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Abstract

In this paper, based on the zero curvature equation, an arbitrary order matrix spectral problem is studied and its associated
multi-component cubic-quintic nonlinear Schrédinger integrable hierarchy is derived. In order to solve the multi-component
cubic-quintic nonlinear Schrodinger system, a class of Riemann-Hilbert problem is proposed with appropriate transformation.
Through the special Riemann-Hilbert problem, where the jump matrix is considered to be an identity matrix, the soliton
solutions of all integrable equations are explicitly calculated. The specific examples of one-soliton, two-soliton and N-soliton
solutions are explicitly presented.

Keywords: Multi-component cubic-quintic nonlinear Schrodinger equation, Integrable hierarchy, Riemann-Hilbert
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1. Introduction

As a branch of the nonlinear science, soliton theory is indispensable and playing increasingly important role in the
nonlinear dynamics. With the development of the soliton theory, there are many methods to solve the solutions of the
integrable equations. Among them, the inverse scattering method and the Riemann-Hilbert method are are two widely used
and effective methods. The original inverse scattering method is the first method to find the exact solution of the soliton
equation. Based on the Gel’fand-Levitan-Marchenko integral equations, the generalized Fourier method is given and the
Cauchy problem of the integrable equation is tried [1]. Later, the Riemann-Hilbert method was developed, which greatly
simplifies the inverse scattering transform method and provides an equivalent but more straightforward method for solving
integrable equations, especially for generating soliton solutions [2]. Based on Riemann-Hilbert problems, a dressing method
has also been developed to get soliton solutions through gauge transformations [3, 4, 5], and it has been generalized for Lax
operators in the orthogonal and symplectic Lie algebras [6] and further developed in numerous publications [7, 8]. In recent
years, a large number of integrable equations have been discussed by solving the associated Riemann-Hilbert problems, such
as, the multiple wave interaction equations [2], the coupled Kundu equation [9], the general coupled nonlinear Schrédinger
equations [10], the nonlinear Schrodinger-type equation [11], the Harry Dym equation [12], the generalized Sasa-Satsuma
equation [13], the Dullin-Gottwald-Holm equation [14], the modified nonlinear Schrédinger equation [15], the mKdV systems
[16, 17, 18] and a six-component fourth-order AKNS system [19].
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The integrable Kundu-Eckhaus (KE) equation[20, 21, 22]
. 2 4 . 2y
iqt + oo + 2la*q + 0la|*q — 2ip1(lg]*)sq = 0

is a generalization of the NLS equation with the cubic and quintic nonlinear terms, which contains the higher-order nonlinear
terms together with the same second-order linear dispersion term, where ¢ is the unit imaginary number, p; is a real
constant, g(w,t) is a complex function that represents the electromagnetic wave, § = p? is the quintic nonlinearity coefficient,
the last term is a nonlinear term which results from the time-retarded induced Raman process and 2p; is the nonlinear
dispersion. Compared with the KE equations, the multi-component cubic-quintic nonlinear Schrédinger equations possess
soliton solutions with more parametric freedom, which can be expected to model more complex situations in reality.

In this paper, we will study the multi-component cubic-quintic nonlinear Schrédinger equations by the Riemann-Hilbert

method. First, We introduce an arbitrary order matrix spectral problem:
e =Y, o =TMp, Y =iA\) +U(u,)), T =iBMO) + VI (u,)), n>1,

where ) is a spectral parameter, u is a potential vector, ¢ is an (n+ 1) x (n+ 1) matrix eigenfunction, A, B are constant
commuting (n + 1) x (n+ 1) matrices, and U, V[ are (n + 1) x (n+ 1) matrices. The compatibility condition of Lax pairs
is the zero curvature equation

Y;, — T 4+ [y, Tl =0,

n

where [, ] is the matrix commutator.

Second, we adopt the following pair of equivalent matrix spectral problems for studying the Riemann-Hilbert problems,
Yo = i[AN), ]+ U(u, N, by, = i[BM(N), 9] + VI (u, M.
with the relation between two matrix ¢ and :

o= in ila’dh g g AN T BTt

where A = diag(—1, I,,). For matrix spectral problems ¢, two bounded analytical matrix eigenfunctions satisfy asymptotic
conditions

OF (2, tn, \) = Iny1, when z,t, — £oo.

Let C* represents the upper half-plane: C* = {z € C|I,(z) > 0}, and C{ are the closures of C*. Similarly, C~
represents the lower half-plane: C~ = {z € C|I,(z) < 0}, and C; are the closures of C~. Based on the matrix eigenfunctions
Y*(x,t,, ), we gain two analytical matrix functions J*(x,t,, ), which are analytical in A € C* and continuous at (C(f,

respectively. Then we gain a matrix Riemann-Hilbert problem:
T (@ tn, NI T (2,80, \) = G2, 1, \), AER,

with
G(z,\) = E(H, + HyS(\)(H, + ST*(\)Hy)E™Y,

where S and S~! are scattering matrices. The normalization conditions for the Riemann-Hilbert problems can be obtained
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by the asymptotic behaviors of the matrix functions J* at infinity of A as
Ji — I’n+17 A= 0,

which is the canonical normalization conditions

Finally, taking the jump matrix G to be the identity matrix I,,4;, the resulting Riemann-Hilbert problems can be
normally solved to generate soliton solutions.

In this paper, we focuse on the multi-component cubic-quintic nonlinear Schrédinger (CQNLS) equation and generate
its soliton solutions by special associated Riemann-Hilbert problems. As can be seen from the above, obtaining a soliton
solution mainly includes two steps [23, 24]: Step 1 is to formulate a Riemann-Hilbert problem with the space variable from
a spatial matrix spectral problem, and Step 2 is to compute soliton solutions by solving special associated Riemann-Hilbert
problems.

The plan of this paper is as follows. In Section 2, based on zero curvature formulation, we derive the multi-component
CQNLS integrable hierarchies and present their bi-Hamiltonian structures. In Section 3, We discuss the analytical properties
of matrix eigenfunctions for equivalent spatial matrix spectral problems and establish a class of Riemann-Hilbert problems
related to the newly introduced spatial matrix spectral problems. In Section 4, we gain soliton solutions to the multi-
component CQNLS integrable hierarchies from special associated Riemann-Hilbert problems. In Section 5, we present one-,
two- and NN-soliton solutions explicitly and analyze their special properties. In the last section, we give concluding remarks,

along with some further questions.

2. Multi-component cubic-quintic nonlinear Schrédinger integrable hierarchies

2.1. Zero curvature formulation

We can use zero curvature formulation to generate integrable hierarchies by choosing a square matrix spectral matrix
Y =Y (u, ) from a given matrix loop algebra with a vector potential w and a spectral parameter A\, whose underlying Lie

algebra could be either semisimple [25, 26] or nonsemisimple[27]. Assume a series solution

T=T(u,))= i T A = i T (u)A~™ "

m=0 m=0

to the corresponding stationary zero curvature equation
T, =[Y, T]. (2)

When the initial matrix Tj is fixed, T' is uniquely determined. According to the solution T', we construct a series of Lax

matrix

T = TN, \) = (A\"T) 4 + Ay, 1> 1, (3)

where the subscript 4+ represents the operation of taking a polynomial part in A, and A,, n > 0 are the modification terms.

The appropriateness of selecting A, is required to generate an integrable hierarchy
ut,, :K’ﬂ(u) :Kn(;c,t,u,uz,-u), 71/2 17 (4)

from the zero curvature equations

Y, — TQEH] + 17, T[”]} =0, n>1, (5)

24
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where the matrices Y and 71" are Lax pair [28] of the n-th evolution equation in the hierarchy (4). The spatial and temporal
matrix spectral problems

o =Yo=Y(u,Np, ¢, =T"p=TM(uNp, n>1, (6)

where ¢ is the matrix eigenfunction, and their compatibility condition is the zero curvature equations (5).
Then, we provide a bi-Hamiltonian structure for analyzing the Liouville integrability of the hierarchy (4)[29]:
0H, m+1 0H, m

Ug, = Kn = Jl &u, = JQ (5’[1, , m 2 ]., (7)

0
where J; and J; are a Hamiltonian pair and — denotes the variational derivative [30]. The Hamiltonian structures can be

ou
usually provided with the help of trace identification [25]:

0 oYy 0 oYy Ad
- T Vdr = A\t (T 2 — 2%y 2
u /tr(T o\ )dx = A 6/\[)\ tr(T@u)]’ vy 5 I In [tr(77)],
or more generally, the variational identity [27]:
1) Yy 0 oY Ad
— T — =N —\(T, —/— = __ 9] TT
ou /< ’8)\>d$ A 8/\[)\ < ’8u>]’ 7 2dA n (LT,

where (-, ) is a non-degenerate, symmetric and ad-invariant bilinear form on the underlying matrix loop algebra [31]. The

bi-Hamiltonian structure ensures unlimited commute Lie symmetries { K, }22, and conserved quantities {I:Tm}ﬁzoz

[K”L17 K"z} = Krln [[(":2] - 1(1/12 [K’ﬂl] =0, (8)
-~ - [ Huy o 0 Homy
A e e o)

where n;,m; > 1,i = 1,2,J = J; or Jo, and K’ denotes the Gateaux derivative of K with respect to u : K'(u)[Y] =

%|5=0K(u +eY,u, +eY,...).

It is known that for an evolution equation with a vector potential u,f[ = [ Hdx is a conserved functional iff (;—ZI is
an adjoint symmetry [32, 33]. Therefore, the Hamiltonian structure links conservative function with adjoint symmetry and
further symmetry. The existence of adjoint symmetry is necessary to permit conservation laws for systems of completely
nondegenerate differential equations, and a pair of symmetry and adjoint symmetry lead to the conservation laws of any
system of differential equations [34, 35]. When the underlying matrix loop algebra in zero curvature formulation is simple,
the typical integrable hierarchies will be produced [3, 35]; when it’s semisimple, a collection of different integrable hierarchies

will be generated; and when it’s non-semisimple, hierarchies of integrable couplings will be gained [36].

2.2. CQNLS hierarchies with multiple potentials

In this subsection, we will discuss the multi-component CQNLS integrable hierarchies and their bi-Hamiltonian structures,
which will be use to bulid Riemann-Hilbert problems.

First, we consider an n + 1 order matrix spectral problem:

- 1 . 2
—iA+ Ell)l'q‘ q
0 =Yp=Y(u,Np, Y= 1 (10)
¢ A iplaP)L



70

75

80

where ) is a spectral parameter and u is a 2n-dimensional potential vector

u=(q,q¢"", a= (g0, ), @ =(q}.a3,....q;)", (11)

where the superscript * denotes the conjugate and T denotes the transpose.

When ¢; = ¢f = 0,3 < j < n, Eq.(10) transforms into the CQNLS matrix spectral problem [37]. Therefore, we call
Eq.(10) as a multi-component CQNLS matrix spectral problem and its associated hierarchy as a multi-component CQNLS
integrable hierarchy.

Second, assume a solution 7"

T = , (12)
c d
where a is a scalar, b" and ¢ are n-dimensional columns, and d is an n X n matrix. In order to obtain the multi-component

CQNLS integrable hierarchies, we use the stationary zero curvature equation corresponding to Eq.(10). By direct calculation,

we gain
az = qc+bq”,
. 1 2
b, = qd —aq —2b(iA — 5 pilal),
: (13)
Cy = dq* - q*a’ + QC(Z)\ - 5/’1|‘I|2)7
de = —q"b — cq,
We expand T as a formal series:
a b > alm  plml
T = = TuA™™, Ty =Ton(u) = , m>0, (14)
c d m=0 C[m] d[m]
where b[m]7 cl™ and dl™ are expressed as
b["l] = (b[{"]7 b[27,L]7 ey b;zm])v c[m,] = (C[lnL]? 0[27"]7 cry CL’{”])T7 d["L] = (dZ'"])"XﬂJ m Z 0 (15)
Then, the Eqgs.(13) derives the recursion relations as follows:
b =0, =0, o =0, d% =0, (16a)
b = (almlg — g™ — pa|q[?bl") + b, (16b)
= L g — g*al™ — g et — el (16¢)
a[mm] » qc['rn] + b[m]q*, d[z'm] — _c['m]q _ q* b[nL]7 m>1. (16d)
If we take the initial values
al = aq, dO = asly, (17)

where a1, as are arbitrary real constants, and by this means, all matrices T;,, m > 1, are uniquely determined according to



the recursion relation (16). The coefficients present that

b = Solala —a), o = = (elala; +a3,), o = =SlaP d, = Saja (18b)
b = Z‘ga(—ZIaIIZqz —pilal*a + 2019 + p1a.q @ + P14 @ a0 — Giaa); (18¢)
o = Z.§OZ(2|11|2<1;* +0ilal'a + 20114l a4+ P17 4.0 + 145G+ Gn) (18d)
all = %a(?m\ql“ +44; - 4.4"), dyj = —%(%IqIquQ}‘ + @5~ 4 ), (18¢)

where o = ap — ag and 1 < j,1 < n. From Eqgs.(16), we get a recursion relation for b and elml:

c[m+1] c[m]

=T . m>1, (19)
plm+1T pmI T

where VU is a 2n x 2n matrix integro-differential operator

—(0+pilaf + 3= 4507 q;) I — q* 0" 'q —q0'q T — (g0 g )T
v = 5 =t n (20)
q'07'q—(¢"07'q)" (@ —pilgl* + > GO )L —q 0 g T
j=
Then, in order to obtain the multi-component CQNLS integrable hierarchies, we take the Lax matrix
T = T (u, \) = (A7) = Y T A", n>1, (21)

m=0

where the modification term A\, is equal to zero and 7}, is defined in Eq.(14). Then by zero curvature equation (5), we can

s gain the multi-component CQNLS integrable hierarchies:

qT b[m+1]T

Uy, = =K, =2 , m>0. (22)
q* c[m+l]

When m = 1, we can gain a nonlinear integrable system from the above hierarchies (22) as follow:

at

at )
Gitn = 5 plae = S g 1< <, (23a)
" ol . ol .
G, = —5 laleg + g, 1<j<n, (23b)

When m = 2 and n = 2, the multi-component CQNLS systems (24) can be reduced to the coupled cubic-quintic nonlinear

Schrodinger equations [37].

(0% [0 [0} [0} o .
g, = 5 lal"a + 70°1a1'a + T0ee — 511l a)e + To1(la)e, 15 <, (24a)
. @ . Q L oa « @ .
Ty = fg\qIqu - Zpglql“qj = Gz~ §p1(\ql2qj)x + Zm(llJIQ)ij, 1<j<n. (24b)

Finally, we analyze the Liouville integrability of the multi-component CQNLS integrable hierarchies (22) through bi-
Hamiltonian structures [32], which can be presented through applying the trace identity [25] or the variational identity
[27].
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Depending on the matrix Y, we have
n

(T (?,() = a—tr(d) = 3ol = YA 25)
m=0 j=1

and

s e A R AP (26)
- m>0

Plugging these into the trace identity and checking the case of m = 2 tells v = 0 in the trace identity, and thus, we have

8H, . ~ i 1 elml
M Gty Hop = —— | (almtY } :d[m+ Ndz, G_1 = . om>1. 27
u 7 1, 1 T | m (27)

The bi-Hamiltonian structure for the multicomponent CQNLS systems is presented as following:

6Hm+l 5Hm
=K, =J; = , >1, 28
e o 275 (28)
where the Hamiltonian pairs (Ji, Jo = J;¥) are given as follows:
0o -2I,
Jl = B (29&)
21, 0
_qTa—1q+(qTa—1q)T 7( _pl|q‘2+ija 1 )In+qT8—1q*T

Jo =1 n =1 . (29b)

—(8 + p1\q\2 + Zl q;fa—lqj)[n _ q*a—lq —q*a_lq*T _ (q*a—lq*T)T

j=

Thus, each of the operators ® = U = J,J; ! presents a recursion operator [38] for every hierarchy with a fixed integer
n > 1 in Eq.(23). Adjoint symmetry constraints (or equivalently symmetry constraints) decompose each multicomponent

CQNLS system into two commuting finite-dimensional Liouville integrable Hamiltonian systems [32].

3. Riemann-Hilbert problem

In this section, the n-th multi-component CQNLS system (22) is the compatibility condition of the following matrix
spectral problems:

P = Y(ua/\)@v (30)

Pt, = T[n](u7)‘)(pa (31)

where

Y =id +U(u, ), T =ix"Q+vi(u,\), n>o0,

with A = diag(—1,1,), 2 = diag(ay,asl,), and

i
Spilal? q g
U= |2 : , VRE= Sy =

; (32)
_q* _§pl‘q‘2-[n

Mﬁ
Sl

£

:
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Here q, ¢* are determined in Eq.(11), and al™, pl™l elml glml 1 < m < n, are defined by Eq.(15). We can easy find that
the tr(U) # 0, when n > 2. So We need an appropriate transformation to make tr(U) = 0.
Let

P = e%ﬂl JZ. \Q\2d5A¢7 q= qeipl JZ. |‘1\20157
alml = glml I — plml gien [7 lal?de, (33)

E[m] _ c[m]e—il)l oo |‘1‘2d57 d["”] — d[m]7

then substitute into Egs.(30)—(31), we can get

Po = (A +U(u,\)@ (34)

B, = (A" + VI (u, 0)3 (35)
where -
~ 0 q| - L FAUOR S

0= q 7 V[n] _ Z : Anmm (36)
- q* 0 m=1 c [m] d[m]

Then, we use the Riemann-Hilbert method to discuss the scattering and inverse scattering of the modified multicomponent
CQNLS system [2, 10].

Assume that all the potentials rapidly vanish when z — 0o and satisfy the integrable conditions:

n

/ 2™ (dsl + |3 )de < 00, m =0, 1. (37)

— 0o =1

Without loss of generality, we let
a=oa; —ay <0. (38)

As & — %00, we have the asymptotic behavior from Eqs.(34)(35): ¢ ~ 4@ +iA" 2 Hence it will be convenient to express

& as
35 _ wei)\Az+iAn Qt"7 (39)

where the canonical normalization ¢ — I,,11, when  — £o0. Substituting Eq.(39) into Egs.(34)—(35), we can gain

Uy = iNA, Y]+ U0 (40)

be, = IAQ, Y]+ Vinly (41)

Applying a generalized Liouville’s formula [39], we can gain

det ¢ =1, (42)

due to tr(U) = tr(V) = 0.
Next, we discuss the Riemann-Hilbert problem of the modified multicomponent CQNLS system (34). In this consid-

eration, the time ¢, is fixed and is a dummy variable, and thus it will be suppressed. In the scattering problem, we first
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introduce two matrix Jost solutions 1*(z, \) of Eq.(40) with the asymptotic conditions
¥ = I,41, when z — Fo0, (43)
respectively. From Eq.(42), we see that det ¢»* = 1 for all z. Since
Gt = tE, E =M (44)
are both solutions of Eq.(34), they are linearly related by a matrix S(\):
v E=¢TES(\), AeR, (45)

where S(A) = (5j1)(n+1)x(n+1) is the scattering matrix. Note that det S(A) = 1 because of det Pt =1
Then applying the method of variation of parameters as well as the boundary conditions (43), we can transform Eq.(40)

into the following Volterra integral equations for y* [2]:

(N ) =Ly + / EMEZNT (Y~ (A, y)e M=) gy, (46)

—00

V@) = L — / eMENT ()T (N, y)ePA V) gy, (47)

x
Thus, 1+ allows analytical continuations off the real axis A € R as long as the integrals on the right sides converge. We can

2iX(z—y

see that the integral equation for the first column of 1)~ involves only the exponential factor e ), which decays because

of y < z in the integral, when X is in the closed upper half-plane C{, and the integral equation for the last n columns of

—2i\(z—y)

¥+ involves only the exponential factor e , which also decays because of y > z in the integral, when A is in the

closed upper half-plane (Car . Therefore, those n + 1 columns can be analytically continued to the closed upper half-plane
C{. Similarly, we can see that the last n columns of 1~ and the first column of % can be analytically continued to the
closed lower half-plane C; .

Below we will determine two matrix eigenfunctions J*(x, A), which are analytically continued to the upper and lower

half-planes, respectively. First, if we express ¢)* as a collection of columns,
UF =505 ), (48)
then the matrix Jost solution
JE =T @, N) = (U1 03, Ung) = YT Hy + ¢ Hy (49)
is analytic in A € C* and continuous in A € C7', and the matrix solution
(W g W) =T HL YT Ho (50)
is analytic in A € C~ and continuous in A € C;;, where H; and H; are defined by

Hy = dlag(1707 T 70)7 Hy = dlag(07 17" ) 71) (51)
—— ——

n n
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In addition, from Eq.(46)—(47), we see that
JT(z,\) = I,11, when X\ € C§ — oo, (52)

and

(1/}?,1/)5, ,1/);+1) — Int1, when A€ Cy — oo. (53)

Secondly, in order to construct the analytic counterpart of J* in the lower half-plane C~, we discuss the adjoint matrix

spectral problems of Eq.(40):

Uy = —iA, A] — QU (54)
The inverse matrices Ji = (¢F)71 satisfy the above adjoint equation. If we express (1»*)~! as a collection of rows:
9T = WF 5 ) (55)
Then, we can show that the adjoint matrix Jost solutions
JT =W ) = HidT + Hedt = i)+ Ha ()T (56)
is analytic in A € C~ and continuous in A € C, and the other matrix solution
WPy, )T = Hidt + Hyp™ = Hy(yt) ™'+ Hay(p7) ™" (57)
is analytic in A € C* and continuous in \ € (CBL. Similarly, we can determine that
J7(x,A) = I,41, when e Cy — oo, (58)

and

(7 Py Unyy) = Inp1, when X € CJ — co. (59)

Now we have constructed the two matrix functions JT(z,A) and J~(z,A) which are analytic in C* and C~, and

continuous in C§ and Cy, respectively. On the real line, we can easily gain from Eqgs.(45), (49) and (56):

JH (2, ) = J (2, VG (2, N), NER, (60)
where ) )
1 512 813 S1n41
S21 1 0 0
G(z,\) = E(H;, + HyS(\)(Hy +ST*(WH)E ' =FE | s3 0o 1 - 0 | E7! (61)
_Sn+1,1 0 0 s 1 ]

with S™H(A) = (S(A) ™" = (3j1) (n+1)x (n+1)- The Eq.(60) presents a matrix Riemann-Hilbert problem we would like to build

for the modified multicomponent CQNLS systems. The asymptotic properties

JE(x,\) = L,41, when A € CE — oo, (62)

10
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generate the canonical normalization conditions for the above presented Riemann-Hilbert problems.
To complete the direct scattering transform, let us evaluate the derivative of Eq.(44) with time ¢,, and use the vanishing

conditions of the potentials at infinity of ¢,. Clearly, we can prove that the scattering matrix S has to satisfy
Sy, =iA"[Q, S], (63)
which tells that the time evolution of the time-dependent scattering coefficients are given by
s1,5 = s1,5(A, 0)6"’5’\”"7 551 = 55,1(A, O)eﬂ'[”‘nt", 2<j<n+1, (64)
and all other scattering coefficients are independent of the time variable ¢,.

4. Soliton solutions by the Riemann-Hilbert problem

In this section, we mainly discuss the soliton solution of the Riemann-Hilbert problem with det.J* = 0 and detJ~ = 0.
The uniqueness of solutions to each associated Riemann-Hilbert problem (60) does not hold unless the zeros of det J* in
the upper and lower half-planes are specified and the structures of ker J* at those zeros are determined in Ref.[40, 41, 42].

Recalling the definitions of J* in Eq.(49) and Eq.(56) as well as the scattering relation in Eq.(45), we see that

detJt (2, ) = s11()\), detJ (2, ) = §11(N), (65)
where
522 523 ce S2,n+1
. _ 532 533 cee 53, n+1
S11 = (S 1)11 = . . . . . (66)
Sn+1,2  Sn+1,3 "0 Sndlntl

Assume that the function s1; has N zeros {\; € CT,1 < k < N}, and the function 8;; has N zeros {S\k €eC,1<k<N},
where N is the number of these zeros. In order to compute IN-soliton solutions simply, we assume that all zeros, A; and
S\k,l < k < N, are simple. In this case, each of ker J¥(z,);),1 < k < N, contains only a single basis column vector

v, 1 < k < N; and each of ker J*(x,jxk), 1 <k < N, a single basis row vector vx,1 < k < N. So, we have

J+(x,)\kf)vk:0, U (2, ) =0, 1<k<N. (67)

It is known that the Riemann-Hilbert problems (60) with the canonical normalization conditions in Eq.(62) and the zero
structures in Eq.(67) can be solved explicitly in Ref.[2, 43]. To compute N-soliton solutions, we take G = I,, 41 in each above
Riemann-Hilbert problem. This can be realized if we take that s;; = 8;; =0, 2 < j < n+ 1, which equivalently requires

that no reflection exists in the scattering problem. This resulting special Riemann-Hilbert problem has the solutions:

N N
M71 I M,1 ~
J+(,'L',)\): n+l — Z M, J_(x’)\): n+1+ Z M’ (68)
him1 AN K AT
where M is a square matrix with entries being defined by
M = (mi)nxn, Mg = —22 1< kI<N, (69)
A= Ak

11
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Because the zeros A\, and )\ are constants, i.e., space and time independent, we can easily determine the spatial and
temporal evolutions for the vectors, vi(z,t,) and vk (z,t,),1 < k < N, in the kernels ker J*. For example, let us compute
the z-derivative of both sides of the first set of equations in Eq.(67). By Eq.(40) and the first set of equations in Eq.(67),
we can derive

d
J+(x,Ak)(% —iMAwy) =0, 1<k <N. (70)

d
It then follows that for each 1 < k < N, the vector % — iArAvg must be in the kernel of J*(z,\;) and so a constant
T

multiple of the vector vi. Without loss of generality, we consider the simplest case and assume

dvk

E:i/\k/\vh ISKSN (71)
The time dependence of vy:

d ,

d:’“ —iAMQuy, 1<k <N, (72)

can be worked out similarly by applying the temporal matrix spectral problem (41). To sum up, we can have

vp(x,t,) = eMATFN gy ] B <N, (73)
b1, tn) = Dpoe MATTIN] < < N, (74)
where vy, and vg,,1 < k < N, are arbitrary constant column and row vectors, respectively.
Finally, we expand J7T at large A as
Tt (x,\) = i Jr O ! A 75
(,A) = n+1+y1($)Jr (p)a — 00, (75)
plugging this series expansion into Eq.(40) and balancing O(1) terms generate
0 202 2 - 20 ) ien
—2(J)a 0 0 0
U=—ilAJ]=| —2(J")a 0 0 0 ; (76)
—2(J{ )nt11 0 0 ‘e 0
where J; = ((Jfr)jl)(n+1)x(n+1)~ In other words, the 2n potentials ¢; and gj,1 < j <n, can be evaluated as follows:
[jj = 27;(J1+)1yj+1, (j; = —2’L'(J1+)j_'_1’17 1 S] S n. (77)
Now from the A-dependence of the solutions in Eq.(68), we have
N
== v(M )5, (78)
k=1

and thus further through the solution expressions in Eq.(77), obtain the N-soliton solution to the modified multi-component

CQNLS system:

N
G =2 vpa(M Db, @ =20 > vk (M Dby, 1<j<n, (79)
k=1 k=1

12



where the matrix M is defined by Eq.(69), and Vi = (Uk,l,vkg, e ,’Uk,nJrl)T and 'i)k = (f)kyl,f)kg, s 7@km+1)7 1 S k S N,
respectively.

Then, we prove that the two components in the presented solutions in Eq.(79) are conjugate to each other[18]. First, let

(80)

1w . Then we easy gain that

Pl =P, (81)

where 1 stands for the Hermitian transpose of a matrix.
If ¥(\) is a matrix eigenfunction of the spectral problem in Eq.(40), then in addition to a known matrix adjoint

eigenfunction 1 ~!(\*), we have another matrix adjoint eigenfunction
(A7) = 9T (V) (82)

associated with an eigenvalue \*, ie, 1T (\*) solves the adjoint spectral problem in Eq.(54) with A replaced with A*. Therefore,

s upon observing the asymptotic properties for 9% at infinity of A, the uniqueness of solutions tells
VI =97 ), w=0r (83)

Further from the definitions of J* in Eqs.(49) and (56), we sce that the two matrix solutions J* satisfy the involution

relation

(T =T (), (84)

and from the definition of the scattering matrix S(\) in Eq.(45), we see that the scattering matrix S(A) has the involution

property
STy = 571N, (85)

w0 According to Eq.(84), we have s11(A\*) = 811(\) through Eq.(65), and thus, the zeros of det J* satisfy the involution relation:

M =ALL, 1<k<N. (86)

To obtain involution eigenvectors vy and ¥y, we check the Hermitian transpose of the first set of equations in Eq.(67):
0=vl(J* )T =vlJ (), 1<k<N, (87)
where we have used Eqs.(84) and (86). Therefore, we can take
=0, 1<E<N, (88)
as the solutions to the second set of equations in Eq.(67). It follows that we have the following involution eigenvectors:
vp(z, t,) = eMATHNSD ] < B <N, Op(x,ty) = v;ioe_M;Az_MZTQtT, 1<k<N, (89)

205 where vy, are arbitrary constant column vectors as before. Then, we can gain that the two components in the presented

solutions in Eq.(79) are conjugate to each other.

13
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Then we can gain the N-soliton solution to the multicomponent CQNLS system (22) by the transformation ¢; =

Gje Jrc 1 and easy find lg;| = |G-

5. N-Soliton Solution

When G = I, the continuous scattering data (81 ;,5;,1), 2 < j <n+1is zero, and the corresponding scattering problem
is called reflectionless. The corresponding solution g is called a reflectionless potential. This solution can be written out

explicitly. Thus, from Eq.(76) we have

N
kj=1
and
N
Gj=-2 Y vea(M b, 1<5<n, (91)
k=1
Here vectors vy, are given by Eq.(73), v; = v}, and matrix M is given by Eq.(69). Without loss of generality, we let
Vi = (Ck1yChk,2y"** »Chnt1) | - In addition, we introduce the notation
O = i\kx + i\ t,, and ap = —1, a9 = 1. (92)

Then the above solution g can be written out explicitly as

N

=2 > cpncf M, 1<) <n, (93)
k=1

where the elements of the N x N matrix M are given by

1 LN . . e
My = T (OO (ChmprClams) " 4 ¢ ey e Oit0), (94)
l — Nk

m=1

Notice that M~' can be expressed as the transpose of M’s cofactor matrix divided by detM. We examine properties of

these N-soliton solutions next.

5.1. Single-soliton solutions

When N = 1, the solution (93) is

*
CHCT j+1661 —061
>

n
e1p|2e= 05400 4 3 |e1.m1|2€05 00

m=1

@ = —2i(\ — A7) L 1<j<n. (95)

Letting

No=E4in, ¢ q = e 2motioo Ami1 =1, 1<m<mn, (96)

where &, 1 are the real and imaginary parts of &y, xg and og are real parameters, then the above solution can be rewritten

as

2 m myt2
g; = Tﬂsech[?(—mﬁ- Z (-1) 12“C’Z“77"”5"7"”75”—0—77330)4-710] exp{—2ix+2i Z (-1) £ Crenm2gn—"m2 ¢, 4+ioo },
n 0<m;<n 0<ms<n
(97)

where e = \/n, m; is odd number and my is even number.
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240

This solution is a solitary wave in the modified multi-component CQNLS system (34). Its amplitude function |g;| has the

n™rE" =™ The phase of this

2 n
shape of a hyperbolic secant with peak amplitude 777, and its velocity is -2y CIm™ (—1)7]2+l
n

mi
solution depends linearly on both space = and time t,,. The spatial gradient of the phase is proportional to the speed of the
wave. Parameters zy and o¢ are the initial location and phase of this solitary wave. This solution is called a single-soliton

solution in the modified multicomponent CQNLS system (34).

5.2. Two-soliton solutions

When N = 2, the solution (93) can also be written out explicitly. Here instead of giving that complicated expression,

we show two typical solution behaviors, one for the case of £ # &5, and the other one for the case of £, = &. Here
MNe =& +ing, k=1,2, (98)

i.e., & and 7y are the real and imaginary parts of A\,. Without loss of generality, we only give the figures fo |¢1| and choose

the solution parameters in Eqgs.(93)-(94) as follows
AM=1+4+14 A=-1-05¢ c¢11= Co1=Cl2=Co=cC3=c3=1, j=1 (99)
while in Fig.1(b), the solution parameters are

)\1 =0.5 +Z7 )\2 =0.5— 071 C1,1 = C2;1 =C12 =C22 =1C13=C23= ]., ] =1 (100)

4]

T
Shb & A N O N K O ®

Figure 1: Two-soliton solutions |q;| in the modified multicomponent CQNLS system: (a) collision, where Re(A1) # Re(A2); (b) bound stste, were
Re(A1) = Re(A2).

In the first case (& # &2), we see from Fig.1(a) that as ¢, — oo, the solution consists of two single-solitons which are far
apart and moving toward each other. When they collide, they interact strongly. But when ¢,, — oo, these solitons re-emerge
out of interactions without any change of shape and velocity, and there is no energy radiation emitted to the far field. Thus
the interaction of these solitons is elastic. This elastic interaction is a remarkable property which signals that the modified
multi-component CQNLS system (34) is integrable. There is still some trace of the interaction however. Indeed, after the
interaction, each soliton acquires a position shift and a phase shift. The position of each soliton is always shifted forward,

as if the soliton accelerates during interactions.

15



Fig.1(a) is typical of all two-soliton solutions with & # &. To show this fact, we analyze the asymptotic states of the

25 solution (91) as ¢, — too. Without loss of generality, let us assume that & > &;. This means that at ¢, = —oo, soliton-1

is on the right side of soliton-2 and moves slower. Note also that 7, > 0 since A, € C,..

Re(01) = —m(z+ Y Cpugl™ ™ (im)™ 'tn) = O(1). (101)

0<mi<n

Since

Re(6) = —m(z+ > Cmigy™™ (im)™ "'t

0<my<n
=+ Y OmEg T i)™ ) — (Y O )™ = ST O (i)™
0<mi1<n 0<mi1<n 0<mi1<n
(102)
where m; is odd number.
In the limit ¢,, — —o0, we have
Re(61) > Re(f2). (103)

=50 In this case, we have to consider separately the two regions (1—) and (2—) defined below. It is easily seen that ¢; ~ 0 (1 <
7 < n) in all other regions.
(I—) finite Re(61), Re(f2) = —o0
In this case, the dominant terms are those which contain the factor e~(¥2+62) Then, the asymptotic state of the solution

(93) is

07 —6,

c11C . c) e
i@, t) ~ —2i(A — AY) L1%,541% ©
lexa[2e=Ci+00) 4 Jer |2 (Z lerm1]?)efi 0

m=1

M M e + o) + ] exp{—2iGz + 20 Y (—1)

0<ma<n

k]

m2+z

2
= —msech[2(—mz +
vn Z

0<mi;<n

(104)

A2 — AT

_ i — — 1 . .
2w where ¢ = e zotioo ¢ mi1 =1, 1<m<nnepg =e™, ¢ = o mq is odd number and ms is even number.

Comparing this expression with Eq.(95), we sce that this asymptotic solution is a single-soliton solution with peak amplitude
mp 41

}nl, and its velocity is -2 Z Crm(=1) =z np"rey ™
(2—) finite Re(f2), Re(@l) ~> ~+00

In this case, the dominant terms are those which contain the factor e(®1+t01). Then, the asymptotic state of the solution
260 (93) is

n )\1 _ )\* n B
(2,263 j41 Zl letma1]? —e216f 0 T JWE > 5 ma1Clmyr)e 0
P

m=1

(jj(ﬂ?,t) ~ —2Z(/\2 7 )\;)

n

n
63 125 lermanlPleat[2e= @540 4 (32 S fen g Plezmpsn [P)efs

m= mi=1mo=1
2 my+1 o . . mo+2 -~
= Zmasech(2(—naw + SO (=1 gy T ™M ) + nolexp{—2ibex + 20 Y C(=1)" 2 eyt
0<m;<n 0<m2<n
(105)
_ _ _ N . .
where co1 = cimp1 = Come1 =1, 1<m<n, ~— =e", ¢; = N )\*, mq is odd number and ms is even number.
Co
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275

In the limit ¢,, — 400, we have

Re(@l) < Re(02) (106)

In this case, we have to consider separately the two regions (1+) and (2+) defined below. It is easily seen that ¢; ~ 0 (1 <
j <n) in all other regions.
(14) finite Re(61), Re(f2) — +o0.

In this case, the dominant terms are those which contain the factor e(®21%2). Then, the asymptotic state of the solution
(93) is

* L 2 * )\2 - /\; w * 0r —0,
era(e] jp1 2o lezml T gy, Y Clmi1C2ma1)e’t
Gj(w,1) = =20\ = M) = T
2 lezmirPleniPem Ot et 2032 3 e mit1lPleamor1[2)efi T
m=1 mi=1mo=1
2 my mytl mi en—mi . . Mo ma+2 Mo ¢N—ma P
= ﬁmsechp(fmw + Z Cy(=1)" =7 n"g] tn, + mao) + ng) exp{—2i&x + 2 Z Cr2(—=1)"=z n"2¢] t, +i0o}
0<mi<n 0<ma<n
(107)
where ¢; 1 = e 720t o)y =co =1, 1<m<n, /acf =€, of = )\2 )\i, m1 is odd number and ms is even
27— M

my+1

" 2
number. This is also a single-soliton solution with velocity -2 >~ C™t1(—1)" 2z 5{"'&7™™" and peak amplitude —mn;.
g n 1 S1 n

f
(24+) finite Re(f2), Re(f) = —o0

mi

In this case, the dominant terms are those which contain the factor e=(?1+01) Then, the asymptotic state of the solution

(93) is

+ * 05 —0
€3 C2,1C5 ;€72

(jj(ﬂ?,lf) >~ —22(/\2 - )\;)

M=

|C2,my1[2e% 02 4 |62+|2‘(?2‘1‘2e*(9§+92)
m=1

2 m mo+2
= Jmmsec2omr+ 3T O ()G T ) S exp{-2iGar 2 3T O 1) g ),
n 0<mi<n 0<ms<n
(108)
Ao — A
where co1 = o1 =1, 1 <m <n, @ =", cF=22 ! my is odd number and ms is even number.
s ;m+ 2

" A2 — A}
C2 2 1
Taking the sum of Eq.(104) and Eq.(105), or Eq.(107) and Eq.(108), we arrive at the following theorem 1.

Theorem 1 The asymptotic forms of the two-soliton solution of the n-th multi-component CQNLS system are as follows

(see also Fig. 2):

as t, — —o0,

2
gz, ty) ~ %msechp(ﬁ + mzo) + n1] exp{w +ioo} + \/ﬁngsech(QTg + ng) exp{w@a}, (109)
as t, — 400,
35 (. ) = —=mysech(2(ry + 7150) + nal exp{my + io0} + —=nasech(2rs + ng) exp{ea} (110)
i(x,t,) &~ —=nisech[2(T x ns] exp{wi + io ———ngsech (279 4+ ny) exp{ws},
qj n \/ﬁﬂl 1T o 3| €Xprwi 0 \/ﬁnz 2 4 P12
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285

where

Mo ¢N—Mo
U t

. § m Mt o en—m
L=~ + On 1(_1) 2 Ui 161 ltn:
0<mi;<n
_ le m]2+1 mign—miy
T2 = —12% + Mo 52 ny
0<m1<n
. . me mg+2
wy = —2i&1x + 20 E cr(—1)"2
0<ms<n

2

wy = g +2 Y CpE(=1)"E pyrey T,

0<ma<n

with ¢11 = e72170H00 ey =1 mi1 = Compr = 1, 1 <m <nyy/nep =e

Ay — AT cf—/\li/\; o= A5 — A o= )\27/\1
» L2 — s ©1 )y 2

X — A JEIpY: X2 — Ap Xe— AL

i
)

Cy

— =", /nct =em

~» My s odd number and my is even number.

Theorem 1 defines the collision laws of two sohtons in the n-th multi-component CQNLS system.

1sech 27’1 + 2120 + Tl3 e@1tioo

T q‘f

-~
sohto:l\ /)‘hton

,’ interaction \'
range

sohtor/ '\sohton 1

QJ—\/>

—ngsech 215 + n2)e

3

nasech(27 4 ny)e™?

msech(21 + 2129 + ny )e@rtico

Figure 2: Two-soliton collision in the n-th multicomponent CQNLS system

This indicates that this soliton does not change its shape and velocity after collision. Its position and phase have shifted,

however, as Fig.1(a) has shown. The position shift is

Vi Vi

Azg = —%(ln|c+| —Inlc7]) = Hln|/\

and the phase shift is
Ay —

Aogy = arg(ch) — arg(c™) = —2 arg(/\*

X
111
S (111)

A

ol (112)

Notice that Azg; < 0 since A;, € C4, and thus the (slower) soliton-1 acquires a negative position shift.

5.8. N-soliton solutions

In this subsection, we compute the asymptotic forms of the N-soliton solution in the limits ¢ — Foo and simplify them

as much as possible.
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We first rewrite the N-soliton solution (93) before considering the limits ¢ — Foo.

N
Gy = =2 Y crach et O (M T
k=1
1 N
_ o v * 67 —0y
= —2iqr > Mickacjpe”
k=1
crie”® cgre% o cypen My, My - My
1 . o Moy Moo s Moy 1 . o cre”% coe™?% o ceppeTON
= *QZmCLjH@ ! . . . - 2’m024+16 ! . . .
¢ : : : : € : : : : (113)
Mn1 Mpy2 -+ MnynN Mp Myz -+ Myn

M11 M12 e ]\/[1N

My, Mo Myn

1, .
A e v |
My_11 My_12 My_1,n
0118701 0216702 - CNle*GN
w0 when &y # & # -+ - # €y, and investigate the asymptotic behavior of ¢;(x,t) in the limit ¢t — Foo. Without loss of generality,
let us assume that & > & > -+ > {n. In this case, when ¢ - —oo, we have
(114)

Re(491) > Re(@z) > > Re(GN),

and we can consider separately N region (17)—(N~) with the following definition
(17) finite Re(#1),Re(b2),Re(f3),--- ,Re(fn) — —oo, under this choice, the dominant terms are those which contain

the factor e~ (92402 +03+03+++0n+0%)  Then the numerator of ¢;(x,t) with the factor e~ (02 F02+0sF05++0n+0x) jg

1 1 1
N 1 1 R S
i o * 2 07 —0, | A2=AT A2—Ag X2 — %
—2ic] ji1C11 H [T N (115)
k=2 : . .
71 71 e 71
AN—A]  AN—Ap ANy

s and the denominator of §;(w,t) with the factor e~ (2 F02+0s+05+-+0n+0%) g
1 1 1
. n N pry A V¥ N—A%
Z 2_0,+0; 2
W |Cl,'m+l (& 110 H |Ck,,l‘
L721 \p=1 k=2
1 1 1
PY LR Ve v Ny
1 1 1 (116)
PV VI v An—AT
N 1 1 1
g H lepa[2e=0r =00 [P Aem AN
k=1 : : :
1 1 1
PV CHD Ve L Ay
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then the asymptotic state of the solution (93) is

c1,1¢] j+1cf691*91

n
|Cl71‘2€791791‘ + ‘C;P ( Z |Cl,m+1‘2) €9f+91

m=1

(L‘(fL’,t) ~ —22(/\1 - )\T)

2 n—miy — . . ma+2 n—m
= Zamsech2-mr+ YD (- W)+ Jexp{—2i6m + 20 S (—1)"ET O,

0<mi<n 0<ma<n
(117)
_ N oy s
where c11 =c1my1 =1, 1 <m <n,/neg =e™, ¢ =[] /\L)\’;, my is odd number and ms is even number.
E#1

(L7) Re(#1), - ,Re(0p—1) — o0, finite Re(fL),Re(0r+1), -+ ;Re(y) = —o0, L = 2,--- N — 1, under this choice,

the dominant terms are those which contain the factore?r 01+ +0r-1401L 1 =(Orp1+07 11+ +0NH8) - Then, the asymptotic

a0 state of the solution (93) is

N N n 9 )\k _ )\* N n 0% _p
* * _
H (€r,2¢L j1 I;IL 21 ek ma[® = Ly . kl;[ Chy gt Zl CLomt1Chymt1)€"E 0k
k1 m= 1 m=

gz, t) = =2i(A\g — AL)

N N n
22 TT 52 lewmerPleral2em @00+ TT (5532 Jetymy 1 2lenm1[2)e 700

ki#Lm=1 k1#L mi=1my=1
2
= fanech nLe + Z o (— 7T t,) + np ) exp{—2i .z + 2 Z oz (—1)" 7"t}
0<mi<n 0<mao<n
(118)
- NN — AL
where cr1 = Cry m+1 = CLmy1 =1, 1 <m <, \/—ﬁ =eL, cp = 11 )\i N , my is odd number and my is even number.
Cr, kAL

(N7) Re(#1),--- ,Re(fn_1) — +o0o, finite Re(fn), under this choice, the dominant terms are those which contain the

factore?1 t0i+ N 1+08 1 With calculations similar to those in the case (L7), we obtain the asymptotic form of ¢ given
by Eq.(118) with L = N.

305 In this case, when ¢ — 400, we have

Re(61) < Re(fs) < -+ < Re(On), (119)

and we can consider separately N region (17)—(N*) with the following definition

(1%) finite Re(61),Re(62),Re(63), - ,Re(fn) — 400, under this choice, the dominant terms are those which contain

the factor ef2+03+0s+05++On+0%  Then, the asymptotic state of the solution (93) is

N Ak — AL
H cra(eq G+l H Z ‘Ck1,m+l‘ T o« H Ckl RES Z cf m—+1Ck1, m+1) —0
Gl t) = —2i(\ — N tm=l AT M m
gLy =~ - 1 N
I 32 femmitPlenaPem@40 4 (62 T1 (3D 30 fermisaPlows mara?)efi
k#1 m=1 k1#1 mi=1mo=1
2 +1 mo+
= Jpmsechl2(-mr 3O )G o ep{-26e 2 YD O g ),
0<mi<n 0<ma<n
(120)
N A* *
where ¢11 = ¢l m41 = Chyymy1 = 1, 1 <m <, \/ﬁ(’ir = e"1+, cl+ =11 VDY )\ , my is odd number and ms is even number.
k#1 Nk T N

310 (L*) Re(by),--- ,Re(fr—1) — —oo, finite Re(fr),Re(0r+1), -+ ,Re(dn) — +oo,L = 2,--- | N — 1, under this choice,

the dominant terms are those which contain the factor ¢~ (¢1H01++0r-1401 _)+004140 11 ++ON+08  Then, the asymptotic
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state of the solution (93) is

+ * 07 —0r
CLCLJCL,j+1€ L

n
S lezmer 20400 4 e [2leg, 1 [Pe= 03+
m=1

2 my
:ﬁanechp(—an—i— Z cr(-1)

@j(@,t) ~ =2i(Ap — A7)

mi+1 _ . ) mo—+2 _
ey ) A lexp{—2ifz + 20 Y Cpr(=1)"7 nprer ),
0<mi<n 0<mao<n

(121)

where cr1 =cpm+1 =1, 1 <m < n, =e"L, ¢

N
n + )\L - )\k . .
£+ n z = myq is odd number and ms is even number.
c

L

ir AL — AL
k#L L k
(N*) Re(61),--- ,Re(fn—1) = —oo, finite Re(fx), under this choice, the dominant terms are those which contain the

us  factore™ (9101 +0n-1+05 1) With calculations similar to those in the case (L), we obtain the asymptotic form of § given
by Eq.(121) with L = N.
Taking the sum of Eq.(117) and Eq.(118), or Eq.(120) and Eq.(121), we arrive at the following theorem 2.
Theorem 2 The asymptotic forms of the N-soliton solution of the n-th multi-component CQNLS system are as follows (see
also Fig. 3):

20 ast, — —o0,

N
_ 2 _
gz, ty) =~ = stech(QTl +n; ) exp{w}, (122)
=1
as t, — 400,
9 N
gj(m, ty) =~ 7 Z msech(27; + n;") exp{w=}, (123)
M=
where
mitl g en—m
n=—mrd Yy Cp(=1) g T,
0<mi<n
@ =Gt 2 Y Cr(—1)TE g,

0<ma<n

- N o\ s n _ N A\ — \*
withck,mH:l,OSmSn,1§k§N,\/ﬁ(1;:e"1,c;:H)‘l Ak \F:e”L,cZ: I k L

k#£1 Cz k#L /\Z - /\2 ’

\/’ﬁCT =
N\ _ \* N _
nt o4+ AE =27 Vn nt o4 AL — Ak

[ ?:€L7CL

= =, = ~——, M1 18 odd number and mso is even number.
Bl Ak — A k£L AL — A

Theorem 2 defines the collision laws of N-solitons in the n-th multi-component CQNLS system.
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Figure 3: N-soliton collision in the n-th multicomponent CQNLS system

6. Conclusion

In this paper, we mainly study the Riemann-Hilbert problems associated with matrix spectral problems to gain soliton
solutions of integrable hierarchies. We considered an arbitrary order matrix spectral problem which can reduce to the
coupled cubic-quintic nonlinear Schrodinger equations and generated the corresponding integrable hierarchies possessing
bi-Hamiltonian structures. For all multi-component CQNLS systems, under an appropriate transformation, we built their
Riemann-Hilbert problems and presented the jump matrix in the resulting Riemann-Hilbert problems. When the jump
matrix is an identity matrix, we gained soliton solutions to the multi-component CQNLS systems. Finally, we discussed
the specific examples of one-soliton, two-soliton and [V-soliton solutions, presented the explicit formulas, and analyzed their
asymptotic behavior.

The Riemann-Hilbert method is very powerful in constructing soliton solutions. The approach has been recently gener-
alized to solve initial-boundary value problems of integrable equations on the half-line and the finite interval [44, 45, 46, 47].
We also remake that we can get the jump matrix at the non-zero boundary branch cut and use the Riemann-Hilbert problems
to gain the rogue wave. Therefore, another important questions for further study are how to formulate Riemann-Hilbert
problems for solving those generalized integrable counterparts. It is hoped that our results from the perspective of the

Riemann-Hilbert technique can be of great help to the study the exact solutions of to integrable equations.
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