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Abstract

By means of the orbit method we show that, for a compact Lie group, the Blattner—Kostant—Sternberg pairing map, with
the constants being appropriately fixed, is unitary. Along the way we establish a holomorphic Peter—Weyl theorem for the
complexification of a compact Lie group. Among our crucial tools is Kirillov’s character formula. The basic observation is that
the Weyl vector is lurking behind the Kirillov character formula, as well as behind the requisite half-form correction on which the
Blatter—Kostant—Sternberg-pairing for the compact Lie group relies, and thus produces the appropriate shift which, in turn, controls
the unitarity of the BKS-pairing map. Our methods are independent of heat kernel harmonic analysis, which is used by B. C. Hall
to obtain a number of these results [B.C. Hall, The Segal-Bargmann Coherent State Transform for compact Lie groups, J. Funct.
Anal. 122 (1994) 103-151; B.C. Hall, Geometric quantization and the generalized Segal-Bargmann transform for Lie groups of
compact type, Comm. Math. Phys. 226 (2002) 233-268, quant.ph/0012015].
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0. Introduction

In this paper we will use the orbit method to show that, for a compact Lie group, the Blattner—Kostant—Sternberg
(BKS) pairing map, multiplied by a suitable constant determined by the Gaussian volume in the imaginary directions
of the complexified group, is unitary. Thus, let K be a compact Lie group and let K C be its complexification. We
shall first establish a Peter—Weyl theorem for the holomorphic functions on K C relative to the inner product coming
from half-form quantization, and we shall then show that the BKS-pairing map between the resulting Hilbert space of
holomorphic functions on K C and the ordinary Hilbert space of L>-functions on K, multiplied by the appropriate
constant, is unitary. Our basic tool is Kirillov’s character formula. For the special case where K is abelian, the
measure on K€ is simply Haar measure on K times the appropriate Gaussian in the imaginary directions and,
after decomposition of the corresponding Hilbert spaces into irreducible (1-dimensional) constituents, inspection
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of characters immediately establishes the unitarity of the pairing map, up to an overall constant determined by the
Gaussian volume in the imaginary directions of the complexified group. Our argument for general not necessarily
abelian K is the same, with the familiar shift given by the half-sum of the positive roots — the Weyl vector (sum of the
fundamental highest weights when K is simply connected) — incorporated, and with those points in the dual of the
abelian Lie algebra that correspond to characters being replaced with entire integral coadjoint orbits. The Weyl vector
enters explicitly into the expression of the Weyl character formula and into that of the Kirillov character formula; it is,
in precisely the same way, also behind the requisite half-form correction over K€ on which the BKS-pairing relies,
and the unitarity of the pairing is then a formal consequence of the character formula. Here the crucial identity is (1.4)
below; indeed, independently of geometric quantization, this identity itself suggests the requisite half-form correction
term over KC. The coincidence of the left- and right-hand side of the quoted identity is, of course, not accidental
since both sides arise, up to multiplication of the argument by the factor i, as the square root of the Jacobian of
the corresponding exponential map. Moreover, in view of the Borel-Weil theorem, a highest weight A determines
a holomorphic line bundle B; over the shifted coadjoint orbit Oy, whose space of holomorphic sections I'(8;)
underlies the irreducible representation having highest weight A; the orbit O, is necessarily of maximal dimension
and hence complex algebraically a full flag manifold and, though we shall not use this fact in the paper, it is worthwhile
noting that the Weyl vector induces a description of the holomorphic sections of 8, as half-forms whence, in particular,
the Weyl vector yields a canonical invariant inner product on I'(8;). In a sense, the holomorphic Peter—Weyl theorem
assembles all these representations into a single one. The fact that the Weyl vector yields a canonical invariant inner
product on each irreducible representation via the Borel-Weil theorem is presumably folk-lore; it was known to J. Wolf
in the sixties of the last century (private communication), long before the advent of half-forms.

We now relate the present paper to what we already know to be in the literature. Since the measure e */"ne
involves a Gaussian constituent, the square-integrability of the representative functions relative to the corresponding
measure can also be established directly, and Lemma 10 in [4] entails that the representative functions are dense
in HL2(KC, e */'ne). The fact that the BKS-pairing map between the two Hilbert spaces, multiplied by a suitable
constant, is a unitary isomorphism, has been established by Hall [7]. In that paper, the pairing map is shown to
coincide, up to multiplication by a constant, with a version of the Segal-Bargmann coherent state transform developed,
in turn, over Lie groups admitting a bi-invariant Riemannian metric, in a sequence of preceding papers [4-7]. See also
Remark 6.8 below. Suffice it to mention at this stage that the main technique in those papers is heat kernel harmonic
analysis and, in fact, in [7], Hall derives the unitarity of the pairing map by identifying the measure on K€ coming
from the half-form bundle with an appropriate heat kernel measure which, in turn, he has shown in the preceding
papers to furnish a unitary transform. This approach in terms of the Segal-Bargmann transform, combined with the
ordinary Peter—Weyl theorem, also entails the statement of the holomorphic Peter—Weyl theorem. Though we do not
spell it out, a suitable holomorphic Plancherel Theorem is an immediate consequence of our approach. A version of
such a holomorphic Plancherel Theorem can be found in [20] as well as in Lemmata 9 and 10 of [4]. In [4] (Section 8),
the completeness of the representative functions is established by analytical considerations. A number of results in
Section 10 of [4] are actually independent of heat kernel methods in the sense that they are valid for more general
measures than that coming from heat kernel analysis and, when these results are applied to the heat kernel measure,
evaluation of coefficients is possible in terms of the eigenvalues of the Laplacian. The uniform convergence, on
compact sets of a group of the kind K, of the holomorphic Fourier series which, under the present circumstances,
arises in an obvious manner, though not spelled out in the present paper, can already be found in Proposition 12 of
[2], where this series is referred to as a Fourier—Laurent series.

Our approach provides the new insight that the unitarity of the BKS-pairing map is independent of heat kernel
methods and, in particular, resolves the mystery of the unitarity of the BKS-pairing map, since the unitarity thus
appears as an incarnation of the character formula or, equivalently, as a consequence of the geometry of coadjoint
orbits. Moreover, the spectral decompositions of the Laplace operator refine to the Peter—Weyl decompositions, and
these decompositions, in turn, explain as well why the BKS-pairing map comes out in terms of a heat equation. In this
sense, the last fact is likewise seen as a consequence of the geometry of coadjoint orbits.

This paper was written during a stay at the Institute for Theoretical Physics at the University of Leipzig. This
stay was made possible by the German Research Council (Deutsche Forschungsgemeinschaft) in the framework of a
Mercator visiting professorship, and I wish to express my gratitude to this organization. It is a pleasure to acknowledge
the stimulus of conversation with G. Rudolph and M. Schmidt at Leipzig. The paper is part of a research program
aimed at exploring quantization on classical phase spaces with singularities [9—17], in particular on classical lattice
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gauge theory phase spaces. Details, including quantum mechanical insight into the significance of the singular strata,
are worked out in [17] for the special case of a single spatial plaquette where K = SU(2). The precise information
needed for this research program is the equivalence of the two Hilbert spaces spelled out in Theorem 5.3 below.

I am indebted to R. Szoke, B. Hall and M. Lassalle for discussion and to the referee for having prodded me to
explain why the approach is geometric, why the pairing map comes out to be unitary, and why the pairing map is
related to the heat equation.

1. The Peter—Weyl decomposition of the half-form Hilbert space

Let K be a compact Lie group and K Cits complexification, and let £ and £C be the Lie algebras of K and K C,
respectively. Choose an invariant inner product -: £ ® € — R on ¢, and endow K with the corresponding bi-invariant
Riemannian metric. Using the metric, we identify € with its dual £* and the total space TK of the tangent bundle with
the total space T*K of the cotangent bundle, and we will denote by | - | the resulting norms on £ and on £*.

Consider the polar decomposition map

Kxt— K€ (x.Y) x-exp(i¥), (x,Y)eK xE. (1.1)

The composite of the inverse of left trivialization with (1.1) identifies T*K with K Cina (K x K)-equivariant fashion.
Then the induced complex structure on T*K combines with the symplectic structure to a K-bi-invariant (positive)
Kaéhler structure. Indeed, the real analytic function

: K€ —> R, k(x-expi¥)) = Y%, (x,Y)eK x ¢t (1.2)

on K© which is twice the kinetic energy associated with the Riemannian metric, is a (globally defined) K -bi-invariant
Kdihler potential, that is, the tautological cotangent bundle symplectic structure on T*K = K Cis given by i 99«.

We now introduce an additional real parameter ¢ > 0; in the physical interpretation, this parameter amounts to
Planck’s constant /. For ease of comparison with the heat kernel measure, cf. the identity (7.3) below, we prefer the
notation ¢ rather than /. The half-form Kihler quantization, cf. e.g. [26] (chap. 10), applied to K C relative to the
tautological cotangent bundle symplectic structure on K C multiplied by 1/1, is accomplished by means of a certain
Hilbert space of holomorphic functions on K C which we now recall, for ease of exposition; see [7] for details. For the
sake of brevity, we do not spell out the half-forms explicitly.

Let ¢ be the symplectic (or Liouville) volume form on T*K = K C; this form induces the Liouville volume measure,
and we will refer to & as Liouville (volume) measure as well. Further, let dx denote the volume form on K yielding
Haar measure, normalized so that it coincides with the Riemannian volume measure on K, and let dY be the volume
form inducing Lebesgue measure on &, normalized by the inner product on €. In terms of the polar decomposition
(1.1), we then have the identity ¢ = dxdY. We prefer not to normalize the inner product on £ since this inner product
yields the kinetic energy.

Define the function n: K€ — R by

. 1
n(x,Y) = <det (%))2 . xeK,Yet: (1.3)

this yields a non-negative real analytic function on K C which depends only on the variable Y € ¢ and, for x € K
and Y € ¢, we will also write n(Y) instead of n(x, Y). The function 172 is the density of Haar measure relative to the
Liouville volume measure on KC, cf. [5] (Lemma 5). Both measures are K -bi-invariant; in particular, as a function
on ¥, n is Ad(K)-invariant. For later reference we point out that, with the notation

1
inh(ad(Y /2)) \ 2
J(V) = det (Sh@A/ZDN®
ad(Y/2)
where g is a general Lie algebra, for Y € £, we have the identity
jiY) = n(r/2). (1.4)

The notation j is due to [19] ((2.3.6) p. 459). The function j2 the density of Haar measure relative to canonical
coordinates on K, cf. [18] (p. 143), and is the crucial correction term in Kirillov’s character formula which we shall
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heavily exploit later in the paper. In fact, the identity (1.4) is the reason why the BKS-pairing map comes out to be
unitary. On the space of holomorphic functions on K C, we will denote by (-, *);.x ¢ the normalized inner product given
by

(®, W), gc = S we e, (1.5)

vol(K) Jkc
and we denote by HL>*(K C, e */1ye) the resulting Hilbert space of holomorphic functions that are square integrable
with respect to the measure e ™/’ ne. This Hilbert space is intrinsically a Hilbert space of holomorphic half-forms on

K (C, cf. [7,22,26]. It is, furthermore, a unitary (K x K)-representation in an obvious fashion.
Given two holomorphic functions @ and ¥ on K C, we define their convolution @ % ¥ by

1

(&% 0)(q) = / P P Qdhg (x), g€ KC: (1.6)
(K) Jk

vol

since K is compact, the convolution ¢ x ¥ is a holomorphic function on K C, indeed the unique extension to a
holomorphic function on K C of the convolution (®|g) * (¥|g) of the restrictions to K. Since restriction to K
yields an isomorphism from C[K €] onto the space R(K) of representative functions on K and since the operation
of convolution turns R(K) into an algebra, indeed, a topological algebra relative to the inner product determined by
Haar measure on K, the operation of convolution turns the vector space C[K C) of representative functions on K c
into an algebra. We will refer to the vector space C[K Clof representative functions on K C, turned into an algebra via
the convolution product, as the convolution algebra of representative functions on K C,

Let T be a maximal torus in K, tits Lie algebra, TC cK C the complexification of T, tC the complexification of
t, and let W denote the Weyl group. Choose a dominant Weyl chamber C, and let R be the corresponding system
of positive real roots. Here and below the convention is that, given Z € t and an element A of the root space &,
associated with the root «, the bracket [Z, A] is given by [Z, A] = i«(Z)A so that, in particular, « is a real valued
linear form on t. In [1] (V.1.3 on p. 185) these «’s are called infinitesimal roots. Relative to the chosen dominant Weyl
chamber, let p = % Y wcr+ o, the Weyl vector.

We will denote by KC the set of isomorphism classes of irreducible rational representations of K C. As usual, we

identify }TC with the space of highest weights relative to the chosen dominant Weyl chamber. For a highest weight A,
we denote by 7): K C_ End(V)) arepresentation in the class of A and by dj the dimension of Vj.
Let X be a highest weight. For ¢ € V;* and w € V}, the function &y, ,, given by

By w(q) = ¥(qw), qeKEC, (1.7)

is a representative function on K, and the assignment to ¥ @ w € V¥ ® V, of the representative function &y ,, yields
a morphism

b Vi@V, — CIKC] (1.8)

of (K€ x K (C)-representations, necessarily injective since V;* ® V}, is an irreducible (K Cxk (C)-representation. We
will write

VO Vi =u(VF® V) c CIKE. (1.9)

Given an L2-function f on K and the irreducible representation 7, : K — End(W,) of K associated with A, following
one of the possible conventions, we define the Fourier coefficient f, € End(W)) of f relative to A by

-~ 1

fo= om0

/ FOOT(x™ Hdx. (1.10)
K

Given a holomorphic function ¢ on K C and the irreducible rational representation 7;: K SR End(V,) of K C
associated with A, we define the Fourier coefficient @, € End(V,) of & relative to A to be the Fourier coefficient
of the restriction of @ to K. The notational distinction between V) and W) will be justified in Section 5.
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Let
: 2
Cry. = ()M 2et24p1, (1.11)

The precise significance of the real constant C; ; will be explained in Lemma 3.3 and Remark 3.7. On End(V}), we
take the standard inner product (-, -); given by

(A, B), = tr(A*B), A, B € End(V}), (1.12)

the adjoint A* of A being computed as usual with respect to a K-invariant inner product on V,. We endow
D, .kt End(V,) with the inner product which, on the summand End(V}), is given by

dy,

s 1.13
Ct,/\( )2 (1.13)

then ® ie gcEnd(V;) refers to the completion relative to this inner product. Thus, up to a constant, the resulting norm
on each End(V}) is the familiar Hilbert—Schmidt norm.

Theorem 1.14 (Holomorphic Peter—Weyl Theorem). (i) The Hilbert space HL2*(K (C, e/ "ne) contains the vector
space C[K (C] of representative functions on K C as a dense subspace and, as a unitary (K x K)-representation,
HL2(KC, e “/"ne) decomposes as the direct sum

HLYKC, e ™ne) =&, =V OV, (1.14.1)

Aeﬁ
into (K x K)-isotypical summands.
(ii) The operation of convolution induces a convolution product * on HL*(K Cle ne).

(ii) Relative to the convolution product, as )\ ranges over the irreducible rational representations of K C the
assignment to a holomorphic function ® on K c of its Fourier coefficients E& € End(V,) yields an isomorphism

—kK/t

HL*(K®, e ™/"ne) — &, _=End(V;) (1.14.2)

of Hilbert algebras, where each summand End(V)) is endowed with its obvious algebra structure.
The decomposition (1.14.1) of HL*(K C e/t ne) is the Peter—Weyl decomposition of this Hilbert space alluded
to earlier.

2. The convolution algebra of representative functions

For ease of exposition we recall the familiar Cartan—Weyl decomposition into minimal two-sided ideals of the
convolution algebra of representative functions on K C
The operation

Lo:CIK®] — CIKC],  (L(D)(g) = B(x"'q), x,q € KC, & € CIK"],
of left translation on K and the operation
R,:CIKC]1 — CIKC],  R(D)(g) = B(gy), y.q€KE, &eCIK],

of right translation on K C are well known to turn CIK C] into an algebraic (K CxkK C)—representation in such a
way that the operations of left and right translation commute. Furthermore, the assignment to the two representative
functions f and & on K Cof (f, h) = (f *h)(e) yields a complex symmetric K C_invariant bilinear form

(,):CIK 1@ C[KC] — C 2.1

on C[K ], cf. e.g. [23].

Let A be a highest weight. We endow V;* OV, = V;*®V;, with the obvious complex symmetric bilinear form coming
from the evaluation mapping. By construction, this form coincides with the restriction of the complex symmetric
bilinear form (2.1) to V;*© V), whence this restriction is non-degenerate, that is, a complex inner product. The operation
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of convolution is defined on CIK C] and, relative to the convolution product on C[K (C], the assignment to ¢ € C[K C]
of its Fourier coefficient @, € End(V,) induces a surjective morphism of algebras

F;:C[K®] — End(Vy), 2.2)
where End(V)) carries its obvious algebra structure, and this morphism has the property that, for every x,y € K c
and every w € Vy,

(LLy () (w) = T, () (S((Th(y " Hw)), & e CIKE]. (2.3)
Furthermore, the composite

Fro4: V¥ ®V, — End(Vy) 24

is the canonical isomorphism.
We will use the notation ¢ = («y) € GEnd(Vy) and T = (Tj.: KC > @®End(V,)), as A ranges over the highest
weights. In terms of this notation, the obvious action of K C x K€ on ®@End(Vy) is given by the association

x,y,0) —> T(x)oxo T(y_l), X,y € kC.

We now recall the algebraic analogue of the Peter—Weyl theorem; see e.g. Section 5 of [23] for details.

Proposition 2.5. (i) The complex vector space C[K € of representative functions decomposes as the direct sum

CIKS =@ vy oV 2.5.1)

of (K Cxk C)-representations and, relative to the complex symmetric bilinear form (2.1), the decomposition is
orthogonal. .

(ii) For each » € KC, the summand V):" Q@ V), is the isotypical summand of C[K (C] determined by A, and the restriction
of the complex symmetric bilinear form (2.1) to this summand is non-degenerate.

(iii) Relative to the convolution product on C[K C), the induced morphism

(F): CIK®] — @, End(V3) (2.5.2)

of algebras is an isomorphism of (K Cxk (C)-representations and yields the decomposition of the convolution algebra
C[K C] into minimal two-sided ideals. [

3. The square integrability of the representative functions

The aim of the present section is to establish the square-integrability of the representative functions on K C and to
reduce the calculation of the requisite integrals over K Cto integrals over K.

Lemma 3.1. Each representative function on K Cis square integrable relative to the measure e /" ne.

We shall exploit the following integration formula

/f(Y)dY = / 1_[ a(Y)? {/ f(Ady(Y))d(yT)} dy, (3.2)
e ct K/T

a€RT

valid for any integrable continuous function f on €. For the special case where ¢ = su(2), the formula essentially
comes down to integration on R3 in ordinary spherical polar coordinates. For the general case, see e.g. [8] (Theorem
L.5.17, p. 195) or [3] ((3.14.2) on p. 185 combined with (3.14.4) on p. 187).

Let A be a highest weight. We will use the notation o€ etc. for representative functions on K Cin the isotypical
summand V;‘ OV, of C[K C] associated with A and, accordingly, we will denote the restriction of (p(c to K by ¢; then
¢ is necessarily a representative function on K which lies in the isotypical summand of L?(K, dx) associated with A
by virtue of the ordinary Peter—Weyl theorem. Lemma 3.1 is implied by the following.
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Lemma 3.3. Given the representative function <p(c on K€ in the isotypical summand V¥ © Vy, of C[K C) associated
with the highest weight % € KC,

/ E(C(p(ce—K/[nS — Ct,)»\/ a(pdx’ Ct,)\ — (tn.)dim(K)/2et|)u+p|2.
KC K

The operation A — A+p, which appears here for the first time in the paper, is the shift referred to in the introduction.
To prepare for the proof of the lemma, we will denote by x ﬁf: the holomorphic character of K C associated with the
highest weight A and, accordingly, we denote by yx; the restriction of X;C to K; this is plainly the irreducible character
of K associated with A.

Lemma 3.4. The character X;C of the irreducible representation T): K C — End(Vy) of K C associated with the
highest weight A satisfies the identity

_ 1 B
/ xS lPe ™ ne = —/ I3 1% ne
KC dy. Jgc

where, as before, d), = dim(V,).

To prepare for the proof of this Lemma recall that, given an L>-function f on K, the appropriate version of the
Plancherel theorem says that a function f on K satisfying suitable hypotheses, e.g. ‘f smooth’ suffices, admits the
Fourier decomposition

&)= detr(faTy(x)). x €K, (3.5)
6

where 6 ranges over the highest weights; see e.g. [19] (2.3.10). Furthermore, one version of the Plancherel formula
takes the form

1 2 _ 2.
Vol(K)/Klf(x)l dX—Zgzdellfell : (3.6)

see e.g. [19] (2.3.11).
For f = x,, the only non-zero Fourier coefficient equals f; = %Idvk, and the Fourier decomposition of the
character y; takes the form

() = dytr(FT(x), xeK.

Proof of Lemma 3.4. Because the measure £ = e “ne is K-bi-invariant it is in particular invariant under right
translation by elements of K. Hence, for every function f on K C which is square integrable relative to this measure,
foreachx € K,

/ I fWIIPE(y) = / I f (yx) P& (y).
KC K(C

Integrating this identity over K yields

vl [ 170 = [ [ s iPadeo)
KC KCJK
Giveny € K C, the Fourier coefficient f; of the function fY on K defined by

£ = %) = w(T () T(x), x € K,
is given by

ﬁy =T fo
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and this is the only non-zero coefficient. Hence, given y € K C, applying the Plancherel formula (3.6) on K to the
function f7, we find

#f £ lPdx = da | T fiull> = dxlliTx(y)llz = inmy)nz.
vol(K) Jx dy, dy,
Consequently

/ xS DI2de(y) = : / / ||fy(x>||2dxdé(y):i / IT(y) 12d& (y)
KC » vol(K) Jxc Jk d, Jgc -

as asserted. [

Proof of Lemma 3.3. We establish the statement of the Lemma for the special case where t = 1. The general case is
reduced to the special case by a change of variables.

As a (K x K)-representation, the isotypical summand V,*© V), is generated by the character Xf- Hence it suffices to
establish the assertion for <,0(C = Xic. By Lemma 3.4, it suffices to compute the integral | xc 1T 2e~*ne. To compute
this integral, let y = x exp(iY) where as before x € K and Y € €. Let T} t€ — End(Vj) denote the corresponding
Lie algebra representation and let A(Y) € End(V)) be givenby A(Y) =i TA/(Y). Then

T,.(y) = Ta(x)To.(exp(iY)) = T; (x)exp(Ty (Y)) = T; (x)et ™)

and
TrOT0) = (A0) (0.

Since the endomorphism T} (Y) is skew-hermitian, the endomorphism A(Y) is hermitian, that is, A(Y)* = A(Y)
whence

* *
(eA(Y)) (eA(Y)) — AW GAWY) _ 2A(Y)

and thence
e @2 = (A M) = (@) = w (@) = xF(exp2iy)).

View A + p as a point of £* via the orthogonal decomposition £ = t @ q* where q7 is the orthogonal complement of
tin &, and let 2,1, be the coadjoint orbit generated by A + p. Given Y € &, Kirillov’s character formula, evaluated at
the point exp(2iY), yields the identity

vol(£2,)j (21Y) X (exp(2iY)) = vol(£2,)1(Y) x (exp(2iY)) = /Q e Mo (9),
Atp
cf. [18,19]. Here ¥ refers to the variable on (2,1, and do denotes the symplectic volume form on {24 ,.

We pause for the moment and justify briefly how Kirillov’s character formula applies: This formula has been shown
in [18] to be valid for compact groups (and not for the complexification of a compact group). However, since K is
Zariski-dense in K, given ¥ tC — C, the function f3 on tC given by f3(Y) = [, x U(Ad,Y)dx is holomorphic.
This justifies our evaluation of Kirillov’s character formula at a general point of £C.

Using the diffeomorphism from K /T onto (2,1, which sends yT (y € K) to (Ad;‘,)_1 (A + p), we now rewrite the
integral in the form

/ ey (9) = vol(2,4p) e~ (A 0402V gy )
sy vol(K/T) Jg/r
_ dyvol(£2,) 6_2()”+p)(Ady(Y))d(yT).
VOI(K/T) K/T

Hence
dj,

e 200 AL () 4 ()
vol(K/T) Jk;r

11?2 = n(V)tr(@ @) =
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whence, in view of the integration formula (3.2),

/ 1T (x expY)) 2™ P p(v)dy = / 1eA® 26~y (vydy
e e

= % / I1 a(Y)Z{ / e_z(H")(Ady(Y))d(yT)}e—IYIZdY
ct K/T

a€RT

— 4, / 2040 =IYP gy _ g, 7 dim(K)/2ga+pP
e
Consequently
/KC lxs 1% ne = %/KC 1T 12 e = mdimUO/ 2P0l o1 (K
as asserted. In particular, Cy ; = gdim(K)/2elh4p?

Remark 3.7. The number (¢77)4%m&)/2 s the Gaussian volume of ¢ relative to the measure e “/’dY on ¢, and the
constant C; o is the volume of £ relative to the measure e™* /tndY. We remind the reader that dY refers to Lebesgue
measure on £, normalized by the inner product on £

4. The constituents given by integral forms

Left and right translation turn HL?(K C.e*/'ne)intoa unitary (K x K)-representation. To establish the statement
(i) of the holomorphic Peter—Weyl theorem, it remains to show that the decomposition (2.5.1) of the vector space of
representative functions on K C into isotypical summands determines the decomposition of HL?(K C e */1ye) into
isotypical summands, that is to say:

Proposition 4.1. There is no irreducible (K x K)-summand in HL*(K Cex/t ne) beyond those which come from
the decomposition (2.5.1).

We shall establish this fact via a geometric argument which is guided by the principle that quantization commutes
with reduction.

The choice of the dominant Weyl chamber in t made earlier determines Borel subgroups Bt and B~ of K C such
that the following hold: Any highest weight A determines algebraic characters ﬁf: B* — C* such that the algebraic
and hence holomorphic line bundles

+. C C/p+
B K xl?;t(C—>K /B

on the flag manifolds KC/B* realize the K C-representations V; and V;*; more precisely, the complex symmetric
K C-invariant bilinear form (2.1) on C[K C] induces an isomorphism

L)) — @

of algebraic and hence holomorphic K C-representations and, when the data are suitably adjusted, the representation
F(ﬁ;‘) comes down to V.

In view of the (K x K)-equivariant diffeomorphism between T*K and K c spelled out in Section 1 above, we
consider K€, endowed with the induced symplectic structure, as a Hamiltonian (K x K)-space. Denote the symplectic
structure on K© by ok and the corresponding momentum mapping on K c by

LSS R LV
Let A be a highest weight for K C, endow K (C/ Bt and K€ /B~ with the appropriate Kihler structures having Chern

classes A and —A, respectively, let u*: K C/B* — #* be the corresponding K -equivariant momentum mappings, and
consider the product manifold

N*=KCx kKC¢/B* x KC/B~
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endowed with the product Kihler structure. Let o be the resulting product symplectic structure which underlies the
product Kéhler structure. The group K € x K€ acts on N* in the obvious way and, by construction, the symplectic
structure o * is (K x K)-invariant. Let ©*: N* — £* x £* be the (K x K )-momentum mapping for the (K x K )-action
on N* relative to the symplectic structure o *. This momentum mapping is essentially the sum of the momentum
mapping X *X and the momentum mappings of K C/B* and K€/B~ into the first and second copy of £ in the
product £* x £*.

Left and right translation on K€ turn the complex vector space H(K©) of holomorphic functions on K into a
holomorphic (K CxkK (C)—representation. For topological reasons, the trivial complex line bundle § on K C serves
as prequantum bundle on K C, and the space of holomorphic sections of § comes down to the vector space H (K )
By construction, the product line bundle 8* = 8 x ﬁr x B, is a holomorphic (K x K)-equivariant prequantum
bundle on the Kéhler manifold N *. Since the complex vector spaces V; and V,* are finite-dimensional, as a (K x K)-
representation, the space of holomorphic sections of * amounts to the complex vector space

Homg (v; ® Vi, H(K‘C)) :

The (K x K)-reduced space (/Lx)_l (0,0)/(K x K) at the point zero of £ x * boils down to a single point.
Consequently the space of (K x K)-invariant holomorphic sections of the product line bundle 8* is at most 1-
dimensional, that is, the space

KxK
Home (V7' @ Vi, HK©))

is at most 1-dimensional. Since we already know that, in the decomposition (2.5.1) of the vector space C[K C) of
representative functions on K C, Vi © V, is the isotypical summand corresponding to A, and since, by virtue of
Lemma 3.1, V;‘ ® V, is actually a subspace of the Hilbert space HL2(K (C, e/t ne), we conclude that the vector
space

2, ,C KxK
Home (V;f @ Vi, HLA(KC, e ™/ne))

of (K x K)-invariants is 1-dimensional. However, this vector space is that of morphisms of (K x K)-representations
from V¥ ® Vj to HL*(KC, e */"ne). Since this space is 1-dimensional, it is generated by a single such morphism,
and this morphism picks out the (K x K)-irreducible constituent V;* © Vj, from HL*(K C e/t ne). In other words,
V¥ © V), is the isotypical summand in HL?(KC, e=*/'5¢) determined by A.

These observations imply that the vector space C[K Clof representative functions on K C is dense in the Hilbert
space HL*(K C, e */'ng). This proves Proposition 4.1 and hence establishes statement (i) of the holomorphic
Peter—Weyl theorem.

5. The abstract identification with the vertically polarized Hilbert space

The vertically polarized Hilbert space arising from geometric quantization on T*K is a Hilbert space of half forms.
Haar measure dx on K then yields a concrete realization of this Hilbert space as L2(K, dx). In this section we will
compare the Hilbert space HL*(K C, e */'ng) with the vertically polarized Hilbert space. This will, in particular,
provide a proof of statements (ii) and (iii) of the holomorphic Peter—Weyl theorem.

Let A be a highest weight. Let W, denote the space of complex representative functions on K which arise by
restriction to K of the holomorphic functions in V. Since a holomorphic function on K C is determined by its values
on K, this restriction mapping is the identity mapping of complex vector spaces, in fact, of K-representations. To
justify the distinction in notation, we note that the embedding ¢, given as (1.8) above yields an embedding

L WE® W, — R(K) = C[KC]
and, maintaining the notation © introduced in Section 2, we write

W O W =u(W, ®@ W) € R(K).
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The K -representation W;* ® W), inherits a K -invariant inner product from the embedding into L%(K, dx). On the other
hand, V;* ® Vj acquires an inner product from its embedding into the Hilbert space HL2(KC, e */"ye) induced by
(1.8) which turns V,* ® V} into a unitary K -representation, but the relationship between the inner products on V;* ® V;,
and W) ® W, is not, a priori, clear. We therefore distinguish the resulting unitary K -representations Wj and V} in
notation as indicated.

Let (-, -)x denote the normalized inner product on L?(K, dx) given by

1 _
(fihk = vOl(K)foth- 5.1

As usual, we endow ®, g End(W,) with the inner product which, on the summand End(W,), is given by d, (-, -)».
This inner product differs from the inner product (1.13); see the completion of the proof of the holomorphic

Peter—Weyl theorem given below for an explanation. Then @AeﬁEnd(WA) refers to the completion relative to this

inner product. As in the situation of the inner product (1.13), up to a constant, the resulting norm on each End(W))
coincides with the Hilbert—Schmidt norm. For ease of exposition, we spell out the ordinary Peter—Weyl theorem in the
following form.

Proposition 5.2. (i) The space R(K) of representative functions on K is dense in L*>(K,dx) and, as a unitary
(K x K)-representation, L*>(K, dx) decomposes as the direct sum

L2(K,dx) = &, (W] © W,) = &,End(W;) (5.2.1)

into (K x K)-isotypical summands as ) ranges over the highest weights.
(ii) Relative to the convolution product * on Li(K ,dx), as A ranges over the highest weights, the assignment to an
L?-function f on K of its Fourier coefficients f € End(W,) yields an isomorphism

L*(K,dx) —> @®;End(W,) (5.2.2)
of Hilbert algebras where LZ(K, dx) is endowed with the normalized inner product (-, -)k.

The following is an immediate consequence of the ordinary and the holomorphic Peter—Weyl theorem, combined
with the explicit determination of the constants C; ; for the highest weights A given in Lemma 3.3, viz. C;, =
([ﬂ)dim(K)/Zetlkerlz'

Theorem 5.3. The association
Vi 0 Vi 3 ¢C — €120 = (1) M40l 2 ¢ W o Wy,

as A ranges over the highest weights, induces a unitary isomorphism

H;:HL*(KC, e */"ne) — L*(K, dx) (5.3.1)
of unitary (K x K)-representations. [
Completion of the proof of the holomorphic Peter—Weyl theorem. Let

H: @, _End(Vy) — &, _oEnd(W))

be the obvious unitary isomorphism of (K x K)-representations which, restricted to the summand End(V}), is given
by multiplication by C tl’éhz, as A ranges over the highest weights. By construction, the diagram

HLA(KC, e */tne)y — s L2(K, dx)

ol l

@, gcEnd(V;) 7{? @AGE@End(W,\)
t
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is commutative where the unlabelled vertical arrows are given by the assignment to a function of its Fourier
coefficients. Moreover, in view of Theorem 5.3, the upper horizontal arrow is an isomorphism of unitary (K x K)-
representations, the lower horizontal arrow is such an isomorphism as just pointed out and, by virtue of the ordinary
Peter—Weyl theorem, the right-hand vertical arrow is an isomorphism of Hilbert algebras. In view of the algebraic
version of the Peter—Weyl theorem, Proposition 2.5 above, we conclude that the convolution product on the algebra
C[K ] extends to a convolution product on HL?*(K C, e */'5g) and that the left-hand vertical arrow is an isomorphism
of Hilbert algebras as asserted.  [J

6. The Blattner—-Kostant—Sternberg pairing

In this section we will show that the isomorphism (5.3.1) is realized by the B(lattner)K(ostant)S(ternberg)-pairing,
multiplied by a global constant; see e.g. [22], [26] for details on the BKS-pairing. We maintain the notation (-, -), gc
for the normalized inner product on HL?(K C. e */'ng) induced by the measure e </ ne

Let & be a holomorphic function on K C which is square integrable relative to e */'ne and let F' be a
square integrable function on K; the ordinary BKS-pairing (-, -)pks between the two half-form Hilbert spaces

HLA(KC, e */"ne) and L2(K, dx) assigns the integral

—K/t

(D, F)pks = / /@(xexp(lY))F(x)e_Tn(Y/Z)dex (6.1.1)

ol(K )
to @ and F provided this integral exists. The requisite calculation which yields the explicit form (6.1.1) of the BKS-
pairing under the present circumstances is given in the appendix of [7], where the notation ¢(Y) = n(Y/2) is used
Y €b).

We will now show that (6.1.1) extends to a pairing which is defined everywhere, that is, to a pairing of the kind
(-, pks: HLA2(KC, e */"ne) ® L*(K, dx) —> C. (6.1.2)

We do not assert that the integral is absolutely convergent for every @ and F, though. To begin with we note that

it is manifest that, given a holomorphic function ¢ on K C which is square integrable relative to e */ne, when the
complex function F¢ on K given by the expression
2
(Fg)(x) = /@(x exp(iY))e” 2z n(¥Y/2)dY, xeK, (6.1.3)
14
is well defined, that is, when the integral exists for every x € K,
(9, F)pks = (Fo, F)k. 6.2)

Theorem 6.3. Let <,0(C be a representative function on K C, and let ¢ denote its restriction to K. Then the integral
(6.1.3) is well defined for & = go(c, and

?CoCe /e = (4tm)~ImK)/2 | FCF cdx. 6.3.1)
XC K 2 4

ydim(K)/2

As for the constant which shows up in (6.3.1), we note that (2t is the Gaussian volume of £ relative to

the measure e /?’dY where dY is the normalized Lebesgue measure on £.

Lemma 6.4. Let A be a highest weight, let (p(c be a representative function on K Cinthe isotypical summand V,* © Vy,
of HL*(K C e/ 'ne) associated with A and, as before, let ¢ denote the restriction of (p(c to K, necessarily a
representative function on K which lies in the isotypical summand W; © Wy, of L%*(K,dx). Then, for & = cp(c,
the integral (6.1.3) exists for every x € K, and the resulting function Fyc on K is given by

Fye = Dipp, Dy = (2lﬂ)dim(K)/2€'|Hp|2/2.
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Proof. We establish the statement of the Lemma for the special case where + = 1. The general case is reduced to the
special case by a change of variables.
As a (K x K)-representation, the isotypical summand V;* © Vj associated with A is spanned by the character Xic

of K€ associated with the highest weight A. Thus it suffices to establish the claim for o€ = X;f:, and we will now do
s0:
In view of the integration formula (3.2), given x € K,

Fe = [ exp e ey ay

1 . B
= Jol(1) /c [T e« { /Kxic (x eXP(Ady@Y»)dy}e YE2y (v /2)dy

aeRt
1 _ . _1Y)2
= _f I a(Y)2{f xC(y lxyexp(lY))dy}e WE/2 (v /2)dy.
vol(T) Jo+ 22 K
Letx € K and Y € &; using the formula
vol(K)

/K xCOxy exp(ir))dy = 10 xE (expiy))

where, as before, d denotes the dimension of the irreducible representation associated with A, we conclude
vol(K/T . _
Fo(x) = me)/ [T «)?xEexprye " *2ny /2)dy.
%3 d. c+
aeRT
Given Y € &, Kirillov’s character formula, cf. [18,19], evaluated at the point exp(iY), yields the identity
1002,)j (Y) xC(exp(iY)) = vol(2,)n(Y/2) xE (exp(iY)) = W o (9
vol(£2,) j (1Y) x;” (exp(iY)) = vol(£2,)n(Y /2) x; (exp(iY)) = o e o (D).
A+0

Now, as in the proof of Lemma 3.3, using the diffeomorphism from K /T onto (2,1, which sends yT (y € K) to
(Ad;)’1 (X + p), we rewrite the integral as an integral over K /T and obtain the identity

. d,, —(r Ad,(Y))
n(Y/2)x < (exp(iY)) = ———— e~ MHPAGLTNg(yT).
HEPD TN T Jigr
Hence

ol(K/T) RN
Fe() = %m(ﬂ/ﬁ al;[+a(Y)2X;F(exp(1Y))e Y12 (v 2)dY

ct KT

a€Rt

_ Xl(x)fee—(”f’)(Y)—‘Y‘z/de _ (zn)dim(K)/Ze\Hp\z/Zm(x)

. . H 2
whence, in particular, D, = (2n)dlm(K )2elA+017/2 g5 asserted. [

Theorem 6.5. The BKS-pairing (6.1.1) extends to a (non-degenerate) (K x K)-invariant pairing of the kind (6.1.2).
Furthermore, the assignment to a representative function  on K c of the function F¢ on K induces a bounded
(K x K)-equivariant operator

O, HLA(KC, e */'ne) — L2(K, dx) 6.5.1)
such that

(9, F)Bks = (6/(9), F)k (6.5.2)
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and such that, when go(c is a member of the isotypical summand V' © V,

0:(¢%) = F,c = Dy 9, (6.5.3)
where as before ¢ refers to the restriction of go(c to K. Finally, the operator

Atm)~ ImE /49, HL2(KC, e/ "ne) —> L*(K, dx) (6.5.4)

sends a representative function <,0(C e VIOV, to Ct1 /)\z(p = (tn)dim(K)/4e’|}‘+p|2/2q) and thus coincides with the unitary
isomorphism (5.3.1) of (K x K)-representations.

Lemma 6.4 and Theorem 6.5 imply in particular the statement of Theorem 6.3.

Proof. Let 1| and X, be two highest weights, let ¢C be a representative function on K C which is a member of the
isotypical summand V)fl © V4, associated with the highest weight A1, and let ¥ be a representative function on K
which is a member of the isotypical summand W} , © W), associated with the highest weight A5. In view of the identity
(6.2) and Lemma 6.4,

(0. ¥)BKs = (F,c. ¥)k = Dis, (0. ¥)k.

Hence, by virtue of the ordinary Peter—Weyl theorem and of the holomorphic Peter—Weyl theorem, the BKS-pairing
(6.1.2) is everywhere defined. By construction, the pairing is K -bi-invariant.

Let goC be a representative function on K C which is a member of the isotypical summand V,;* © V;, associated with
the highest weight . Since

Cry (1) dimK)2ei it

= —dim(K)/42
thx B (2t7r)dim(K)et1a+p? = ((4tm) )2,

by virtue of Lemmas 3.3 and 6.4,

C - . [E—
/chcpce‘”’ns _ sz,* / F,cF,cdx = ((4;71)—‘11“1(’0/4)2] F,cF cdx.
K th VK K

In view of the ordinary Peter—Weyl theorem and of the holomorphic Peter—Weyl theorem, this identity implies the
remaining assertions of Theorem 6.5. [J

Let O): L*(K,dx) - HL*(KC, e “/"ne) be the adjoint of ©,. Let A be a highest weight, let (pC e VOV, and
let o € W © W), be the restriction of <p(c to K. Define the number A; , by 6/ (¢) = A,’Mpc. Then

Dislw. 9)x = (6:9%), o)k = (0°, 670), ke = Arilo®, ), ke = AiCrile. 9)k

D - _ 2
whence A;; = ﬁ = 2dim(K)/2e~11A+pI"/2 Hepce

@t*((p) — 2dim(K)/26—tM+p\2/2(p(C. (66)

Corollary 6.7. The resulting operator
(4tr)~ImE/A gx L2(K, dx) — HLY(KC, e™/ne) 6.7.1)

is unitary and coincides with the inverse of the isomorphism (5.3.1).

Remark 6.8. As hinted at in the introduction, the unitarity of the BKS-pairing map, multiplied by a suitable constant,
has been established in [7] by means of the heat kernel techniques developed in [4]. To this end, in [7], the BKS-
pairing map has been shown to coincide with the Segal-Bargmann transform of [4] by appealing to the inversion
formula in [6].



J. Huebschmann / Journal of Geometry and Physics 58 (2008) 833848 847

7. The spectral decomposition of the energy operator

Let Ag denote the Casimir operator on K associated with the bi-invariant Riemannian metric on K. When
X1, ..., X,, is an orthonormal basis of ¢,

2 2
AK:X1++Xm

in the universal algebra U(£) of &, cf. e.g. [21] (p. 591). The Casimir operator depends only on the Riemannian
metric, though. Since the metric on K is bi-invariant, so is the operator A ; hence, by Schur’s lemma, each isotypical
summand W;f O W, C L*(K,dx) is an eigenspace, whence the representative functions are eigenfunctions for Ag.
The eigenvalue of Ag corresponding to the highest weight A is known to be given explicitly by —e; where

e = (A + o> — o),

cf. e.g. [8] (Ch. V.1 (16) p. 502). The present sign is dictated by the interpretation in terms of the energy given below.
Thus Ag acts on each isotypical summand W;* © W}, as scalar multiplication by —e&;. The Casimir operator is known
to coincide with the nonpositive Laplace-Beltrami operator associated with the (bi-invariant) Riemannian metric on
K, see e.g. [25] (A 1.2). In the Schrédinger picture (vertical quantization on T*K), the unique extension Ex of the
operator —%A x to an unbounded self-adjoint operator on L?(K, dx) is the quantum mechanical energy operator
associated with the Riemannian metric, whence the spectral decomposition of this operator refines in the standard
manner to the Peter—Weyl decomposition of L%(K, dx) into isotypical (K x K)-summands.

Via the embedding of ¢ into €€, the operator Ag is a differential operator on KC. In view of the holomorphic
Peter—Weyl theorem, the unitary transform (5.3.1) (or, equivalently, (6.7.1),) is compatible with the operator Ag.
Consequently, in the holomorphic quantization on T*K = K C, via the _transform (5.3.1) (or, equivalently, via the
BKS-pairing map (6.5.1) multiplied by (4¢7r)~ 4m&)/4) "the operator E xc which arises as the unique extension
of the operator —%A x on HL*(KC, e */'5g) to an unbounded self-adjoint operator is the quantum mechanical
energy operator associated with the Riemannian metric, and the spectral decomposition of this operator refines to the
holomorphic Peter—Weyl decomposition of HL>(K C e */'pe) into isotypical (K x K)-summands.

8. The heat equation

In view of the Peter—Weyl decomposition of LZ(K , dx), the series

P00 = pltx) = Y die T (o)
A

is manifestly a formal solution of the heat equation

dp 1
LA
ar  2°KF
on the compact group K. According to [24] (p. 38), p is a C*-function, indeed the fundamental solution subject
to the initial condition that pg be the Dirac distribution supported at the identity of K, and p extends to an analytic
function on KC.

In terms of the Casimir operator Ak, the identity (6.6) may plainly be written in the form

01 (p) = 2dim(K)/26—t|p|2/26—tAK/290((:7 (8.1)

where ¢ is any representative function on K. In this description of the operator ©;, the highest weights, present in the
description (6.6), no longer appear explicitly. Consequently, for any smooth function f on K, &;(f) is the unique
holomorphic function on K C whose restriction to K is given by

Qt*(f)“{ — Zdim(K)/ze_t|p|2/2e[AK/2f. (82)

In Theorem 2.6(1) of [7], this operator O/ is written as [I;, where the parameter / corresponds to the present
notation f.
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On the other hand, the value ' 3%/2 f is given by

@200 = [ pxTh @l = (i HO) v e K. 8.3)
cf. [21] (Section 8). This establishes the relation between the BKS-pairing and the heat equation observed in [7].
Acknowledgement

Supported by the German Research Council (Deutsche Forschungsgemeinschaft) in the framework of a Mercator
visiting professorship is gratefully acknowledged.

References

[1] Th. Brocker, T. tom Dieck, Representations of Compact Lie groups, in: Graduate Texts in Mathematics, vol. 98, Springer-Verlag, Berlin,
Heidelberg, New York, Tokyo, 1985.

[2] A. Cerezo, Solutions analytiques des équations invariantes sur un groupe compact ou complexe réductif, Ann. Inst. Fourier 25 (1975) 249-277.

[3] J.J. Duistermaat, J.A.C. Kolk, Lie Groups, in: Universitext, Springer-Verlag, Berlin, Heidelberg, New York, Tokyo, 2000.

[4] B.C. Hall, The Segal-Bargmann Coherent State Transform for compact Lie groups, J. Funct. Anal. 122 (1994) 103-151.

[5] B.C. Hall, Phase space bounds for quantum mechanics on a compact Lie group, Comm. Math. Phys. 184 (1997) 233-250.

[6] B.C. Hall, The inverse Segal-Bargmann transform for compact Lie groups, J. Funct. Anal. 143 (1997) 98-116.

[7] B.C. Hall, Geometric quantization and the generalized Segal-Bargmann transform for Lie groups of compact type, Comm. Math. Phys. 226
(2002) 233-268, quant.ph/0012015.

[8] S. Helgason, Groups and Geometric Analysis. Integral Geometry, Invariant Differential Operators, and Spherical Functions, in: Pure and
Applied Mathematics, vol. 113, Academic Press Inc., Orlando, FL, 1984.

[9] J. Huebschmann, Poisson cohomology and quantization, J. Reine Angew. Math. 408 (1990) 57-113.

[10] J. Huebschmann, On the quantization of Poisson algebras, in: P. Donato, C. Duval, J. Elhadad, G.M. Tuynman (Eds.), Symplectic Geometry
and Mathematical Physics, Actes du colloque en 1’honneur de Jean-Marie Souriau, in: Progress in Mathematics, vol. 99, Birkhduser-Verlag,
Boston, Basel, Berlin, 1991, pp. 204-233.

[11] J. Huebschmann, Kéhler Spaces, Nilpotent Orbits, and Singular Reduction, in: Memoirs AMS, vol. 172/814, Amer. Math. Society, Providence,
RI, 2004, math.DG/0104213.

[12] J. Huebschmann, Lie-Rinehart algebras, descent, and quantization, in: Galois Theory, Hopf Algebras, and Semiabelian Categories, in: Fields
Institute Communications, vol. 43, Amer. Math. Society, Providence, RI, 2004, pp. 295-316, math.SG/0303016.

[13] J. Huebschmann, Kéhler quantization and reduction, J. Reine Angew. Math. 591 (2006) 75-109, math.SG/0207166.

[14] J. Huebschmann, Classical phase space singularities and quantization, in: V. Dobrev (Ed.), Quantum Theory and Symmetries, IV, Heron
Press, Sofia, 2006, pp. 51-65, math-ph/0610047.

[15] J. Huebschmann, Singular Poisson—Kihler geometry of certain adjoint quotients, in: The Mathematical Legacy of C. Ehresmann, J. Kubarski,
R. Wolak, Eds., vol. 76, Banach Center Publications, 2007, pp. 325-347, math.SG/0610614.

[16] J. Huebschmann, Stratified Kéhler structures on adjoint quotients, math.DG/0404141.

[17] J. Huebschmann, G. Rudolph, M. Schmidt, A gauge model for quantum mechanics on a stratified space, hep-th/0702017.

[18] A.A. Kirillov, The characters of unitary representations of Lie groups, Funct. Anal. Appl. 2 (1968) 133-146.

[19] A.A. Kirillov, Merits and demerits of the orbit method, Bull. Amer. Math. Soc. 36 (1999) 433-488.

[20] M. Lassalle, Sur la transformation de Fourier—Laurent dans un groupe analytique complexe réductif, Ann. Institut Fourier 28 (1978) 115-138.

[21] E. Nelson, Analytic vectors, Ann. of Math. 70 (1959) 572-615.

[22] 1. Sniatycki, Geometric quantization and quantum mechanics, in: Applied Mathematical Sciences, vol. 30, Springer-Verlag, Berlin,
Heidelberg, New York, 1980.

[23] T.A. Springer, Aktionen reduktiver Gruppen, in: H.P. Kraft, P. Slodowy, T.A. Springer (Eds.), Algebraische Transformationsgruppen und
Invariantentheorie, DMV Seminar Band 13, Birkhduser Verlag, Boston, Basel, Berlin, 1989, pp. 4-39.

[24] E.M. Stein, Topics in Harmonic Analysis Related to the Littlewood—Paley Theory, in: Annals of Mathematics Studies, vol. 63, Princeton
University Press, Princeton, NJ, 1970.

[25] J. Taylor, The Iwasawa decomposition and limiting behaviour of Brownian motion on symmetric spaces of non-compact type, Cont. Math.
73 (1988) 303-331.

[26] N.M.J. Woodhouse, Geometric Quantization, second edition, in: Oxford Mathematical Monographs, Clarendon Press, Oxford, 1991.


http://arxiv.org//arxiv:quant.ph/0012015
http://arxiv.org//arxiv:math.DG/0104213
http://arxiv.org//arxiv:math.SG/0303016
http://arxiv.org//arxiv:math.SG/0207166
http://arxiv.org//arxiv:math-ph/0610047
http://arxiv.org//arxiv:math.SG/0610614
http://arxiv.org//arxiv:math.DG/0404141
http://arxiv.org//arxiv:hep-th/0702017

	Kirillov's character formula, the holomorphic Peter--Weyl theorem, and the Blattner--Kostant--Sternberg pairing
	Introduction
	The Peter--Weyl decomposition of the half-form Hilbert space
	The convolution algebra of representative functions
	The square integrability of the representative functions
	The constituents given by integral forms
	The abstract identification with the vertically polarized Hilbert space
	The Blattner--Kostant--Sternberg pairing
	The spectral decomposition of the energy operator
	The heat equation
	Acknowledgement
	References


