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CLASSIFICATION OF ALMOST YAMABE S/L. TONS
IN EUCLIDEAN SPACES

TATSUYA SEKO AND SHUN MAETA

ABSTRACT. In this paper, we completely classifs- _'mosi ~amabe
solitons on hypersurfaces in Euclidean spaces a isen frc u the po-
sition vector field. Some results of almost Yam be sol cons with
a concurrent vector field and almost Yamab- solitons on subman-
ifolds in Riemannian manifolds equipped - ’ith a ¢ ncurrent vec-
tor field are also presented. Moreover, we classify omplete Ricci
solitons on minimal submanifolds in non-pc “tively curved space
forms. For almost Yamabe solitons, al' of the ri sults in this paper
can be applied to Yamabe solitons.

1. INTRCD JCTION

A Riemannian manifold (M, ¢\ 1 called a Yamabe soliton if it satis-
fies

1
(1) (R—p)g = §£vg,

where v is a vector fic!1 on W, L,g is the Lie-derivative of g, R is
the scalar curvature of M «.1d p is a constant. We denote a Yamabe
soliton by (M, g,v, ). «f p >0, p =0, p <0, then a Yamabe soliton
(M, g,v,p) is cal.ed a ' rinking, a steady or an expanding Yamabe
soliton, respect’ve. - A Yamabe soliton (M, g, v, p) is called a gradient
Yamabe solite~ if v is 1ne gradient of some function f on M. We denote
a gradient Yame de soliton by (M, g, f, p). Yamabe solitons are special
solutions tn tue Yamabe flow introduced by Hamilton [13]. Under some
conditiors, Yamabe solitons have been studied (cf. [5], [8], [12], [14]
and [15]). « 7varticular, any compact Yamabe soliton has constant
scalar curvatu.e (cf. [5], [8] and [14]).
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E. Barbosa and E. Ribeiro introduced a generalization o’ Yamabe
solitons in [2] as follows.

Definition 1.1 ([2]). A Riemannian manifold (M, g, v, p" is ' n almost
Yamabe soliton if there exist a complete vector field v an.” a smooth
soliton function p on M satisfying

(2) (R—p)g= %Evg'

An almost Yamabe soliton (M, g, v, p) is called a gradi~nt almost Yam-
abe soliton if v is the gradient of some function f on ). We denote a
gradient almost Yamabe soliton by (M, g, f, 7,

/

From the definition, if p is constant, ali. ~,t Y umabe solitons are
Yamabe solitons. Obviously, Einstein ma.. #0las are almost Yamabe
solitons. It is well known that if M is an 1'instein manifold with
Ric = pg, then the function p is ccosta.* where Ric is the Ricci
tensor on M. However, many examples ~f almost Yamabe solitons
are constructed by E. Barbosa and .’ Ribeiro (cf. [2]). In particular,
examples of compact almost Yar=he so.tons are known. Therefore
the “almost” condition is interesti. ¢ 'l'he simplest example of almost
Yamane soliton is (R”, gean, 7% -1), where g, is the standard
Euclidean metric.

Example 1 ([2]). Let v be a “xed vector in R"" and v” stands for
its orthogonal projection over the tangent bundle of a standard sphere
(S™, gsn). Here we notice the v is the gradient of the right function
hy. Then (S™, ggn, V. p = +(Ah, + R)) is a compact gradient
almost Yamabe soli’ on.

A non-compact aln.~st Yamabe soliton is also known.

Example 2 ([2]). .. nroduct manifold (RX eoen¢S™, dt?4-cosh®tgsn, f =
sinht, p =sirl. ‘+n), where gg» is the standard metric of S™, is a non-
compact gre lier, almost Yamabe soliton.

We als: constiuct some examples of gradient almost Yamabe soli-
tons.

Exar.ple 2. Let f = log(e* +¢* +1) be a function on R? with coordi-
nate . vstem {x', 2?}. Assume that g = VVf, then g is a Riemannian

o 26””1-‘,-26””2—&-3 o 1)

m _uic on R% By an easy argument, (R?, g, f, p = (1ol fort)2

is a grac ient almost Yamabe soliton.

"~enired by constructing Hamilton’s cigar soliton, we can construct
.~any examples of almost gradient Yamabe solitons.
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Example 4. If a metric takes the form g = ds* + ¢*(s)d’* on R?
then the scalar curvature is R(s,0) = —2‘%. Therefore (R-, » =

ds® +¢2(s)d0?, f = as+b0, p = —2‘%/), (a,b € R), is a gr .die 1t almost
Yamabe soliton. By using this, we can construct many exa.. sles of gra-
dient almost Yamabe solitons. In particular, (R?, g = ds* ' e*uf?, f =
as+ b0, p = —4(1 + 2s%)) is a gradient almost Yams pe saliton.

In this paper, we classify almost Yamabe solitons ¢ hypersurfaces
in Euclidean spaces. We first consider a more ¢ enera. condition, that
is, we consider almost Yamabe solitons on subme vifolds in Riemannian
manifolds with a concurrent vector field. A v cior fieid v on M is called
a concurrent vector field if it satisfies

(3) Vxl):X,

for any vector field X on M, where V is tue Levi-Civita connection
on M. The notion of the concurrent ~~~*-- feld is a generalization of
some basic notions in Riemannian gec.etry. One of the most impor-
tant example of Riemannian ma. wo. '~ with a concurrent vector field
is Euclidean spaces. Because, the -osition vector field on Euclidean
spaces satisfies (3).

Example 5 ([3]). Let z1,- - ,x, be a standard chart on the real
vector space V and (a;;) be a constant positive definite matrix. Set
g(a%i, %) = a;j, (i,j = 1,- -,n). Then g is a Riemannian metric on
V. The corresponding . ~nnec’ ion is the standard one. Then, the radial
vector field is concu rent w.' a respect to g.

Riemannian m‘nic 1s :ndowed with a concurrent vector field have
been studied (cf. 3], [7], [18] and [19]).

To classify aimost "amabe solitons on hypersurfaces in a Euclidean
space E"*1 75 tl > metric g of M is induced from E"*!, it seems natural
to take v fro.. T.""!. Since Euclidean spaces have a position vector, we
take v as <. tangen.ial component of the position vector of the Euclidean
space. e ienc e the tangential and the normal components of the
positic~ veci.® v of Euclidean spaces by v? and v+, respectively.

Thec "em 1.2 (Theorem 5.1). Any almost Yamabe soliton (M, g,vT, p)
o7 u hupersurface in a Euclidean space E"*! is contained in either a
h werpla e or a sphere.

.. ™ark 1.3. For almost Yamabe solitons, all of the results in
l.is paper can be applied to Yamabe solitons.
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The remaining sections are organized as follows. Section I contains
some necessary definitions and preliminary geometric resulcs. 1. sec-
tion 3, we show that any Yamabe soliton (M, g, v, p) with . mcurrent
vector field v is a gradient expanding Yamabe soliton wil~» p = —1 and
the scalar curvature is zero. In section 4, we consider .'mos. Yamabe
solitons on submanifolds in Riemannian manifolds en? -vea .-th a con-
current vector field. Section 5 is devoted to the prcof ¢ 1+ eorem 1.2.
Finally in Appendix, we classify complete gradient T icci solitons on
minimal submanifolds in non-positively curved ¢ pace “orms.

2. PRELIMINARIES

Let (N,g) be an m-dimensional Riem~nnian r.anifold and (M, g)
be an n-dimensional submanifold in (N,g). We denote Levi-Civita
connections on (M, g) and (N, §) by V a. 1V respectively.

For any vector fields X,Y tangent t. M and 7 normal to M, the
formula of Gauss is given by

VxY =V YV +LhXY),

where VxY and h(X,Y) are th ~ tany ~ntial and the normal components
of VxY. The formula of Weinge-te.> 1s given by

Vxn= -A,(X)+ Dxn,

where — A, (X) and Dx7 w. the tangential and the normal components
of Vxn. A,(X) and h X,Y) re related by

The mean curvat ure vo~tor H of M in N is given by

1

H = — trace h.

n
For any vecie - aelds X, Y, Z, W tangent to M, the equation of Gauss
is given b,

A(m(X,Y)Z,W) = g(Rm(X,Y)Z, W)
+9(h(X, Z), h(Y,W))

where I m and Rm are Riemannian curvature tensors of M and N,
respecavely. The equation of Codazzi is given by

(Rm(X,Y)Z)* = (Vxh)(Y,Z) — (Vyh)(X, Z),
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where (Rm(X,Y)Z)* is the normal component of Rm(X. 7)Z and
Vxh is defined by

(Vxh)(Y,Z) = Dxh(Y,Z) = (VY. Z) = h(Y,Y x Z .

If N is a space of constant curvature, then the equa’ion ¢ Codazzi
reduces to

3. ALMOST YAMABE SOLITONS WITH A CON_URRBRENT VECTOR

FIELD

Firstly, we show a formula of almost Yame e selitons which is useful
for study of almost Yamabe solitons.

Lemma 3.1.
1 }
@) (- DAR=p)+ 5 g(VRI, (R p) =0,
Proof. Since
AVZf = VAf + l—jijjfa
AV,f = Vi ViVif = Vil — p)gri) = Vi(R — p),

and

ViAf =V.n(R--p))=nV;(R—p),
we have
(5) (n—"2V.IR—p)+ Ri;V;f =0,

where R;; is the Ricci comvatv e of M. By applying V; to the both side
of (5), we obtain

(6) (n — 1)vl\/‘b/ R - p) + VlRij . ij + Rileij =0.
Taking the trac:, e obtain (4). O

Propositior o.2. If an almost Yamabe soliton (M, g,v, p) has a con-
current vect.~ f:ld v, then M is a gradient almost Yamabe soliton with
R=p+1

Proof. Fi.-t.y, v e show that an almost Yamabe soliton with a concur-
rent v_cwor fieid is a gradient almost Yamabe soliton. Set

1
f= 5 g(”?”)'

Then we have

g(Vf, X) = X(f) = g(v, Vxv) = g(v, X),
.~ any vector field X on M.
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Secondly, we show that R = p + 1. Since v is a concurre 1t vector
field, we have

(7) L.g =2g.
Combining (7) with (2), we obtain
(8) R=p+1

O

Since, any almost Yamabe soliton with a cor~urrer. vector field is
gradient and R = p + 1, the equation of tb_ almos. Yamabe soliton
with a concurrent vector field is as follows:

g=VVY.

Therefore g should be a Hessian metric hc <ia-, metric is an important
notion of Geometry and Physics (cf. [1], [t [17], and [20]). It is known
that S. Y. Cheng and S. T. Yau [-'v used Hessian metrics to solve
Monge-Ampére equations (see also [16]).

Proposition 3.3. A Hessian man. old (M,g) with p = R — 1 is an
almost Yamabe soliton.

Therefore we can get man, exau.ples of almost Yamabe solitons. In
fact, Example 3 is a Hessian mau:fold with p = R — 1.

On the other hand, if .z .* compact, then there exists no non trivial
almost Yamabe solito:. * with  concurrent vector field.

Corollary 3.4. T7ere exists no non trivial compact almost Yamabe
solitons with a conc.~ ent vector field.

Proof. By Proros.*on 3.2 and (2), we have Af = n. By applying
maximum prir~ivle, we get f is constant. From this and (4), we have
R =0 and » = —1. Thus, M is a Yamabe soliton. However, there
exists no ron . ‘vial Yamabe solitons. U

By ap v ng ’roposition 3.2 to Yamabe solitons, we can get the
follow’-_;.

Corc'lary ,.5. Any Yamabe soliton with a concurrent vector field is
a yradienc expanding Yamabe soliton with zero scalar curvature and
p=—1

Prant, Since p is constant, by Proposition 3.2 and (4), we have R =0
wd p=—1. 0
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4. ALMOST YAMABE SOLITONS ON SUBMANIFOLDS

In this section, we assume that (N,g) is a Riemannian mani/old
endowed with a concurrent vector field v and (M, g) is ¢ sul manifold
n (N,g). We denote the tangential and the normal com - nents of v
by v and v*, respectively.

First of all, we construct an example of almost Y.m. he soliton hy-
persurfaces in Euclidean spaces.

Example 6. In general, a Riemannian manifc'd with p = R and a
function f satisfying that Vf is a constant vector fie d is a gradient
almost Yamabe soliton. In particular, we c... cou.wruct an example
of gradient almost Yamabe soliton surfaces in “uc'idean spaces. The
Helicoid S = (tcoss,tsins, bs), (b # 0) = a mivimal surface in E3.
The scalar curvature is R = —(bf—ftg). If we “ake p = —% and
f = at+bs, (a,b € R), then it is a srau.nt almost Yamabe soliton
surface in E3.

To classify almost Yamabe solitons ~n a submanifold, we show the
following lemma which will be us. . ... “*he proof of Proposition 4.3 and
Theorem 5.1.

Lemma 4.1. Any almost Yama'e _~liton (M, g,v", p) on a submani-
fold M in N satisfies

(9) (R—p—1)g(X, ) = g(A,(X),Y),
for any vector fields X Y on M.

Proof. Since v is a oncuw..~at vector field and by using formulas of
Gauss and Weinga cen we have

X :V)g :6)((UT+UJ‘)
= TxvT + (X, 0")) + (—A,L(X) + Dxvt),

for any vector f:ld X on M. By comparing the tangential and the
normal compo. ~uts of (10), we obtain

(10)

(11) Vvl = X + A,0(X), h(X,v") = —Dxvt.

From *'.: dew.tion of Lie-derivative and (11), we have

(12) (Lorg)(X,Y) = 29(X,Y) 4 29(A,1(X), V),

f(’c) any vector fields X,Y on M. Combining (12) with (2), we obtain
R U

Pranosition 4.2. Any almost Yamabe soliton (M, g,v’, p) on a sub-
vunifold M in N is a gradient almost Yamabe soliton.
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Proof. Set

Then we have
9(Vf,X) = X(f) = §(v, Vxv) = §(v,X) = g(v" X),
for any vector field X on M. O

Proposition 4.3. If an almost Yamabe soliton (M, g, T p) on a sub-
manifold M in N is minimal, then R = p+ 1.

Proof. From Proposition 4.2, we know that ar;- ali..... Yamabe soliton
on a submanifold is a gradient almost Yamal e sclten. Let {eq, -+ ,e,}
be an orthonormal frame on M. From Lemma 4.1 we have

(B—p—1)gij = g(A,(e), %)
Since M is minimal and taking the tra.~ wc obtain
n(R—p—1)=. 4,0 )=0.
Therefore we conclude that
RP=p +1
O

Corollary 4.4. There exists . » non trivial compact almost Yamabe
solitons on a minimal submanifold in N.

Proof. By Propositior 4.3 ar 1 (2), we have Af = n. By applying
maximum principle, we ge. s constant. From this and (4), we have
R =0and p = —.. "hus, M is a Yamabe soliton. However, there
exists no non trivial . m .be solitons. U

Corollary 4.5. A..r Yamabe soliton on a minimal submanifold in N
15 a gradient ., anding Yamabe soliton with zero scalar curvature and
p=—1.

Proof. Si» ce » is constant, by Proposition 4.3 and (4), we have R =0
and p= 1 U

5. C LASSI}F CATION OF ALMOST YAMABE SOLITONS IN EUCLIDEAN
SPACES

In thi section, we give the proof of Theorem 1.2, namely, we com-
plctelv _lassify almost Yamabe solitons on hypersurfaces in Euclidean
o "< arisen from the position vector field. Let v be the position vector
. 1d on Euclidean spaces.
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Theorem 5.1. Any almost Yamabe soliton (M, g,v",p) or a hyper-
surface in a Euclidean space E"'! is contained in either a aype. »lane
or a sphere.

Proof. Let o be a mean curvature and A be a support fun. ion of M,
ie. H=aN and A = g(N,v) with a unit normal vector n..'d V. From
Lemma 4.1,

(R—p—1)gyy = §(h(eise;),v0) = §lrigiy Nov) = Kigig,
where Ay(e;) = Kie;, i =1,--+ ,n. So we have
(13) R—p—1= k.
Taking the summation, we obtain
(14) R—p—1= ).
Comparing (13) and (14), we have
Ky = v

Therefore M is a totally umbilice™ . ~bmanifold with Ay(e;) = ae; and
h satisfies h(X,Y) = ag(X,Y)N. .7 w we have

0= Vx(§(N,N)) =25(v.-N,N) = 2§(Dx N, N).
Therefore DxN = 0. So we o.*ain
(Vxh)(Y,Z)= D -h(Y,Z)—h(VxY,Z)—hY,VxZ)
= X(a) (Y,Z)N,

for any vector fields X.7, Z on M. From the equation of Codazzi, we
have

X()Y =Y(w)X.

Taking X and Y linea.y independent, we conclude that avis a constant.
Case 1: a=J. From VxN = 0, N, restricted to M, is a constant in
E"*! and we | - ve

Vx(¢w,N)) = g(Vxv,N)+ §v,VxN) = §(X,N) = 0.

This s’.cws tw. .t (v, N) is constant when v and N is restricted to M.
Ther fore ). is contained in the hyperplane normal to N.
Case z. o - 0. We have

Vi(w+a'N)=X+a'VxN=X+a ' (—Ax(X)) = 0.

Thic shows that the vector field v+a ' N, restricted to M, is a constant
‘v E"*! Therefore M is contained in the sphere. O]
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6. APPENDIX

In this appendix, we classify complete gradient Ricci solitons on 1.in-
imal submanifolds in Euclidean spaces or hyperbolic space .. (' 1,g¢, f, p)
is called a gradient Ricci soliton if it satisfies (see for exaw.: le [8]),

(15) Ric+VVf+gg:O.

There are many studies of Ricci solitons on suwu. - wifolds in Rie-
mannian manifolds (cf. [7], [9], [10] and [11]). Sc.ue recent progress on
the subject can be found in [4].

Theorem 6.1. (i) Any complete gradient shrir*ing or steady Ricci
soliton on a minimal submanifold M in a E < ".dea space is an affine
subspace.

(11) There is no complete gradient Ricci soliton on a minimal subman-
ifold M in a hyperbolic space.

Proof. Let ¢ be a sectional curvatur- -7 . T uclidean space or a hyper-
bolic spaces, namely, ¢ = 0 or —1. Fro.. the equation of Gauss,

Ric(X,Y)=c(n—1)g(X,Y) —g(. (2 ,e;),h(e;,Y)) + g(h(X,Y),nH),
for any vector fields X,Y on M "inc> M is a minimal, we have
Ric(X,Y)=c(n— "5/ X Y)—g(h(X,e),h(e;, Y)).

Therefore,
(16) R= n(n—1)—|hJ

In [6], B. L. Chen showea “h .t (a) any complete gradient shrinking or
steady Ricci solitor hac non-negative scalar curvature R > 0 . (b) any
complete gradient ex, ~nc.ng Ricci soliton has R > —3.

We will show *). that is, the case ¢ = 0. By (16), 0 < R = —|h|*.
Therefore, M is a tou.'ly geodesic submanifold and it is an affine sub-
space in the Juc idean space.

We will si.ov (ii), that is, the case ¢ = —1. (a) M is shrinking
or steady Bv tuc same argument, |h|? < —n(n — 1), which can not
happen. ‘b) M 5 expanding: By the same argument, |h|* < —n(n—3),
which ~~nno. '.appen. O
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