D xla) e (Vs R 2))
1<i<j
p+2 o
M X2 2) = (D) - (@) (VxR R D))
1<i<j

+ (=D ) - (P () - (s R R .,z)))].
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Then, applying Lemma 3.1 to o (x;) € L(N), &P (X)) € L(N) and Y (X1, ..., K, ..., X}, ..., 2) € N, we have
N3+ mn33+n31 =0.
By the same calculation, we can prove that

N3+ n32=0.

We have also

Na¥ (X1, ..., Xp12,2)

p+1
= (=17 ) (=1 Z[ai’“(xpﬂ) (e, R K X @ (), @ (), L P T (D)]
1<i<j
p+1 ) n—1
FEDPY DY [T ) 0P K ), Y
i=1 k,I=1; k1
x (a(x1), ... ?,-,...,a(xpﬂ),a(xf,ﬂ)),...,aP“(z)]
p+1

+ (= 1)PZ( 1) Za”“<xp+2) AP, R @ (X)X Xy o) - 2P TN (@D)].

The first term in 74 is equal to —n4;. Hence

(M4 +na)¥ X1, ..., Xpp2, 2)
p+1 n—1

=D [P ) 0P X)W

k,1=1;k#1
= k 1
X (a(x1),...,x,',...,oc(xpﬂ),a(xpﬂ)), a2

p+1

+ Z( 1PH Z [P (X))o U (@), o R () X X)L PP (@),

n241/f(x1, .. .,xp+2,z)
p+1 n—1 )
=Y PP ) Y (@), R ) (K)o (k- 2)]

i=1 k=1
n—1
1.,1 - K
+ ) [P g ) P (@), R ) (%)), e (g - 2]
k=1

NaaW (X1, ..., Xpy2,2)
p+1

= (—1Pt! Z( 1! Z [P X)W () Ris o 1) X X)L T @),

Hence, —n4; and the second term of (114 + 7141) are equal.
Using the Hom-Nambu identity for any integers 1 <i <p+land1 <k<n-—1

(%) - [P () W (e R X X)L 0P ()]
n—1
Sl o) 0 K)o (), R @), 0E). L @ @]
1=1; £k
[P %)) Y (D) R e (Xp) @ (Xe5)) P (% 2)]
[P ® )@ 0) Y (X R X1, X)L T @)]

When we gather the four terms 714, 741, 1724 and 742, we obtain

(M4 +na1 + N2a + 2D X1, ..., Xpi2, 2)
p+1

—Z( 1>1+*’Za”+‘(xp+2) L) - (@), - @), @(X55)), - 0P @)]
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p+1 n—1
FEDPT Y EDTDY P ) - [P ) W (R R X1 X)L 0P (2)]
i=1 k=1

n—1
) [P &) (@), R (), () 0P (X2 - 2)]

k=1
and
N3y (X1, ..., Xp12,2)
p+1 n—1
i 1 1 = K
=D DY T [P () U (X R X1 X)L 0P ()]
i=1 k=1
n—1
1 1 K
= P ) [P Xy ) (R X X)L 2P @)
k=1
N34V (X1, .., Xpy2,2)
p+1 n—1
i 1 1/,1 kv k 1
= DY [0 ) P ) P (), R (). €))L @ @)
i=1 =1
Hence

(M4 + Na1 + N2a + N2 + 032 + NV (X1, ..o, Xpy2,2) = —Naa¥ (X1, ..., Xpy2, 2)

n—1 n—1

1,.,1 1 k i 1 -1 1
== 3 [ a)s o PRy Y (K X Ky ) s @] T ), @ ()]
i=1 k=1
n—1
1 1 K
== & p2) [Py ) V(K X X)L 2P (@)]
k=1

n—1
+ ) [P ) (), ), @) P (X D).
k=1

Then, we have
N4 + 041 + N2a + N2 + N34 + N43 + 144 =0,

which ends the proof. O

Definition 5.5. The space of p-cocycles is defined by
Z°(N, N) ={p € C°P(N, N) : 8P¢p = 0},
and the space of p-coboundaries is defined by

BP(WN, N)={y =8 "1p:peCP (W, M)

Lemma 5.6. B (N, N) C ZP(N, N).

Definition 5.7. We call the p™ cohomology group the quotient

ZP(N, N)

HP(N, N) = BN, )

6. Cohomology of n-ary Hom algebras induced by cohomology of Hom-Leibniz algebras

In this section we extend to n-ary multiplicative Hom-Nambu-Lie algebras Takhtajan’s construction of a cohomology
of ternary Nambu-Lie algebras starting from Chevalley-Eilenberg cohomology of binary Lie algebras, (see [7,8,38]). The
cohomology of multiplicative Hom-Lie algebras was introduced in [39] and independently in [34].
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6.1. Cohomology complex of Hom-Leibniz algebras

The cohomology complex for Leibniz algebras was defined by Loday and Pirashvili in [40]. We extend it to Hom-Leibniz
algebras as follows.

Let (A, [, -], @) be a Hom-Leibniz algebra and €, (A, A) be the set of cochains C.(A,A) = Hom(®PA, A) forp > 1
and C%(A, A) = A. We define a coboundary operator d by dp(a) = —[¢, a] When ¢ € @0 (AA)and forp > 1,¢ €
CL(AA), ar, ..., 01 €A

p
dPo(ay, ..., ap41) = Z(—Uk_][ap_l(ak), @@, ..., Q.. Gy

+ (_1)P+1 [q)(a] R Q ap)7 aP*l(ap_H)]
p+1
+ Z (—1)’<¢(a(a1) R QLR ® a(ai-1) ® [ak, 6] ® a(gjr1) ® - ® a(apy1)). (6.1)

1<k<j

Notice that we recover the classical case when a = id. The proof that it defines a cohomology complex is similar to that
defining a cohomology complex on Hom-Lie algebras; see [39].

6.2. Main theorem

Let (M, [-, ..., -], o) be a multiplicative n-ary Hom-Nambu-Lie algebra and the triple (£L(N) = N®"1 [.,-],, @) be
the Hom-Leibniz algebra associates to & where the bracket is defined in (3.3).

Theorem 6.1. Let (N, [+, ..., -], @) be a multiplicative n-ary Hom-Nambu-Lie algebra and Gi (N, N) = Hom(QP L(N) ®
N, N) for p > 1 be the set of p-cochains. Let A : CR. (N, N) — @i“(eﬁ, L) be the linear map defined for p = 0 by

n—1
AP ® - ®Xp1) = ) X1 @ @P(X) ® -+ @ Xnt (6.2)
i=0
and for p > 0 by
n—1 )
(AQ)@r, .., Gpp) = Y P X))@ ®P(ar, ... G 1 ®X ) ® - R (), (6.3)
i=1
n—1

where we set a; = x Q- ®X
Then there exzsts a cohomology complex (C}, (N, N), 8) for n-ary Hom-Nambu-Lie algebras such that

doA=Ao0S4.

The coboundary map § : G4 (N, N) — GPH(N N) is defined for ¢ € CL. (N, N) by

p+1
Sp@r, ..., @y, @ye1,X) = Y (=Dip(a(@r), ..., a@), ..., a@ 1), [a, Glo ..., ¢(@ps1), ¢(x))
1<i<j
e _
+ Y (=Dig(a@).....a@). ..., a@). L@a)x)
i=1
p+1

+ D (DT @) - p(ar, . G- Gy, X)
i=1

+(=DP(par, ..., ap,) - Gps1) 0’ (x),

where
(0@, ..., 0p,) - Gpr1) e (x) = Z[oe ®yar)s o en @@, Gy X ) P (K, 0P ()]

forai € LIN),x € N.
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Proof. Let ¢ € C% (N, M) and (ay, ..., Gyr1) € L Whereqj =¥, ® --- @ X, |
Then Ag € @p+1(£, £) and according to (6.1) we setd = dy + d, + d3, where

p
dipar, ..., qp1) = Y (=D " @), p(ar, ..., G, ..., 411)]

k=1

dyp(aq, ..., Gpp1) = (—1)']“[%0(01 ® - ®ap), apil(apw“l)]
p+1

dsp(ay, ..., ap1) = Z (—Dp@@)® - %G+ ® aai—1) ®[a, ] @ @@ 1) ® -+ @ a(apy1))-
1<k<j

By (6.3) we have
d] o A(p(al, ey ap+1)

p
= Z(—nk*l[apfl(ak), Ap(ar, ..., Gk, ..., 4p1)]

WMB EM@

n—1
DY o @), P X ) @ ® 9@, B Xy ) © - @ TN KED)]
i=1

n—1
=Y DY P )@ LT )P W ) @ @, B Xpyy) © - ® AP (X))
i>j

+Z< D 1Zap(xp+1)® @1, G X ) ® LT ()P T W) @ ® (K]

]>1

+ Z(—l)’“ Zal’(x,}.ﬂ) ® - @LE@ (%)), ., e, X ) © - @ &P (X51)

—Z( D 1Zap<xp+1>® L@ (X)) (X ) @ @ (a1, Ty Ky ) ® - @ AP

i>j

+Z< 1)k 1Zoﬂ’(xpﬂ)cz» (@@ T X y)

j>i

®--- @ LlaP 1 (x)).aP~ (xi,+])® @aP () )+ Aods0p(ar, ..., ays1)
=A1+A2+A053o<p(al,...,ap+1)

where

Z( Dk 1Zap<xp+1)® @ L@ (%)) W ) ® @ @(ar, . Ry X ) @ @ P (K

1>]
Ay =Z(—l)“Zap<x;+1>®‘-~®<p<a1,...,Ek,...,x;H)@ C®LE@ T X)W )@ @ aP ().
k=1 j>i
Similarly we can prove that
dz o A(/J(a], ey ap+1) =Ao 84@((11, ey (1p+])
and
p
dz o Ap(ay, ..., Qp41) = Z D Ao0p@@)® - %G ® - @ a(ai_1) ® [, 4] ® a(aj11) ® - - - ® a(@pr1))
1<k<j
p+1
+ ) (D@ @ @G® - ®alty) ® [ar, Gpi1])
= Ao 81(/)((11, ey Gp+]) + Ao 62§0((11, ey ap+1) + A,l + A/Z’

where A] = —Ajand A}, = —A,.
Finally we have

doA=dioA+dyoA+d3zoA=A0d83+A0d4+A08+A0d=A04
where § = 8; + 8, + 83 + 84 as defined in proof 5.4. O
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Remark 6.2. If d> = 0, then §2 = 0.
In fact, sinced o A = A o §, then

Ao8?>=Ao08o08=doAod=dodoA=d’0A=0.

6.3. Ternary Hom-Nambu-Lie algebra case

We consider now the particular case of ternary Hom-Nambu algebras and show how to derive the cohomology of ternary
Hom-Nambu algebras.

Let (N, [+, -, -], @) be a multiplicative ternary Hom-Nambu-Lie algebra. Using Proposition 3.2 the triple (L(N) =
N ® M, [+, -]la, @) where the bracket defined for x = x; ® x, andy = y; ® y, by

[x, y] = [x1, X2, y1] ® a(y2) + a(y1) ® [X1, X2, y21, (6.4)

is a Hom-Leibniz algebra.
We obtain the following corollary of Theorem 6.1.

Proposition 6.3. Let (N, [-, -, -], «) be a multiplicative ternary Hom-Nambu-Lie algebra and @Z(N, N) = Hom(®¥**!
N, N) for p > 1 be the p-cochains. Let A : @5, (N, N) — GZ“(L L) be the linear map defined for p = 0 by

Ap(x1 @ X2) = X1 ® 9(X2) + @(X1) @ X,
and for p > 0 by

(Ap)(ar, ..., aps1) = &P (Xop11) ® 9(@r, ..., Gy ® Xop12) + @(a1, - . ., Gy ® Xapi1) ® P (Xzpy2),

where we set aj = X3j—1 ® X;.
Then there exists a cohomology complex (C3. (N, V), 8) for ternary Hom-Nambu-Lie algebras such that

doA=Ao0S$.
The coboundary map 8 : G, (N, N) — C (W, W) is defined for ¢ € G/ (N, ) by

p 2p+1

3p(x1 ® -+ ® Xppt1) = Z Z (—1Y(a(x1) ® - ® [Xaj_1, X2, %] @ - - - ® A (Xgp11))

j=1 k=2j+1

P
+ Z(—1)k7][01p7](xzk—1), P (%), p(X1 ® -+ @ Kop1 @Kk ® - ® Xgpy1)]

=1
+ (D" Mo (Xap—1), (X1 @ -+ - ® Xop_z ® X3p), &P (Xgp11)]
+ (=) M o @ -+ ® Xgp—1), &P (Xap), P (Xapy1)]- (6.5)
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