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1. Introduction

This paper is a continuation of [5] where we have studied the quotient of SU(3) x SU(3) by diagonal conjugation by means
of invariant theory. Let us start with some introductory remarks on the motivation for the study of such a very specific space.

Many aspects of the rich mathematical and physical structure of nonabelian gauge theories are not accessible by per-
turbation theory, but only by nonperturbative methods. Perhaps the most prominent of these aspects is low energy hadron
physics and, in particular, quark confinement. Another such aspect is the stratified structure of the classical configuration
space of the theory, i.e., of the space of orbits of the group of local gauge transformations acting on classical fields. This space
consists of an open dense manifold part, the ‘principal stratum’, and several singularities which themselves decompose into
manifolds of varying dimension, the ‘non-principal’ or ‘secondary strata’. We note that similar structures arise in the study
of the geometry of quantum mechanical state spaces [1,3]. While, by now, much is known about the stratified structure
itself, see [15,16], it is still open whether and how it expresses itself in the physical properties of the theory. A systematic
investigation of this question requires a concept of how to encode the stratification into the quantum theory. A promising
candidate is the concept of costratified Hilbert space recently developed by Huebschmann [10]. Very roughly, a costratified
Hilbert space consists of a total Hilbert space #¢ and a family of Hilbert spaces #; associated with the closures of the strata,
together with a family of bounded linear maps #; — #; whenever the stratum j is contained in the closure of the stratum
i. As was demonstrated in [10], one way to construct such costratified Hilbert space is by extending methods of geometric
quantization to so-called stratified symplectic spaces. (However, the concept of costratified Hilbert space does not rely on

* Corresponding author. Tel.: +49 341 9732431; fax: +49 341 9732548.
E-mail address: matthias.schmidt@itp.uni-leipzig.de (M. Schmidt).

0393-0440/$ - see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.geomphys.2008.07.005


http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
mailto:matthias.schmidt@itp.uni-leipzig.de
http://dx.doi.org/10.1016/j.geomphys.2008.07.005

1608 S. Charzyriski et al. / Journal of Geometry and Physics 58 (2008) 1607-1623

any particular quantization procedure.) A stratified symplectic space is a stratified space in the usual sense where, in addi-
tion, the total space carries a Poisson structure, the strata carry symplectic structures and the structures are compatible in
the sense that the injections of the strata into the total space are Poisson maps. Such spaces naturally emerge as the reduced
phase spaces of Hamiltonian systems with symmetries by the process of singular Marsden-Weinstein reduction [7]. These
observations suggest the following strategy to construct a quantum gauge theory with the stratification encoded [18]: for-
mulate the classical theory as a Hamiltonian system with symmetries, construct the reduced phase space and then try to
apply the method of stratified Kdhler quantization developed in [10] to obtain a costratified Hilbert space. To separate the
difficulties arising from infinite dimensions from those related to symmetry reduction, it is reasonable to first work in the
lattice approximation. For a simple model motivated by SU(2)-lattice gauge theory the program was carried out in [11].

For the construction explained above, and of course for the discussion of classical and quantum dynamics anyhow, it is
important to know the topological and geometric structure of the reduced phase space as well as of the reduced configuration
space. In this work, we focus on the latter. Using a tree gauge, it can be shown to be given by the quotient of several copies of
the (compact) gauge group by diagonal conjugation. Since we are interested in QCD, our gauge group is SU(3). Since for one
copy of SU(3) the quotient is well known to be a Weyl alcove in the subgroup of diagonal matrices, the simplest nontrivial
case is 2 copies. This corresponds to a lattice consisting of 2 plaquettes. The description of the quotient of 2 copies by means
of invariant theory was derived in a previous paper [5]. In the present work, we construct a cell complex structure which is
compatible with the orbit type stratification, and use it to compute the homology and cohomology groups of the quotient
space as well as of the strata and their closures.

To conclude these introductory notes, let us remark on the following. The strategy explained above follows the path to
first reduce the symmetries and then quantize. One can as well, follow the alternative path of reducing the symmetries
on the quantum level, i.e., to start from a field algebra and to construct the algebra of observables by implementing gauge
invariance and the local Gauss law, see [13]. To implement the stratification in this approach remains as a future task.

The paper is organized as follows. In Section 2 we define the space we will study and introduce some notation. In Section 3
we relate the reduced configuration space to certain double quotients of U(3) and show how to construct a cell complex
structure of the reduced configuration space from cell decompositions of the double quotients. Section 4 is devoted to the
study of the most important of these double quotients, i.e., T \ U(3)/T, where T denotes the subgroup of U(3) of diagonal
matrices. The remaining double quotients and the factorization maps between them are studied in Section 5. Based on these
preparations, in Section 6 the desired cell complex structure of the reduced configuration space is given and the boundary op-
erator is computed. In Section 7 it is shown that the closures of the strata are subcomplexes. Finally, in Section 8 the homology
and cohomology groups of the reduced configuration space and its strata are derived. We conclude with a brief discussion.

2. Basic notation

Let X denote the quotient space of the action of SU(3) on SU(3) x SU(3) by diagonal conjugation,
(a,b) > (gag~'.gbg™"), a,b,g e SUE).

This space can be interpreted as the reduced configuration space of an SU(3)-lattice gauge model defined on a lattice
consisting of two plaquettes. See [5] for details. The space X is stratified by the orbit types of the action. The stratification will
be explained in detail in Section 7. The aim of this paper is to construct a cell decomposition of X such that the closures of
the strata are subcomplexes and to use it to compute the homology and cohomology groups of the strata and their closures.

Let us introduce some notation. Consider the toral subgroup of diagonal matrices a in SU(3). The conditions a;; = a3,
ai1 = as3, y; = asz on the entries of a define one-parameter subgroups that cut this toral subgroup into 6 closed triangular
subsets. Let A denote one of them. The embedding A — SU(3) descends to a homeomorphism of 4 onto the quotient of
SU(3) by inner automorphisms (see [5] for more details). 4 has a natural cell decomposition consisting of a 2-cell A% = s,
three 1-cells (‘edges’) A,.l and three O-cells (‘vertices’) A? which make up the center Z3 of SU(3). We assume the 1-cells to
be oriented by the boundary orientation induced from 2. In the sequel, for the cells of 4 we will loosely write ,Af ,although
for p = 2 the index i is redundant. The interior of A? will be denoted by A!.

We will also work with U(3) and its subgroup of diagonal matrices T = U(1)3, as well as the subgroups U;, U,, U3 =
U(1) x U(2), consisting of the matrices

o 0 0 b]] 0 b12 b11 b12 0
0 b b, 0 o 0], by by 0],
0 bz] b22 bz] 0 b22 0 0 o

respectively, where @ € U(1) and b € U(2).

Next, fori = 1, 2, 3,letiy := i+ 1 mod 3. The elements of the permutation group 43 are denoted by t or 0. We number
them in the following way: 7o denotes the identity permutation, 7; for i = 1, 2, 3 denotes the transposition of i, and i_
and 4 and t5 are the backward and forward cyclic permutations, respectively. A representation of 45 in U(3) is given by the
matrices

Tij = 51—(,‘)]‘, T € 43,
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where §y; denotes the Kronecker symbol. Explicitly,

1 100 0 0 1

r0:<0 ) r1:(0 0 1), 12:<o 1 o)
0 010 100
0 010 0 0 1

7:3:(1 ) u:(o 0 1), r5:<1 0 0).
0 100 010

The centralizer and the normalizer of a subset A C G will be denoted by C;(A) and Ng(A), respectively.

OO —= O~—=O
o0 = OO

3. The configuration space in terms of double quotients

The starting point of our considerations is the map
o:AXAXUB) = X, (t,5s 8~ [t gg ],
where [-] denotes the class w.r.t. the diagonal action of SU(3).

Lemma 3.1. The map ¢ is surjective and closed. Equality ¢(t, s, g) = ¢(t',s', g’) holds iff t = t',s = s’ and g’ = hgk for some
he CU(3) (t) and k € CU(3) (S)
Proof. ¢ is surjective: Let (a, b) € SU(3) x SU(3). There exist c,d € SU(3) such thatt := cac™' and s := dbd~! are in
4. Denote g := cd~'. Then (t, gsg~') = (cac™!, chc™1), hence ¢(t, s, g) = [(a, b)]. ¢ is closed, because it is a map from a
compact space to a Hausdorff space. To determine the preimages, let (t, s, g) and (t’, s’, g’) be given. If t’, s’ and g’ are as in
the lemma then they are obviously mapped by ¢ to the same point in X. Conversely, assume that ¢(t’, s’, g') = ¢(t, s, 2).
Then there exists h € SU(3) such that ¢ = hth™' and g’s’g’~" = h(gsg~1)h~". Since t’ and ¢ are both in 4, the first
equality implies t' = t, hence h € Coye3)(t) S Cycs)(t). Similarly, the second equality implies g/_lhg € Cy3)(s). Denoting
k := (g’ "hg) ! we obtain g’ = hgk, as asserted. [

Thus, up to diagonal conjugacy, pairs (a, b) € SU(3) x SU(3) can be characterized by triples (t, s, g) with s and t being
uniquely determined and g representing a class in the double quotient Cy)(t) \ U(3)/Cy)(s), taken wrt. left and right
multiplication, respectively. Since for any ¢ in the interior of the cell Af of #, the centralizer is Cy3) () = Cy3) (A?), to any

pair of cells Af , Af there corresponds a double quotient

D(AY, f\’jg) = Cyg) (A \ U(3)/CU(3)(=A>JQ)-

In detail, we find
D(A%, A =T\UB)/T, DA}, A) =U;\UQB3)/T,  D(A* A!) =T\ UQB)/U,
D(A[, A)) = Ui\ UB3)/U;,

D(A, A%) = D(A?, A]) = D(A], A]) = D(A], A)) = D(A], A)) = {x}. (3.1)
There exist the following natural factorization maps:

212

T\UB3)/T —— U\UB)/T

3 ’l l/‘?f (32)

!
T\UB)/Uj —— UAUB)/U; —— {x}
The idea of the construction of the cell decomposition of X can be stated as follows. According to Lemma 3.1, ¢ induces maps
Tt LAY X A] X D(A], A]) = X (3.3)

which, since ¢ is closed, restrict to homeomorphisms of A} x /! x D(A{, ) onto the image of this subset in X. Hence, if

one has a cell K in the double quotient D(A;, 4/) then A{ x A x K with characteristic map obtained by restriction of 77/ is
a candidate for a cell of X. The potential identifications on the ISoundary can be kept track of by exploring, for each boundary

cell Aﬁ_] of A and :A]f',_] of A/, the relation between 7z and the maps 71!.’,’],_1 %and ng,q_1, respectively. More generally, the
situation is the following. Given Af,/ and qu,/ such that

ALC AL A C AL (3.4)
the factorization map D(Af,/, ,Ajf',/) — D(A;, A) exists - it is in fact a composition of some of the maps (3.2) - and the
diagram
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AL AT X DAL AT) ——— AL x AL x DAL, AT)

l lﬂﬁ;? / (3.5)

7h
AP x AT x DA, AT) —— x

commutes, where the upper horizontal arrow is given by the natural injection and the left vertical arrow is given by the

identical map of Af X Aj'-’ times the above factorization map. Thus, in effect it is this factorization map which carries the

information about the boundary identifications carried out by the (prospective) characteristic map.

Theorem 3.2. Let there be given cell decompositions of the double quotients (3.1) such that the factorization maps (3.2) are
cellular. Then the collection of all products A] x A x K, where A{, A are cells of A, K is a cell of D(A{, A]) and the

characteristic map is defined by restriction of ngq, defines a cell complex structure on X. If the cells are oriented by the natural
product orientation, the boundary operator is given by

DAL x AT X K) =Y AP 5 AT X pr o (K) + (=17 Y AP x AL X 07, (K)
i i
+ (= 1)PTIA] x Al x 0K,

where the sums run over the boundary cells of Af and Aj‘.’, respectively, equipped with the correct sign, and py and oy stand for
the factorization maps D(A; , A]) — D(Af/_l, Al) and D(A], A]) — D(A], Aﬁ_]), respectively, given in (3.2).

Proof. We give an inductive construction of the skeleta. For the sets A{ x 4] x K we will use the shorthand notation Cf}{",
where r stands for the dimension of K and k is a virtual label for the r-cells ofD(Af, Af). Moreover, in order to distinguish
between the boundary of Cji in X and its boundary in the cell complex A{ x A x D(A}, 4/), the first one will be denoted

ijk
by 9 and the second one by 9. In a sense, anlfr is the 'natural’ boundary of Cg,fr.

We will say that a cell complex X" has the property (x) iff it is homeomorphic to the image of the n-skeleton of
A2 X A% x D(A?, A%) under %2 (and can thus be identified with a subset of X).

We start with defining X° to consist of the nine isolated points Cf®* = A} x A] x {x},i,j = 1,2, 3. Then X° is a cell
complex and () holds trivially.

Now assume that the Cji!" with p + q +r = n constitute a cell complex X" which has the property (x) and let some Cji{"
with p + q +r = n + 1 be given. Consider the diagram (3.5) with p’ = q' = 2. Due to the assumption that the factorization
maps (3.2) are cellular, the left vertical arrow in this diagram is cellular. Hence, the preimage of éCf;,fr under this map is
a union of n-cells of A% x A2 x D(A?, 42) and is therefore mapped by 72? to X", due to (x). Then the diagram yields
mP@Ch) < xn.

Thus, X", together with the Ci{" of p+q+r = n+ 1and the corresponding restrictions of the 7z? taken as characteristic
maps, define a cell complex X"!. We have to show that ™! has the property (x). For that purpose, let XSH denote the
topological direct sum of X™ with all the cells Cé-’,fr of dimension p+q+r = n+ 1 and let f denote the union of the attaching
maps of these cells. By definition, X"*! is the quotient of xg“ by the equivalence relation

X1~Xy & Xy =Xxp or x;=f(x) or f(x;)=x or f(x)=f(x),

whenever f(x;) or f(x,) are defined. Define a map ¥ : Xi™' — X to be the identity on X" and 7t on Cjil". Since the
domain is compact and the target space is Hausdorff, i is closed, and hence induces a homeomorphism between its image
and the quotient of XS“ obtained by contraction of preimages. The image of i can be easily found to be the image of the
(n + 1)-skeleton of A? x A? x D(A?, A?) under 2. Thus, all we have to check is that x; ~¢ X, iff ¥ (x1) = ¥ (x2).

First, assume that x; ~f x,. If x; = x, then trivially ¥ (x1) = ¥ (x2). If x; = f(x2) thenx; € X" and x; belongs to the
boundary of one of the Ci{". Then x; = ¥ (x1) and f (x2) = 7" (X2) = ¥ (x), hence ¥/ (x;) = ¥/ (x,), too. A similar argument
applies to the cases f (x1) = x, and f (x1) = f(xy).

For the converse implication, we need the following lemma.

il

g
jic and assume that there exists X' € chil wherep+q+r > p +q +r and X' # x, such that

Lemma3.3. Let x € K

P vy par
i (x) = mp;' (x). Thenx € 3Cy".

According to Lemma 3.1, ngq(x) = ni’f;ﬂ/ (x') implies that x and x' have the same #-parts, i.e, x = (a,b,y) and
X = (a,b,y), wherey € D(A],A])andy’ € D(Af,/, qu,/). Assume that x is in the interior of Cji". Then a and b are in
the interiors of ,A,f and ,A,;’ which are therefore intersected by Af, and Aj‘i , respectively. Hence, (3.4) holds and we have the
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commutative diagram (3.5), where the left vertical arrow is again cellular by assumption. Hence, the image y of y’ under

this map belongs to an s-cell of D(A;, /), where s < r’. Due to the diagram, }"(a, b, j) = ﬂﬁ;ﬂ/ (a, b, y’) and hence

mf(a, b, y) = 7’ (a, b, y). Since 7} is injective on A x Af x D(A], A), then j = y. We conclude that y belongs to an
s-cell of D(A;, A/). Since x is in the interior of Cji/", y is in the interior of the corresponding r-cell of D(A{, 4), hences > r
and sor’ > r. Then, under the assumptionp+q+r > p' + ¢ +r',(3.4) implies p’ = p and ¢ = q and, consequently, i’ = i,
j =j. Itfollowsy =y, hencey =y, hence x = ¥/, in contradiction to the assumption. This proves the lemma.

We continue with the proof of Theorem 3.2. Assume that ¥ (x1) = ¥ (x2). If x; = x, then x; ~f x,. Hence, let us assume
X1 # Xo. Then x; and x, cannot both belong to X", because 1 is the identity there. If one of them, say x;, belongs to X" and

the other one to one of the n+ 1-cells, say x, € Cjjl", then ¢ (x2) = x;. Of course, x; belongs to the interior of some cell Ci’i’jffc,r
r'd

/! U a
withp’ 4+ q + 1’ < nand we have x; = ni’,’j,q (x1), as we have identified the interior of C?,! through my, with its image in

l'/jlk/
X. Then Lemma 3.3 yields x, € BCg,fr. It follows f (x2) = ngq(xz) = ¥ (x2), hence f (x2) = x1, i.e.,, X1 ~ x». If X; and x, both
belong to one of the n 4+ 1-cells Cg,fr, then Lemma 3.3, applied to both x; and x5, implies that they belong to the respective
boundaries. Therefore, as above, f (x;) = ¥ (x), [ = 1, 2.1t follows f (x1) = f (x2), hence x; ~ x,, too.

Finally, we determine the boundary operator. Let Af X ,A,]‘-I x K be given. The boundary operator on the level of the cell
complex A; x A/ x D(A], A/) is given by

I(A! x Al X K) = dAT x AT x K + (—1)PA] x 94T x K+ (=1)PTIA7 x A7 x 0K, (3.6)

where the boundaries on the rhs. are taken in 4 and D(A{, /), respectively. In order to obtain 3 (4] x A x K) from this
formula we have to replace each cell C appearing on the rhs. by the cells of X which span ngq (C). Since the last term already

consists of cells of X, it remains unchanged. The first term is a sum over cells of the type Af,_l X A;’ x K, where Af’,_l is one
of the boundary cells of ,Af (equipped with the correct sign). We have

1 1 _
b (Af, x AT 1<) =t (,A)f, U x AT ,0,-/(K)),

p

where py stands for the factorization map D(A;, A;’) — D(Aﬁ_l, Af). Since the argument of ni’,’j_l % on the rhs. consists of

cells of X, it replaces ,A,f,_] X A}’ x K in (3.6), where py has to be replaced by the induced homomorphism py ,. Treating the
2nd term in (3.6) in a similar way, we obtain the asserted formula. O

Next, we construct cell decompositions of the double quotients (3.1) which meet the assumptions of Theorem 3.2. We
shall start with T \ U(3)/T.

4. The double quotient T \ U(3)/T

Perhaps the most obvious way to treat the double quotient T \ U(3)/T is to view it as the quotient of the left T-action on
the flag manifold U(3)/T, and to construct a cell decomposition of this quotient from the Schubert cells of U(3) /T associated
with Borel subgroups of GL(3, C) that contain T. However, we will not follow this road. Instead of working with Schubert
cells, we will relate the double quotient T \ U(3)/T with the bistochastic and unistochastic (3 x 3)-matrices and define the
cells directly by conditions on the entries of the matrices they contain. For the relation between the cells so constructed and
the Schubert cells of U(3) /T, see Appendix B in [6].

We start by introducing some notation. In this section we use the shorthand notation Y := T\ U(3)/T.Let Q C Y denote
the subset of classes that have real representatives, i.e., which intersect O(3). Let 83 denote the set of (3 x 3)-matrices
with real nonnegative entries that add up to 1 in each row and each column. Such a matrix is called bistochastic. 83 has the
structure of a convex polytope. It is known as the Birkhoff polytope of rank 3. The corners of this polytope are given by the
permutation matrices. There exists a natural map ¢ : U(3) — Bs, given by

Y (@) = lag|*. (4.1)

A point in the image of i is called a unistochastic matrix. A point in the image of the restriction of ¥ to O(3) is called an
orthostochastic matrix. The subsets of unistochastic and orthostochastic matrices are denoted by U3 and @3, respectively.
Bistochastic and unistochastic matrices have several applications in mathematics, computer science and physics, see the
introduction of [3] for a brief overview. It is known that Us is a closed star-shaped 4-dimensional subset of 83 and that 93
is its boundary [3, Thm. 3]. Hence, topologically, U3 is a 4-disk and @3 is a 3-sphere. To make this information available for
the study of Y, we observe that the map 1 descends to a continuous and surjective map (same notation)

l[/IY—>‘U3.

This map will now be analyzed. For a (3 x 3)-matrix g, let a denote the complex conjugate matrix, i.e., (@);; = aj. Since T=T,
complex conjugation induces a well-defined map Y — Y which will be denoted y > y, too. This map is a homeomorphism.
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Lemma4.1. Lety € Y. Theny = yifandonlyif y € Q.

Proof. We have to show thaty = y impliesy € Q. Let a € U(3) be a representative of y. By assumption, there exist
b1, by € T such that a = b;ab,. For each b; there exists ¢; € T such that c,-2 = b;. Then ¢iac, = ciacy, i.e., ciac; € 0(3) and
henceye Q. O

Lemma4.2. Let y1,y, € Y. If v (y1) = ¥ (y,) theny, =y 0ry, =y;. O

Proof. Lety € Y. Obviously, ¥ (¥) = ¥ (¥). Hence, we have to show that y and y are the only elements of Y that are mapped
to ¥ (y) under . The question to what extent a unitary matrix of rank 3 is determined by the moduli of its entries was
discussed in [12] in connection with CP-violation in the standard electroweak model. The proof uses the unitarity triangles
introduced there. Let a be a representative of y. Up to the action of T x T we may assume that the entries of the first row
and the first column of a are real and nonnegative. Define complex numbers

Uj = ay;ay;, u' =apap, v = anas, v =anas, 1,j=1,2,3.

Unitarity implies Y ;u; = Y ,u' = >, v; = Y ;v' = 0. Hence, the triples (uy, up, u3), (u', u?, u3), (v1, va, v3), (', V%, v?)
form triangles in the complex plane, with one side on the real axis. These triangles are called unitarity triangles. They are
possibly degenerated to a line. The following data of these triangles are determined by y and the choice of a: the side on the
real axis, the length of the other two sides, the order of sides. The crucial observation is that these data fix the triangles up
to complex conjugation, i.e., up to the transformations (uy, u, u3z) — (uy, uz, u3) etc. Now, taking the complex conjugate
of (uq, uy, u3) requires taking the complex conjugate of the entries a,, and a,3, hence implies taking the complex conjugate
of (u', u?, u?). Iterating this argument we find that one has to take the complex conjugate of all the triangles, and hence of
all the entries of a, simultaneously. This proves the lemma. O

Lemma 4.3. The map  is open.

Proof. Since ¥y maps from a Hausdorff space to a compact space, it is closed. Since it is also surjective, it maps open subsets
that are saturated, i.e., consist of full pre-images, to open subsets. Hence, it suffices to show that the saturation of an open
subset M is open. By Lemma 4.2, the saturation is given by M U M. Since the map y + ¥ is a homeomorphism, M U M is
open. 0O

Proposition 4.4. By restriction, y induces a 2-fold covering Y \ Q — U3 \ O3 and a homeomorphism Q — Os.

Remark 1. This 2-fold covering carries in fact the structure of a locally trivial principal fibre bundle with structure group
Zj, acting by conjugation.

Proof. By construction, the maps are well-defined and surjective. According to Lemmas 4.1 and 4.2, ¥ is injective on Q. By
Lemma 4.3, it is then a homeomorphism. To check that the restriction of ¢ to Y \ Q yields a 2-fold covering, lety € Y \ Q
and denote u = v/ (y). By Lemma 4.1,y # y. Since Y is Hausdorff, there exist disjoint open neighbourhoods V; of y and V; of
y.LetV := V; NV, and U := ¢ (V). By construction, V and V are disjoint open neighbourhoods of y and ¥, respectively. By
Lemma 4.2, ¥ ~1(U) = V U V. Lemma 4.3 implies that U is an open neighbourhood of u and that, by restriction, ¥ induces
homeomorphisms V and V onto U. O

Since U3 is a 4-disk with boundary O3, Y \ Q consists of 2 connected components, each of which is a copy of the open
4-disk. Denote these connected components by Y. Since Q is closed, the Y. are open in Y. According to Proposition 4.4, by
restriction, ¥ induces a homeomorphism of Y. UQ onto Uy4. In particular, Y. is dense in Y. U Q. As Y. UQ has complement
Y+ inY, itis closed. Hence, the closure Y, of Yy in Y is given by

Y. =YL UQ.

Thus, Y is a 4-disk whose boundarﬂs given by Q. The main conclusion we draw frorlthis is that any cell decomposition
of Q combines with the two 4-cells Y. to a cell decomposition of Y. We denote Kj: =Y.

Remark 2. In addition, it follows that T \ U(3)/T is homeomorphic to a 4-sphere. This information does not help however
in the construction of a cell decomposition that meets the requirement that the factorization maps are cellular.

We will now construct a cell decomposition of Q = (5. The construction is based on the observation that under the
factorization maps classes of permutation matrices in T \ U(3)/T get identified with one another in a variety of patterns.
Therefore, we take the permutation matrices as the 0-cells. Denote them by Kf ={t}, T € 4s.

1-skeleton: Define

Kj =1{be Bs3:b;=1}, ij=123.
Parameterisations of these subsets are given by

b =bi_j =t, b =b =1-t, tel0,1].

it jt iy j— i jt
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Explicitly, fori =j =1,

1 0 0
b=1]0 t 1—-t], te[O,l]
0 1—¢ t

We read off:

1. Kl.} C 05: Arepresenting orthogonal matrix a for b is given by a; = £,/b;; with appropriately chosen signs. E.g., for the
casei=j=1,

1 0 0
a=|0 Jt =JV1—-t|, te[o1].
0 J/1—t Jt

2. For given i, j, there are two permutations mapping j to i. An explicit calculation yields that these permutations are given
by 7i7j7; and ;7. The first one is odd, the second one is even. I(,-} is the line in the vector space of real (3 x 3)-matrices

connecting the permutation matrices that correspond to these two permutations. Hence, the Ki} are 1-disks and

1 0 0
0K} = K2, UKS,.. (42)
3K NKL, = I(S+ where 7, is the even permutation mapping j to i and K;j N Kl}_rj; = K where 7_ is the odd permutation

mapping j to i. All the other intersections are trivial. Thus, the cells Kf and Ki} so constructed, together with the obvious
attaching maps, form a cell complex of dimension 1.

2-skeleton: Fori,j = 1, 2, 3, define
K7 = {b € Us : by = 0}.

To be definite, the following argument is given for K]Z]. It easily carries over to the other KUZ-.

Lemma 4.5. The map

0 t 1—t
[0, 1] —> B3, (s, t) > [ s 1-s(1—-1t (A —s)t:| (4.3)
1—s s(1—1t) st

induces a homeomorphism of [0, 1]* onto K%,

Proof. The map is injective and closed. Hence, it suffices to check that its image coincides with 1(12]. Denote the image by J.
According to [2,12], a bistochastic (3 x 3)-matrix is unistochastic iff for two arbitrarily chosen rows or columns the ‘chain-
links’ condition is satisfied. For the 1st and 2nd column this condition reads

Voo = Vbsiv/bsa| = Vbiivbie = vVbar/bas + Vbsiv/bn.

In case by; = 0 this yields
b21b22 = b31b32~ (44)

Since this condition is satisfied for the elements of £, £ € Us and hence 4 C K7,. Conversely, let b € K7,. Then

0 t 1—t
b=| s by by3
1—s b32 b33

for some s, t € [0, 1]. Since Klz1 C Us, (4.4) holds. Hence, sby, = (1 — s)bs,. Together with t + b,y + b3y = 1, this yields
by, = (1 —5s)(1 —t)and bs; = s(1 — t). Then b3, = (1 — s)t and b33 = st. Hence, K121 cd. O
We deduce:
1. K,-]Z- C 3. Arepresenting orthogonal matrix a is given by a;; = i\/ij with appropriately chosen signs. E.g., fori, j = 1, in
the parameterisation (4.3),
0 NG 1—t
a=| 5  Ja-s51-1) /A -sr
V1—s —/s(1—=1) —/st
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Fig. 1. The subcomplex of the 2-skeleton consisting of cells that do not intersect KT[’1 . The 2-cells form the faces of the triangular double pyramid.

2. The I(,-JZ. are 2-disks. For the case of 1(121, the boundary is obtained by settings = 0, 1 ort = 0, 1in (4.3). For the general
case this yields
0K; =K UK} UK ;UK. (4.5)

1+ 4]

3. The intersection of K7, with any other KUZ- consists of elements of K, with two zero entries. From the parameterisation
(4.3) we see that these elements must have s = 0, 1 or t = 0, 1. Hence, the intersection is a union of 1-cells. It is obvious
that this holds for any intersection of two distinct K;.

Thus, the 2-cells KUZ-, together with the 1-skeleton and the obvious attaching maps, yield a cell complex of dimension 2.

3-skeleton: Let T € 4$3. Consider the subcomplex of the 2-skeleton consisting of cells that do not intersect Kf. According to
(4.2) and (4.5) these cells are

K), o#t, K, i#t(), K. i=1(). (4.6)

As O3 is a 3-sphere, the subset 93 \ K° can be mapped homeomorphically onto R3. This way, the subcomplex (4.6)
is embedded into R3. A simple inspection of the boundaries of the 1 and 2-cells then shows that this subcomplex is
homeomorphic to a 2-sphere. As an illustration, for the case of T = 1y and for an appropriately chosen homeomorphism
O3\ KTO1 = R3, the 1-skeleton of this subcomplex is shown in Fig. 1.

It follows that the subcomplex (4.6) cuts out a subset of 3 homeomorphic to the 3-disk. Denote this subset by Kf. We
take K3, T € 43, as the 3-cells. By construction,

3 2 2 2
OK? = Kiqy1 UKZ(5)2 UKL 53, (4.7)

and the intersection of two distinct 3-cells is a union of 2-cells. Thus, the Kf, together with the 2-skeleton, form a cell complex
of dimension 3. Since @3 coincides with the union of the 3-cells, we thus have constructed a cell decomposition of @3. As
stated above, together with Ki, this yields a cell decomposition of Y.

Remark 3. The construction of cells is inspired by the polytope structure of 8B3. The relation between the cells of ®5 and
the faces of 83 is as follows. The 0-cells of ®5; coincide with the corners of 8B3. The 1-cells of (5 are those edges of B
that are contained in (5. Since in B; there is an edge between any two corners, there are 6 more edges in 83 that are
not orthostochastic. Since any 2-face of 85 contains one of these non-orthostochastic edges, the 2-faces of 83 do not have
nontrivial intersection with @3. Instead, the 2-cells of 5 coincide with the intersections of the 3-faces (’facets’) of 83 with
3. The 3-cells of @3 do not have an analogue in Bs.

Next, we have to choose an orientation of the cells and to compute the boundary operator.

Proposition 4.6. There exists an orientation of cells of Y such that the boundary operator is given by

0K = Ko — K7

TiTjTi 7T’

3
0K} =K, +Kj_ — K\ —K' ;=Y Ki —Kj.
I=1

3
0K} =sign(v) Y K2y,  OKi=4) K.
i=1

TES3
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Fig. 2. The 2-skeleton of Y with orientation. The starting points of the 1-cells are encircled. The orientations of the 2-cells are indicated by an arrow along
the boundary of the corresponding symbols. Note that the crossing point at the center is not a vertex.

Proof. We define the orientations inductively as follows. For a cell in dimension n + 1 we choose a certain boundary n-cell
and require the boundary orientation of this n-cell to coincide with its genuine orientation chosen before.

1-cells: Since according to (4.2), each 1-cell connects 0-cells of opposite sign, we can choose the 0-cells labelled by an odd
permutation as starting points. This yields the asserted formula for the 1-cells.

2-cells: Due to (4.5), KUZ is bounded by four 1-cells. Since neighbouring boundary 1-cells intersect in either their starting
point or their end-point, they would induce opposite orientations on KUZ.. Hence, opposite boundary 1-cells induce the same

orientation. Since there does not exist a permutation mapping bothj, andj_ to i, Ki}+ and Ki}_ are opposite. We choose the

orientation of KUZ. to be induced from these boundary 1-cells (i.e., those with coinciding first index). Since then I(,.fr i and Kil_ i

are opposite, too, the formula for aK; follows.

3-cells: The boundary 2-cells of Kf are given by (4.7). Consider a 1-cell K,}, that belongs to two of these boundary 2-cells, say
Kf(i)i and I(Tz(j)j,wherei #j.Thenk = t(i)orl =iand k = 7(j) orl = j.Sincei # j, theneitherk = t(i) and[ = jork = 7(j)
and | = i. In both cases, the boundary orientations induced on K from Krz(m. and Kf(j) j are opposite. It follows that all three
boundary 2-cells would induce the same orientation on K?>. We could simply choose the orientations induced this way for
all the 3-cells. However, these orientations would obviously not combine to an orientation of the 3-sphere Q, because the
orientations of intersecting 3-cells would be opposite. Instead, we choose the orientations as follows. Consider a 2-cell KUZ-.
By (4.7), Kijz- belongs to all 3-cells labelled by a permutation that maps j to i. As noted above, these permutations are given
by 7;7; and 7;7;7;. Hence, each 2-cell belongs to one 3-cell labelled by an even permutation and to one 3-cell labelled by an
odd permutation. Thus, if we choose the orientation of K? to be induced from its boundary 2-cells when 7 is even and to be
opposite to that when 7 is odd, these orientations combine to an orientation of Q. The formula for the boundary operator
then follows.

4-cells: By construction, all boundary 3-cells of K¢ would induce the same orientation on K?. In order that the orientations
of Ki and K* combine to an orientation of Y, we choose that of Kj_ to be induced from its boundary 3-cells and that of K* to
be opposite. This yields the asserted formula. O

Remark 4. The 2-skeleton can be conveniently visualized in a diagram, see Fig. 2. In this diagram, six of the nine 2-cells
have the shape of a trapezium and three of them form a rectangle with one pair of opposite edges being twisted once. They
are labelled by symbols which mimic their shape.

5. The other double quotients

We now turn to the description of the other double quotients and the associated factorization maps. We use the following
notation. The standard 2-simplex is denoted by o2. If we label its vertices by 1, 2, 3, the edges are given, in the standard
notation, by [12], [23] and [31] and the vertices are given by [1], [2], [3]. The edge [ij] is oriented from [i] to [j]. Similarly,
the standard 1-simplex is denoted by ¢! and its vertices by [1] and [2]. ! is oriented from [1] to [2]. There is an obvious
ambiguity in this notation. However, whether [1] and [2] denote vertices of o! or o2 will always be clear from the context.
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Define maps ¥; : U3 — o2, ¥': Us — o?and ¢ : Us — o' by
Yi(b) = (bi1, bz, bi3), ¥'(b) = (b, b, b3), Yii(b) = (by, 1 — by).

Lemma 5.1. The maps i o Y, ¥' o Y and Y o ¥ descend to homeomorphisms U; \ U3)/T — o2, T \ U(3)/U; — o? and
Ui\u@)/U; — o, respectively. If we use these homeomorphisms to identify the quotients with the corresponding simplices, the
factorization maps (3.2) satisfy

M=vioy, AM'=vyloy, piorP=piloi =yjoy. (5.1)

Proof. First we have to check that the maps descend to the quotients. For v; o v, this follows from the observation that
the action of U; and T on U(3) by left multiplication do not differ in their effect on the i-th row of a matrix. Similarly, for
¥ o v, the action of U; and T on U(3) by right multiplication do not differ in their effect on the i-th column. Combining
these two observations we obtain the assertion for v;; o ¥. Next, we show that the descended maps are 1:1. As maps from
a Hausdorff space to a compact space they are homeomorphisms then. Surjectivity is obvious. To check injectivity of the
map U; \ U3)/T — o2 induced by v; o ¥, let a, b € U(3) such that v; o ¥ (TaT) = v; o ¥ (ThT). Then bj = «aja;; for some
a; € U(1),j = 1,2, 3. Hence, up to the action of T by right multiplication, we may assume that the i-th rows of a and b
coincide. Consider ¢ := ba~!. We have b = ca and ¢; = 1, because this is the scalar product of the i-th row of b with the
i-th row of a. Hence, ¢ € U; and a and b define the same class in the quotient U; \ U(3)/T. For the map T \ U(3)/U; — o
induced by ¥ o v, the argument is analogous. For the map U; \ ui3)/u; — o' induced by Yijo ¥, leta, b € U(3) such that
Yij o Yy (TaT) = 5 0 Y (TbT). Then b = «a;; for some o € U(1). By the action of U; by right multiplication, the entry a;; can
be multiplied by an arbitrary phase and the other two entries in the i-th row of a can be arbitrarily adjusted. Hence, up to
this action, we may assume that the i-th rows of a and b coincide. Then the same argument as for ; o ¥ yields that a and b
belong to the same class in the quotient U; \ U(3)/U;.
Finally, the equalities (5.1) hold by construction. O

Remark 5. A slightly different interpretation of the quotients T \ U(3)/U; and U; \ U(3)/T is obtained as follows. Extraction
of the i-th row defines a map from U(3) to the 5-sphere S® that translates the action of T on U(3) by left multiplication into
the natural action of T = U(1) x U(1) x U(1) on S®> < C3. This map descends to a homeomorphisms of U(3) /U; onto complex
projective space CP? that translates the action of T on U(3) /U; into the action of T on CP? inherited from the natural action
of T on C3. Thus, the quotient T \ U(3)/U; may be identified with the quotient of CP? w.r.t. this action. A similar result holds
for the quotient U; \ U(3)/T.

Now we use (5.1) to compute how the factorization maps %, A7, j¢;* and w;* map the cells of T \ U(3)/T and o2,
respectively.

Proposition 5.2. The factorization maps (3.2) map the cells of T \ U(3)/T and o2 as follows:

K7 K K3 K3, K4
A RTU) lby=i) ekt 1= 5,
ki k-1 | j#i o | j#i
A )] e B L
Uri-l | k#£i o2 | k#i
[k] [kk]
p| 11 k=j 2] | k=j+
i i . .
(2] | k#j o | k#jy
21 []] | k=i [2] | k= l’+
i ) . '
2] | k#i ol | k#i,

Herei,j,k = 1,2,3 and t € 43. In particular, these maps are cellular. Their induced homomorphisms are given by
ML) =[] ARG = Ginj — S plke kol AP (KD) = (8imj — i o’
MUK =[], ALK = Giege— Sip0livi-]. A KR = Gipk — 8ip)o”’,
it (KD = &1+ (1 = §ol2],  py? ((kks]) = S5 — 8j-)o ',
wi' (k) = 8al 114+ (1= 8)l2],  uf' (lkky]) = (i — Skis)o'.

Cells not listed here are annihilated.
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Proof. First, consider A?. For the 0 and 1-cells, the formulae can be read off from the definition of the cells and the definition

of ;. Due to ¥ (K{) = Us, we have A]*(K}) = o To check the formula for the 2-cells, consider A}Z(Kji) = 1;0 w(Kﬁ().

From the parameterisation (4.3) of K2, carried over to Kﬁ< we read off: if i = j then the image coincides with the edge of o2
where the k-th entry is zero, i.e., with [k, k_].Ifi # j, the image is the whole of 2. This yields the formula for the 2-cells.
The formula for the 3-cells then follows by observing that each of them contains a 2-cell with first index being different
from i. For A2, the argument is similar.

To find 4, for each cell of o> we choose a preimage under 2> and determine its image under ;> o Aj* = v 0 ¥. For
the vertex [k], a preimage under ;2 is given by K? where 7 obeys 7 (k) = i. The entries of the corresponding permutation
matrix are t; = 1ifi = 7(j), hence if j = k, and 0 otherwise. Hence, v;; o w(K?) = [1]ifj = k and [2] otherwise. For the
edge [kk, ], a preimage under A% is given by K7, . By v o ¥, this subset is mapped to [2] if j = k_ and to o'! otherwise.
Again, for ,uizﬂ, the argument is similar.

Finally, consider the induced homomorphisms. They annihilate cells that are mapped to lower-dimensional cells by the
original factorization maps. To determine the signs, we have to compare the orientations of the cells and their images. For
the 1-cells this can be done by finding out whether the starting point of the cell is mapped to the starting point of the image
or not. 2-cells are only relevant for T \ U(3)/T. For a given 2-cell we choose a boundary 1-cell from which the orientation is
induced. Since the 1-cells of 0% carry the induced boundary orientation, the 2-cell acquires the same sign as this boundary
1-cell. O

6. Cell complex structure

We now combine the pairs of cells of A with the cell decompositions of the corresponding double quotients as prescribed
by Theorem 3.2. The list of cells, together with their shorthand notation Ci’;,‘(" introduced in the proof of this theorem, is given
in the following table. The number of cells in dimensionO, . . ., 8is 9, 18, 24, 27, 24, 15,9, 6, 2, respectively, their total number
is 134.

dim cells(r € 83,i,j=1,2,3,a=1,2)
8 | C2* = A% x A% x K}

7 | C = A% x A x K}

6 |G = A% x A® X K7
ij y

5 |CP = AP X AP XK, P = A XA x0?, G2 = Al x A% x 02

4 |CP0 = A2 A2 XKD, G = AP X Al X i), G = Al X A X [i]o]

3G = AP x A ], G = Al x A2 x]], G = Al x A xa!

2 | CP% = A% x AY x ok, (00 = AD x A% x %, Ciy = Al x Al x [d]
100 _ 41 0 010 _ 40 1

1 CU = A X A Xk, Cl.j _Aix./&jx*

0 C,?O(J:A?X,Afx*

Theorem 6.1. The cells Cj;[", together with the characteristic maps induced by the projections 7%, see (3.3), define a cell complex
structure on X. The boundary operator is given by

5 3
I =£3 2B, A =sign(r) Y (P,
m=0 =1

8C§22 — 21 4 Cyz'f] _c2_ C,-zf} + Ci1+22 _ Ci]fz + Ci2+12 _

U+ itj i—
221 __ ~220 _ ~220 121 ‘12:1 2]1 _ 2]1
8CU - Cfifjfi ijfi + Ci+j CI—J + CJ+1 CJ—I ’
3 3 3
212 211 122 _ 121 20 _ 210 120
I =3¢, agR =) a0 =3¢+ ¢,
= = i=1
211 _ ~210 _ ~210 111 _ ~111 121 __ ~120 _ ~120 111 _ ~111
G =Gy —Gio + G =Gy, 0GT =G — G+ G0 — Gy
210 _ 110, ~110 110 200 200 120 ~110_ ~110 110 200 020
G " =Gy + G+ G + G2 — G, 0G;" = —Cy1 — G, — G, + G2 — G,

3

111 _ ~110 110 110 _ ~100 100 010 010 200 _ 100

G =Gy — Gy, 9Gijq =G —G_ -G +G5, G = 2 G
=1

iyj> ijy -

3
020 __ 010 100 __ ~000 000 010 _ ~000 000
ac? =", A = - ¢ aC = ™ — ¢
=1
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Proof. The first statement is a reformulation of Theorem 3.2. The formulae for the boundary map are a straightforward
consequence of the general formula given in the theorem mentioned and the formulae for the factorization maps given in
Proposition5.2. 0O

7. Stratification

In this section we show that the closures of the orbit type strata are subcomplexes of X and determine the cells they
consist of. We start with introducing some notation and deriving some formulae needed in the sequel.

Let T := T NSU3) and U; := U; N SU(3). We have T = U(1) x U(1) and U; = U(2). Let T;, i = 1,2, 3 denote the
subgroups consisting of the matrices

diag@, o, ),  diag(e,@’, @),  diag(er, o, &),
respectively, where & € U(1). The centralizers of the subgroups T; and U; in SU(3) and U(3) are

Cu)(Th) = U, CumnUn =T, Csun (T = U, Csua (U) =T
and their normalizers are

Ny (Th) = NU(3)([]1') =U, Nsy) (Ty) = NSU(3)(Ui) = U;.
Furthermore, there holds

Al = ANT.
Since multiplication of an arbitrary matrix by a permutation matrix from the left or the right results in the corresponding
permutation of rows or columns, respectively,

‘L'U,‘ =Upn7, T U,’ = UT(,')‘C, ‘CT,' =1:()T. (71)
Fort € $3andi,j =1, 2, 3, define

V)=Tr, Vj={aeUB :lgl =1}, V;:={aecU@B):a;=0}.
The subsets V?, Vi and V;} consist of the representatives in U(3) of the elements of the cells K?, K;j and K of T \ U(3)/T,
respectively. We have V] = U; and

Vp=Vig,  ViT=Vi,, r=12 (7.2)

Vi lT() =i,

Vi Lt #i

Proof. If t(j) = i,(7.1) and (7.2) yield
Uit U= Ut = Vit = V.

Lemma7.1. Uit U; = {

If T(j) # i, there exists a permutation o such that 0 (1) = i and 6(2) = 7(j). Under the assumption that there holds
U;U, = V2, (7.1) and (7.2) imply

UtU=oUlo 't =0 Vo 't =V

Hence, it suffices to show U;U; = sz. Forany a € Uy, b € U, we have (ab)1, = 2,37121 a1mbmz = 0, because ay,;, # 0 only
for m = 1, whereas b,;; # 0 only for m = 2. Hence, U; U, C V]ZZ. To prove the converse inclusion, let a € V122, ie,ap =0.
Since the 2nd column of a is orthogonal to the other two columns,

a0y + azjazp =0, 30, + as3as; = 0. (7.3)

We view this as a system of linear equations in the variables a,; and as,. Since a does not have a zero row, a,, and as, cannot
both vanish, so that this system has a nontrivial solution. Hence, the determinant of the (2 x 2)-matrix

az1 023
asz; 0s3

vanishes. Then this matrix is a tensor product, i.e., there exist complex numbers ci, ¢3, d1, d» such that a;; = c1d;,
ay3 = €1d>, a3 = »d; and as3 = c2d,. We can choose ¢y, ¢ in such a way that |c;|? + |c2|*> = 1. Consider the matrices

1 0 O apn 0 a3
a = 0 ap ), a; = 0 1 0 .
0 as; C dl 0 d2

We have a;a, = a. We check that a; is unitary: the columns are obviously unit vectors. According to (7.3),
dq (c1ax + c2a3) = 0 and d; (ciax + c2as) = 0. Since either d; # 0 or d; # 0, it follows that the 2nd and 3rd row
of a; are orthogonal, so that a; is unitary, indeed. Then so is a,. Thus, a; € Uy, a; € U, and a € U,U,, as asserted. O
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Now, we turn to the discussion of the orbit type strata of X. The stabilizers of the action of SU(3) on SU(3) x SU(3) by
diagonal conjugation are centralizers of pairs in SU(3). It is well known that any subgroup of SU(3) which is a centralizer is
conjugate to one of the subgroups Z3, Ty, T,Us, SU(3). The corresponding orbit types will be labelled by the numbers 1, ..., 5
(in the respective order). This numbering reflects the natural ordering of orbit types that is inherited from the natural partial
ordering of conjugacy classes of subgroups of SU(3). Le., type n > type n’ iff n > n’. The subset of X of orbits of type n is
denoted by X, and its closure in X by X,. The slice theorem for compact group actions [4] implies that the orbit type subsets
X1, ..., X5 yield a disjoint decomposition of X into manifolds satisfying the frontier condition: if X; N fj then X; C fj
This orbit type decomposition is in fact a stratification [14]. Therefore we refer to the subsets X; as the orbit type strata of
X. Due to the ordering of orbit types and the frontier condition,

YSQ"'QY1=X, y11=LJ-9("11’-
n’'>n

In particular, X is the principal stratum.

Remark 6. Subgroups which can be written as a centralizer are called Howe subgroups and pairs of subgroups which
centralize each other are known as Howe dual pairs. Such pairs play a prominent role in the representation theory of
reductive Lie groups. For an explicit listing of the Howe subgroups of the classical Lie groups together with their partial
ordering by inclusion modulo conjugacy, see [17].

Lemma 7.2. For (t,s,g) € 4 x 4 x U(3), the following table lists the conditions on g under which ¢(t, s, g) belongs to X,
n=2,...,5.

If (t, s) is in the @(t, s, g) belongs to
interior of Xs X4 X3 Xy
3
A% X A? — - |lgeUV|ge UV
TES3 i,j=1
3 3
Al X A2 - | - |gelUVv |gelUVf
j=1 =1
2 1 * ® 2
A% X A — — gejylvﬁ gejszlvﬁ
Al X A - |geVj| geV; allg
A) X A2, A2 X A) || — - allg -
A) X AL AL XA | — allg - -
A X A allg | — - -

Proof. The orbit type of t, s, g is the conjugacy class of the stabilizer of the pair (t, gsg~'). The stabilizer is
S(8) = Csue3) (t) N gCsuiz)()g ™"
A% x A2: Let (t, s) be in the interior of 42 x AZ. Then
S(g)=Tnglg™".
In particular, S(g) is a Howe subgroup of SU(3) contained in T. Hence, S(g) = T (type 3), T; (type 2) or Z3 (type 1).
Case S(g) = T: Here g € Nyg3)(T) = Ny)(T) = U1653 Vo
Case S(g) = Ti: Hereg~'Tig C T,ie. g~ !T;g is a Howe subgroup of SU(3) contained in T. Hence, g ! Tig = T; for some
j=1,2,3.Dueto(7.1),T; = 77 1T;7, where t € 43 is chosen so that 7(j) = i.It follows gt~ ! € Ny (Ti) = U; and hence
g € Uy, Ui - . Conversely, if g is of this form theng~'Tig = t~'Tit € =Tt = T, hence T; € S(g). Equality holds if g
is not in {_, ., V7. Due to (7.2),

the union overi = 1, 2, 3, too.
A} x A% Let (t, s) be in the interior of 4! x 2. Then

res; Ui T = U, es, Vil - 7 = UL, V. Since all T; belong to orbit type 2, we have to take

S(g) =UingTg™".
This is a Howe subgroup of SU(3) contained in the maximal toral subgroup gfg‘l. Hence, it can be gf'g‘l (type 3), gTjg‘l,
j=1,2,3,(type 2) or Zs (type 1).
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CaseS(g) = ng*1 Under this assumption both ng and T are maximal toral subgroups of U;, hence are conjugate in
Us. Le., there exists h € U; C U; such that gTg~" = hTh™'. Then h™'g € Ny, (T) = Nye)(T), hence g € U; - Ny (T) =
Ures, Ui -7 = U] 1 V. The converse assertion is obvious.

Case S(g) = gTjg‘1 Here gTjg is contained in some maximal toral subgroup of U;. Hence, there exists h € U; € U;
such that h~'gTig~'h C T. By the same argument as in the case of A% x A% we conclude that g~'h € Uees, Ui - 7- Then

geUU,-~t~U;. (7.4)
TE43
Conversely, if g is of this form, gTjg*1 C U;, hence it is contained in S(g), and is equal to S(g) if g is not in Ui‘zl Vi}{. Since
all values of j belong to type 2, in (7.4) we have to take the union over j = 1, 2, 3. According to Lemma 7.1, this yields
Uit Ures, Ui 7 - Uy = Ui, V3. For (¢, s) in the interior of 4% x ], the proof is analogous.
Al X Al Let (t, 5) be in the interior of A! x /. Then

S =UngUg™,
i.e,, S(g) is a Howe subgroup of SU(3) contained in U;. Hence, we can have S(g) = Ui, S(g) =U() x U(1),S(g) =U()or
S@@) =12

CaseS(g) = U;:Lett € 43 suchthatt(j) = i.Accordingto(7.1),gUig™! = U; = tUjr .Itfollows t~!g € Nyg)(U) = U;
and thus g € tU;. The converse implication is obvious. Due to (7.2), tU; = tVj; = Vj;.

Case S(~g) = U() x g(l): HereLS(g) is a maximal toral subgroup in SU(2). There exists h € U; c U such that
S(g) = hTh™'. It follows T C h~'gU;g~'h. By taking the centralizer in SU(3) we obtain h~'gT;g~'h C T. As explained
for the case of Al x A2 above, then g € Ur€53 - T - U;. Conversely, if g is of this form then gf]jg” = hUyh™! for some
k=1,2,3andh € U;. Hence,

S(g) = U;NhUh ™" = h(U; N U)h™' 2 hTh T,
i.e., S(g) contains a subgroup that is isomorphic to U(1) x U(1). Equality holds if g is not in VU1 Finally, Lemma 7.1 yields
Case S(g) = U(l) Forany ¢t € A] s € A] both t and gsg~! have a degenerate eigenvalue. The intersection of the

corresponding eigenspaces contains a nontrlv1a1 common eigenvector u. Then the pair (t, gsg™') is invariant under the
U(1)-subgroup of SU(3) defined by multiplying u by o> and vectors orthogonal to u by @. It follows that the case S(g) =

does not occur, so that for all remaining g the type of p(t, s, g) is 2.
Remaining cases: If t € Zs, the orbit type of ¢(t, s, g) is given by the centralizer of s, and vice versa. O

Theorem 7.3. The closures of the nonprincipal strata are subcomplexes of X. Their dimensions and the cells they consist of are
listed in the following table:
‘ dim ‘ cells
Xs | 0 | ™ij=123

X4 | 2 | cellsof X5, ;% 7" Cj%i,i=1,2,3

X3 | 4 | cellsof X4 CP%, P, % G0, G 0,j=1,2,3, CP% 1 € 8

Xy | 5 | cellsof X3, Gj'' CFML GG ij=1,2,3

The following table displays the numbers of cells of the closures of the strata in each dimension:
dim|[o] 1| 2| 3] 4| 5| 6] 7] 8] total

X 9118124 (27|24 |15| 9| 6| 2 134

Xy [[9]18]24 (27|24 9| —|—|—| 111

X3 ||9]|18|24|18| 6| —|—|—=|—| 75

X4 |9]18) 9| —| = | —|—|—|~- 36

Xs |9 —| = | = | =] =|—=-|—-|~- 9

Proof. We show that the closures X, consist of the asserted cells. That they are subcomplexes is then a consequence of
being closed and of being a union of cells. Since X5 C --- C X, it is convenient to go from n = 5 downwards. Then
for each n we only have to list cells that are not yet contained in X,.;. The subsets X, € X are determined by means of
Lemma 7.2 as a union over contributions of the kind (pMp X .A,q x V), where V stands for V?, Vi} or VU2 Since on passing to

T\ U(3)/T, the subsets V?, V;} and V;7 pass to the cells K?, K;; and K7, respectively, we have

(p(Aprqu)—n (J\aan"quC)
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Fig. 3. The subcomplex X;. The 2-cells Cj{ are not labelled. As an example, C3; is pictured to the right.

where C is a cell of the double quotient D(:A;, /) which is obtained from the cell K?, K;i or K? to which V' projects in

T \ U(3)/T by application of the appropriate factorization map (3.2). We will explain this for X5 and X4 and leave the rest
to the reader. For X5, the lemma yields X5 = Ui3,j=1 1) (A? X ,A,]Q X U(3)). Here, the double quotient is trivial, hence this
coincides with

3

U noo AO « AO % U(3)) _ U 71,-5-’0 (CSOO) '

ij=1
For X4, from the lemma we read off
3
Xa = (¢ (A x A xUB)) Ug (A x 4| x UB)) Ug (A] x A] x V).
ij=1

For the first two terms, the double quotient is again trivial, hence these terms yield 77,°(C;%) and 7' (C)'°). For the third
term, the double quotient is U; \ U(3)/U; and the cell to which V1 projects is therefore

mi? o A2 (K}) = [11.
Thus, the third term yields ;' (C}/°). O
Remark 7. In a previous work [5] it was shown that X4 can be identified with T; x Ty, i.e., with a 2-torus, where the discrete

subset Z3 x Z3 corresponds to Xs. Indeed, reading off from the boundary operator how the cells of X, are attached to one
another one can easily see that they add up to a 2-torus, see Fig. 3.

8. Homology and cohomology groups

For a more detailed version of this section, see [6]. For the computation of the homology groups Hi(X;) as well as
the relative homology groups H (X,, X,+1) and the relative cohomology groups H* (X,, Xir1s Z) we used a program
which was written in Maple 8 and which contains built-in routines for computing Smith normal forms. We list the
results.

= k
A o|12|3] 4 |5]6]|7]s
i 1 Z| 0|00 0 0/0|0]|zZ
2 Z 0|/0|Zz°®7Zs|0|0|0|0
3 Z |0 |Z|0O Z 0[{0|0]|0
4 Z\|\72|7Z|0 0|0|0]|0
5 7Z°| 0]0]|0 0|o0|o0]|oO
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Hi (X, Xig1) :
0\1\ 2 \3\4\ 5 \6\7\8
i 1 0 0 0|0 |z°®z3|0|0]|2Z
2 0 0 Z | 7? Z o|o]o
3 0 7*®7Z | 0 0 o|o]o
4 0|z Z 0o 0 o|o]o
HY(Xi, Xit1; Z) k
o] 1|2]3]4]s5]6]7]s
i 1 0 0|0 |ZzZ*|Z3|0]|2
2 olo|o|z|z*|z]|o]|o]|oO
3 0 7* | Zs | Z | 0| 0|0]|O0
4 o|z°%|z|o|o0o|0]0O]|O|O

For the computation of the homology and cohomology groups of the strata X;,i = 1, 2, 3, 4, we use that X; = X; \ Xiy1.
If we can show that the strata are orientable, their homology and cohomology groups can be derived from the above data
by means of the formulae [9]

H(X) = HOMOOk (G, Xqs 2),  HR(X, 2) = Hagimcx)—k (X, Xit1)- (8.1)

For X; to be orientable it suffices that X; is connected and Hdim(yi),k(yi, Xiy1) = Z.The second condition is checked
by inspection (recall that for i = 1, 2, 3, 4 the dimension of X; is 8,5, 4, 2). To see that X; is connected, we check that
Ho(X;) = Z, hence X; is connected. Then for i = 1, 3, 4, connectedness of X; follows by a simple codimension argument.
For i = 2 we use that X, is made up by the nine 5-cells C221 i,j = 1, 2, 3. Using the boundary formulae in Theorem 6.1 we
check

21 A 221 — F211 221 221 121
P ol Pnc? 22l
Hence, starting from inside C??! one can reach any of the 5-cells C??! on a path inside the union of the interiors of these

5-cells and the interiors of the 4-cells CUZ-“ and CU‘-”, i,j = 1, 2, 3. Since the latter do not belong to X3, this shows that X, is
connected, too.

Now, application of (8.1) yields

o) | e ||
o 1| 2 | 3 o| 123
i 1 Z| 0 0 7> @ Zs i 1 Z\| 0 |Zs|7Z?
2 7 | 72 Z 0 2 7|7 | Z
3 Z| 0 | 7> Z 0 3 7| Zg | 7?
4 7 | z'° 0 0 4 Z|z"%| o0

The groups not listed here are trivial.

Let us conclude with some remarks. Besides the algebraic characterizations derived above, we have seen that the lowest
dimensional strata X5 and X4, can be identified with standard topological spaces: X5 is a discrete space consisting of nine
elements and X4 is homeomorphic to a 9-punctured 2-torus. Thus, the question arises whether the other strata and their
closures, as well as the entire reduced configuration space X, can be expressed in terms of standard topological building
blocks like spheres or projective spaces, too. E.g., X has the homology groups of an 8-sphere. Since it is a cell complex and
simply connected, it is then homotopy-equivalent to an 8-sphere. In fact, it seems likely that X is in fact homeomorphic to
an 8-sphere. However, at the moment we are not able to prove or disprove this. Note that X is not a differentiable manifold,
hence the famous Poincaré conjecture does not apply here. The crucial point is to check whether X has the so-called disjoint
disks property [8]. As another example, X3 has the homology groups of the complex projective space CP2. Contrary to the
case of a sphere, this does not imply that the two spaces are homotopy-equivalent; a counterexample is provided by the
bouquet of a 2 and a 4-sphere. Nevertheless, we attempted to clarify whether the two spaces are homeomorphic but failed
until now.
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