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1. Introduction

Amajor flaw in Riemannian geometry (as compared to other subjects) is a shortage of suitable kind of functions from one
manifold to another that will compare their geometric properties. Generalizing the local isometries, totally geodesic maps
preserve geodesics and hence they are suitable for comparing the local geometries of the domain and the range manifolds.
However totally geodesicmaps are too rigid and, formanypurposes, harmonicmaps are ofmajor interest. As a generalization
of harmonic maps, the study of biharmonic maps was suggested by Eells and Sampson [1]. While harmonic maps between
compact Riemannian manifolds are defined as being critical points of the energy functional, biharmonic maps are critical
points of the bienergy functional (the L2-norm of the tension field).

During the last decades there has been a growing interest in the theory of biharmonic maps which can be divided in two
main directions. The analytic point of view focuses on the study of biharmonic maps as solutions of a fourth order strongly
elliptic semilinear PDE. However the geometric approach has been mainly devoted to the construction of examples and
classification results. The latter was also considered in the pseudo-Riemannian case and the main purpose of this work is to
contribute into this direction by constructing new examples of biharmonic maps.

Clearly any harmonicmap is biharmonic but the converse is not true in general. Thus the task of constructing biharmonic
maps which are not harmonic is an interesting one to pursue. One such construction has consisted in chosen suitable
conformal deformations so that a map becomes biharmonic. In particular, it turns out that the existence problem for
proper biharmonic submanifolds in pseudo-Riemannianmanifolds often appears considerably different from its Riemannian
counterpart, and the classification problems are more complicated. In this paper we support the above by showing
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many examples of proper biharmonic maps between pseudo-Riemannian manifolds. All these maps are constructed from
geometric data and their domain and/or range are the tangent or cotangent bundle of a given pseudo-Riemannianmanifold.
It is worth to emphasize that although the kind of maps we are interested in are not harmonic, their tension field is a non-
zero null vector field for the corresponding pseudo-Riemannian metrics.

2. Harmonic and biharmonic maps

2.1. Harmonic maps

Let ϕ : (Mm, g) → (Nn, h) be a smooth map. Define the energy density of ϕ by e(ϕ) :=
1
2∥dϕ∥

2. The energy functional
(assuming either thatM is compact or that ϕ has compact support) is given by:

E(ϕ) :=


M
e(ϕ)dM,

where dM denotes the volume element of (M, g). In this setting, ϕ is said to be harmonic if it is a critical point of the energy
functional E(ϕ).

Let ϕ−1(TN) be the pull-back bundle. Then the Levi-Civita connections on TM and TN induce a connection ∇ in the
bundle of one-forms onM with values in ϕ−1(TN). Then ∇dϕ is a symmetric bilinear form on TM which is called the second
fundamental form of ϕ. The trace of ∇dϕ with respect to g is called the tension field of ϕ, and is denoted by τ(ϕ).

It turns out that the Euler–Lagrange equations corresponding to the critical points of the energy functional correspond
to the vanishing of the tension field of ϕ, and hence the map ϕ is said to be harmonic if τ(ϕ) = 0 and totally geodesic if the
second fundamental form vanishes. (See [1] and [2,3] for more details and references.)

Now, let U ⊂ M be a domain with coordinates (x1, . . . , xm), m = dimM and V ⊂ N be a domain with coordinates
(z1, . . . , zn), n = dimN , such that ϕ(U) ⊂ V and suppose that ϕ is locally represented by zα

= ϕα(x1, . . . , xm),
α = 1, . . . , n. Then we have:

(∇dϕ)
γ

ij =
∂2ϕγ

∂xi∂xj
−

gΓ k
ij

∂ϕγ

∂xk
+

hΓ
γ

αβ(ϕ)
∂ϕα

∂xi
∂ϕβ

∂xj
. (1)

Here gΓ k
ij and

hΓ
γ

αβ denote the Christoffel symbols of (M, g) and (N, h), respectively. So, ϕ is harmonic if and only if

τ(ϕ) = traceg(∇dϕ) = g ij(∇dϕ)
γ

ij
∂

∂zγ
= 0. (2)

2.2. Biharmonic maps

In analogy with the definition of harmonic maps, the bienergy density of a map ϕ : (M, g) −→ (N, h) is defined by
e2(ϕ) =

1
2∥τ(ϕ)∥2, and the corresponding bienergy functional:

E2(ϕ) =


M
e2(ϕ)dM,

as a kind of L2-norm of the tension field of ϕ. Now, a smooth map ϕ : (M, g) → (N, h) is called biharmonic if it is a critical
point of the bienergy functional.

It now follows that the Euler–Lagrange equations for the critical points of the bienergy functional are equivalent to the
vanishing of the bitension field τ 2(ϕ) given by (see for example [4–8] and references therein):

τ 2(ϕ) = traceg(∇2dϕ) = traceg{(h∇h
∇ −

h
∇g∇)τ (ϕ) −

hR(ϕ∗, τ (ϕ))ϕ∗},

where the curvature tensor is taken with the sign convention R(X, Y ) = [∇X , ∇Y ] − ∇[X,Y ].
A coordinate expression of the bitension field is obtained in an analogous way as in the above as follows (see also [9]),

τ 2(ϕ) = traceg(∇2dϕ)

= g ij


∂2τ σ

∂xi∂xj
+

∂τ α

∂xj
∂ϕβ

∂xi
hΓ

σ

αβ +
∂

∂xi


τ α ∂ϕβ

∂xj
hΓ

σ

αβ


+ τ α ∂ϕβ

∂xi
∂ϕρ

∂xi
hΓ

ν

αβ
hΓ

σ

νρ −
gΓ

k
ij


∂τ α

∂xk
+ τ α ∂ϕβ

∂xk
hΓ

σ

αβ


− τ ν ∂ϕα

∂xi
∂ϕβ

∂xj
hRσ

βαν


∂

∂zσ
, (3)

where τ(ϕ) = τ σ ∂
∂zσ is the coordinate expression of the tension field of ϕ and superindices denote the components

ϕ = (ϕ1, . . . , ϕn). Moreover, gΓ and hΓ denote the Christoffel symbols of the Levi-Civita connections of (M, g) and (N, h),
and hR is the curvature tensor of (N, h), where we follow the notation hRσ (∂zα , τ )∂zβ = τ ν hRσ

βαν .
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3. Biharmonic maps on tangent bundles

3.1. The complete lift metric

Let TM be the tangent bundle of a manifold M and let π : TM → M be the canonical projection. For each pseudo-
Riemannian metric onM , there are many induced metrics on the tangent bundle. The complete lift metric, which is always
of neutral signature (m,m) is one of the most natural ones. We refer to [10] for more information on the geometry of the
tangent bundle and the complete lift metric.

One of the basic objects behind the structure of TM is the evaluation map. Each one-form ω on M induces a function
ιω : TM → R, the evaluation map, defined by ιω(p, v) = ωp(v). As a special case, for each function f ∈ C∞(M), f C = ι(df )
is called the complete lift of the function f . The special significance of these functions on TM is that they characterize vector
fields on TM , since X̃(f C ) = Ỹ (f C ) for all f ∈ C∞(M) if and only if X̃ = Ỹ for all vector fields on TM .

For each vector field X onM , its complete lift XC is the vector field on TM defined by XC (f C ) = (Xf )C . It is a remarkable fact
that covariant tensor fields on TM are characterized by their action on complete lifts of vector fields on M . Hence if (M, g)
is a pseudo-Riemannian manifold, the tangent bundle TM is naturally equipped with its complete lift which is characterized
by:

gC (XC , Y C ) = g(X, Y )C .

A coordinate description of the complete lift metric is as follows. Let (x1, . . . , xm) be local coordinates on an open
subset U ⊂ M and consider the induced coordinates on π−1(U) ⊂ TM(x1, . . . , xm, x1̄, . . . , xm̄), where x1̄, . . . , xm̄ are the
components of vector fields on M with respect to the coordinate vector fields {

∂

∂x1
, . . . , ∂

∂xm }. In what follows we use the
notation ī = i + m, where i = 1, . . . ,m.

Now if gij denote the component functions of g in the coordinates (U, (x1, . . . , xm)), then the complete lift gC is given in
matrix form by:

gC
=

xk̄
∂gij
∂xk

gij

gij 0

 ,

where (π−1(U), (x1, . . . , xm, x1̄, . . . , xm̄)) are the induced coordinates on TM .
In order to study the biharmonicity of certain maps on TM , we need the expressions of the Levi-Civita connection and

the curvature of (TM, gC ). Let (U, (x1, . . . , xm)) and (π−1(U), (x1, . . . , xm, x1̄, . . . , xm̄)) be local coordinates on M and TM .
Then the Levi-Civita connections of gC and g are related as follows:

gC Γ k
=


gΓ k

ij 0
0 0


, gC Γ k̄

=

xl̄
∂

∂xl
gΓ k

ij
gΓ k

ij

gΓ k
ij 0

 . (4)

Moreover, the components of the curvature tensors gC R of (TM, gC ) and gR of (M, g) are also related by:

gC Rl
ijk̄ =

gC Rl
ījk =

gC Rl
ī̄jk =

gC Rl
ījk̄ =

gC Rl
ī̄jk̄ = 0,

gC Rl
ijk =

gC Rl̄
ijk̄ =

gC Rl̄
ījk =

gRl
ijk,

gC Rl̄
ī̄jk =

gC Rl̄
ījk̄ =

gC Rl̄
ī̄jk̄ = 0.

(5)

Remark 1. The complete lift gC is a pseudo-Riemannian metric of neutral signature (m,m), m = dimM , whose properties
have a nice correspondencewith those of (M, g). For instance (see [11,10]) (M, g) is locally symmetric if and only if (TM, gC )
is so, (M, g) is a real space form if and only if (TM, gC ) is locally conformally flat, (M, g, J) is a complex space form if and
only if (TM, gC , JC ) is a Bochner-flat Kähler manifold.

Projections and sections are the most natural maps associated to a given bundle structure. It is important to emphasize
that although the projectionπ : (TM, gC ) → (M, g) is a submersion, it is not a Riemannian submersion. However it behaves
nicely as concerns harmonicity questions since π : (TM, gC ) → (M, g) is a totally geodesic submersion [12]. The evaluation
map, which associated a real function on TM to each one-form on M , is not only useful to understand the structure of the
tangent bundle, but it also provides a large family of biharmonic functions on (TM, gC ) as follows.

Theorem 2. Let ω be a one-form on a pseudo-Riemannian manifold (M, g) and consider its evaluation ιω : (TM, gC ) → R.
Then

(i) ιω : (TM, gC ) → R is a harmonic function if and only if ω is co-closed (i.e., δω = 0).
(ii) ιω : (TM, gC ) → R is a biharmonic function.
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Proof. Let (U, (x1, . . . , xm)) and (π−1(U), (x1, . . . , xm, x1̄, . . . , xm̄)) be local coordinates onM and TM as above. Considering
the local expression of the one-form ω =

m
i=1 ωidxi, the evaluation map reads in induced coordinates as:

ιω(x1, . . . , xm, x1̄ . . . , xm̄) =

m
l=1

ωlxl̄.

Hence, one has the following expression for the second fundamental form

(∇dιω)ij = xl̄


∂2ωl

∂xi∂xj
−

gΓ k
ij

∂ωl

∂xk


, (∇dιω)ī̄j = 0,

(∇dιω)īj = (g∇ ∂

∂xj
ω)i, (∇dιω)īj = (g∇ ∂

∂xi
ω)j,

where g
∇ is the Levi-Civita connection of (M, g) and gΓ k

ij are the corresponding Christoffel symbols.
Observe that the inverse of the matrix of gC is given by

(gC )−1
=

 0 g ij

g ij xk̄
∂gij
∂xk

 .

Hence in order to compute the tension field τ(ιω) we only need to consider the following components of the second
fundamental form

(∇dιω)īj, (∇dιω)īj, (∇dιω)ī̄j,

from where it follows that τ(ιω) = δω, where δ denotes the coderivative operator in (M, g), thus showing (i).
Next in order to analyse the biharmonicity of ιω, observe that the bitension field is given by

τ 2(ιω) = tracegC (∇
2dιω) = gAB


∂2τ(ιω)

∂xA∂xB
−

gC Γ C
AB

∂τ(ιω)

∂xC


∂

∂t
,

where t denotes the coordinate in R, gC Γ C
AB are the Christoffel symbols of the Levi-Civita connection of (TM, gC ) and

A, B, C = 1, . . . , 2m.
Now, since

(∇2dιω)īj =
∂2τ(ιω)

∂xī∂xj
−

gC Γ k̄
īj

∂τ(ιω)

∂xk̄
= 0,

(∇2dιω)ī̄j =
∂2τ(ιω)

∂xī∂xj̄
= 0,

it follows that ιω is a biharmonic function for any one-form ω, thus proving (ii). �

Vector fields on amanifoldM are defined as sections of the tangent bundle and hence, it is natural to consider the induced
maps X : (M, g) → (TM, gC ). Vector fields defining harmonic sections have been investigated in [13], where it is shown
that the tension field of X : (M, g) → (TM, gC ) satisfies

τ(X)k = 0, τ (X)k̄ = trace(LX
g
∇)k,

where L denotes the Lie derivative. Now, since π∗τ(X), it follows that τ(X) is tangent to the fibres of TM , and hence one
may consider the tension field as the vertical lift of a map τ(X) : p ∈ M → τ(X)p ∈ TX(p)TpM ≃ TpM and thus consider
τ(X) as a map τ(X) : (M, g) → (TM, gC ). Now we have:

Theorem 3. Let (M, g) be a pseudo-Riemannian manifold. A vector field X on M defines a biharmonic section X : (M, g) →

(TM, gC ) if and only if its tension field defines a harmonic section τ(X) : (M, g) → (TM, gC ).

Proof. Let τ ≡ τ(X) be the tension field of X : (M, g) → (TM, gC ). A calculation from (3) using the expressions (4) and (5)
shows that the bitension field of the section X : (M, g) → (TM, gC ) satisfies τ 2(X) = traceg(∇2dX), where

(∇2dX)kij = 0,

(∇2dX)k̄ij =
∂2τ k̄

∂xi∂xj
+

∂τ l̄

∂xj
gΓ

k
li +

∂

∂xi
(τ l̄ gΓ

k
lj) + τ l̄ gΓ

t
lj
gΓ

k
ti −

gΓ
l
ij


∂τ k̄

∂xl
+ τ t̄ gΓ

k
tl


− τ l̄ gRk

jil.
(6)

Moreover, the tension field of τ(X) is given by τ(τ (X)) = traceg(∇dτ(X)), where

(∇dτ(X))kij = 0,

(∇dτ(X))k̄ij =
∂2τ k̄

∂xi∂xj
−

∂τ k̄

∂xl
gΓ

l
ij +

∂τ l̄

∂xi
gΓ

k
lj +

∂τ l̄

∂xl
gΓ

k
il + τ l̄ ∂

gΓ k
ij

∂xl
.

(7)
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Now it immediately follows from the curvature term in (6)

gRk
jil =

∂gΓ k
lj

∂xi
−

∂gΓ k
ij

∂xl
+

gΓ
t
lj
gΓ

k
it −

gΓ
t
ij
gΓ

k
lt ,

that both expressions (6) and (7) coincide with each other, from where the result follows. �

3.2. ϕ-morphisms

Let ϕ : (M, g) → (N, h) be a map between pseudo-Riemannian manifolds. Following the terminology of [14], a map
Φ : TM → TN is said to be a ϕ-morphism if its fibre restriction Φp : TpM → Tϕ(p)N is linear for each p ∈ M . A coordinate
description ofϕ-morphisms is as follows. Let (U, (xi)) and (π−1(U), (xi, xī)), i = 1, . . . ,m and ī = i+m, be local coordinates
onM and TM . Set ϕ = (ϕ1, . . . , ϕn) where ϕα

= ϕα(x1, . . . , xm). Then Φ is a ϕ-morphism if its local expression becomes

Φ(xi, xī) =


Φα(xi, xī), Φ ᾱ(xi, xī)


=


ϕα(xi), xl̄Φ ᾱ

l (xi)


, (8)

for some functions Φ ᾱ
l (xi), α = 1, . . . , n and ᾱ = α + n.

The corresponding tension field τ(Φ) is given by

τ(Φ)σ = 0 and τ(Φ)σ̄ = 2g ij


∂Φ σ̄

j

∂xi
+

NΓ σ
αβΦ ᾱ

j ϕ
β

i −
MΓ k

ij Φ
σ̄
k


. (9)

Now, although it is clear that not all ϕ-morphism is harmonic, one has

Theorem 4. Let ϕ : (M, g) → (N, h) be a smooth map. Then any ϕ-morphism Φ : (TM, gC ) → (TN, hc) is biharmonic.

Proof. Since the bitension field

τ 2(Φ)γ = tracegC (∇
2dΦ),

we only need to compute the terms (∇2dΦ)σ
īj
, (∇2dΦ)σ

ī̄j
, and (∇2dΦ)σ̄

īj
, (∇2dΦ)σ̄

ī̄j
. It immediately follows from (3) using

the expressions of the Christoffel symbols and the curvature of a complete lift metric together with (8) and (9), that
(∇2dΦ)σ

īj
= (∇2dΦ)σ

ī̄j
= 0, which shows that τ 2(Φ)σ = 0.

Next we compute the terms (∇2dΦ)σ̄
īj
, (∇2dΦ)σ̄

ī̄j
. It follows from (3), (8) and (9) that

(∇2dΦ)σ̄īj =
∂2τ(Φ)σ̄

∂xi∂xj̄
+

∂τ(Φ)R

∂xj̄
∂ΦS

∂xi
hC Γ σ̄

RS +
∂

∂xi


τ(Φ)R

∂ΦS

∂xj̄
gC Γ σ̄

RS


+ τ(Φ)R

∂ΦS

∂xj̄
∂ΦT

∂xi
hC Γ U

RS
hC Γ σ̄

TU

−
gC Γ A

īj


∂τ(Φ)S

∂xA
+ τ(Φ)R

∂ΦS

∂xA
hC Γ σ̄

RS


− τ(Φ)R

∂ΦS

∂xi
∂ΦT

∂xj̄
hC Rσ̄

TSR

=
∂

∂xi
(τ (Φ)ᾱ Φ β̄ gC Γ σ̄

ᾱβ̄
) + τ(Φ)ᾱ Φ

β̄

j
∂ϕγ

∂xi
hC Γ U

ᾱβ̄

hC Γ σ̄
γ̄U −

gC Γ A
īj


∂τ(Φ)ᾱ

∂xA
+ τ(Φ)β̄

∂ΦS

∂xA
hC Γ σ̄

β̄S


− τ(Φ)ᾱ

∂ΦS

∂xi
Φ

β̄

j
hC Rσ̄

β̄Sᾱ,

and

(∇2dΦ)σ̄ī̄j =
∂2τ(Φ)σ̄

∂xī∂xj̄
+

∂τ(Φ)R

∂xj̄
∂ΦS

∂xī
hC Γ σ̄

RS +
∂

∂xī


τ(Φ)R

∂ΦS

∂xj̄
gC Γ σ̄

RS


+ τ(Φ)R

∂ΦS

∂xj̄
∂ΦT

∂xī
hC Γ U

RS
hC Γ σ̄

TU

−
gC Γ A

ī̄j


∂τ(Φ)S

∂xA
+ τ(Φ)R

∂ΦS

∂xA
hC Γ σ̄

RS


− τ(Φ)R

∂ΦS

∂xī
∂ΦT

∂xj̄
hC Rσ̄

TSR

=
∂

∂xī
(τ (Φ)ᾱ Φ β̄ gC Γ σ̄

ᾱβ̄
) −

gC Γ A
ī̄j


∂τ(Φ)ᾱ

∂xA
+ τ(Φ)β̄

∂ΦS

∂xA
hC Γ σ̄

β̄S


− τ(Φ)ᾱ

∂ΦS

∂xī
Φ

β̄

j
hC Rσ̄

β̄Sᾱ,

where i, j = 1, . . . ,m = dimM; latin = latin + m; A = 1, . . . , 2m; α, β, σ = 1, . . . , n = dimN; greek = greek + n and
R, S, T ,U = 1, . . . , 2n.

It is immediate now to recognize from (4) and (5) that (∇2dΦ)σ̄
īj

= (∇2dΦ)σ̄
ī̄j

= 0, from where it follows that Φ is
biharmonic. �

3.3. Applications

In what follows we use Theorem 4 to construct examples of proper biharmonic maps between tangent bundles.
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3.3.1. Biharmonic metrics
A metric g̃ on a pseudo-Riemannian manifold (M, g) is said to be harmonic if the identity map idM : (M, g) → (M, g̃),

whose tension field is given by τ(idM)k = g ij

g̃Γ k

ij −
gΓ k

ij


, is a harmonic map [15]. Generalizing the above, a metric g̃ on

(M, g) is said to be biharmonic if the identity map idM : (M, g) → (M, g̃) is a biharmonic map. Examples of biharmonic
metrics where g̃ is obtained by a conformal deformation of g were constructed in [16], showing a nice relation with the
theory of isoparametric functions. Now it immediately follows from Theorem 4 that
• Let (M, g) be a pseudo-Riemannianmanifold and let g̃ an arbitrarymetric onM. Then the complete lift metric g̃C is biharmonic

with respect to (TM, gC ).

Observe that the complete lift metrics gC and g̃C are not conformally related neither harmonically related in the general
situation.

3.3.2. The tangent map
Let ϕ : (M, g) → (N, h) be a map between pseudo-Riemannian manifolds. The tangent map is the induced map

Tϕ : (TM, gC ) → (TN, hC ) given by Tϕ(ξ) = dϕp(v) for each ξ = (p, v) ∈ TM , where p ∈ M and v ∈ TpM . Harmonicity of
tangent maps has been investigated by the last author in [17], showing that Tϕ : (TM, gC ) → (TN, hC ) is harmonic if and
only if ϕ : (M, g) → (N, h) is so. Since tangent maps are the tautological example of ϕ-morphisms, Theorem 4 applies in
sharp contrast with the harmonic case
• For any smooth map ϕ : (M, g) → (N, h), its tangent map Tϕ : (TM, gC ) → (TN, hC ) is always biharmonic.

3.3.3. Endomorphism fields
A (1, 1)-tensor field T on a pseudo-Riemannian manifold (M, g) induces a map T : TM → TM defined by T (p, v) =

(p, Tp(v)) for all (p, v) ∈ TM . Clearly T is a idM-morphism and hence Theorem 4 gives
• For each (1, 1)-tensor field T on (M, g), its induced map T : TM → TM is biharmonic.

Once again observe that the above result is in sharp contrast with the harmonicity situation previously investigated in [18],
where it was shown that T : TM → TM is harmonic if and only if δT = g ij(∇ ∂

∂xi
T )j = 0.

4. Biharmonic maps on cotangent bundles

4.1. The Riemannian extension

Let T ∗M be the cotangent bundle of M and let π : T ∗M → M be the natural projection on M . For each vector field X
on M , the evaluation map ιX is the function ιX : T ∗M → R given by ιX(p, ω) = ω(Xp) for all (p, ω) ∈ T ∗M . Following a
complete analogy with the previously considered case of TM , two vector fields X̃ and Ỹ on T ∗M coincide with each other if
and only if X̃(ιZ) = Ỹ (ιZ) for all vector fields Z en M . Hence the complete lift XC to T ∗M of a vector field X on M is defined
by XC (ιZ) = ι[X, Z] for all vector fields Z onM (see [10] for details).

It is important to observe that (0, s)-tensor fields on T ∗M are characterized by their action on complete lifts as follows:
T̃ (XC

1 , . . . , XC
s ) = S̃(XC

1 , . . . , XC
s ) for all vector fields X1, . . . , Xs on M if and only if T̃ = S̃, for all tensor fields T̃ , S̃ of type

(0, s) on T ∗M . Then, the Riemannian extension of a torsion-free connection D onM is defined by
gD(XC , Y C ) = −ι(DXY + DYX).

It turns out that gD is a symmetric (0, 2)-tensor field on T ∗M and moreover, it defines a pseudo-Riemannian metric of
signature (m,m).

In order to express the Riemannian extension and its curvature in local coordinates, let (U, (xi)), i = 1 . . .m = dimM be
local coordinates onM and consider the induced coordinates on T ∗M given by (π−1(U), (xi, xî)), î = i+m, where x1̂, . . . , xm̂
are the coordinate functions of the one-forms with respect to {dx1, . . . , dxm}. Then one has the local expression

gD =


−2 xk̂

DΓ
k
ij δ

j
i

δ
j
i 0


,

where DΓ
k
ij are the Christoffel symbols of the affine connection D and δ

j
i is the Kronecker’s delta.

The Christoffel symbols gDΓ C
AB, A, B, C = 1, . . . , 2m, of the Riemannian extension gD are related with those of the base

affine connection D by the following

gDΓ k
=


DΓ

k
ij 0

0 0


,

gDΓ k̂
=

xl̂


−

∂DΓ
l
jk

∂xi
−

∂DΓ
l
ik

∂xj
+

∂DΓ
l
ij

∂xk
+ 2 DΓ

l
kt

DΓ
t
ij


−

DΓ
j
ik

−
DΓ

j
ik 0

 .

(10)
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Moreover, the non-zero components of the curvature tensor gDR of (T ∗M, gD) are given by:
gDRl

ijk =
DRl

ijk,

gDRl̂
ijk = xl̂


Dl

DRt
ijk − Dk

DRl
ijk +

DΓ
t
ls
DRs

ijk +
DΓ

t
ls
DRs

klj +
DΓ

t
js
DRs

lki +
DΓ

t
ks

DRs
ijl


,

gDRl̂
îjk

= −
DRi

lkj,
gDRl̂

îjk
= −

DRj
lki,

gDRl̂
ijk̂

= −
DRk

ijl,

(11)

where DR denotes the curvature tensor of the affine manifold (M,D).

Remark 5. The geometry of the Riemannian extensions has been extensively studied in the literature, and it is known that
Riemannian extensions nicely relate affine and metric properties. For example (M,D) is locally symmetric if and only if
(T ∗M, gD) is so, (M,D) is projectively flat if and only if (T ∗M, gD) is locally conformally flat, (T ∗M, gD) is Einstein if and only
if the Ricci tensor of (M,D) is skew-symmetric.

Despite the fact that the complete lift metric gC on TM and the Riemannian extension gD on T ∗M have some similarities,
the later are much less rigid due to the greater flexibility of affine geometry. The special situation when D is the Levi-Civita
connection ∇ of a pseudo-Riemannian metric g on M will be clarified by analysing the musical isomorphisms between
(TM, gC ) and (T ∗M, g∇).

The canonical projection π : (T ∗M, gD) → (M,D) is a totally geodesic submersion. Indeed, a simple calculation shows
that its second fundamental form satisfies

(∇dπ)kij =
DΓ

k
ij −

gDΓ k
ij , (∇dπ)k

îj
= −

gDΓ k
îj
, (∇dπ)k

î̂j
= −

gDΓ k
î̂j
,

from where one ∇dπ = 0 as a consequence of (10).
Let X be a vector field on a pseudo-Riemannian manifold (M, g). Its evaluation is the function ιX : T ∗M → R given by

ιX(ξ) = ιX(p, ω) = ω(Xp), where ω ∈ ∧
1(TpM). As well as for the tangent bundle, evaluations of vector fields provide a

large family of proper biharmonic functions on the cotangent bundle.

Theorem 6. Let X be a vector field on an affine manifold (M,D). Then

(1) ιX : (T ∗M, gD) → R is harmonic if and only if trace(DX) = 0.
(2) ιX : (T ∗M, gD) → R is a biharmonic function.

Proof. Take coordinates (x1, . . . , xm) on M and put X =
m

i=1 X
i ∂

∂xi
so that the evaluation ιX : T ∗M → R reads in induced

coordinates on T ∗M as the function

ιX(xi, xî) =

m
l=1

xl̂X
l.

A direct calculation shows that its second fundamental form is given by

(∇dιX)ij = xl̂


∂2X

∂xi∂xj
−

DΓ
k
ij
∂X l

∂xk
+

∂DΓ
l
jk

∂xi
+

∂DΓ
l
ik

∂xj
−

∂DΓ
l
ij

∂xk
− 2DΓ

l
kt

DΓ
t
ijX

k


,

(∇dιX)îj = D ∂

∂xi
X, (∇dιX)îj = D ∂

∂xj
X, (∇dιX)î̂j = 0,

where DΓ k
ij are the Christoffel symbols of the connection D and i, j, k, l = 1, . . . ,m = dimM , latin = latin + m. Since the

inverse of the matrix of gD is of the form

(gD)−1
=


0 δ

j
i

δ
j
i 2 xk̂

DΓ
k
ij


, (12)

the tension field is given by

τ(ιX) = 2
m
i=1

D ∂

∂xi
X = 2 trace(DX),

from where (1) follows.
Next, in order to consider the bitension field

τ 2(ιX) = tracegD(∇
2dιX) = (gD)AB


∂2τ(ιX)

∂xA∂xB
−

gDΓ C
AB

∂τ(ιX)

∂xC


,

where gDΓ C
AB(A, B, C = 1, . . . , 2m = 2 dimM) are the Christoffel symbols of the Levi-Civita connection of (T ∗M, gD).

Since the inverse of the matrix of gD is of the form (12) one only needs to show that (∇2dιX)îj = 0 and (∇2dιX)î̂j = 0.
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A straightforward calculation shows that

(∇2dιX)îj =
∂2τ(ιX)

∂xî∂xj
−

gDΓ k
îj

∂τ(ιX)

∂xk
−

gDΓ k̂
îj

∂τ(ιX)

∂xk̂
= 0,

and

(∇2dιX)î̂j =
∂2τ(ιX)

∂xî∂xĵ
−

gDΓ k
î̂j

∂τ(ιX)

∂xk
−

gDΓ k̂
î̂j

∂τ(ιX)

∂xk̂
= 0,

from where it follows that τ 2(ιX) = 0, thus showing that ιX is a biharmonic function on (T ∗M, gD). �

4.2. Morphisms between tangent and cotangent bundles

Let ϕ : M → N , following the ideas of Section 3.2, a morphism between tangent and cotangent bundles is a smooth map
that is linear on the fibres, i.e., it corresponds to one of the following:
(i) Φ : (TM, gC ) → (T ∗N, gDN ), where (M, g) is a pseudo-Riemannian manifold and DN an affine connection on N , which

expresses locally as

Φ(xi, xī) =


ϕα(xi), xl̄Φlα̂(xi)


(13)

with tension field

τ γ (Φ) = 0, τ γ̂ (Φ) = g ij


∂Φjγ̂

∂xi
−

gΓ k
ij Φkγ̂ −

DN Γ β
αγ

∂ϕα

∂xi
Φjβ̂


. (14)

(ii) Ψ : (T ∗M, gDM ) → (TN, hC ), where DM is an affine connection on M and (N, h) is a pseudo-Riemannian manifold,
which expresses locally as

Ψ (xi, xî) =

ϕα(xi), xl̂Ψ

lᾱ(xi)


(15)

with tension field

τ γ (Ψ ) = 0, τ γ̄ (Ψ ) = 2
n

i=1


∂Ψ iγ̂

∂xi
+

DM Γ i
ikΨ

kγ̂
+

hΓ
γ

αβ

∂ϕα

∂xi
Ψ iβ̂


. (16)

(iii) Υ : (T ∗M, gDM ) → (T ∗N, gDN ), where DM and DN are affine connections onM and N , which expresses locally as

Υ (xi, xî) =

ϕα(xi), xl̂Υ

l
α̂(xi)


(17)

with tension field

τ γ (Υ ) = 0, τ γ̂ (Υ ) = 2
n

i=1


∂Υ i

γ̂

∂xi
+

DM Γ i
ikΥ

k
γ̂ −

DN Γ β
αγ

∂ϕα

∂xi
Υ

j
β̂


. (18)

A completely analogous calculation as that carried out in Section 3.2 shows that

Theorem 7. Let (M, g) and (N, h) be pseudo-Riemannian manifolds and let D and D∗ be affine connections on M and N,
respectively. Then the bundle morphisms Φ , Ψ , Υ defined by (13), (15), (17) are biharmonic maps.

An immediate application of previous results is the following
(1) Let D, D∗ be arbitrary torsion-free connections on a smooth manifold M. Then the Riemannian extensions gD and gD∗ are

biharmonic metrics on T ∗M .

4.3. The musical isomorphisms

Let (M, g) be a pseudo-Riemannian manifold. Since the metric g is nondegenerated, the musical isomorphisms ♭ : X →

♭(X) = g(X, ·) and ♯ : ω → ♯(ω), where ♯(ω) is the vector field on M defined by g(♯(ω), Y ) = ω(Y ), define a bundle
isomorphism between the tangent and the cotangent bundle ofM . As an immediate application of the previous results one
has that
• Let (M, g) be a pseudo-Riemannian manifold and D a torsion-free connection on M. Then the musical isomorphisms ♭ :

(TM, gC ) → (T ∗M, gD) and ♯ : (T ∗M, gD) → (TM, gC ) are biharmonic maps.

Further observe that themusical isomorphisms are not harmonic in general. Indeed, a straightforward calculation shows
that the corresponding tension fields are given by

τ(♭)k = 0, τ (♭)k̂ = 2g ij


∂gki
∂xj

−
gΓ t

ij gkt −
DΓ t

kjgti


,
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and

τ(♯)k = 0, τ (♯)k̄ = 2


i


∂gki

∂xi
+

DΓ i
itg

kγ
+

gΓ k
iγ g

it


.

Remark 8. A connection D on a pseudo-Riemannian manifold (M, g) is said to be g-conjugate to the Levi-Civita connection
∇ if and only if Xg(Y , Z) = g(∇XY , Z) + g(Y ,DXZ), for all vector fields X, Y , Z on M . Now it follows from the expressions
above that, if D is g-conjugate to the Levi-Civita connection of g , then ♭ is harmonic.

Remark 9. A simple observation of the components of the second fundamental form of the musical isomorphisms shows
that

(∇d♭)kij = −
gΓ k

ij +
DΓ k

ij , (∇d♯)kij =
gΓ k

ij −
DΓ k

ij ,

fromwhere it immediately follows that themusical isomorphisms are totally geodesic isomorphisms if and only if the affine
connection D coincides with the Levi-Civita connection of (M, g) [12]. Indeed, in this case they induce global isometries.

Theorem 10. Let (M, g) be a pseudo-Riemannianmanifold. Then themusical isomorphisms induced by g are isometries between
(TM, gC ) and (T ∗M, g∇), where ∇ is the Levi-Civita connection of g.

Proof. Let ♭ : TM → T ∗M given in local coordinates by

♭(x1, . . . , xm, x1̄, . . . , xm̄) =


x1, . . . , xm, xl̄g1l, . . . , xl̄gml


.

Then

♭∗


∂

∂xi


=

∂

∂xi
+ xl̄

∂grl
∂xi

∂

∂xr̂
, and ♭∗


∂

∂xī


= gir

∂

∂xr̂
.

Hence one has

(♭∗g∇)


∂

∂xī
,

∂

∂xj̄


= 0,

(♭∗g∇)


∂

∂xi
,

∂

∂xj̄


= gjsg∇


∂

∂xi
,

∂

∂xŝ


= gij,

(♭∗g∇)


∂

∂xi
,

∂

∂xj


= g∇


∂

∂xi
+ xl̄

∂grl
∂xi

∂

∂xr̂
,

∂

∂xj
+ xl̄

∂gsl
∂xj

∂

∂xŝ


= xl̄


−2gΓ r

ij glr +
∂gjl
∂xi

+
∂gil
∂xj


= xl̄

∂gij
∂xl

,

which shows that ♭ : (TM, gC ) → (T ∗M, g∇) is an isometry.
In an analogous way, considering the expression in local coordinates of ♯ : T ∗M → TM given by

♯(x1, . . . , xm, x1̂, . . . , xm̂) =

x1, . . . , xm, xl̂g

1l, . . . , xl̂g
ml ,

one has

♯∗


∂

∂xi


=

∂

∂xi
+ xl̂

∂g rl

∂xi
∂

∂xr̄
, and ♯∗


∂

∂xî


= g ir ∂

∂xr̄
.

Hence,

(♯∗gC )


∂

∂xî
,

∂

∂xĵ


= 0

(♯∗gC )


∂

∂xi
,

∂

∂xĵ


= g rsgC


∂

∂xi
,

∂

∂xŝ


= g jsgis = δ

j
i

(♯∗gC )


∂

∂xi
,

∂

∂xj


= gC


∂

∂xi
+ xl̂

∂g rl

∂xi
∂

∂xr̄
,

∂

∂xj
+ xl̂

∂g sl

∂xj
∂

∂xs̄


= xl̂


g rl ∂gij

∂xr
+ gik

∂gkl

∂xj
+ gjk

∂gkl

∂xi


= −2xl̂Γ

l
ij,

which completes the proof. �
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Remark 11. Recall that the composition F ◦ f of a biharmonic map f with a totally geodesic one F remains biharmonic
and thus, since the musical isomorphisms between (TM, gC ) and (T ∗M, g∇) are totally geodesic, a one form ω defines a
biharmonic section ω : (M, g) → (T ∗M, g∇) if and only if the corresponding vector field ♯ω defines a biharmonic section
♯ω : (M, g) → (TM, gC ) and conversely.

Acknowledgements

Supported by projects GRC2013-045, MTM2013-41335-P and EM2014/009 with FEDER funds (Spain).

References

[1] J. Eells, J.H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math. 86 (1964) 109–160.
[2] J. Eells, L. Lemaire, A report on harmonic maps, Bull. Lond. Math. Soc. 10 (1978) 1–68.
[3] J. Eells, L. Lemaire, Another report on harmonic maps, Bull. Lond. Math. Soc. 20 (1988) 385–524.
[4] E. Loubeau, S. Montaldo, C. Oniciuc, The bibliography of biharmonic maps, http://people.unica.it/biharmonic/.
[5] S. Montaldo, C. Oniciuc, A short survey on biharmonic maps between Riemannian manifolds, Rev. Un. Mat. Argentina 47 (2006) 1–22.
[6] Y.-L. Ou, Some constructions of biharmonic maps and Chen’s conjecture on biharmonic hypersurfaces, J. Geom. Phys. 62 (2012) 751–762.
[7] T. Sasahara, Biharmonic submanifolds in nonflat Lorentz 3-space forms, Bull. Aust. Math. Soc. 85 (2012) 422–432.
[8] H. Urakawa, The geometry of biharmonic maps, in: Harmonic Maps and Differential Geometry, in: Contemp. Math., vol. 542, Amer. Math. Soc,

Providence, RI, 2011, pp. 159–175.
[9] Y.-L. Ou, Sh. Lu, Biharmonic maps in two dimensions, Ann. Mat. Pura Appl. (4) 192 (2013) 127–144.

[10] K. Yano, S. Ishihara, Tangent and cotangent bundles: differential geometry, in: Pure and Applied Mathematics, vol. 16, Marcel Dekker, Inc., New York,
1973.

[11] J. Cendán-Verdes, E. García-Río, M.E. Vázquez-Abal, On the semi-Riemannian structure of the tangent bundle of a two-point homogeneous space, Riv.
Mat. Univ. Parma (5) 3 (1994) 253–270.

[12] E. García-Río, L. Vanhecke, M.E. Vázquez-Abal, Notes on harmonic tensor fields, in: New Developments in Differential Geometry, Budapest 1996,
Kluwer Acad. Publ., Dordrecht, 1999, pp. 123–142.

[13] O. Nouhaud, Applications harmoniques d’une variété riemannienne dans son fibré tangent. Généralisation, C. R. Acad. Sci. Paris 284 (1977) 815–818.
[14] C.L. Bejan, M. Benyounes, Harmonic ϕ-morphisms, Beiträge Algebra Geom. 44 (2003) 309–321.
[15] B.-Y. Chen, T. Nagano, Harmonic metrics, harmonic tensors, and Gauss maps, J. Math. Soc. Japan 36 (1984) 295–313.
[16] P. Baird, D. Kamissoko, On constructing biharmonic maps and metrics, Ann. Global Anal. Geom. 23 (2003) 65–75.
[17] M.E. Vázquez-Abal, Harmonicity on the tangent bundle of order r , in: C. R. Acad. Sci. Paris Sér. I Math., vol. 312, 1991, pp. 131–136.
[18] E. García-Río, L. Vanhecke, M.E. Vázquez-Abal, Harmonic endomorphism fields, Illinois J. Math. 41 (1997) 23–30.

http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref1
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref2
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref3
http://people.unica.it/biharmonic/
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref5
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref6
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref7
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref8
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref9
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref10
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref11
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref12
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref13
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref14
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref15
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref16
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref17
http://refhub.elsevier.com/S0393-0440(15)00265-X/sbref18

	Biharmonic maps on tangent and cotangent bundles
	Introduction
	Harmonic and biharmonic maps
	Harmonic maps
	Biharmonic maps

	Biharmonic maps on tangent bundles
	The complete lift metric
	 varphi-morphisms
	Applications
	Biharmonic metrics
	The tangent map
	Endomorphism fields


	Biharmonic maps on cotangent bundles
	The Riemannian extension
	Morphisms between tangent and cotangent bundles
	The musical isomorphisms

	Acknowledgements
	References


