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1. Introduction

A major flaw in Riemannian geometry (as compared to other subjects) is a shortage of suitable kind of functions from one
manifold to another that will compare their geometric properties. Generalizing the local isometries, totally geodesic maps
preserve geodesics and hence they are suitable for comparing the local geometries of the domain and the range manifolds.
However totally geodesic maps are too rigid and, for many purposes, harmonic maps are of major interest. As a generalization
of harmonic maps, the study of biharmonic maps was suggested by Eells and Sampson [ 1]. While harmonic maps between
compact Riemannian manifolds are defined as being critical points of the energy functional, biharmonic maps are critical
points of the bienergy functional (the L2-norm of the tension field).

During the last decades there has been a growing interest in the theory of biharmonic maps which can be divided in two
main directions. The analytic point of view focuses on the study of biharmonic maps as solutions of a fourth order strongly
elliptic semilinear PDE. However the geometric approach has been mainly devoted to the construction of examples and
classification results. The latter was also considered in the pseudo-Riemannian case and the main purpose of this work is to
contribute into this direction by constructing new examples of biharmonic maps.

Clearly any harmonic map is biharmonic but the converse is not true in general. Thus the task of constructing biharmonic
maps which are not harmonic is an interesting one to pursue. One such construction has consisted in chosen suitable
conformal deformations so that a map becomes biharmonic. In particular, it turns out that the existence problem for
proper biharmonic submanifolds in pseudo-Riemannian manifolds often appears considerably different from its Riemannian
counterpart, and the classification problems are more complicated. In this paper we support the above by showing
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many examples of proper biharmonic maps between pseudo-Riemannian manifolds. All these maps are constructed from
geometric data and their domain and/or range are the tangent or cotangent bundle of a given pseudo-Riemannian manifold.
It is worth to emphasize that although the kind of maps we are interested in are not harmonic, their tension field is a non-
zero null vector field for the corresponding pseudo-Riemannian metrics.

2. Harmonic and biharmonic maps

2.1. Harmonic maps

Let ¢ : (M™,g) — (N", h) be a smooth map. Define the energy density of ¢ by e(¢) := %||dg0||2. The energy functional
(assuming either that M is compact or that ¢ has compact support) is given by:

E(p) = [ e(p)dM,
M

where dM denotes the volume element of (M, g). In this setting, ¢ is said to be harmonic if it is a critical point of the energy
functional E(¢p).

Let ¢~ 1(TN) be the pull-back bundle. Then the Levi-Civita connections on TM and TN induce a connection V in the
bundle of one-forms on M with values in ¢~'(TN). Then Vdg is a symmetric bilinear form on TM which is called the second
fundamental form of ¢. The trace of Vd¢ with respect to g is called the tension field of ¢, and is denoted by 7 (¢).

It turns out that the Euler-Lagrange equations corresponding to the critical points of the energy functional correspond
to the vanishing of the tension field of ¢, and hence the map ¢ is said to be harmonic if T (¢) = 0 and totally geodesic if the
second fundamental form vanishes. (See [1] and [2,3] for more details and references.)

Now, let U ¢ M be a domain with coordinates (x!,...,x™), m = dimM and V C N be a domain with coordinates
(z',...,z", n = dimN, such that ¢(U) C V and suppose that ¢ is locally represented by z%* = @*(x!,...,x™),
o =1, ..., n Then we have:

%" d¢¥ dp” 3P
Y _ _egpkZ¥ 4 hpY -
(Vde)y = Axigxi d o T Tp(@) axi ox M
Here & I’Uf‘ and hFa”ﬁ denote the Christoffel symbols of (M, g) and (N, h), respectively. So, ¢ is harmonic if and only if
. d
T(p) = trace, (Vdp) = g¥(Vde); — = 0. (2)

i 9zv

2.2. Biharmonic maps

In analogy with the definition of harmonic maps, the bienergy density of a map ¢ : (M,g) —> (N, h) is defined by
e(p) = % |l (¢)|1%, and the corresponding bienergy functional:

E(p) = / & (p)dM,
M

as a kind of L2-norm of the tension field of ¢. Now, a smooth map ¢ : (M, g) — (N, h) is called biharmonic if it is a critical
point of the bienergy functional.
It now follows that the Euler-Lagrange equations for the critical points of the bienergy functional are equivalent to the
vanishing of the bitension field T2 (¢) given by (see for example [4-8] and references therein):
v (p) = tracey (V2dg) = traceg {("V"V —"Vzv)7(9) — "R(gs, T(0)) 0.},
where the curvature tensor is taken with the sign convention R(X, Y) = [Vx, Vy] — Vix v
A coordinate expression of the bitension field is obtained in an analogous way as in the above as follows (see also [9]),
T2(p) = trace, (VZdp)

9%t At* 3P, o 9 3P . o
— o) - h 7 a”¥ h
-8 {8x18xf + ox oxi %P gxi (t oxi FM)

B B B
b 00 e _apk (0T o9 g ) 09T 90 e | O 3)
ax' 9xi ’ YA oxk axk =P oxi o P fzo
where 7(p) = r“a%(, is the coordinate expression of the tension field of ¢ and superindices denote the components
¢ = (¢',...,¢"). Moreover, £I" and "I" denote the Christoffel symbols of the Levi-Civita connections of (M, g) and (N, h),

and "R is the curvature tensor of (N, h), where we follow the notation "R? (3,«, 7)d,s = 7" "Rj,,.
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3. Biharmonic maps on tangent bundles

3.1. The complete lift metric

Let TM be the tangent bundle of a manifold M and let # : TM — M be the canonical projection. For each pseudo-
Riemannian metric on M, there are many induced metrics on the tangent bundle. The complete lift metric, which is always
of neutral signature (m, m) is one of the most natural ones. We refer to [10] for more information on the geometry of the
tangent bundle and the complete lift metric.

One of the basic objects behind the structure of TM is the evaluation map. Each one-form w on M induces a function
tw : TM — R, the evaluation map, defined by tw(p, v) = w,(v). As a special case, for each function f € C®(M), f€ = u(df)
is called the complete lift of the function f. The special significance of these functions on TM is that they characterize vector
fields on TM, since X (f€) = V(fc) forallf € @°(M) ifand only if X = Y for all vector fields on TM.

For each vector field X on M, its complete lift X€ is the vector field on TM defined by X (f¢) = (Xf)C.Itis a remarkable fact
that covariant tensor fields on TM are characterized by their action on complete lifts of vector fields on M. Hence if (M, g)
is a pseudo-Riemannian manifold, the tangent bundle TM is naturally equipped with its complete lift which is characterized
by:

g X5, Y =g(X, V)",

A coordinate description of the complete lift metric is as follows. Let (x', ..., x™) be local coordinates on an open
subset U € M and consider the induced coordinates on 7 ~'(U) ¢ TM(x', ..., XM, X', .. ., x™), where x', ..., x™ are the
components of vector fields on M with respect to the coordinate vector fields {3%, R a)%m}. In what follows we use the
notationi =i + m, wherei=1, ..., m.

Now if g;; denote the component functions of g in the coordinates (U, (x!,...,x™)), then the complete lift g is given in
matrix form by:

- ag
k U]
x ..
g = oxc & ,
8 0
where (x71(U), (x', ..., x™, xi, R xﬁl)) are the induced coordinates on TM.

In order to study the biharmonicity of certain maps on TM, we need the expressions of the Levi-Civita connection and
the curvature of (TM, g%). Let (U, (x', ..., x™) and (x ' (U), (x, ..., x™, x!, ..., x™)) be local coordinates on M and TM.
Then the Levi-Civita connections of g¢ and g are related as follows:

grk 0 _ xfigl—vk gI-k
g€k i gk — axl U i (4)
0 0 gpk 0

ij

Moreover, the components of the curvature tensors £Rof (TM, g©) and R of (M, g) are also related by:

C C C C C
gpl _gpl —_gpl _gpl_ _gp _
Rijk_ Rijk_ Rijk_ Rijk_ z'jk_O’
C C 7 C 7
gpl _gpl _gp _gpl
Rijk_ Rijk_ Rijk_ Ri].k, (5)
C 7 C 7 Cc 7
gopl _gpl _gpl _
Rijk_ RUk_ Rijk_O.

Remark 1. The complete lift g€ is a pseudo-Riemannian metric of neutral signature (m, m), m = dim M, whose properties
have a nice correspondence with those of (M, g). For instance (see [11,10]) (M, g) is locally symmetric if and only if (TM, g©)
is so, (M, g) is a real space form if and only if (TM, g©) is locally conformally flat, (M, g, J) is a complex space form if and
only if (TM, g€, J€) is a Bochner-flat Kahler manifold.

Projections and sections are the most natural maps associated to a given bundle structure. It is important to emphasize
that although the projection w : (TM, g°) — (M, g) is a submersion, it is not a Riemannian submersion. However it behaves
nicely as concerns harmonicity questions since 7w : (TM, g°) — (M, g) is a totally geodesic submersion [ 12]. The evaluation
map, which associated a real function on TM to each one-form on M, is not only useful to understand the structure of the
tangent bundle, but it also provides a large family of biharmonic functions on (TM, g€) as follows.

Theorem 2. Let w be a one-form on a pseudo-Riemannian manifold (M, g) and consider its evaluation 1w : (TM, g%) — R.
Then

(i) tw : (TM, g°) — R is a harmonic function if and only if w is co-closed (i.e., §w = 0).
(i) tw : (TM, g°) — R is a biharmonic function.
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Proof. Let (U, (x!,...,x™)and (x~'(U), (x!, ..., XT, xi, ..., X™) be local coordinates on M and TM as above. Considering
the local expression of the one-form w = Y[, w;dx!, the evaluation map reads in induced coordinates as:

m
il XM XX ™) = Za);x'.
=

Hence, one has the following expression for the second fundamental form

7 82w, 3&)[
(Vdiw);; = ¥ (axfaxi -8 177{(%) . (Vdiw); =0,
(Vdiw); = (gV$w)i, (Vdiw)z = (gvaii w)js

where ¢V is the Levi-Civita connection of (M, g) and & 1"1}‘ are the corresponding Christoffel symbols.
Observe that the inverse of the matrix of g€ is given by

0o g¥
@)= g K08
oxk

Hence in order to compute the tension field 7 (tw) we only need to consider the following components of the second

fundamental form
(Vdiw) (Vdiw)

from where it follows that T (tw) = dw, where § denotes the coderivative operator in (M, g), thus showing (i).
Next in order to analyse the biharmonicity of tw, observe that the bitension field is given by

azt(tw)_gc c 90T (lw) 3
dxA9xB B axC | at’

§» i (Vdiw)y,

% (1w) = trace,c (Vidiw) = g** {

where t denotes the coordinate in R, & Iy are the Christoffel symbols of the Levi-Civita connection of (TM, g°) and
ABC=1,...,2m.

Now, since
92 -0
(Vdiwyy = 22U g prOTU)
ox10xi Uoo9xk
3% (lw)
vz - = — — =
(Vidiw)g xiox 0

it follows that (w is a biharmonic function for any one-form w, thus proving (ii). O

Vector fields on a manifold M are defined as sections of the tangent bundle and hence, it is natural to consider the induced
maps X : (M,g) — (TM, g°). Vector fields defining harmonic sections have been investigated in [13], where it is shown
that the tension field of X : (M, g) — (TM, g©) satisfies

TX)* =0, T(OK = trace(LxE V),

where £ denotes the Lie derivative. Now, since 7,7 (X), it follows that 7(X) is tangent to the fibres of TM, and hence one
may consider the tension field as the vertical liftofamap t(X) : p € M — t(X), € TxpT;M = T,M and thus consider
7(X)asamap t(X) : (M, g) — (TM, g°). Now we have:

Theorem 3. Let (M, g) be a pseudo-Riemannian manifold. A vector field X on M defines a biharmonic section X : (M, g) —
(TM, g©) if and only if its tension field defines a harmonic section (X) : (M, g) — (TM, g©).

Proof. Let 7 = 7(X) be the tension field of X : (M, g) — (TM, g°). A calculation from (3) using the expressions (4) and (5)
shows that the bitension field of the section X : (M, g) — (TM, g©) satisfies t2(X) = traceg(V?dX), where

(V2dX) =0,
¢ 9%k ol A ; atk . ; (6)
2 gk k g k lg tg k I fgk Tgpk
(V dX)U—W ngll’—i_@(r gFU)+TgFUgF[i_gFij W"—T grt’ _TgRj“.
Moreover, the tension field of 7 (X) is given by 7 (7 (X)) = trace; (Vdt (X)), where
(Vdr (X)) =0,
o 92k gk at! at! 98Ik (7)
k _ _ 9 gl St gk T gk I ]
(VdT(X) i = W axl F'] + axi Fl] + ax’ F” +7 axl .
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Now it immediately follows from the curvature term in (6)
I I
et Bgl",; 3 Bgl“‘
il X! Caxl
that both expressions (6) and (7) coincide with each other, from where the result follows. O

L4 ErEry — BT,

3.2. p-morphisms

Let ¢ : (M,g) — (N, h) be a map between pseudo-Riemannian manifolds. Following the terminology of [14], a map
@ : TM — 1N is said to be a p-morphism if its fibre restriction @, : T,M — T, N is linear for each p € M. A coordinate

description of g-morphisms is as follows. Let (U, (x)) and (x ' (U), (x', x))),i =1, ..., mandi = i+m, be local coordinates
onM and TM. Set ¢ = (¢, ..., ¢") where ¢® = ¢*(x!, ..., x™). Then @ is a p-morphism if its local expression becomes

D4, 1) = (D74, 1), 07 (¢, %)) = (97 (), XD () (®)
for some functions & (x),« = 1,...,nand @ = & + n.

The corresponding tension field 7 (@) is given by

4

o o ij a¢ o 5 M ~k
(@) =0 and (@)’ =2g"} o + Nroofel —Mrkef . (9)

Now, although it is clear that not all ¢p-morphism is harmonic, one has

Theorem 4. Let ¢ : (M, g) — (N, h) be a smooth map. Then any @-morphism @ : (TM, g°) — (TN, h®) is biharmonic.
Proof. Since the bitension field

(@) = trace,c (VdP),
we only need to compute the terms (Vzddﬁ),f]l., (Vzddﬁ)%, and (Vzdcb)g_, (Vzddi)g. It immediately follows from (3) using

the expressions of the Christoffel symbols and the curvature of a complete lift metric together with (8) and (9), that
(Vqu))g = (Vqu))% = 0, which shows that t2(¢)° = 0.

Next we compute the terms (Vzdcb)g, (Vzddﬁ)ii‘;. It follows from (3), (8) and (9) that

- 3%T(@)? (@RS - D 0PS¢ 0P Sacp C o uHC
2 o o_ h re g h Uh o
(V7do); o od X Tps + 55 o (@) o g ) +t(@)f — o Ips™ Ty
c IT(P)’ 3@ S 3<15T c
—& Fyﬁ <8xA + (@) 7}1 FR(Z) (P — X 9w " Risk
0 o aoc - 997 ¢ c o AT (D) 29D o
_ @ «B 5 BOPY ey K s A B hC &
= —i(t(dﬁ) oPs F&B)—i-t(d)) ®/ 7 I gy ¢ 1;}-.( ™ + (D) T 5
DS c
lsh el
—T(qD)D‘ (D] Rﬁs‘x
and
e PT(@) AT(@R 0P o oD R 0P . 5 09° 0PT ;¢ hc o
(VY = = s T o ax BT g T s ) @) e S T Iy
81(45)5 c APS 9T ¢
_ g A h G R h
Fij ( IxA (@ ) Is (P) — axi 8 i Rise
d & wBaC 5 c AT (D) 8@ C q) C 5
= ﬁ(t(cp) PPe Iy —*# ri—j.‘< PV (@)“ "I ) T(®)* <1>f’h Resa>
wherei,j = 1,...,m = dimM; latin = latin+ m;A=1,...,2m;«a,B8,0 = 1,...,n = dimN; greek = greek + n and

RS, T,U=1,...,2n. ) )
It is immediate now to recognize from (4) and (5) that (Vqu));jl. = (Vqu))% = 0, from where it follows that & is

biharmonic. O
3.3. Applications

In what follows we use Theorem 4 to construct examples of proper biharmonic maps between tangent bundles.
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3.3.1. Biharmonic metrics
A metric g on a pseudo-Riemannian manifold (M, g) is said to be harmonic if the identity map idy : (M, g) — (M, g),
whose tension field is given by 7 (idy)* = g {¢I7¥ — 17}, is a harmonic map [15]. Generalizing the above, a metric g on
(M, g) is said to be biharmonic if the identity map idy : (M, g) — (M, g) is a biharmonic map. Examples of biharmonic
metrics where g is obtained by a conformal deformation of g were constructed in [16], showing a nice relation with the
theory of isoparametric functions. Now it immediately follows from Theorem 4 that
e Let (M, g) be a pseudo-Riemannian manifold and let g an arbitrary metric on M. Then the complete lift metric §€ is biharmonic
with respect to (TM, g©).

Observe that the complete lift metrics g© and g€ are not conformally related neither harmonically related in the general
situation.

3.3.2. The tangent map

Let ¢ : (M,g) — (N, h) be a map between pseudo-Riemannian manifolds. The tangent map is the induced map
T, : (TM, g%) — (IN, h%) given by T, (§) = dg,(v) for each § = (p, v) € TM, where p € M and v € T,M. Harmonicity of
tangent maps has been investigated by the last author in [17], showing that T, : (TM, g% — (TN, h%) is harmonic if and
only if ¢ : (M, g) — (N, h) is so. Since tangent maps are the tautological example of ¢-morphisms, Theorem 4 applies in
sharp contrast with the harmonic case

e For any smooth map ¢ : (M, g) — (N, h), its tangent map T, : (TM, g% — (IN, h®) is always biharmonic.

3.3.3. Endomorphism fields

A (1, 1)-tensor field T on a pseudo-Riemannian manifold (M, g) induces a map 7 : TM — TM defined by 7 (p, v) =
(p, Ty(v)) for all (p, v) € TM. Clearly 7 is a idy-morphism and hence Theorem 4 gives
e Foreach (1, 1)-tensor field T on (M, g), its induced map 7 : TM — TM is biharmonic.

Once again observe that the above result is in sharp contrast with the harmonicity situation previously investigated in [18],
where it was shown that 7 : TM — TM is harmonic if and only if 6T = g¥(V 2 T); = 0.
ax!

4. Biharmonic maps on cotangent bundles
4.1. The Riemannian extension

Let T*M be the cotangent bundle of M and let 7 : T*M — M be the natural projection on M. For each vector field X
on M, the evaluation map X is the function X : T*M — R given by (X(p, w) = w(X,) for all (p, ) € T*M. Following a
complete analogy with the previously considered case of TM, two vector fields X and Y on T*M coincide with each other if
and only if X(12) = Y (:2) for all vector fields Z en M. Hence the complete lift X to T*M of a vector field X on M is defined
by X¢(1Z) = ([X, Z] for all vector fields Z on M (see [10] for details).

It is important to observe that (0, s)-tensor fields on T*M are characterized by their action on complete lifts as follows:
T(XC, - ,XSC) = §(X1C, - ,XSC) for all vector fields X4, ..., X; on M if and only if T = S, for all tensor fields f,§ of type
(0, s) on T*M. Then, the Riemannian extension of a torsion-free connection D on M is defined by

gp(X, YY) = —u(DxY + DyX).
It turns out that gp is a symmetric (0, 2)-tensor field on T*M and moreover, it defines a pseudo-Riemannian metric of
signature (m, m). .

In order to express the Riemannian extension and its curvature in local coordinates, let (U, (x')),i=1...m = dim M be
local coordinates on M and consider the induced coordinates on T*M given by (=~ (U), (x, X)), 1= i+m, where X5, .o, Xp
are the coordinate functions of the one-forms with respect to {dx!, . .., dx™}. Then one has the local expression

Dk
o= (2T 8] 7
5] 0

where P 1 S are the Christoffel symbols of the affine connection D and 8{ is the Kronecker’s delta.

The Christoffel symbols &P FACB, A,B,C = 1,...,2m, of the Riemannian extension gp are related with those of the base
affine connection D by the following

X
gDFk: DFU(- 0
0 0/’
arrh gl 9P ,
R jk ik ij Dyl Dyt D (10)
&k — Xi{_ o oad ok T2 ey T )

o

ik

0
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Moreover, the non-zero components of the curvature tensor PR of (T*M, gp) are given by:

gppl _ Dpl

Ry, = PRL,
opl . Dpt _ p Dpl D ~t Dps Dt Dps D+t Dps D ~t Dps

Riji _XI{DI Rije — DRy + "I\ Ry + "I Ry + 1 "Ry + 7T Ry 1 (11)
ng__Di gDY__D' gDY__Dk

R = = Rug: Ri = —"Rug, Ry = —"Ryp>

where PR denotes the curvature tensor of the affine manifold (M, D).

Remark 5. The geometry of the Riemannian extensions has been extensively studied in the literature, and it is known that
Riemannian extensions nicely relate affine and metric properties. For example (M, D) is locally symmetric if and only if
(T*M, gp) is so, (M, D) is projectively flat if and only if (T*M, gp) is locally conformally flat, (T*M, gp) is Einstein if and only
if the Ricci tensor of (M, D) is skew-symmetric.

Despite the fact that the complete lift metric g€ on TM and the Riemannian extension gp on T*M have some similarities,
the later are much less rigid due to the greater flexibility of affine geometry. The special situation when D is the Levi-Civita
connection V of a pseudo-Riemannian metric g on M will be clarified by analysing the musical isomorphisms between
(TM, g%) and (T*M, gv).

The canonical projection 7 : (T*M, gp) — (M, D) is a totally geodesic submersion. Indeed, a simple calculation shows
that its second fundamental form satisfies
(Vdm)j ="r

k— gp -k k _ _gppk k _ _gppk
g =T, (VAmt=—orf,  (Vdn)k = o1,
from where one Vdr = 0 as a consequence of (10).
Let X be a vector field on a pseudo-Riemannian manifold (M, g). Its evaluation is the function (X : T*M — R given by
X&) = X(p, w) = w(Xp), where w € Al (T,M). As well as for the tangent bundle, evaluations of vector fields provide a

large family of proper biharmonic functions on the cotangent bundle.

Theorem 6. Let X be a vector field on an affine manifold (M, D). Then

(1) X : (T*M, gp) — R is harmonic if and only if trace(DX) = 0.

(2) X : (T*M, gp) — Ris a biharmonic function.

Proof. Take coordinates (x!, ..., x™) on M and put X = Z:n:] X"% so that the evaluation (X : T*M — R reads in induced
coordinates on T*M as the function

m
XX, X)) = inx’.

=1

A direct calculation shows that its second fundamental form is given by

1 1 D 1
92X D k aX! 3Dij °ry, 0TIy Dl Dtk
(VAiX)y =% [aa g T T T aw w2 Lk DX
(VdLX);j =D, X, (VCILX)I-; =D, X, (VdLX)iMj =0,
axt X
where DFJ‘ are the Christoffel symbols of the connection D and i,j, k, I =1,...,m = dimM , latin = latin + m. Since the
inverse of the matrix of gp is of the form
I A
(gD) = J Dk (]2)
8 2x; FU

the tension field is given by

m
T(X) =2 ZD%X = 2trace(DX),
i=1

from where (1) follows.
Next, in order to consider the bitension field

PrX) 40 9T(X)
oarvaiied DY )
8XA 8xB aXC

T2(1X) = traceg, (V2diX) = (gp)* {

where &b FACB(A, B,C = 1,...,2m = 2 dimM) are the Christoffel symbols of the Levi-Civita connection of (T*M, gp).
Since the inverse of the matrix of gp is of the form (12) one only needs to show that (VZdLX);j = 0 and (VzdLX)iMj = 0.
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A straightforward calculation shows that

(V2diX), = 0’ (iX) _gunkaT(LX) _ gDn,;ar(Lx) —0
Y 3X§3xj i gxk i ox; )
and
(V2diX)s = 0’ (X) _gDFMkaT(‘X) _ gDFﬁaf(tx) —o
v 3X§3X]s i gxk 7 ox; )

from where it follows that 2(:X) = 0, thus showing that ¢X is a biharmonic function on (T*M, gp). O

4.2. Morphisms between tangent and cotangent bundles

Let ¢ : M — N, following the ideas of Section 3.2, a morphism between tangent and cotangent bundles is a smooth map
that is linear on the fibres, i.e., it corresponds to one of the following:

(i) @ : (TM, g°) — (T*N, gpy)» Where (M, g) is a pseudo-Riemannian manifold and Dy an affine connection on N, which
expresses locally as

(. x) = (" (). X0 () (13)
with tension field
; arr dp”
() =0, tV(@)=g" (T;:"y —Erfdy =k o d’jB) . (14)

(ii) ¥ : (T*M, gp,,) — (IN, h©), where Dy is an affine connection on M and (N, h) is a pseudo-Riemannian manifold,
which expresses locally as

WX, x) = (9% (), ' (x)) (15)
with tension field

; 1w o g
(W) =0, TTW)=2) (ax + M e Iy, a(if W) . (16)
i=1

(iii) T : (T*M, gp,,) — (T*N, gp, ), where Dy, and Dy are affine connections on M and N, which expresses locally as

T, %) = (9" (), xTL()) (17)
with tension field
i

N nof0T; ) LY L
/(1) =0, rV(T)zzz(a};MMn'kr;—DNrﬂ ? rz). (18)
i=1

ay axi B
A completely analogous calculation as that carried out in Section 3.2 shows that

Theorem 7. Let (M, g) and (N, h) be pseudo-Riemannian manifolds and let D and D* be affine connections on M and N,
respectively. Then the bundle morphisms @, W, T defined by (13), (15), (17) are biharmonic maps.

An immediate application of previous results is the following

(1) Let D, D* be arbitrary torsion-free connections on a smooth manifold M. Then the Riemannian extensions gp and gp+ are
biharmonic metrics on T*M.

4.3. The musical isomorphisms

Let (M, g) be a pseudo-Riemannian manifold. Since the metric g is nondegenerated, the musical isomorphisms b : X
b(X) = g(X,-)and § : w — fi(w), where fi(w) is the vector field on M defined by g(4(w), Y) = w(Y), define a bundle
isomorphism between the tangent and the cotangent bundle of M. As an immediate application of the previous results one
has that

e Let (M, g) be a pseudo-Riemannian manifold and D a torsion-free connection on M. Then the musical isomorphisms b :
(TM, g%) — (T*M, gp) and tt : (T*M, gp) — (TM, g©) are biharmonic maps.

Further observe that the musical isomorphisms are not harmonic in general. Indeed, a straightforward calculation shows
that the corresponding tension fields are given by

R 9o
) =0, r(b)"=2g“{g’“

9% - gn;gkt - Drktjgti} ,
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and

3gki ) )
o +D1-vi;gky +gﬂl;glt} )

@ =0, @ =ZZ{

Remark 8. A connection D on a pseudo-Riemannian manifold (M, g) is said to be g-conjugate to the Levi-Civita connection
Vifand only if Xg(Y,Z) = g(VxY,Z) + g(Y, DxZ), for all vector fields X, Y, Z on M. Now it follows from the expressions
above that, if D is g-conjugate to the Levi-Civita connection of g, then b is harmonic.

Remark 9. A simple observation of the components of the second fundamental form of the musical isomorphisms shows
that

(V= S+, (v =trf P,
from where it immediately follows that the musical isomorphisms are totally geodesic isomorphisms if and only if the affine
connection D coincides with the Levi-Civita connection of (M, g) [12]. Indeed, in this case they induce global isometries.

Theorem 10. Let (M, g) be a pseudo-Riemannian manifold. Then the musical isomorphisms induced by g are isometries between
(TM, g%) and (T*M, gv), where V is the Levi-Civita connection of g.

Proof. Letb : TM — T*M given in local coordinates by
b(x!, ..., X" X1, X = (x1, X Ay .,xigm,) )
Then
d d 'agrl 0] d d
b ~ s X’ - 5 al‘ld b - = &ir -
* (8x'> o ¥ ax; * <8xf> & ox:

Hence one has

(b*gv) (*ai, fai) =0,
ox' ox
oo (2 ) C g (2 ) g
&v axi» aXJ—. —gjsgV 8X17 a)(g —guy
a 0 a ;081 0 0 108q 0
SR A NP B KRN

axi’ ax axi ox Ox;  Ox X 0x;

} g, 9 og:
Xl{_zg i 8ir + gﬂ+ﬂ}:x’ £

axi - Ox Xl

which shows thatb : (TM, g) — (T*M, gv) is an isometry.
In an analogous way, considering the expression in local coordinates of § : T*M — TM given by

rl(Xl,...,Xm,Xi,...,X,ﬁ)=(Xl,...,Xm,Xig”,...,Xigml),
one has
9 9 agm 9 9 0
s - 1 T = d - = ”‘7,.
lj*<8x'> o TN a2 B ax; 8 ox
Hence,
a 0
* C
’ :0
“‘“(axf ax})
d 0 Jd 0 ) )
x50\ [ :rsCiizjslzs_(
(ﬁ g )(axis ij) g g <axis 8X§> g gIS 1
9 9 9 ag" 9 B ags 9
* 5C 7 — o0 . - S
#e )<axf’ axf) & (ax" T o o T n 0

0gii agkl agkl
128y _ ol
oG ey e | =2

which completes the proof. O
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Remark 11. Recall that the composition F o f of a biharmonic map f with a totally geodesic one F remains biharmonic
and thus, since the musical isomorphisms between (TM, g¢) and (T*M, gv) are totally geodesic, a one form w defines a
biharmonic section w : (M, g) — (T*M, gv) if and only if the corresponding vector field fw defines a biharmonic section
fw : (M, g) — (TM, g°) and conversely.
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